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Let L(®)(Q) and L®(Q2) be the Orlicz function spaces defined by an N-function ®, equipped with the
gauge norm and the Orlicz norm respectively, where Q = [0,1] or [0,00). The Kottman constants
K(L®(Q)) and K(L®(Q)) were discussed in Rao and Ren [8, Ch. 5]. The author obtains some
improvments on the lower bounds of these constants in Section 2 (Theorems 2.1 and 2.3). Several
examples are given in Section 3 which will be used to make comments upon the papers of Yan [11] as
well as Han and Li [4].
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1. Preliminaries

In a Banach space X, a sequence of balls with centers x1,xs,--- and a fixed radius
r > 0 is said to be packed into the unit ball B(X) if ||z;|| < 1 —7r, i =1,2,--- and
o — ;|| = 2r, i # 4,4, =1,2,---.

Definition 1.1. Let X be an infinite dimensional Banach space. The packing constant
P(X) of X is defined by P(X) = sup{r > 0: infinitely many balls of radius r can be
packed into B(X)}.

Definition 1.2. For an infinite dimensional Banach space X, the Kottman constant
K(X) of X is defined by

K00 = sup {inf o~ o+ L € 500}, 0
where S(X) is the unit sphere of X.

Clearly, 1 < K(X) < 2. Kottman [6] and Ye [12] found the relationship between P(X)
and K (X) as follows.

Proposition 1.3. For an infinite dimensional Banach space X, one has
K(X)
(X) = : (2)
2+ K(X)

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



160 Z. D. Ren / On the Lower Bounds of Kottman Constants in Orlicz Function ...

A proof of (2) can be found in Chen [1, p. 145] or Rao and Ren [8, p. 148]. A historical
note on P(X) and K (X) is presented in [8, Ch. 5] when X is LP(1 < p < c0) or an
Orlicz space. In view of (2) we may study the lower bound only for K (X) instead of
that of P(X) when X is an Orlicz function space.

Let ®(u) = OM ©(t)dt denote an N-function and let (£2,%, 1) be a o-finite measure
space with y being nonatomic. The Orlicz function space L®((2) is defined by L‘D(Q) =
{z(t) € L°(Q) : pa(Ax) < oo for some A > 0}, in which pe(Az) = [, ®(Az(t)])dt and
L°(€2) is the set of all measurable functions z(t) with |z(¢)| < oo, a.e. on . The gauge
norm (or Luxemburg norm in some articles) and the Orlicz norm are given respectively

by
x 1
|| (@) mf{c >0:po <c) < 1} , ||| o égg k;[l + po(kx)].

As usual, we set L(@)(Q) = (LCD(Q), | - ||(q>)) and L‘I’(Q) = (L‘i’(Q), IRRIEIE

Definition 1.4. Let ®(u f'ul t)dt be an N-function.
(i)  The first and the second characteristic functions of ® are given respectively by
te(t) )
Fo(t) = —=, t>0; G = >0 3
where @71 is the inverse of ® on R*.
(ii) The first quantitative indices of ® are provided by
Agp = litm inf Fg(t), Bg = limsup Fg(t); (4)
00 t—o0
A% = hm 10an<1>( ), By = limsup Fy(t); (5)
t— t—0
Zq; = 1Ilqu>< ) Eq; = Suqu)(t). (6)
t>0 >0
(iii) The second quantitative indices of ® are given by
ag = liminf G (u), P = limsup Ge(u); (7)
ay = lim iglfG¢(u), B3 = limsup Gg(u); (8)
u— u—0
ap = inf Ge(u), Bp = sup Go(u). (9)
u>0 u>0

Let U(v) = 0'”‘ ¥ (s)ds denote the complementary N-function to ®(u). Analogously,

0 RO A B 0 30 = 73
we can define Ay, By, Ay, By, Aw, By and ay, by, oy, By, Qw, By.

Lemma 1.5 (Rao and Ren [8, p. 163]). Let ®(u) = ‘u‘ p(t)dt and V(v) =

f0|v| Y(s)ds denote a pair of complementary N -functions. For Fq,( ) =tp(t)/P(t), t >0
and Fy(s) = si(s)/¥(s), s >0 if both ¢ and 1) are continuous on R, then we have
1 1

Fall) + Fals) =1, s=¢(t)>0. (10)
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Lemma 1.6 (Rao and Ren [8, p. 11]). For a pair (P, V) of complementary N -
functions we have

200 Py = 1 = 20405, 20535 =1 =2a%53, 2053y = 1 = 204 F,. (11)

Lemma 1.7 (Rao and Ren [8, p. 93]). Let ®(u), Fs(t) and Go(u) be as in Defini-
tion 1.4(1). If Fg(t) is decreasing (increasing) on (0,00), then Go(u) is also decreasing
(increasing) on (0,00).

Lemma 1.8 (Ren [9]). Let ®(u), Fo(t) and Go(u) be as in Definition 1.4(i).

(i) If Cp = limy_, Fo(t) exists (Cp < 00), then v = lim, .o, Go(u) exists also and
Yo = 271/, (12)

(1) If CY =1limy o Fp(t) exists (C3 < 00), then 73 = lim,_o Go(u) exists also and
7 =27/, (13)

Definition 1.9.

(i)  An N-function ®(u) is said to satisfy the As-condition for large u (for small u,
or for all u > 0), written often as ® € Ay(00)(P € Ay(0), or & € Ay), if there
exist C' > 2 and ugp > 0 such that (2u) < CP(u) for u > ug (for 0 < u < ug, or
for u > 0).

(ii)) @(u) is said to obey the Vy-condition for large u (for small u, or for all u > 0),
in symbol ® € Vy(00)(P € V4(0), or € Vy), if there are [ > 1 and ug > 0 such
that 2[®(u) < ®(lu) for u > uy (for 0 < u < uy, or for u > 0).

Proposition 1.10. For an N-function ® with its quantitative indices as in Definition
1.4, we have the following assertions.

(i) @ € Ay(c0)(® € Ay(0))[® € Ay] if and only if By < 0o(BY < 00)[Bg < o0], if
and only if Be < 1(B9 < 1)[Bs < 1].

(ii) @ € Vy(00)(® € Vo(0))[® € Vs if and only if Ag > 1(AY > 1)[Ap > 1], if and
only if ag > 1/2(a% > 1/2)[as > 1/2].

A proof of Proposition 1.10 can be found in Rao and Ren [7, Ch. 1] and [8, Ch. 1].

Remark 1.11. (i) Hudzik [5] proved that if X is a nonreflexive Banach lattice, then
P(X)=1/2, so that K(X) =2 by (2). Since Orlicz spaces are Banach lattices, we see
that K (L(®)(Q)) = 2 = K(L*(Q)) if PEA,(0c0)NV3(c0) when p(2) < oo (if PEA,NV,
when 1(§2) = 00).

(i) In order to construct the Rademacher sequence of functions we consider Q2 = [0, 1]
or [0,00) with the usual Lebesque measure g in the next section. In this paper by

a < {b,c} we denote that a < b and that a < ¢. For reflexive Orlicz function spaces
L®[0,1] and L®[0,1](i.e., ® € Ay(o0) N Vy(00)) we have

V2 <{K(L™0,1]), K(L*[0,1])} < 2. (14)

Similarly, (14) is true for L(®)[0, 00) and L®[0, 00) if ® € Ay NV (cf. Rao and Ren [8,
Ch. 5)).
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2. Lower Bounds for K(L®)][0,1]) and K(L®[0,1])

Now we refine some results on the lower bounds for the Kottman constants K (L®)[0, 1])
and K (L*[0,1]) given in Rao and Ren [8, Ch. 5.3].

Theorem 2.1. Let (9, V) be a pair of complementary N-functions. For the Orlicz
spaces L®)[0,1] and L*[0, 1] we have

max (i,zﬁ;) < K(L™[0,1)) (15)
ap
and
o (20, - ) < K(L*.1) (16)
Ay

where ag and By are given in Definition 1.4(iii), and

" (u) ‘

U (v)
o = Il G0,y

fBp = sup (17)

uwr1 ©71(2u)

Proof. For (15) we have proved that (ag)~! < K(L®]0,1]) in Rao and Ren [8, pp.
167-169]. Now we will show

265 < K(L™®[0,1]), (18)

which will complete the proof of (15). For any given u > 1 we construct the Rademacher
functions {R;(t),7 > 1} on the interval [0, 1/u) C [0, 1] as follows

2i
o k=1 'k i
Ri(t) = (=) xq0(0), Gy = [ i %> , 1<k<?,

k=1

where x ) is the characteristic function of G,(:). Let us define
k
zi(t) = @ Hu)Ri(t), > 1. (19)
It is seen that |z;(t)] = &~ (u)xoa/w () since UZ, G = [0,1/u), so that [|z;]| @) =

1,4 > 1. Further, |z;(t) — x;(t)] = 207! (u)xq,, (t) with (G, ;) = 1/2u for i # j. Thus,
we obtain for ¢ # j

|| ” 201 (u) 201 (u)
GTEle =TT TN T e (2u)
v (M(Gz‘,j))

which proves (18) by (1) and (17).
Next we will prove (16). In Rao and Ren [8, p. 170] it was shown that

208y < K(L®[0,1)). (20)
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Now we will prove the inequality

a;-g_K(L¢m,u), (21)

which will finish the proof of (16). For any given v > 1 we define

u

\IIT(u)Ri(t)’ 1> 1, (22)

yi(t) =

where R;(t) is as in (19). Then |yl = 1 and if i # j we see that |y;(t) — y;(t)| =
[2u/ ! (u)]xa,, (t) with u(G;;) = 1/2u and that

2u 1 U1 (2u)
= ille = o (GO =,
||y y]||‘1> \Ilfl(u)/"b( J) (M(Gz7g)> W*l(u)
implying (21) by (1) and (17) since u > 1 is arbitrary. O

Remark 2.2. (i) Inequality (18) is the refinement of that 28 < K(L(®)[0,1]) given
in Rao and Ren [8, p. 167] because

208 < 20%. (23)

For an N-function ®(u) = 0'“' e(t)dt if Fo(t)(= te(t)/®(t), t > 0) is strictly decreasing

on (0,00), then there is a strict inequality in (23). For instance, consider ®(u) =
u*In(1 + |u]). Clearly, Fo(t) = 2+t/(1 +¢)In(1+1¢), t > 0, C§ = limy_o Fo(t) =
3, Cop = limy_ Fo(t) = 2, and Fy(t) is strictly decreasing on (0,00). For any ¢ > 0
we have that 3 > to(t)/®(t) > 2, so that

t2

to to
/§ﬁ>/£@ﬁ>/gﬁ
/ o (1) /
t1 t1

t1

if 0 < t; <ty < oo. By letting t; = ®7!(1) and t; = ®'(2) we obtain from Lemma
1.8 that

-1
V2 =20p <26 = %IZI)T((;)) <269 =223,

ii) Inequality (20) is the improvement of that 2ay < K(L*[0,1]) (or equivalently by

(
(2), [1 + (ag)™'7t < P(L®[0,1]) given in Cleaver [2]).

(iii) It should be also noted that (21) refines both that (ay)~' < K(L®[0,1]) given by
Rao and Ren [8, p. 170] and that ¥~!(2)/¥ (1) < K(L?®[0,1]) given by Cleaver [2]

since
1
L’ U—1(2) < 1'
Oy \Iffl(l) OZ*‘I/

A special situation of Theorem 2.1 is as follows.
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Theorem 2.3. Let ®(u) = O‘ul o(t)dt and ¥(v) = fOM Y(s)ds denote a pair of com-
plementary N -functions with both ¢ and v being continuous on RT. We assume that
® € Ay(c0) NVy(0), i.e., L®[0,1] and L?[0,1] are reflexive.

(i) If Fo(t)(=te(t)/®(t), t > 0) is decreasing on (0,00), then (15) reduces to

max (21/%, 25_1 ((21))> < K(L™(0,1]) (24)
and (16) reduces to
max (21/%, %8) < K(L?)0,1)), (25)

where Cp = limy_o, Fo(t).
(i) If Fo(t) is increasing on (0,00), then (15) and (16) reduce to

max(2Y/¢, 217VC) < LK(L®[0,1]), K(L®[0,1])}. (26)

Proof. (i) If Fy(t) is decreasing on (0,00), then Fy(s)(= sp(s)/V(s), s > 0) is in-
creasing on (0,00) in view of (10) in Lemma 1.5. Thus, G¢(u)(= @~ (u)/®*(2u),
u > 0) is decreasing and Gy (v)(= ¥~(v)/¥~(2v), v > 0) is increasing on (0, c0) by
Lemma 1.7. From (17) we have

B = Go(1) = (27)

On the other hand, since both limits Cp = lim;_,« Fo(t) and Cy = lim,_,o Fy(s) exist
one has from (10) that

S (28)
Co Cy

It follows from (12) in Lemma 1.8 and (28) that
ag =g =271/, 2By = 2y = 217/ =21/, (29)

Thus, (24) and (25) follow from (15), (16), (27) and (29).

(1) If Fp(t) is inereasing on (0, 00), then Fy(s) is decreasing on (0, 00) again by (10) in
Lemma 1.5, so that Ge(u) is increasing and Gy (v) is decreasing on (0, 00) by Lemma
1.7. Also, both G¢ and Cy exist, so that (29) holds. In this case we have from (12)
and (28).

235 =2vp =271l =y =271/ = 271/, (30)
Finally, (26) follows from (15), (16), (29) and (30). O

At the end of this section we recall a known result concerning with the lower bounds

of K(L®]0,00)) and K (L®[0, 00)).
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Theorem 2.4. Let (P, V) be a pair of complementary N-functions. We assume that
® € Ay, N Vy. Then one has

max (ai 273@) < (K(LD[0,00)), K(L[0,00))}. (31)

where Gy and By are given by (9) in Definition 1.4(iii).

Proof. For K (L®]0,00)), (31) was proved in Rao and Ren [8, p.168]. For K (L®[0, 00)),
it was shown in [8, p. 170] that

- 1
max (Qﬂq,, _—) < K(L?[0,0)),
Qg
which proves (31) by the third one in (11) of Lemma 1.6. O

3. Examples

To illustrate the theorems obtained in Section 2 and to make comments upon some re-
lated papers dealing with the Kottman and packing constants of Orlicz function spaces
we now present several examples for computations on the lower bounds of K (L(®)(Q))
and K (L*(2)) when Q = [0,1] or [0, 00).

Example 3.1. Consider N-function ®,(u) = |u|?In(1 + |u|) with 3/2 < p < 2. We
assert that there exists a constant 0 < A < 1/2 such that

K(L®7[0,1]) > 2", pe (2 -),2]. (32)
Proof. Since ¢,(t) = @ (t) = pt’~'In(1 +t) +t?/(1 +t), t > 0, the function

t@p(t) - l
Fa, (t) = o6 LT Oromaro t>0 (33)

is decreasing on (0,00), Cg = lim; o Fp,(t) = p+ 1 and Cy, = lim; .o Fs,(t) = p.
By letting t; = ®,'(1) and t, = ®,'(2) we have from (33)

t

2 (t) t2 t2 1
¥p p
In2 = ——dt = —dt dt
" /cbp(t) /t +/(1+t)ln(1+t)
1 t1

t1

I {iﬁig;r—l—lnﬂp),

where f(p) = In(14 ®,%(2))/In(1 + ®,*(1)). Let C = min{f(p) : 3/2 <p <2} - 1.
Then C' > 0 since f(p) > 1 for every p € [3/2,2]. It follows from the above that
217 > [@,1(2) /2, (D)1 + )P, or

> (14 )70, p e [3/2,2) (34)
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Let us choose A = min{log,(14+C'),1/2}. Then 0 < A < 1/2, and condition p € (2—A\, 2]
implies that

(14 C)Yrol=l/p 5 ol/p, (35)
Finally, (32) follows from (24) in Theorem 2.3(i), (34) and (35). O
Example 3.2. Gribanov [3] introduced N-function

O(u) = u’e /1 (36)

with ®(0) = 0. For the corresponding Orlicz function spaces L(®)[0,1] and L®[0, 1] we
assert that

{K(L®10,1]), K(L*0,1])} > V2. (37)

Proof. Clearly, p(t) = ®(t) = (2t + 1)e~'/* if t > 0 and the function

to(t) 1

Fo(t)=—==2+—-,

a(t) o) 2t >0 (38)
is strictly decreasing on (0, 00). Note that ® € Ay(00)NV(00) since Cp = limy_o Fo (%)
= 2. By letting t; = ®~!(1) and t, = ®(2) we have from (38)

Fow) . fr2 1 B-1(2) 2
¥
In2= [ —=dt = - dt =1 1
2= g [(Fra)e-ni=gero). o
t1 t1
where

o= {3 (5~ )} 120

By Theorem 2.3(7) and (39) we obtain

20-1(1)
—(2)

Next we show (37) for the space L?[0,1] equipped with the Orlicz norm. Let ¥(v)
be the complementary N-function to ®(u). Then Fy(s)(= sV'(s)/¥(s), s > 0) is
strictly increasing on (0, oco) by Lemma 1.5, Cy = limy .o, Fy(s) = 2 in view of (28)
and Gy (v)(= ¥~ (v)/¥~(20), v > 0) is strictly increasing on (0, co) by Lemma 1.7.
Therefore, we see that

K(L®[0,1]) > = (1+0)W2>V2. (40)

U-1(1) 1
=Gy(l) < lim G =g =27V =
T—1(2) w(1) e v(v) = 7w /2
The above and Theorem 2.3(¢) imply
U2
K(L®[0,1]) > @ . (41)

Finally, (37) follows from (40) and (41). O
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Example 3.3. Consider ®,(u) = |u[PIn(1 + |u|) as in Example 3.1 but 2 < p < 0.
We assert that

{K(L®[0,1]), K(L*(0,1])} >2"""*, 2<p < cc. (42)

Proof. Since Fy (t) is decreasing on (0,00) and Cg, = p (cf. (33) in Example 3.1), by
Theorem 2.3(7) and Lemmas 1.7 and 1.8 we have

20 -1(1
K(LO[0,1]) > q>p1(<2)) >2 lim Ga, (1) = 270, = 2717 (43)

p

Let W,(v) be the complementary N-function to ®,(u). Then Fy,(s)(= sV, (s)/¥,(s),
s > 0) is increasing on (0,00) and Cy, = lim,_.o Fy,(s) = p/(p — 1) by Lemma 1.5.
Since Gy, (v)(= ¥, (u) /¥, ! (2u), u > 0) is increasing on (0, 00), one has

=Gy, (1) < lim Gy, (v) = 9=1/Cu, — 9=1+1/p.

It follows from Theorem 2.3(7) and the above that

U2
K(L*[0,1]) > p<)>?*@

vi(1)
which proves (42) together with (43). O
Example 3.4. Let M(u) = u?(1 + e~ '/I"l). We claim that
(KLU0, 00)), K(L[0.00))}) > 20 _{0) m
’ 2U0)

where ug is the solution of equation G';(u) = 0 in which Gy(u) = M~ (u)/M~1(2u),
u > 0.

Proof. The function
), Yt

= t>0
M(t) 1+ e/t

Fuy(t) =

is not monotonic on (0,00) because C% = limy .o Fir(t) = 2 = limy oo Fu(t) = Ciy
and Fy(t) > 2 for each t > 0. Given any u > 0, if t; = M~'(u) and to = M~!(2u),
then we have that

t

[ [rn-uicts]

so that 2M ~(u)/M~'(2u) > v/2. Note that @y = oY, = ap; = 1/v/2. Finally, it
follows from Theorem 2.4 that

{K(L(M)[o, 00)), K(LM[0,00))} > max (alM QﬁM) =28,

where 283,, = sup,o 2M ~*(u)/M~1(2u) = 2M " (ug) /M~ (2uy), proving (44). O
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4. Comments on Related Papers

Yan [11] as well as Han and Li [4] announced that they found the exact values of the
Kottman constant and the packing constant of the Orlicz function spaces L(®)[0,1] and
L?[0,1] defined by some special N-functions. To make comments upon their papers
we start with the following.

Theorem 2.3 in Yan [11]. Let ®(u) = O\ul ©(t) be an N-function and let Fy(t) =
to(t)/®(t), t > 0.

(i)  If Fp(t) is decreasing on (0,00) and 1 < Ce < 2, where Cp = limy_, Fo(t), then
K(L™[0,1]) = K(L*[0,1]) = 2"/%=. (45)
(i) If Fo(t) is increasing on (0,00) and Cy > 2, then
K(L®0,1]) = K(L®[0,1]) = 2'71/Ce,
Comment 4.1. At least, (i) of the above theorem is incorrect for L(®)[0, 1].

Proof. Consider N-function ®,(u) = |u[PIn(1 + |u|) with 1 < p < 2. Then Fg,(t)
is obviously decreasing on (0,00) and Cy, = p (cf. (33)). If (45) were true, then
K(L®[0,1]) = 2Y/7 as given in Yan [11, Example 2.8]. This contradicts (32) in
Example 3.1 in Section 3. O

To make comment on the paper of Han and Li [4] we have to deal with the Ma(00)-
condition.

Definition 4.2 (Salehov [10]). An N-function ®(u) is said to satisfy the Ma-con-
dition for large w, in symbol ® € Ma(o0), if

In®
hmn_(u)

= . 46
u—oo Inu p <00 ( )

Remark 4.3. (i) Salehov [10] showed that if & € Ma(co) then & € Ay(oo). The
converse is not true in general.
(i) f & € Ay(o0), P'(u) is continuous for large u and the limit Cp = limy . tP'(t)/P(t)
exists, then ® € Ma(o0). For, by L’Hopital’s rule we have
In ® In®(u)) ol
lim 220y, WO@W) g w2 _ g

and Cp < 0o since € Ay(o0)(cf. Proposition 1.10 in Section 1).

(iii) Let W(v) be the complementary N-function to ®(u). Then & € Ma(co) if and
only if

In W
lim YY) (47)
v—oo  Inw
We can write U € My(oo) if (47) holds. The proof is as follows. If & € Ma(c0) and
= 11in (46), then for any given € > 0 there is a ug > 0 such that In ®(u)/Inu < 1+4¢
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or ®(u) < u'™® if u > ug. By Proposition 2 in Rao and Ren [7, p. 15] there is a vy > 0
such that W(v) > v1+9/e if v > vy since v11+9)/ is complementary to u'*s. Thus,
lim, oo In ¥(v)/Inv = oo since € is arbitrary. If & € Ma(co) and p > 1 in (46), then
for any given 0 < € < p— 1 there is a u; > 0 such that p —e <In®(u)/Inu < p+¢€ or
uP™® < O(u) < uP™e if u > uy, which implies that there exists a v; > 0 such that

o= =) 5 i (y) P/ e -y >

proving (47) with ¢ = p/(p — 1). Similarly, (47) implies (46).

In view of Proposition 1.3 the main result in the paper of Han and Li [4] can be stated
as follows.

Theorem 5 in [4]. For an N-function ®(u), if & € Ma(oc0) and lim, o In ®(u)/Inu
=p>1, then

2P, 1<p<

K(L‘I’[O,l]):{Ql_l/p 2 < p< oo (48)

Comment 4.4. Formula (48) fails of success.

Proof. Consider ®(u) = u?e~"/I"l as given in Example 3.2. Then ®(u) satisfies the
conditions of the above theorem since lim, ., In ®(u)/Inu = 2. If (48) were true, then
K(L®[0,1]) = v/2, which contradicts (37) of Example 3.2 in Section 3.

Next we consider ®,(u) = |ul? In(1+ |u|) with 2 < p < co. It is seen that ®, € M (c0)
since lim, .o, In ®,(u)/Inu = p. If (48) were true, then K (L®*[0,1]) = 2'~'/?, which is
impossible by (42) of Example 3.3 in Section 3. O

Go further, we need the following.

Definition 4.5 (Cleaver [2]). Let M(u) be an N-function and let My(u) = u?. If
0 < s < 1 we define ®4(u) to be the inverse of

O (w) = [M7H ()] M ()] = [M7 ()] e, w0, (49)
It was proved that ®;!(u) has inverse ®,(u) and ®,(u) is an N-function if ®,(—u) =

O (u) for v < 0. Cf. Rao and Ren [7, p. 223]. Clearly, ®,(u)|s=0 = M(u) and
®,(u)|s,=1 = u?. The author proved the following.

Theorem 4.6 (Ren [9]). For any N-function M(u), let ®5(u) be defined by its in-
verse @71 (u) in (49). If 0 < s < 1, then &, € Ay N V.

A proof of Theorem 4.6 can be found also in Rao and Ren [8, p. 40]. For convenience
and clearness we use the following technical term.

Definition 4.7. N-function ®(u) is said to be an intermediate N-function if there exist
an N-function M (u) and a constant 0 < s < 1 such that ®~!(u) = [M~!(u)]'~*u*/?(u >
0), i.e., @ H(u) = &, (u) with ;' (u) being in (49).
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Example 4.8. Let 1 < p < oo and let ®,(u) be the inverse of

® () = [In(1 + w)| VPt > 0.

Then ®,(u) is an intermediate N-function between M,(u) = e/ — 1 and u? with
s = 1/2, since M '(u) = [In(1 + u)]*/?(u > 0). For the intermediate Orlicz spaces

L®)(Q) and L®(Q), by Theorem 9 in Rao and Ren [8, p. 174] we have
K(L'"(Q)) = K(L*(Q)) = 2",

where 2 = [0, 1] or [0, 00).

By Definitions 4.5 and 4.7, a theorem in Yan [11] can be stated as follows.

Theorem 2.2 in Yan [11]. Let ®(u) = 0'"‘ p(t)dt denote an N-function and let
Fo(t) = to(t)/®(t), t > 0. Then ®(u) is an intermediate N-function if one of the
following conditions is satisfied:

(i)  Fo(t) is decreasing on (0,00) and 1 < Cy < 2, where Cp = limy_,oo Fo(t);

(i) Fo(t) is increasing on (0,00) and Ce > 2.

Comment 4.9. The above theorem is wrong.

Proof. (a) Consider ®(u) = |ul*?e~"/I"l with ®(0) = 0. Clearly, ®(u) is an N-function
since p(t) = ®'(t) > 0 and ¢'(t) > 0 if ¢ > 0. Note that Fg(t) = 3/2 4+ 1/t(t > 0),
is decreasing on (0,00) and Cg = 3/2, i.e., ®(u) satisfies condition (7). If ®(u) were
an intermediate N-function, then ® € A, NV, by Theorem 4.6. A contradiction since
PEN,(0) because CY = lim; o Fp(t) = oo.

(b) Let U(v) be the complementary N-function to ®(u). Then Fy(s)(= s¥'(s)/
U(s), s > 0) is increasing on (0,00) and Cy = lims o, Fy(s) = 3 by Lemma 1.5,
i.e., ¥(v) satisfies condition (i7). Since WEV4(0), ¥(v) does not an intermediate N-
function again by Theorem 4.6. [

We conclude this paper by the following.

Remark 4.10. For a given N-function ®(u), in order that ®(u) becomes an interme-
diate N-function (cf. Definition 4.7), it is necessary but not sufficient that & € AyNVs.
For instance, we consider N-function

O, (u) = |u* + 2uf’, 2<p< . (50)

Clearly, ®, € Ay N Vy. We assert that ®,(u) does not an intermediate N-function
for large p. Suppose to the contrary, there exist an N-function M (u) and a constant
0 < s < 1such that ®*(u) = [M~'(u)]'*u*/?, u > 0. Then

[le(u)]l/(l_s) B (\/u—+1— 1)1/10(178)

-1 .
M (u) - us/2(1=s) - us/2(1=s) ’

u >0,
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which implies that for p > 2/s

M~ (u)
lim —— 2 — 9Ps=2)/2p(1=s) 5 1
w0 M~=1(2u)

and

M~ (u)

lim —— "2 — 9(ps=1)/2p(1=s) - 1.

e M~=1(2u)

In other words, there are u; > 0 and uy > 0 such that M~(u) > M1 (2u) if 0 < u < uy

or u > ug. A contradiction because the inverse function of any N-function is strictly
increasing on [0, 00).
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