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1. Introduction

Enlargements of monotone operators have been intensively studied, among the works
which are dealing with this subject we mention here [8, 9, 10, 11, 12, 13, 16, 25, 30].
A well-known example of an extension of a maximal monotone multifunction is the e-
subdifferential of a proper convex lower semicontinuous function f defined on a Banach
space, denoted by 0. f, which has been introduced in [7]. It is known since 1970 that the
classical convex subdifferential of f, df, is a maximal monotone operator (see [26]).

In general, given S : X = X* an arbitrary monotone operator defined on a Banach
space, an enlargement S¢: R, x X == X* of § can be defined as being

Sle,z) ={a" e X" : (y" —a",y —x) > —¢ for all (y,y") € G(5)}.

Introduced in [10], this enlargement has some remarkable properties similar to those
of the e-subdifferential. Several properties of S¢ were studied, like local boundedness,
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demiclosedness of the graph, Lipschitz continuity and the Brgndsted-Rockafellar property
(see [11, 12, 30]). Let us notice that the first paper where the Brondsted-Rockafellar type
property for the enlargement of a maximal monotone operator has been established is
[31, Proposition 6.17] (see also [28, Theorem 29.9]).

The next step in the study of enlargements of monotone operators was to develop this
theory from a more abstract point of view, though in a systematic way, by defining a
family of enlargements E(S) associated to S (see [30]). The subfamily of E(S) containing
the enlargements with closed graph is denoted by E.(S). The biggest element of E.(S)
is S¢, while the smallest one is S*¢ that is defined by S*¢ = Nger,(s)E (see [30]).

In [8] the notion of full enlargeability is introduced and studied. However the charac-
terization of the maximal monotone operators S having the property that they are fully
enlargeable by S*¢ is left as an open problem. In the first part of this paper we provide
an answer to this question by showing that the operators S which are fully enlargeable
by S*¢ are precisely those for which for all x € D(S) the function og(z,-) is continuous
at any point z* € S(z), uniformly in S(z) (see Section 2 for the definition of the function
(o) 5).

In the second part of the paper we show, by using some techniques from convex analysis,
that under a weak regularity condition expressed via the intrinsic relative algebraic in-
terior the set Spq(e1, ) +Th, (€2, x) is weak® closed. Here hg is a representative function
of Sand Sy, : Ry x X =2 X* S) . (e,2) :={z* € X* : hg(z,2*) < e+ (z*,2)} is the so-
called enlargement of S with respect to hg (cf. [12]). As a particular instance we derive a
regularity condition that guarantees the weak* closedness of the set S¢(ey, z) +T°(e9, x).
In case X is reflerive or when the maximal monotone operators S and 71" are strongly-
representable we obtain an improvement of a recent result published in [16], the proof of
which relies on tools from the functional analysis.

2. Preliminary notions and results

In order to make the paper self-contained we begin by introducing some preliminary
notions. Consider X a real separated locally convex space and X* its topological dual
space. The notation w(X*, X) stands for the weak* topology induced by X on X*, while
by (z*, x) we denote the value of the linear continuous functional z* € X* at z € X. For
a subset C' of X we denote by cl(C'), co(C), lin(C'), core(C) and *“C' its closure, convex
hull, linear hull, algebraic interior and intrinsic relative algebraic interior, respectively.
Let us note that if C' is a convex set, then (cf. [34]):

(i) € core(C) if and only if (J,., MC —z) = X;
(ii) x € ™C if and only if [ J,., A(C' — z) is a closed linear subspace of X.

We also consider the indicator function of the set C, denoted by dc, which is zero for
z € C and 400 otherwise.

For a function f : X — R = RU {400} we denote by dom(f) = {z € X : f(x) < +oc}
its domain and by epi(f) = {(z,r) € X xR : f(z) < r} its epigraph. We call f proper if
dom(f) # 0 and f(z) > —oo for all x € X. By cl(f) we denote the lower semicontinuous
hull of f, namely the function whose epigraph is the closure of epi(f) in X x R, that is
epi(cl(f)) = cl(epi(f)). The function co(f) is the greatest convex function majorized by

f.
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Having f : X — R a proper function, for 2 € dom(f) we define the e-subdifferential of
f at x, where € > 0, by

O.f(x)={z" € X*: fy) — f(x) > (z",y —x) —e for all y € X}.

For x ¢ dom(f) we take O.f(x) := (. The set df(x) := 0o f(x) is then the classical
subdifferential of f at x.

The Fenchel-Moreau conjugate of f is the function f* : X* — R defined by f*(z*) =
sup,ex{(z*,z) — f(z)} for all 2* € X*. We mention here some important properties of
conjugate functions. We have the so-called Young-Fenchel inequality f*(z*) + f(x) >
(x*, z) for all (x,z*) € X x X*. If f is proper, then f is convex and lower semicontinuous

if and only if f** = f (see [14, 34]). As a consequence we have that in case f is convex
and cl(f) is proper, then f** = cl(f) (cf. [34, Theorem 2.3.4]).

One can give the following characterizations for the subdifferential and e-subdifferential
of a proper function f by means of conjugate functions (see [14, 34]):

€ 0f(a) & f(z) + f1(a") = (a",2)

and, respectively,

" € 0.f(x) & f(x) + f(z") < (2", ) +¢.

Having f,g : X — R two proper functions we denote by fOg : X — R, fOg(z) =
inf,ex{f(u) + g(x — )} their infimal convolution. We say that the infimal convolution
is exact at x € X if the infimum in the definition is attained, while f[lg is said to be
exact if it is exact at every x € X.

For a function f : A x B — R, where A and B are nonempty sets, we denote by fT
the transpose of f, namely the function fT : B x A — R, fT(b,a) = f(a,b) for all
(b,a) € B x A. We consider also the projection operator pry : AX B — A, pry(a,b) =a
for all (a,b) € A x B.

In the following we recall some notions and results concerning monotone operators. For
the rest of the section we assume that X is a nonzero real Banach space. A set-valued
operator S : X = X™ is said to be monotone if

(y* —x*,y —x) > 0, whenever z* € S(x) and y* € S(y).
The graph of S is denoted by
G(S) ={(z,z"): 2" € S(z)} C X x X",

while its domain is the set D(S) = {x € X : S(x) # 0}. The monotone operator S
is called mazimal monotone if its graph is not properly contained in the graph of any
other monotone operator S’ : X = X*. The classical example of a maximal monotone
operator is the subdifferential of a proper, convex and lower semicontinuous function (see

[26]). However, there exist maximal monotone operators which are not subdifferentials
(see [28]).

To an arbitrary monotone operator S : X = X* we associate the Filzpatrick function
pg: X x X* — R, defined by

ps(z,x") = sup{(y", z) + (=", y) — (¥",9) 1 y" € S(y)},
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which is obviously convex and strong-weak®* lower semicontinuous. Introduced by Fitz-
patrick in [15] in 1988 and rediscovered after some years in [12, 21], it proved to be very
important in the theory of maximal monotone operators, revealing important connections
between convex analysis and monotone operators (see [1, 2, 3, 4, 5, 12, 19, 22, 24, 27, 28,
29, 35] and the references therein). Considering the function ¢ : X x X* — R, ¢(x,z*) =
(x*,x) for all (x,2) € X x X*, we get the equality pg(x,2*) = (¢ + dg(s))*(2*, x) for
all (z,2*) € X x X*, where we are considering the natural injection X C X**. Let S be
a maximal monotone operator. Then pg(x,z*) > (z*, z) for all (z,2*) € X x X* and
G(S) = {(z,2%) € X x X* : pg(x,2*) = (z*,2)} (see [15]). Motivated by these prop-
erties of the Fitzpatrick function, the notion of representative function of a monotone
operator was introduced and studied in the literature.

Definition 2.1. For S : X = X* a monotone operator, we call representative func-

tion of S a convex and strong-weak* lower semicontinuous function hg : X x X* — R
fulfilling

hs >c¢ and G(S) C{(z,2") € X x X" : hg(z,2") = (z",x)}. (1)

We observe that if G(S) # () (in particular if S is maximal monotone), then every rep-
resentative function of S is proper. It follows immediately that the Fitzpatrick function
associated to a maximal monotone operator is a representative function of the operator.

Proposition 2.2. Let S : X = X* be a mazimal monotone operator and hg be a
representative function of S. Then:

(1)  @s(x,a*) < hg(z,2*) < p§(z*, ) for all (z,2*) € X x X*;

(i1)  the canonical restriction of hi' to X x X* is also a representative function of S;

(1ii) {(x,2*) € X x X* : hg(z,z*) = (z*,2)} = {(z,2*) € X x X* : b (x,2%) =
(x*, )} = G(9).

Remark 2.3. These properties of representative functions are well-known in the frame-
work of reflexive Banach spaces (see [24]). It is shown in [2] that these characterizations
hold also in a general Banach space. For more on the properties of representative func-
tions we refer to [2, 3, 12, 19, 24| and the references therein.

The following particular class of maximal monotone operators has been recently intro-
duced in [17] and also studied in [33].

Definition 2.4. An operator S : X = X* is said to be strongly-representable when-
ever there exists a proper convex and strong lower semicontinuous function h : X x X* —
R such that

h > e h*(x*, ™) > (™ 2" V(z*, ™) e X* x X

and

G(S) ={(z,z") € X x X" : h(z,2") = (2", ) }.

In this case h is called a strong-representative of S.

If S: X = X* is strongly-representable, then S is maximal monotone (see [17, Theorem
4.2], [33, Theorem 8|) and g is a strong-representative of S.
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Remark 2.5. Recently was proved that the class of strongly-representable monotone
operators coincides with the class of maximal monotone operators of type (NI) (see [18,
Theorem 1.2])

Now let us recall the definition of a family of enlargements introduced in [30].

Definition 2.6. ([30]) Let S : X == X* be a monotone operator. Define E(S) as the
family of multifunctions F : R, x X == X* satisfying the following properties:

(i) E is an enlargement of S, i.e.:
S(z) C E(e,x) foralle >0 and x € X

(ii) FE is non-decreasing, that is for all z € X, E(e;,z) C E(eqg,x) provided that
€1 < €95

(iii) E satisfies the transportation formula, which means that for every pair (g1, 2!, v?),
(€2, 2% v?) € G(E) and for every \ € [0,1] it implies that (¢, z,v) € G(E), where
e = dep + (1 — Neg + M1 = N0 — o2 2t — 2, 2 = ! + (1 — N)2? and
vi= !+ (1= M)’

1

A particular choice of F was considered in [10] and it has for ¢ > 0 and x € X the
following definition :

Sle,x)={z" € X" : (y" — 2",y —z) > —¢ for all (y,y") € G(5)}.

The properties of this enlargement have been intensively studied (see [10, 11, 12, 30]). In
case S is maximal monotone the operator S¢ belongs to E.(S) (the set of enlargements
E € E(S) such that G(F) is closed with respect to the strong topology on X x X*) and
in fact is the biggest element of E.(S) (cf. [30]). The enlargement S¢ can be characterized
via the Fitzpatrick function associated to S: for ¢ > 0 and # € X we have S¢(e,z) :=
{z* € X* : pg(z,2*) < e+ (2*,2)}. The family E.(S) has also a smallest element,
namely the enlargement S*¢ defined as S*°(e,x) = Nger.(s)E (e, x) for e > 0 and x € X.
For an arbitrary representative function hg one can consider the following enlargement
of S (see [12, 13]): Shy : Ry x X =2 X*, Spg(e,x) == {a* € X* : hg(x,2*) < e+ (2", x)}.
It follows immediately from the definitions above that S,, = S It was proved (see
[12]) that for a maximal monotone operator S, S, € E.(S) and actually there exists a
one-to-one correspondence between E.(S) and the set

{ X x X' SR h is convex and lower semicontinuous in the strong topology, } ’

h > cand G(S) C {(z,z*) € X x X*: h(z,2*) = (2", 2)}

which has been denoted by H(S) (moreover, this correspondence is an isomorphism
with respect to some suitable operations, see [13]). Hence, in case S is a maximal
monotone operator, there exists a unique function belonging to H(S) such that S*¢ = S,
(see [12, Theorem 3.6]) and in fact S*¢ = S,, where o5 : X x X* — R, o5(v,7*) =
cleo(c+das)) (x, 2*) (see [12, relation (35)]). Let us mention that ¢g(z,2*) = o' (z, 2%)
for all (z,2*) € X x X*.

Remark 2.7. If S = 0f, where f is a proper, convex and lower semicontinuous function,
then

Of(x) C 0:f(x) C O f(x) == (0f) (e, 2),
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and the inclusions can be strict (see [10, 20]). Moreover, taking i : X x X* — R,
h(z,z*) = f(z) + f*(z*) for all (z,2*) € X x X*, which is a representative function of
Jf, we see that (0f)n(e,z) = 0-f(x).

Let us recall in the following the notion of full enlargeability introduced in [8].

Definition 2.8 ([8]). Let S : X =% X* be a maximal monotone operator and consider
an element £ € E(S). We say that:

(i)  the enlargement F fully enlarges S at the point « € D(S) if and only if for all
e > 0 there exists § = §(z,e) > 0 such that S(z) + B(0,9) C E(e,z) (B(0,6) is
the closed ball centered at the origin with radius ¢);

(ii) FE is a full enlargement of S when property (i) holds for all z € D(S).

The operators which are fully enlargeable by S¢ are characterized in [8, Theorem 3.2].
The question posed in [8] concerning the characterization of the operators that are fully
enlargeable by S*¢ was left as an open problem. We give below an answer to this
question. Actually we provide a characterization of those operators S which are fully
enlargeable by S, where hg is an arbitrary representative function of S. To this end
for an operator S : X = X* we introduce, as in [8], the function 3¢ : X x X* — R,
Bs(x,x*) = hg(z,2*) — (z,2*) and for 2* € X* and U C X* consider the metric distance
from z* to U, that is d(z*,U) = inf,«cp [|u* — 2.

Theorem 2.9. Let S : X = X* be a maximal monotone operator and hg be a repre-
sentative function of S. Then the following statements are equivalent:

(i) Shg is a full enlargement of S;
(i)  for all x € D(S) hg(z,-) is continuous at every x* € S(x), uniformly in S(x).

Proof. We give first the proof of the implication (i) = (¢i), which is similar to the
proof of implication (a) = (b) in [8, Theorem 3.2]. Let be z € D(S). Taking into
consideration the definition of the function (g, the continuity of hg(x,-) is equivalent
to the continuity of Bs(z,-). For z* € S(z) we fix ¢ > 0 and consider ¢ > 0 such that
S(x) + B(0,6) C She(e,x), which exists by the definition of full enlargeability. Take
y* € X* such that d(y*,S(x)) < 0. Consequently, there exists u* € S(z) such that
y* —u* € B(0,9). Hence y* = u* + (y* —u*) € S(x) + B(0,9) C Spy(e, x), that is
Bs(z,y*) < e. We obtain |Bs(z,y*) — Bs(x,2%)| = Bs(x,y*) < e for all z* € S(z). As
depends only on z and ¢, (4i) holds.

Assume now that (i) holds and fix x € D(S) and € > 0. Since the function fs(z,-) is
uniformly continuous on S(z), there exists 6 > 0 (which depends on x and ¢) fulfilling

Bs(z,y*) <e, forall y* € X* such that d(y*, S(z)) < 4. (2)

We claim that for 0 := (1/2)8 we have S(x)+B(0,6) C Sy,(e, 7). Indeed, take 2* € S(x)
and v* € B(0,0). Then d(z* + v*,S(z)) = infyres@ [|2° +v* —u*|| < |[o*] <0 < 6.
Combining this inequality with (2) we get [s(z,z* + v*) < e, which is nothing else
than «* 4+ v* € Sy, (e, ) and the claim is proved. Hence (¢) is fulfilled and the proof is
complete. Il
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Remark 2.10. Taking hg := ¢g in Theorem 2.9 we obtain exactly the equivalence
between (a) and (b) in [8, Theorem 3.2]. In this case a further equivalent characterization
of full enlargeability of S by S¢ can be also given (see [8, Theorem 3.2 (c)]).

Although the function og is not a representative function of the maximal monotone op-
erator S (since it is lower semicontinuous with respect to the strong topology of X x X*
and not necessarily in the strong-weak* topology), one can prove the following charac-
terization of the operators which are fully enlargeable by 5°¢ with the same technique
as in the proof of Theorem 2.9.

Corollary 2.11. Let S : X = X* be a maximal monotone operator. Then the following
statements are equivalent:

(i)  S*¢ is a full enlargement of S;
(i)  for all z € D(S) og(x,-) is continuous at every x* € S(x), uniformly in S(x).

3. The weak"* closedness of the set S (c1,2) + Th, (g2, )

In this section we provide a weak generalized interior-point regularity condition which
guarantees that for S,7T : X == X* maximal monotone operators with representative
functions hg and hr, respectively, and e1,e9 > 0 and x € X the set Sy, (g1, z) +Th, (g2, 7)
is weak™ closed. Some comments regarding the link to similar results given in the liter-
ature are also made.

We prove first a preliminary result which will be useful when proving the main theorem
of the section.

Lemma 3.1. Let X and Y be separated locally convex spaces and ® : X xY — R a
proper convex and lower semicontinuous function. Then for all x € pry(dom(®P)) this
yields

pry- (dom(®")) € dom ((B(z,))") € chugy.y) (pry- (dom(B*))) .

Proof. Let 2 € pry(dom(®)) be fixed and define ¥ : Y x X — R as being ¥(y,u) =
®(z + w,y). The function ¥ is proper convex and lower semicontinuous and fulfills
U(y,0) = ®(x,y) for all y € Y. Since x € pry(dom(P)) one has that 0 € pry(dom(¥)).

According to [6, Theorem 1] (see also [23]) we have that
(U(-,0))" = cluy=y) (infpeex- U7 (-, 27)).
Consequently,

dom (inf«ex« U*(+,2%)) C dom (clyy+,y) (infrexs (-, 2%)))

-
C clyy+y) (dom (infpcx- ¥* (-, 27))).

Further we have that v* € dom (inf,«cx~ ¥*(-,2*)) if and only if there exists z* € X*
such that U*(v*, z*) < 400. Since

U*(v*,2*) = sup {(v",v)+ (2", u) — P(z +u,v)}
veY ueX

= sup {(w0)+ (2" t—x)—P(t,v)} = —(z", x) + P*(z",v"),
veYte X
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this is the same with having that ®*(z*,v*) < 400 or, equivalently, (z*,v*) € dom(®*).
Therefore dom (inf«c x+ ¥*(-, 2*)) = pry.(dom(®*)) and the conclusion follows. O

In the following we assume that the nonzero real Banach space X is endowed with
the strong topology, while its topological dual X* is endowed with the weak* topology
w(X*,X). Thus for a given function f : X* — R its conjugate function f*: X — R
is f*(z) = sup,-cx-{(z*, ) — f(2*)}, while for h: X x X* - R, h*: X* x X — R is
defined as h*(2*, 2) = sup,cy ex-{1(z", 2) + (2%, 2) — h(z,2*)}. A second preliminary
result follows.

Theorem 3.2. Let f,q: X* — R be two proper conver and weak* lower semicontinuous
functions such that 0 € dom(f*) N dom(g*) and consider the sets F' = {z* € X* :
f(x*) <0} and G :={z* € X*: g(z*) < 0}. If 0 € ““(dom(f*) — dom(g*)), then F + G

1s weak™ closed.

Proof. The sets F' and G are both convex and weak* closed. If F' + G is empty, then
there is nothing to be proved. Therefore we assume that F'+ G is not empty and consider
o, 06 : X — R the support functions of F and G defined by op(x) = sup,..(z*, z) and
oc(x) = sup,.co(z*, ), respectively. Both functions op and og are proper convex and
lower semicontinuous (both in the w(X, X*) and strong topologies) and 0 € dom (o) N
dom(og). Therefore whenever 0 € “(dom(or) — dom(og)) one has (see, for example,
[34, Theorem 2.8.7 (vii)]) that 0%, ¢ = (0F + 0¢)" = o300y, = 6p00¢ = dpyq and this
guarantees that F'+ G is weak™ closed.

To obtain the conclusion we show that if 0 € *“(dom(f*) — dom(g*)), then we have
0 € *“(dom(op) —dom(og)). To this aim we consider the functions h,k : X — R as
being h := infy5o(Af)* and k := inf,~¢(pg)*. Since the mapping

Af)*(z), ifxe X, A>0,
(2, 4) = { 400, otherwise
is convex, one has that h is convex and, consequently, that cl(h) is convex, too. More-
over, as one can easily see, cl(h) is a proper function. The same applies for cl(k)
and, by [34, Theorem 2.3.4] using also that cl(h) and cl(k) are proper convex and
lower semicontinuous, we get that cl(h) = h** = op and cl(k) = k™ = o0g. Thus
dom(h) C dom(op) C cl(dom(h)) and dom(k) C dom(og) C cl(dom(k)).

On the other hand, x € dom(h) if and only if there exists A > 0 such that (Af)*(z) =
Af*((1/N)x) < 4o00. This is further equivalent to the fact that there exists A > 0 such
that € Adom(f*) or, in other words, to x € UysoA dom(f*). Consequently, dom(h) =
UxsoA dom(f*) and, analogously, dom(k) = UysoA dom(g*). Thus one automatically has
one hand that

/\L>J0 A(dom(f*) — dom(g*)) C AL>J0/\dom(f*) - ugoudom(g*) C dom(of) — dom(og)

and, on the other hand, that

dom(or) — dom(og)

C cl (AL;OAdom(f*)) —cl (Mgoudom(g*)> Ccl < U Adom(f*) — Mgoudom(g*)) .

A>0
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For A\, u > 0, x € dom(f*) and y € dom(g*), using that 0 € dom(f*) N dom(g*) and the
convexity of dom(f*) and dom(g*), it yields

Ar —py = (A+p) A/ A+ p) (@ —0) + /(A4 1) (0 — )
€ (A + p)(dom(f*) — dom(g™))
C Uxso A(dom(f*) — dom(g")).

Thus
/\Lio A(dom(f*) — dom(g*)) € dom(or) — dom(og) C cl (Agok(dom(f*) — dom(g*)))

and from here

U A(dom(f*) —dom(g*)) € U A(dom(op) — dom(og))

A>0 A>0

g Mdom () ~ dom(g")) )

A>0

By the hypothesis we have that Uys¢ A(dom(f*) — dom(g*)) is a closed linear subspace
and this means that the inclusions in the relation above are fulfilled as equalities. This
has as consequence the fact that Uy~ A(dom(op) —dom(o¢)) is a closed linear subspace,
too, or, equivalently, 0 € ““(dom(cr) — dom(o¢)), which concludes the proof. O

We come now to the proof of the main result of this section.

Theorem 3.3. Let S, T : X = X* be two maximal monotone operators with represen-
tative functions hg and hy, respectively. If

0 € ™ (pry(dom(hg)) — pry(dom(hy))),
then for all e1,e9 > 0 and x € X the set Spy(e1,x) + Thy (€2, x) is weak” closed.
Proof. Let 1,65 > 0 and z € X be fixed. Assume that Sj,(e1,2) + Th, (€2, ) is
nonempty. Thus z € pry(dom(hs)) N pry(dom(hr)). Consider the functions f,g :
X* — R defined by f(z*) = hg(z,2*) — (x*,z) — 1 and g(z*) = hp(x,z*) — (2", x) — &9,
respectively. The functions f and g are proper convex and weak™ lower semicontinuous.
Since infyeex« f(2*) > —&1 > —o0 and infex« g(x*) > —eo > —o00, it yields 0 €

dom(f*) N dom(g*). Moreover, Spy(e1,x) = {z* € X* : f(z*) < 0} and Tp, (9, 7) =
{z* e X*: g(x*) <0}.

By the hypothesis, the set Uy>oA (pry(dom(hy)) — pry(dom(h)))) is a closed linear sub-
space. Taking into consideration Lemma 3.1 this yields

prx (dom(hy)) € dom ((hs(z,-))*) € cl (pry(dom(h)))
and, similarly,

prx (dom(h7)) € dom ((hr(z,-))*) € cl (pry(dom(hz))).
Consequently,

pry (dom(h)) — pry(dom(hy)) € dom ((hs(z,-))*) — dom ((hz(z,-))")
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C cl(prx(dom(h))) — cl (pry (dom(hz))) C cl (pry (dom(h)) — pry(dom(hz)))

and from here one has
Y, A (prx (dom(Rg)) — pry (dom(hz)))
C U A(dom ((hg(z,-))*) = dom ((hr(z,-))*))

€ ot ([0, M forx(dom(i) — prx(dom(i)) )

This means that Uysg A (dom ((hg(z, -))*) — dom ((hz(zx,-))*)) is a closed linear subspace,
too, or, equivalently, 0 €  (dom ((hs(z,-))*) — dom ((hz(z,-))*)).

For all u € X it holds f*(u) = sup,.cx«{(z*, u+z) —hg(z,2*)} +&1 = (hs(z,-))* (u+2z)+
1 and therefore dom(f*) = dom ((hs(z,-))*) — x. Analogously, we obtain dom(g*) =
dom ((hr(z,-))*) — @, which implies that 0 € “(dom(f*) — dom(g*)). Finally, Theorem
3.2 guarantees that the set Sjq(e1, ) + Th, (€2, x) is weak* closed. O

The following theorem follows as a direct consequence of the result above by considering
as representative functions of S and T' their Fitzpatrick functions.

Theorem 3.4. Let S, T : X = X* be two maximal monotone operators. If

0 € " (pry (dom(p)) — pry(dom(¢7))),
then for all e1,e9 > 0 and x € X the set S¢(e1,x) + T¢(eq, x) is weak® closed.

In the following we formulate two further regularity conditions which are sufficient for
obtaining the same conclusion as in the theorem above, but they are expressed via the
domains of the two operators involved. To this end we recall a result given in [29, Lemma
5.3], the proof of which uses techniques taken from [27, p. 57-62 and p. 87-88], in case X
is a reflexive Banach space and the representative functions are exactly the Fitzpatrick
functions. It can be proved in an analogous way that the result remains valid in a general
Banach space and when considering arbitrary representative functions.

Lemma 3.5. Let S,T : X = X* be two maximal monotone operators with representa-
tive functions hg and hr, respectively. The following statements are true:

(a) If F is a closed subspace of X, w € X and D(S) C F 4+ w then pry(dom(hg)) C
F+w;

() UnsoA (pry(dom(hg)) — pry(dom(hr))) € cl (lin (D(S) — D(T))).

Remark 3.6. It follows easily from Proposition 2.2 and Lemma 3.5 that for ST : X =

X* maximal monotone operators the following inclusions hold

A(D(S) = D(T)) & U Alco(D(S5)) — co(D(T)))

C U Alpry(dom(py)) — pry(dom(pz))) & U A(pry(dom(ps)) — pry(dom(er)))
C cl(lin(D(S) — D(T))) C cl(lin(co(D(S)) — co(D(T))))

C cl(lin(pry(dom(py)) — pry(dom(pr))))

C cl(lin(pry (dom(ps)) — pry(dom(pr)))) € cl (lin(D(S) = D(T))),
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thus

cl(lin(D(S) — D(T))) = cl(lin(co(D(S)) — co(D(T))))

I

e
=
=N
o

L]
>

The remark above allows us to formulate the following result.

Theorem 3.7. Let S, T : X = X* be two maximal monotone operators. If
0 € *(co(D(S)) — co(D(T))),

then for all e1,e9 > 0 and x € X the set S¢(e1,x) + T (9, x) is weak® closed.

For a particular instance of Theorem 3.7, when 0 € core (co(D(S)) — co(D(T))) and
g1 = g9 = 0, we refer the reader to [32, Corollary 2.3].

Remark 3.8. In case X is a reflexive Banach space the weak generalized interior-point
regularity conditions stated in Theorem 3.4 and Theorem 3.7 for the weak* closedness of
S¢(ey,x) + T¢(e9,x), when €1,69 > 0 and x € X, are equivalent. More than that, they
are further equivalent to (see [35])

0 € “(D(S)— D(T))

and to '
0 € " (pry(dom(ps)) — pry(dom(pr))).

In case X is a general Banach space and the operators S and 1" are strongly-representable,
then whenever 0 € * (pry (dom(pg)) — pry(dom(pr))) or, equivalently (see [33, Theorem
16]), 0 € “(co(D(S)) — co(D(T))) or 0 € *(D(S) — D(T)), then we also have that for
£1,692 > 0 and z € X the set S¢(e1,x) + T°(e2, x) is weak® closed.

Remark 3.9. In [16, Theorem 3.7] the authors prove by using tools from the functional
analysis that in case X is a Banach space and S, T : X = X™* are two maximal monotone
operators such that 0 € core (pry(dom(yg)) — pry(dom(epr))) one has for all € > 0 and
x € X that S¢(e,z)+T°(e, x) is weak™ closed (in fact, the result works even for £; # ¢3).
When X is reflexive or when S and T are strongly-representable, the regularity conditions
given in Remark 3.8 turn out to be weaker than the one in [16]. Nevertheless, it is still
an open question whether the condition 0 € “ (pry(dom(pg)) — pry(dom(pr))) is in
general sufficient for the weak* closedness of S¢(ey, x) + T°(e2, x).

Acknowledgements. The authors are thankful to two anonymous reviewers for hints and
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