Journal of Convex Analysis
Volume 17 (2010), No. 1, 131-158

Dual Variational Formulations for a
Non-Linear Model of Plates

Fabio Botelho

Permanent address: Mathematics Department,
Federal University of Pelotas, Pelotas-RS, Brasil,

Current address: Mathematics Department, Virginia Polytechnic Institute
and State University, Blacksburg, VA 24061, USA
fabio@Qut.edu

Received: August 10, 2007
Revised manuscript received: January 20, 2009

This article develops dual variational formulations for the two dimensional equations of the nonlinear
elastic Kirchhoff-Love plate model. The first duality principle presented is the classical one and may
be found in similar format in Telega, [10], Gao, [7]. It is worth noting that such results are valid
only for positive definite membrane forces, however, we obtain new dual variational formulations
which relax or even remove such constraints. Among our results we have a convex dual variational
formulation which allows non positive definite membrane forces. In the last section, similarly to the
Triality criterion introduced in Gao, [9], we obtain sufficient conditions of optimality for the present
case. Finally, the results are based on fundamental tools of Convex Analysis and also relevant for the
developed theory is the concept of Legendre Transform, which can easily be analytically expressed for
the mentioned model.

1. Introduction

The main objective of the present article is to develop systematic approaches for ob-
taining dual variational formulations for systems originally modeled by non-linear dif-
ferential equations.

Duality for linear systems is well established and is the main subject of classical Convex
Analysis, considering that in case of linearity, both primal and dual formulations are
generally convex. In case of non-linear differential equations, some complications occur
and the standard models of duality for convex analysis must be modified and extended.

Particularly in the case of Kirchhoff-Love plate model, it is present a non-linearity
concerning the strain tensor (that is, a geometric non-linearity). To apply the classical
results of convex analysis and obtain the complementary formulation is possible only
for a special class of external load (which leads to non-compressed plates, please see
Telega, [10], Gao, [7] and other references therein).

Now we pass to describe the primal formulation and related duality principles. For a
plate of middle surface represented by an open bounded set S C R?, whose boundary is
denoted by I', subjected to a load to be specified, we denote by u, : S — R (= 1,2)
the displacements on the horizontal plane and by w : S — R, the vertical displacement
field, so that the boundary value form of the Kirchhoff-Love model can be expressed
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by the equations:

{N‘W - (1)

Qoo+ Mypap+ P =0, ae inS

and B
Nalg.ng — Pa = O,
(M, ztan _
(Qa + Mag g)na + % - P =0, (2)
M,gnong — M, =0, on I},
where:
Naﬁ = Ha,@)\u’}/)\uy
Maﬁ = haﬁ)\,u'%)\,u
and
1
Yap (1) = 5 (Uas + Upa + Waws)
Kap(U) = =W ap,
with the boundary conditions
0
ua:w:a—zzo, onl,.

Here, {N,z} denote the membrane forces, {M,z} denote the moments and {Q,} =
{Nypw s} stand for functions related to the rotation work of membrane forces, P €
L%(S) is a field of vertical distributed forces applied on S, (P,, P) € (L*(T;))? denote
forces applied to I'; concerning the horizontal directions defined by a = 1, 2 and vertical
direction respectively, and M, are distributed moments applied also to I';, where I is
such that I', C I, I' =T, UT', and I', N T, = 0. Finally, the matrices {H,p),} and
{hapru} are related to the coefficients of Hooke’s Law.

The correspondening primal variational formulation to this boundary value model is
represented by the functional J : U — R, where:

1 1
J(“) = 5 / Ha,@)\u’}/aﬁ/Y)\udS + 5 / ha,@)\uliaﬁlikuds
S S

— / PwdS — / (Pw + Pou, — Mﬂ@_w) dl’
S Ty on

U= {(ua,w) € WE(S) x WH2(8) x W*2(9), up = w = g—lrll) =0 on Fu} .

and

The first duality principle presented is the Classical one (again we mention the earlier
similar results in Telega, [10], Gao, [7]), and is obtained by applying a little change
of Rockafellar’s approach for convex analysis. We claim to have developed a slightly
different proof from the one found in [10], now by using the definition of Legendre
Transform and related properties. Such a result may be summarized as:

inf{J(u)} = sup {=Gp(v")}. (3)

uel v*eA*NC*
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The dual functional, denoted by —G% : A* N C* — R is expressed as:

L[4 1 [- 1 [ -
GE(U*) = {§/SHQ5>\;LNaﬁN)\HdS+ §/Shaﬂ)\HMaﬁM>\#dS+ §/SNagQandS} >

where C* is defined by equations (1) and (2) and,
A" = {U* € Y*| Nyy > 0,Noy >0, and NjjNyy — N2 > 0, ae. in S} , (4)

here v* = { N5, Mos, Qo } € Y* = L?(S;RYY) = L*(9).

Therefore, as the functional G7 (v*) is convex in .A*, the duality is perfect if the optimum
solution for the primal formulation satisfies the constraints indicated in (4), however it
is important to emphasize that such constraints imply no compression along the plate.

For the second and third principles, we highlight that our dual formulations remove or
relax the constraints concerning the external load, and are valid even for compressed
plates.

Still for these two principles, we use a theorem (Toland, [12]) which does not require

convexity of primal functionals. Such a result can be summarized as:

inf{G(u) — F(u)} = inf {F*(u") — G"(u")}.

uelU u*eU*

Here G : U — Rand F': U — R and, F* : U* — R and G* : U* — R denote the
primal and dual functionals respectively.

Particularly for the second principle, we modify the above result by applying it to a
not one to one relation between primal and dual variables, obtaining the final duality
principle expressed as follows:

inf  {Jp(u,p)} < inf  {Jg(a,0%)}

(u,p)eUXY (4,v*)eUXY ™
where: %
Jx(u,p) = G(Au+p) — F(u) + 5(19,@1}(5)
and
. o Agi(v)])? 1
Jr(4,v") = F*(A*v*) — Gr(v* —i—KHAu—L— + — W50 )20 -
i) = F*(A0) = Gu(o) R

Here K € R is a positive constant and we are particularly concerned with the fact
that (even though we do not prove it in the present article, postponing a more rigorous
analysis concerning the behavior of ux below indicated as K — +o0, for a future work)

Jr(ur, pr) — J(uo), as K — 400
and

Ji (g, vy) — J(up), as K — 400
where

JK(W@ pK) = (u,p)ue%xy{JK(u’ p)},
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* [~ * — f * [~ *
Jic(lixc, Vi) (M*;QUXy*{JK(UaU)}

and

J(uo) = inf{J(u) = G(Au) = F(u)}.

Specifically for the third duality principle, the dual variables must satisfy the following
constraints:

N11+K>0, N22—|—K>0 and (N11+K)(N22+K)—N122>0, a.e. in S. (5)

Such a principle may be summarized by the following result:

uelU Z*eY'* v*EB*(2*)

inf {G(Au) — F(Au) — (u,p)y} < inf { sup {F*(z") — GZ(U*)}}

where:
B*(z")={v"eY" | A"v" — Ajz" — p = 0}.

Therefore the constant K > 0 must be chosen so that the optimum point concerning
the primal formulation satisfies the constraints indicated in (5) (because these relations
also define an enlarged region in which the the analytical expression of the functional
G35 1 Y* — R is convex, so that, in this case, negative membrane forces are allowed).

In Section 8, we present a convex dual variational formulation which may be expressed
through the following duality principle:

nf{(J(w)} = sup  {—G'(0") + {2l 2 e/ (260}

uel (v*,2%)€E*NB*
where,
G*(v*) = GL(v")
= % /S HagAuNaﬂN/\”dS—l-% /S BagA“MaﬁMMdSJF% /S N2Q oQ pdS

if v* € B*, where v* = {Nog}, {Mas}, {Qu}} € B & v* € L(S;R") and
Niy+K>0 Nyp+K>0 and (Ny+ K)(Nog + K) — Nj, >0, ae. in S,

where .
W= ek ) ®
and
Nopp+ Py =0,
Qaa T Magap — 24, + P =0,
hi212Mia + 210/ K =0,

*x % : *
219 =231, ae. in S, and, 2* =60 on I

(v',2") e B* &

Here we are supposing the existence of uy € U such that §J(ug) = 6, and so that there
exists K > 0 for which Nll(UO) + K > 0, NQQ(U()) + K > 0, (Nll(uO) + K)(NQQ(U()) +
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K) — Nio(up)? > 0 (a.e. in S) and hy912/(2Ky) > K where Kj is the constant related
to Poincaré Inequality and,

Nap(uo) = Haprpyau(Uo)-

Finally, in the last section, we prove a result similar to those obtained through the
Triality criterion introduced in Gao, [9], and establish sufficient conditions for the exis-
tence of a minimizer for the primal formulation. Such conditions may be summarized

by 0J(up) = 6 and
1 1 9.9
§/Na5(u0)w,aw7gd5+ 5 / hafg)\uw,agw,)\“ds > 0, Yw € W()’ (S) O
S S

For this last result, we claim just the proof we give to be new, the statement of results
themselves follows Gao, [9].

2. Preliminaries

We denote by U and Y Banach spaces which the topological dual spaces are identified
with U* and Y* respectively. The Canonical duality pairing between U and U* is
denoted by (.,.)y : U x U* — R, through which the continuous linear functionals on
U are represented.

Let us now recall that, given F': U — R = RU{+o00} its Fenchel conjugate F* : U* — R
is defined as:

F*(u*) = sup{(u,u")y — F(u)}, Yu" €U".

uelU

Recall also that the Fenchel sub-differential OF (u) is the subset of U* given by
OF (u) = {u* € U*, such that (v —u,u")y + F(u) < F(v), Yv € U}.

The two next definitions are also relevant.

Definition 2.1 (Gateaux Differentiability). A functional F': U — R is said to be
Gateaux differentiable at v € U if there exists u* € U* such that:

lim F(u+ Ah) — F(u)

lim N = (h,u")y, VheU.

The vector u* is said to be the Gateaux derivative of F' : U — R at w and may be
denoted as follows:
. OF(u)
u =
Ju
Definition 2.2 (Adjoint Operator). Let U and Y be Banach spacesand A : U — Y

a continuous linear operator. The Adjoint Operator related to A, denoted by A* : Y* —
U* is defined through the equation:

or u* = §F(u).

(u, N*v")y = (Au,v™)y, Yue U, v* €Y™. (7)
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The next results are concerned with the representation of the polar functional. Their
demonstrations can also be met in [6].

Recall that given an open subset S C R", g : S x Rl — R is a Carathéodory mapping
whenever:
VE eR!, z— g(x,€) is a measurable function,

and
for almost all z € S, £ +— g(z,€) is a continuous function.

For the proposition below indicated we consider the particular case U = U* = [L?(9)]'
(this is a especial situation concerning the more general hypothesis presented in [6]).

Proposition 2.3. For U = U* = [L*(S)]!, consider g(z,&) a Carathéodory mapping
as above indicated and the functional G : U — R, given by G(u) = [¢g(z,u(z))dS.
Thus, we may express G* : U* — R as:

where g*(x,y) = sup, g (y-n — g(x,1m)), almost everywhere in S.

For non-convex functionals may be sometimes difficult to express analytically condi-
tions for a global extremum. This fact motivates the definition of Legendre Transform,
which is established through a local extremum.

Definition 2.4 (Legendre’s Transform and Associated Functional). Consider
a differentiable function g : R® — R, its Legendre Transform, denoted by g; : R} — R
is expressed as:

91.(y") = wor-y;i — 9(x0),
where z( is solution of the system:

and R} = {y* € R™ such that equation (8) has a unique solution}.

Furthermore, considering the functional G : Y — R defined as G(v) = [, g(v)dS, we
define the Associated Legendre Transform Functional, denoted by G7 : Y — R as:

Gi(v) = [ giw)as.
where Y/ = {v* € Y* | v*(x) € R}, a.e. in S}.

About the Legendre Transform, we have the following well known result, connecting
the local extremals of primal and dual formulations.

Theorem 2.5. Consider the functional J : U — R defined as J(u) = (G o A)(u) —
(u, v where A(={A\;}) : U =Y (i € {1,...,n}) is a continuous linear operator and,
G :Y — R is a functional that can be expressed as G(v) = [4g(v)dS, Vv € Y (here
g : R" — R is a differentiable function that admits differentiable Legendre Transform
denoted by g; : R} — R).



F. Botelho / Dual Variational Formulations for a Non-Linear Model of Plates 137

Under these assumptions we have:
6.J(ug) = 0 < 6(=G1(vg) + (uo, A'vg — fu) =0,

where vy = w is supposed to be such that: vi(x) € R}, a.e. in S and in this

case:

J(uo) = ~Gi (5).

We now present the fundamental duality principle met at reference [6] and of great
interest for the calculus of variations:

Theorem 2.6. Let G : Y — R and F U — R be two convex Ls.c. (lower semi-
continuous) functionals so that J : U — R defined as:

J(u) = (GoA)(u) + F(u)

is bounded from below, where A : U — Y 1is a continuous linear operator which the
respective adjoint is denoted by A* : Y* — U*. Thus, if there exists u € U such that
F(u) < 400, G(Au) < 400, being G continuous at At, we have:

inf {J(w)} = sup {~G*(v") — F*(~A"0"))

ucl v*EY*
and there exist at least one v§ € Y* which mazximizes the dual formulation. If in

addition U is reflezive and
J(u) = 400

llu][—+oc

then both primal and dual formulations have global extremals so that, there exist ug € U
and vy € Y* such that

T(to) = min{J(u)} = max {~G"(v") = F*(=A"v")} = ~G*(5§) = F*(~A"r;)

vrEY*
and also
G(Aug) + G (vg) = (Auo, vg)y,
F(up) + F*(—=A*v5) = (up, —A"v5) v,
so that

G(Aug) + F(ug) = —=G*(v5) — F*(—A"vg).
We are now ready to enunciate the result of Toland, [12], through which will be con-

structed the three last duality principles.

Theorem 2.7. Let J : U — R be a functional defined as J(u) = G(u) — F(u),
Vu € U, where there exists ug € U such that J(ug) = inf,cp{J(u)} and OF (ug) # 0,

then
inf{G(u) — F(u)} = inf {F"(u") = G"(u")}
and for ui € OF (up) we have,

P*(u5) = G*(u) = inf {F"(u’) = G*(u")}.

Observe that along the proof it is clear that u§ € 0G(uy).
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3. The Primal Variational Formulation

Let S C R? be an open bounded set (with a boundary denoted by I') which represents
the middle surface of a plate of thickness h. The vectorial basis related to the Cartesian
system {x1, x5, x3} is denoted by (a,, as), where o = 1,2 (in general Greek indices stand
for 1 or 2), ag denotes the vector normal to S and t is the vector tangent to I' and n
is the outer normal to S. The displacements will be denoted by:

u = {lq, U3} = U8, + Usas,
The Kirchhoff-Love relations are:
Uo(T1, T2, T3) = Ua(T1, T2) — T3w(21,22) o and  Ug(z1, 22, r3) = w(21, T2),
where —h/2 < x3 < h/2 so that we have u = (u,, w) € U where

U= {(ua,w) € WH2(S9) x W'(S) x W22(S), ug = w = g—i} =0 on Fu} :

Observe that I', c I', ' =T, UL, and I, N T'; = (). The strain tensors are denoted by:

Yo 1) = 5 Aren (1) + Age (1) Ago ()] o
and
Kap(u) = Agas(u) (10)

where: A = {{Ajas}, {Aga}, {Agas}} : U — Y = Y* = L?(S;R¥) = L*(S) is defined
by:

Ajas(u) = Ua g + Uga, (11)
Ao (u) = w, (12)

and
Agas(u) = —w op. (13)

The constitutive relations are expressed as:
Nog = HaprpVaus (14)

Mozﬁ - hozﬁ)\u/{')\u (15)
2

where: {Hapr,} and {hapr, = %Haﬁ,\u}, are positive definite matrices and such that
Heogry = Hopur = Hpory = Hpapn. Furthermore {N,z} denote the membrane forces
and {M,s3} the moments. The plate stored energy, denoted by (GoA) : U — R is
expressed as:

1 1
(G o A)(u) = — / Na57a5ds + = / Magﬁagds (16)
2Js 2 Js

and the external work, denoted as F': U — R, is given by:

F(u) = / PwdS —l—/ (Pw + Poug — Mna—w) ar, (17)
S Iy an
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where P denotes a vertical distributed load applied in S and P, P, are forces applied
on I'y C I related to directions defined by a3 and a, respectively, and, M, denote
moments also applied on I';. The potential energy, denoted by J : U — R is expressed
as:

J(u) = (G o A)(w) - F(u).

It is important to emphasize that conditions for the existence of a minimizer (here
denoted by ug) related to G(Au) — F(u) were presented in Ciarlet, [3]. Such uy € U
satisfies the equation:
0(G(Aug) — F(up)) =0

and we should expect at least one minimizer if || P,||,r,) is small enough and m(I',) >
0 (here m stands for the Lebesgue measure) and with no restrictions concerning the
magnitude of || Py ||1,s) if m(I') = m(T',), so that in the latter case, we consider a field
of distributed forces { P,} applied on S.

Some inequalities of Sobolev type are necessary to prove the above result, and in this
work we assume some regularity hypothesis concerning S and its boundary, namely:
beyond S be open and bounded, also it is supposed to be connected with a Lipschitz
continuous boundary I', and so that S is locally on one side of I'.

The formal proof of existence of a minimizer for J(u) = G(Au) — F(u) is obtained
through the Direct Method of Calculus of variations. We do not repeat this procedure
here, we just refer to Ciarlet, [3] for details.

4. The Legendre Transform

In this section it will be determined the Legendre Transform related to the function
g : R — R where:

9(y) = %Hawu[(ylaﬂ FYroe +y2026) [ 2][ (1o + yrox +yoryen) /2] + %hamuysaﬁyw (18)
and we recall that
G(Au) = /Sg(Au)dS.
From Definition 2.4 we may write:
9.(Y") = (Yo, y w10 — g(yo)

where 1, is the unique solution of the system:

. 0g9(w)
i = ayi

which for the above function g, implies:
Yros = Hapnu(Yrre + y2ry2u/2)

Yoo = Hopru(Yrrn, +Yoryon [2)Y2s = Ylaslas,
and
y;,kaﬁ = hoaﬁ)\uyii)‘lﬁ
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so that inverting this system we obtain:
Yoz = (Yiz2-Y31 — Y1z Y2 ) /A,

Yooz = (—y}‘m.y; + y)1k11~y;2)/A7

and

Yoro8 = HopryYiae — Yoo -Yoas /2

where A = y¥, 5 — (Y52)? (we recall that yfi, = yls, as a result of the symmetries
of {Haﬁ)\u})7 and, B
{Haﬁku} = {Haﬁku}il-

By analogy: B
Yoszes = PapruUan

where: B
{haprnt = {hapra}

Thus we can define the set R}, concerning Definition 2.4 as
p={y" eR"[A#0} (19)

After some simple algebraic manipulations we obtain the expression for g; : R} — R,
that is:

* * 1 [7 * * 17 * * 1 *
g.(y) = §Hamuylaﬁylmd5 + §haﬁAuy3aﬁy3AudS + §ylaﬁy02ayo2ﬁd5' (20)

and, also from Definition 2.4, we have
Y= {v* € Y* = L*S;R") = L*(9) | v*(z) € R} a.e. in S}

so that G : Y/ — R may be expressed as
Gi(0") = [ gio)ds
S
or, from (20):
* * 1 ] * * 1 7 * * 1 *
G (v") = 5 H g2 0] asVrudS + 5 R gruVsas Ui dS + 5 VjapU020 Ve dS. [
s s s
Changing the notation, as below indicated,
Vlap = Nag, Vga = Qa = V]apVzs = Nagvoos, Vas = Map

we could express G : Y — R as

A B 1 1 [ -
GL(’U ) :§/SH045)\HN015N)\HCZS+§/Shaﬁ>\ﬂMaﬁM>\udS+§/SNaﬁQaQﬂdS7

where B
Nop = {Nag} ™"
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Remark 4.1. Also we can use the transformation
Qa = NopW g

and obtain:

1 - 1 1
GE(U*) = 5[9]{&5)\“]\7@5]\7)\”(15—{— §/Sh045>\MMOéﬂM)\MdS+ §/SNagw7aw,5dS.

The term denoted by G, : Y* x U — R and expressed as

1
Gp(v",w) = —/Nagw@w,gdS
2 Js
is known as the Gap Function.

5. The Classical Dual Formulation

In this section we establish the dual variational formulation in the classical sense.

We recall that J : U — R is expressed by
J(u) = (GoA)(u) = F(u),

where (GoA) : U — R and F : U — R were defined by equations (16) and (17)
respectively. It is known and easy to see that

inf{G(Au) + F(u)} 2 sup {=G"(v") — F"(=A"v")}. (21)

v*eY'*
Now we prove a result concerning the representation of polar functional, namely:

Proposition 5.1. Considering the earlier definitions and assumptions on G : Y — R,
expressed by G(v) = [4 g(v)dS, where g : R — R is indicated in (18), we have:

v e A" = GF(vY) = GL(v")
where

1 [ 5 1 - 1 [
GE(U*) = §/SHOKB)\HN0!5N)\#CZS+§/Sh’a/5>\MMaﬁM)\udS+§/SN045Q04Q5dS (22)

and

A = {U* = {NaﬁaMaﬁaQa} eyYy” | Ny > 0, Nog > 0, (23>
and NijNaogy — ng2 >0, a.e in S}
Proof. Firstly consider the quadratic inequality in = as below indicated:
ar* +br+¢<0, VreR,

which is equivalent to

(@<0and b* —4ac<0) or (a=0, b=0andc<0). (24)
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Consider now the inequality

az? + by + P +diz+ey+ f1 <0, Vr,y € R? (25)
and the quadratic equation related to the variable z, for

a=a, b=by+d and ¢=cy*+ey+ fi,
and for a; < 0, from (24) the inequality (25) is equivalent to:
(b7 — darcr)y” + (2b1dy — dayer)y + df —4ar fy <0, Vy eR
and finally, for
a= bf —daycy <0, b=2bjd; —4aje; and é= d% —4day fi,
also from (24), the last inequality is equivalent to:
—cyd? — ar€? + bydie; — (b — 4ajcy) fy < 0. (26)

In order to represent the polar functional related to the plate stored energy, firstly we
will consider the polar functional related to g;(y), where:

1

1 1
a(y) = §Ha6Au Yras + §y2ay2ﬂ Y1 + 52/2&@2“ ;

9(y) = a1(y) + g2(y)
and

1

92 (y) = §ho¢,8)\,uy3aﬂy3)\u.

In fact it will be determined a set in which the polar functional is represented by the
Legendre Transform g, (y*), where, from (20):

yiu- (y;2)2 — 2.yf12.y§1y§2 + ?/Tm. (y;1)2

* * 1 [] * *
glL(y ) = §Haﬁ/\uy1aﬁy1w + 2 (27)
2 [yiknyim - (yiklz) i|
Thus, as
9 (y") = sup {Yjasyios + Ysay2e — g1(y)}
y€ERS
we can write:
GiLW) =g (") & GLY") = Yrasyras + Ysayze — g1(y), Vy € R
or:
, . 1 1 1
YiasY1as + Ygal2a — §Hamu Yros + SY2ey2s | | Yo + SY22Yan (28)

— g5, (y*) <0, VyeR®
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However, considering the transformation:

B 1

Yra8 = Y1as + 53/2&3/2@
_ 1

Y18 = Y1a8 — §y2ay26

and substituting such relations into (28), we obtain
g1.(y") = g1(y")
* — 1 * 1 — —
 Yren ( Y108 = 5Y20Y20 | + Yoaloe = S HaprulreoYirm
—g1.(y") <0, V{fas,yoe} € R°.
On the other hand, since {Hqgy,} is a positive definite matrix we have:
1 1-

sup {yfaﬂ?haﬂ ~35 aﬁAuylaﬁ?/lw} . §Hamuyfaﬁyfm
{ﬂla@}€R4

143

(29)

(30)

(31)

and thus considering (31) and the expression of gj(y*) indicated in (27), inequality

(30) is satisfied if
1 * *
~ gY1asYaalas + Yoa Yoo
* % )2 * * ok * x )2
_ Y (y22) — 2.y 112 Yo Yoz T+ Yia2. (?/21)

RS <0, Vi) €
2 [ylllylzz - (yllz) }

so that, for
1 * * * * *
a1 = _53/111’ by = —Yq12, C1 = _53/122’ dy = Yo1, €1 = Yp2
and ) ,
f - yiku- (9;2) - 2-y;z.y§1y§2 + yT22' (y;l)
1= 2
2 |:y1k11y;22 - (y;z) i|
we obtain

—Cld% — alef + bldlel — (b% — 4@1(31) f1 =0

(32)

and therefore from (26), the inequality (28) is satisfied if a1 < 0 (yj;, > 0) and

b —darcr <0 (Yinyfes — (Yhe)? > 0 which implies yf,, > 0).
Thus we have shown that:
Yy eA = gi(v) = g1y,

where
A" = {y* S Rﬁ | yfu > O, yrzz > 0, yiﬁuyiﬁm - (yfu)Q > O}



144 F. Botelho / Dual Variational Formulations for a Non-Linear Model of Plates

On the other hand, by analogy to above results, it can easily be proved that

G =50y, Hyies} €R?

where

G (y") = §haﬁ,\uy§aﬁ Yan
and

* * * ]'
G5(Y") = SUp  YsapYses — §ham#y3a@yw
yER3

From (33) and (34), we can write

if y* € A" then g7(y") + 93(y") = g1.(y") + 92.(¥") < (91 + 92)"(¥")-
As (g1 + 92)"(y") < g1 (y") + g3(y") we have

if y* € A" then g7(y") = g1, (") + 93.(y") = (91 + 92)"(¥") = 9" (¥")-

However, from Proposition 2.3:

so that from (36) and (37) we obtain:
ve A" = GH(v) = /g}:(v*)dS =G (v")
S

where:
A ={v" e Y" | v*(z) € A", a.e. in S}
or
A" ={v" €Y | vjn >0, v} >0, and v} v} — (vi2)? > 0, a.e. in S,
thus, through the notation
Vjas = Nag, Vo = Qo = V]apVo2s = Napvpas, V3ap = Map

we have

A* = {v" = {Nug, Mop, Qa} € Y™ | N1y >0, Nop >0,
and Ny Nyy — Nj, > 0, a.e. in S}.

(34)

(35)

(36)

(37)

(38)
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5.1. The Fenchel Conjugate Functional Related to F : U — R

We are concerned with the evaluation of the below indicated extremum:

FH (=A%) = sup{{u, =A"0")y — F(u)}

uelU

that is:
F*(=A"v") = sup{(Au, —v")y — F(u)}

uelU

Considering that:

P@Fw(éww+L(M%%%—M%9ﬂ>Z%ﬁU

we have:
0, if v* € C*,
+00, otherwise

N {

where v* € C* < v* € Y* and

{ e (a1

U;a,a + U';aﬂ,aﬁ + P - 07 a.e. IIl S7

and -
Vias-Ng — Po =0,
@;+@MQ]M+9@%?@Q—P:0, (42)
ViapMafg — My, =0, on I}
O
Remark 5.2. We can also denote:
Cr={v"eY" | A" = [}, (43)

where the relation A*v* = f is defined by (41) and (42).

5.2. The Duality Principle

Considering inequality (21), the expression of G*(v*), and the set C* above defined,
we can write:

inf{(GoA)(u)— Fu)} > sup {-Gi(v")} (44)

uel v*eA*NC*
so that the final form of the concerned duality principle results from the following
theorem:

Theorem 5.3. Let (GoA) : U — R and F : U — R defined by (16) and (17)
respectively (and here we express F' as F(u) = (u, f)v). If =G5 : Y]} — R attains a
local extremum at v§ € A* under the constraint A*v* — f =0 then:

inf {(GoA)(u) + F(u)} = sup {-Gj(v")}

uelU v*eA*NC*
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and ug € U and vj € Y™ such that:
{—G1(vg) + (uo, A"vg — flu} =0

are also such that:

J(up) = —Gr(vy) and 6J(ug) = 6.

The proof of above theorem is consequence of the standard necessary conditions for a
local extremum for —G7 : Y — R under the constraint A*v* — f = 0, the inequality
(44) plus an application of Theorem 2.5.

Therefore, in a more explicit format we would have:

uelU

— (/ PwdS+/ Pwds+/ Pu,dl — Mna—wdf)}
S Ty I, T, On

1 _ 1 - 1 _
= sup {_E/SHaﬁ/\ﬂNaﬁNAMdS_§/Sh0¢ﬁ>\MMa/3M/\NdS_5/9NaﬁQaQﬁdS}

v*eA*NC*

. 1 1
inf {ﬁ/Hw,\M%ﬁ%\udS—l— §/ha/g,\#naﬁm#d5
S S

where v* € C* < v* € Y* and,

Nag,s =0,
Qa,a + Maﬁ,aﬁ + P = 0, a.e. in S

and B
Naﬁ.ng - Pa = 0,
a(Ma/gtan/g) —

(Qa + Mapp)na + s P =0,

Magnan/g — Mn = O, on Ft,
with the set A* defined by (23) and

{Nop} = {Nap} ™. O

6. The Second Duality Principle

The next result is a extension of Theorem 2.7 and, instead of calculating the polar
functional related to the main part of primal formulation, it is determined its Legendre
Transform and associated functional.

Theorem 6.1. Consider Gateauz differentiable functionals GoA : U — R and Fol, :
U — R where only the second one is necessarily convex, through which is defined the
functional Jg : U xY — R expressed as:

K{(p,p) .
Jr(u,p) = G(Au+p) + K(p,p) 12(s) — F(A1u) — TL(S) — (u, ug)u

so that it is supposed the existence of (ug,po) € U X Y such that

Ji(uo,po) = inf  {Jx(u,p)}

(u,p)EUXY
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and 0Jk(ug,po) = 6 (here A = {\;} : U =Y and Ay : U — Y are continuous linear
operators whose adjoint operators are denoted by A* : Y* — U* and A} : Y* — U*
respectively).

Furthermore it is assumed the existence of a differentiable function denoted by g : R" —
R so that G : Y — R may be expressed as: G(v) = [, g(v)dS, Vv € Y where g admits
differentiable Legendre Transform denoted by g; : R} — R.

Under these assumptions we have:

inf {Jg(u,p)} < inf {Jp(z", 0", 0)}

(u,p)EUXY (2*,0*,0) € E*
where
(250" a) = F*(2%) + 1/(2K) (0", v") 12 (s)
_ G + Kzn: (‘ A — agaz(fj*) 2 )
i=1 Yi Lz
and

Er={(z"v0) €Y* x Y} x U | —Ajz* + A" —uf = 0}

Also, the functions 2, vy, and iy, defined by

% aF(AﬂLO)
A T
DT e
and
Uy = U

are such that
ANz + Nvf —uy =10

and thus

Jr(uo,po) < inf  {Jp(2",v",4)} < Jk(uo, po) + 2K (po, po) r2(s) (45)

(z*w*,0)EE*
where we are assuming that v; € Y7 .

Proof. Defining a = inf(, p)cvxy{Jrx(u,p)}, Gi(u,p) = G(Au+ p) + K(p, p)r.2(s) and
Go(u,p) = F(Au) + (K/2)(p, p)r2(s) + (u, up)v we have:

Gi(u,p) = Go(u,p) +, V(u,p) €U XY,
so that, V v* € Y;", we have
sup  { (v, Au + Pz — Ga(u,p)}

(u,p)EUXY (46)
2 <U*7Au +p>L2(S) - Gl(u’ap) + «, V(U,p) eU x Y7



148 F. Botelho / Dual Variational Formulations for a Non-Linear Model of Plates

but from Theorem 2.6:
sup  {(v*, Au+ P)rzs) — Ga(u,p)}

(u,p)EUXY (47)
B z*GiCn*f&v*) {F(Z*) + (1/2K)<U*7 ,U*>L2(Q)}
where
C*(v")={z"eY" | —Ajz"+ A" —uj =0}.
Furthermore

(0", Au+ plresy — Gi(u,p) = (v, Au+ p)resy — G(Au +p) — K(p, p)r2(s)
so that choosing v = u and p satisfying the equations:

. OG(Ad+p)
v, = ———
! a’l}i

which from a well known Legendre Transform property, implies that:

bi = %(*U) — Ny
(3K

7

we would obtain

. Ogp(v7)
A — T
U 7

7

(v*, Au —|—p>L2(S) — Gh(u,p) = G (v*) — KZ (’

=1

2
LQ(S)>

and thus from last results and inequality (46) we have:
infv*) {F(z*) + 1/(2K){(v",v")12(5) }

z*eC*(
997, (v")

~ G+ Ky <’ Ajit — 2L
=1

> o= inf J
el (’u,p)1€ o { K(uvp)}

2
L2(5)>

that is,

P(*) + 1/(2K) (0", ") sy = GL(0) + K Y (‘

i=1

>a= inf {Jg(u,p)}, if z*e C*(v"),

(u,p)EUXY

or

inf {F(z*) + (1/2K) (0", v")p2(g)

(z*v*,0)EE*

-Gl Y (\

>a= inf
zo= ol Urlup))

Az’& agL (U )

dy;

2
L2(S')> }
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so that:
inf J(z5 0" 0) > inf {Jk(u,
(z*,v*,ﬂ)EE*{ i = (u,p)EUXY{ k(wp)}
where E* = C*(v*) x Y} x U, and the remaining conclusions follow from the expressions
of Jk (ug, po) and Jj (25, vg, to). O

Remark 6.2. It seems to be clear that the duality gap between the primal and dual
formulations, namely 2K (py, p0>L2(S), goes to zero as K — +00, since py € Y satisfies

the extremal condition:
i 8G(Au0 + po)

K v
and Jg (u, p) is bounded from below. We do not prove it in the present work, postponing
the analysis for a future work.

+p0:07

Specifically in the application of such result to the Kirchhoff-Love plate model, we
would have: F(Aju) = 6, and therefore the variable z* is not present in the dual
formulation. Also,

(u,up)y = / PwdS +/ (Paua + Pw — Mna—w) ar (48)
s r, on

and thus the concerned duality principle could be expressed as:

: . K
inf { GO+ 9) + Klppluzes — (w i)y = 5 bl |

uelU

1 [ 1 /-
< inf {— 5 / HopauNopNaudS — 5 / Ny MapMy,dS (49)
S S

(v*,a)eE*

1 - 1 1
— = | N, d —— | NogNysd — | M,gM,zd
9 /S aﬁQaQﬁ S + 2K/S afiVap S + QK/S aBiVlap S

2
+KZ

2

1 _ 1
E(ua,ﬁ + uﬁ,a) - Haﬁ)\,uN)\,u + 57}020‘“025

a,B=1 L2(S)
2 2 B )
+ KZ ||w’a - U(pa”%z(s) + K Z ||—w7a,3 - haﬂ)‘#M)‘“HLQ(S) } (50)
a=1 a,B=1

where (v*,0) € E* = C* x U & (vh,u) € Y x U and,

Naopp =0,
Qa,a + Maﬂ,aﬁ + P = O, a.e.in S
and

Nag.nﬁ - Pa = 0,
O(M,stq _
(Qa + Mag”g)na + % — P = 0,

Magnang — Mn = O, on Ft,
where {vgaa } is defined through the equations:

Qa = INapUp2s



150 F. Botelho / Dual Variational Formulations for a Non-Linear Model of Plates

and, B
{Nag} = {Nap}™".
Finally, we recall that

Y ={v"€Y*| A= NNy — (Np)* #0, a.e. in S}. O

7. The Third Duality Principle
Now we establish the third result which may be summarized by the following theorem:

Theorem 7.1. Let U be a reflezive Banach space, (GoA) : U — R a conver Gateaux
differentiable functional and (F o Ay) : U — R convex, coercive and lower semi-
continuous (l.s.c.) such that the functional

J(u) = (GoA)(u) — F(Au) — (u, p)y

is bounded from below, where A : U — Y and Ay : U — Y are continuous linear
operators.

Then we may write:

inf sup {F(=") — G*(0")} > inf {J(w)}

Z*eYy™ v*E€B*(2*)
where B*(z*) = {v* € Y* such that A*v* — Ajz* — p = 0}
Proof. By hypothesis there exists @« € R (a = inf,ep{J(uw)}) so that J(u) > a,

Yu € U, that is,
(GoA)(u) = F(Au) + (u,p)u + o, Vuel.

The above inequality clearly implies that:

sup{(u, ' )o = F(Aru) = (u, plut = sup{(v, ')y = (G o A)(u)} +

uelU

Yu* € U*, and, as F' is convex, coercive and l.s.c., by Theorem 2.6 we may write:

sup{(u,u")y — F(Aju) — (u,p)u} = inf {F*(z")},

uel zreA* (u*)

where,

A*(u*) ={z" € Y* | Ajz" +p=u"}
and, as GG also satisfies the hypothesis of Theorem 2.6, we have:

sup{(u,u" )y — (GoA)(u)} = inf {G*(v")},

uelU v*€D* (u*)

where
D*(u") ={v" e Y™ | A" =u"}.

Therefore we may summarize the last results as below indicated:

F(z)+ sup {-G"(v")} > a, Vz"e A*(u")

v*eD*(u*)
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and this inequality implies that:

FE)+ sup {=G'(v")} = a,

v*EB*(z*)
so that we can write:

inf  sup {F*(z") —G*(v")} > inf{J(u)}

z*eY* U*GB*(Z*) uelU
where B*(2*) = {v* € Y* | A*v* — Ajz* —p=0}. O

We will apply the last theorem to a changed functional concerning the primal formula-
tion related to the Kirchhoff-Love plate model, that is we will redefine (GoA): U — R
and (F'oAy): U — R as below indicated:

(GoN)w) = 5 [ Humrnoluyin, (s

1

1
+—/haﬁ,\ulia/g(u)m,\u(u)dS—i——K/w,aw,adS
2 /s 2 Js

if Nij(u)+ K >0, Nog(u) + K > 0 and (Nyy(u) + K)(Noa(u) + K) — Nia(u)? > 0 and,
+00 otherwise.

Remark 7.2. Notice that (Go A) : U — R is convex and Gateauz differentiable on
its effective domain, which is sufficient for our purposes, since the concerned Fenchel
conjugate may be easily expressed through the region of interest.

Also, we define:

1
F(Au) = §K/ W, W, dS
S

(u,p)u :/Pwd5+/PauadS
S S

where

U= (g, w) € U =Wy?*(S) x Wy*(S) x W*(S).
Observe that these boundary conditions refer to a clamped plate. Furthermore:

Al(u) = {wvl y Wy2 }

and
A = {Alo‘f37 A2°‘7 A3D"B}

as indicated in (11), (12) and (13).
Calculating G* : Y* — R and F* : Y* — R we would obtain:

1 _ 1 /-
G*(U*) p— §/SH0¢5)\,MNO¢5N)\HCZS+ §/Sha5>\#MaﬁM>\HdS

1 1
+—/Naﬁw,aw,ﬁds+—K/w,aw,adS (51)
2 Js 2 Js
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if v* € B*, where:
vt = {Naﬁa Maﬁa w,a}7

Er={v" €Y | Niy+ K >0, Noo+ K >0
and (N3 + K)(Nao + K) — Nj, > 0, ae. in S}

and,
*\ 2
(2" QK/ dS+ — (22) ds.

Furthermore, v* € B*(z*) & v* € Y* and,

Nagp+ Po =0,
—(22) .0 + (Nopwg) .o + Mogop + Kweo + P =0, ae. inS.

Finally, we can express the application of last theorem as:

1 1 1 _
inf — ds + — 2dS — = | H,3.,N.sNy,dS
SEV e B {2K/ (1)7ds + 2K ( %) 2 /S PAuTaf i

1 [ 1 1
- = / haﬁ)\,uMagM,\udS - = / Nag’w,a w,p dS — —K/ W, W,a dS}
2 S 2 S 2 S

> inf{J(u)} (52)

uelU
]

The above inequality can in fact represents an equality if the positive real constant
K is chosen so that the point of local extremum v = 96hw) ¢ p (which means
NH(Uo> + K > 0, NQQ(UQ) + K > 0, and (NII(UO) + K)(NQQ(U0> + K) — ng(U0)2 > O)
The mentioned equality is a result of a little change concerning Theorem 2.5.

Remark 7.3. For the determination of G*(v*) in (51) we have used the transformation
Qa - aﬁw Jé] + Kw ReZ)

similarly as indicated at Remark 4.1.

8. A Convex Dual Formulation

Remark 8.1. In this section we assume:

4 \ofio
Haﬁ)\u =h {)\()+—2/,[,(]6QB5AM + 2/10(5a)\5ﬁu + 6au5ﬁ)\)} s

and

h%H g,
12 7
where 9,5 denotes the Kronecker delta and Ao, p4o are appropriate constants.

hozﬁ)\,u =

The next result may be summarized by the following theorem, which also establishes
sufficient conditions for optimality.
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Theorem 8.2. Consider the functionals (GoA) : U — R, (FoA)) : U — R and
(u,p)y defined as

(G o A)(u)

1 1 1
- §/Ha5,\ufya5(u)’y,\ﬂ(u)d5+§/hamuﬁaﬁ(u)mu(u)dS—i—§K/w,aw,a ds,
s s s

1
F(Au) = —K/ W,o W,o dS
2 s
and
(u,p)y = / PwdS + / P.u,dS
s s
where

u= (uq,w) € U =Wy*(S) x Wy*(S) x Wg*(S),

Observe that these boundary conditions refer to a clamped plate. The operators {Vas}
and {kap} are defined in (9) and (10), respectively. Furthermore, we define J(u) =
(GoA)(u) — F(Au) — (u, p)v, and

A (u) ={w, ,w,s }.

Thus, supposing the existence of ug € U such that §J(ug) = 0, and so that there exists
K >0 fOT’ which Nll(UO) + K > 0, NQQ(U()) + K > 0, (NH(UO> + K)(NQQ(U()) + K) —
Nig(up)? > 0 (a.e. in S) and hiz2/(2K) > K where Ky is the constant related to
Poincaré Inequality where also,

Nagp(ug) = Hopau o (o),

we have that:

Tuw) = min{J@)} = max  {-G'(0) + (2 2 /(2K))
= — G"(v)) + (200, 290 ) 12(5)/ (2K) (53)
where,
vy = w and  zje = Kwo g,

G*(v") = GL(v")
L[ - 1 [- 1 [ -

= —/HQBAHNQBN)\“dS—I——/hagAuMagM)\HdS—F—/NOI[%Q,O[Q’ﬁdS
2 Js 2 Js 2 Js

if v* € E*, where v* = {{Nas}, {Mas}, {Qu}} € E* & v* € L*(S,R'%) and
Nii+K>0 Nyp+K>0 and (Ny+ K)(Nog+ K)— N, >0, ae inS

and,

Naﬂﬁ + Pa = 07

Qoha + Maﬁ7aﬁ - Z;,a + P — 0’

hig1oMia + 21 5/ K = 0,

* % . *
219 =237, a.e.in S, and, z* =6 on T,

being {NX;} as indicated in (6).

(v, 2") e B* &
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Proof. Similarly to Proposition 5.1, we may obtain: if v* € E* then:
Gy(v") = G*(v*) > (v, M)y — G(Au), Vu €U,

so that

1 1
GL(V") = g (zas zadizes) 2 (V5 Aw)y — oo (25, za)12(s) — G(Aw), Vu e U,
and thus, as A*v* — Ajz* — p = 0 (see the definition of B*) we obtain:
Qa,a + Maﬂ,aﬂ - Z;a +P=0 ae.in S,

and, through this equation we may symbolically write

M12 = A;112{(_Qa,a + Z;,a - Maﬁ,aﬁ - P)/2}7 (54)

where Ma@ag denotes My 11 + My 92, in S, so that substituting such a relation in the
last inequality we have:

1 _ 1 [ - _ 1 (-
_/Haﬁ)\uNaﬁN/\udS_l'_/h1111M121d5+/h1122M11M22dS+_/h2222M222dS
2 Js 2 /s s 2Js

- 1 - 1
+ 2/ h1212(A§112 (U*, Z*))st + 5 / NO{%Q@Q”@’CZS — ﬁ<ZZ, Z:;>L2(S)
S S
1
Z <A1U, Z*>L2(S;R2) — ﬁ(z;, Z2>L2(S) - G(AU) + <U,p>U, Yu € U, (55)

where M, is made explicit through equation (54), and, this equation makes z* an
independent variable, so that evaluating the supremum concerning z*, particularly for
the left side of above inequality, the global extremum is achieved through the equation:

- ([A;ﬂ* [BlgmAgllg(v*, z*)})a —2:/K =0, ae in S
which means:
—hia1eAgis (v, 2%) — 25 /K =0, ae.in Sand zf =25 =0on T
or )
hiziaMiz + 2}, 3/ K =0, ae.in Sand zj =2; =0on [’

for (o, B) = (1,2) and (2,1). Therefore, after evaluating the suprema in both sides of
(55), we may write:

GL(v*) = 5= (20, 20) L2(s)

> F(Mu) — G(Au) + (u,p)y, Yu € U, and (v*,2") € B*"NE”

and it seems to be clear that the condition his12/(2Ky) > K guarantees coercivity
for the expression of left side in the last inequality, so that the unique local extremum
concerning z* is also a global extremum. The equality and remaining conclusions results
from the Gateaux differentiability of primal and dual formulations and an application
(with little changes) of Theorem 2.5. O
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Remark 8.3. Observe that the dual functional could be expressed as
* * 1 * *
GL(V") = 55 (Zas za)2(s)
1 _ 1 [- _
= —/Haﬁ,\uNaﬁN/\udS—l-—/h1111M121d5'+/h1122M11M22dS
2Js 2Js s
1 [- 1 _
+ 5 / h2222M222dS + 5 / Nii;@’aQﬁdS -+ / h1212(2i2>2/K2dS
s s S
1
+/Sh1212(25,1)2/K2d5— S7c \Fas Za) 12()

and thus, through the relation hi912/(2Ky) > K (where K| is the constant related to
Poincaré inequality), it is now clear that the dual formulation is convex on E* N B*.

9. A Final Result, Other Sufficient Conditions for Optimality

This final result is developed similarly to the Triality criterion introduced in Gao, [9],
which describes in some situations, sufficient conditions for optimality.

We prove the following result:

Theorem 9.1. Consider J : U — R where J(u) = G(Au) + F(u),

1 1
G(Au) = i/SHaﬁAuvaﬁ(u)fY)\'u(u)dS—i_ i/shag)\uw’agw’AudS,

here the operators va.s must be considered as defined in (9), and

F(u) = —/SPwdS = —(u, fHuv,

and also

U =Wy2(S) x Wy(S) x Wi2(9).
Thus, if ug € U is such that 6.J(ug) = 6 and

1 1
§/Na5(u0)w,aw,gd5+ 3 / haprpW,asw 2, dS > 0, Yw € W02’2(S), (56)
s s

then
J(up) = min{J(u)}.

uelU

Proof. It is clear that
G(Au)+ F(u) > —(Go AN)*(u*) — F*(—u*), YueU, u*" € U",
so that
G(Au) + F(u) > —(G o A)*(A*v*) — F*(=A"0"), YueU, v* € Y™, (57)

Consider v for which 6.J(ug) = 6 and such that (56) is satisfied.
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Defining
U* . 8G(Au0)
0 — 81} )
from Theorem 2.5 we have that
6(=G1(vg) + (uo, Avg — flu) =0,

J(uo) = —=Gr(vp),

and

which means

On the other hand

(G o A)"(A*vg) = sup{(Au,v3)y — G(Au)},

uelU
or
(G o A)*(Avp)
U, + Ug,a >
= su ——— " Nys(u + (—w.ag, Mag(ug)) 12
ueg{< 5 3(t0) ) ) F {708 Mag(wo))1s)
1 1
+(waQa(uwo))r2s) = 5 | HapnuVap(w)ya(w)dS = o | haprutv,aswpdS o
s 5
Since N .
o ua,ﬂ U,B,a -
,YQ/B(U) - 2 + 2w7aw757
from last equality, we may write
(G o A)*(A™vg)
W W 3
= sup § (Yas(t), Nag(u0)) 12(g) — <TyNaﬁ(U0)> o (—wap, Mag(uo)) 2(s)
uelU L2(S)

1 1
+ <w,a7 Qoe (u0)>L2(S) - 5 /S Haﬁ)\u’yaﬁ(u)’%\u(u)ds - 5 /S haﬁ/\uw,aﬁw,)\uds}-

As (Qu(w)).a + (Mag(uo)) ap + P = 0, we obtain

(G o A)*(A*v))
Walp 1
= (g M — = hosrnet agwredS + | PwdS
- 21615{ < 2 ’ ﬁ(uO)>L2(S) 2/S BAuW,apW Ap +/S w }
1 _
+Q/HaﬂAMNaﬂ(UO)NA,u(UQ)dS. (58)
S

Therefore, from hypothesis (56) the extremum indicated in (58) is attained for functions
satisfying
(Nag(0)wp).0 = (haprutru) op + P =0, (59)
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which, from §.J(up) = 6 and boundary conditions implies that
W = Wy,

so that

1

JNOZ,Q(UO)>L2(S) + 5 /S h»aﬁ)\#wo,aﬂwo,kuds

(Go Ay (A ug) < (=02
1 _
+§/Haﬁ/\uNaﬁ<U0)N/\,u(u0)dS' (60)
S

However, since

Qaluo) = Nag(uo)wo.s,
and

Magp(uo) = —hapruorn

from (60) we obtain
1 - 1 [ -
(G oA)"(Avp) < Q/Naﬂ(UO)Qa(UO)Qﬁ(UO)dSﬂL §/ghamuMaﬁ(U0)MAu(u0)d5
1 [ -
+§/Ha5AuNa5(u0)N,\H(uo)dS
s

and hence
(G o A)*(Avg) < Gr(vg) = —J(uo),

and thus as F*(—A*v}) = 0, we have that
J(ug) < =(G o A)*(A"vg) — F*(=A"vp),
which, from (57) completes the proof. O

10. Final Remarks

In this paper we present four different dual variational formulations for the Kirchhoff-
Love plate model. Earlier results (see references [10], [7]) present a constraint concern-
ing the gap functional to establish the complementary energy (dual formulation). In
the present work the dual formulations are established on the hypothesis of existence
of a global extremum for the primal functional and the results are applicable even for
compressed plates. Particularly the second duality principle is obtained through an
extension of a theorem met in [12], and in this case we are concerned with the solution
behavior as K — +o00, even though a rigorous and complete analysis of such behavior
has been postponed for a future work. However, what seems to be interesting is that
the dual formulation as indicated in (50) is represented by a natural extension of the
results found in [12] (particularly Theorem 2.7), plus a kind of penalization concerning
the inversion of constitutive equations.

It is worth noting that the third dual formulation was also established based on the
commented theorem, despite the fact such a result had not been directly used, we
followed a similar idea to prove the mentioned duality principle. For this last result,
the membrane forces are allowed to be negative since it is observed the restriction
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Nii+K >0, Nypg+ K > 0and (N + K)(Nyg + K) — N > 0, a.e. in S, where K € R
is a positive suitable constant.

In Section 8, we obtained a convex dual variational formulation for the concerned plate
model, which allows non positive definite membrane force matrices. In this formulation,
the Poincaré inequality plays a fundamental role.

Finally, in the last section, we developed a result similarly as in Gao’s Triality criterion
presented in [9], now for the present case, obtaining sufficient conditions for optimality.
We present a proof, which seems to be new, for sufficient conditions of existence of a
global extremum for the primal problem. As earlier mentioned, such conditions may
be summarized by §.J(up) = 6 and

1 1
5 / Nog(ug)w qw gdS + 5 / haprpW,apw 2, dS > 0, Yw € WOQ’Q(S). O
s S
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