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Let (T,.A) be an arbitrary measurable space and f an integrand defined on T'x R™ such that f (¢,-) is
quasiconvex and lower semicontinuous. Here, convexity is present by the level set mapping. We show
that the normality property of the integrand in the sense of Rockafellar ([10], [11]) can be characterized
by the normality of the level set mapping, and that normality is preserved for quasiconvex conjugates.
Finally we obtain for the integral Iy (z (-)) = [ f (t, 2 (t)) du (t) the equality (in appropriate topology)
between the lower semicontinuous regularization and the second quasiconvex conjugate.
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1. Introduction

In many areas of applied mathematics, one has to deal with integrals of the form

Iy (2 () = / F (b (1)) dys (1) 1)

where 7' is an arbitrary nonempty set equipped with a o — field A and a measure y,
f:TxR" — R =RU{+oo} is a measurable integrand and z () is a measurable
R™-valued functions on 7.

Classically only finite Carathéodory-type integrands f (-, -) were considered (i.e., f (-, x)
measurable and f (¢, -) continuous). However, generally in applications f (¢, -) is discon-
tinuous. Moreover, in convex situation (f (¢,-) convex), Rockafellar [10], [11] initiated
the notion of "normal integrand", which proved to be a very fruitful concept for the
study of Iy (-). Since the theory of convex conjugacy plays a prominent role in this
framework, we are interested in generalizing it to quasiconvex situation.

It is known [9] that one can use (as the convex analysis approach) the approximation
of functionals from below by so called c-affine functions. Thus, quasiconvex regular-
ization and the generalized biconjugate have geometrical intepretations as generalized
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Minkowski and Fenchel-Moreau theorems (Section 3). It is obvious that I (-) is convex
if so is f (¢,-), but unfortunately, even if f (¢,-) is quasiconvex, I (-) is not necessarily
quasiconvex, for example if one takes the function f: R, x R — R given by f (t,a) =
—e~* and the function I; : C (R;R) — R such that Iy (z(-)) = fR+ f(tz(t))dt.
It is obvious that for all ¢ € Ry, f(t,-) is quasiconvex but I; is not quasiconvex on
C (Ry;R), since for 2! (+) , 22 (+) given by z' (t) = 1, 2% (t) = —1 for all t € R, and for
A =3 weget, (1—X)a! () +Az?(-) =0 ¢ dom I.

However, quasiconvex conjugacy was considered by Barron and Liu [1] in the calculus
of variation in L™ space, for functionals of the form

I(x () =ess sup f(t,x(t),2' (1)),

0<t<T

ie.,

I () = IlF Gz ()2’ (Do -
They have established identity between the lower semicontinous (Isc for short) regu-
larization and the second quasiconvex conjugate (bi-g-conjugate for short), i.e.,

L@ () = 1y G ()sa’ Ol e o

where I* (resp. fs*) is the bi-q-conjugate of Iy (resp. f).

Our aim is to establish similar results for L, variational problem. We give a short
introduction to measurable closed-valued mappings and its applications to normal in-
tegrands (Section 2). Then, we consider a normal integrand and we show that the
quasiconvex conjugate and bi-q-conjugate are also normal integrand (Section 4). In
Section 5, we prove the identity between the lsc regularization of I; and its bi-g-
conjugacy.

2. Preliminaries

Definition 2.1. 1) A set-valued mapping I" from 7" to R" is denoted by I : T' = R
where

domT'={teT:T(t)#0},

gphl'={(t,x):x €T ()},
are respectively the domain and the graph of I'.
2) T is said to be measurable if for every open set O C R" the set "1 (0) =
{teT:T(t)NO #(} is measurable, i.e., 71 (0) € A.

Remark 2.2. domT is measurable since, dom ' = T~! (R") .

For a comprehensive treatment of measurable set-valued mappings, we refer the reader
to the classical texts (Castaing and Valadier [2], Rockafellar [11]).

It is clear that the "integrand" f : T x R™ — R is a crucial element in the expression
of integral functionals of the form (1) and the cornerstone will be the measurability of
the set-valued mappings Ey : T'=R" x R and Dy : T' = R" given by

Ei(t)=epif(t,.) ={(z,a) e R" xR : f(t,z) < a}.
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and
D¢ (t) =dom f (t,-) ={x € R": f(t,x) < oo}.
Let us recall that:

Definition 2.3. A function f : T x R* — R is said to be a normal integrand if its
epigraphical mapping E; : T' = R" x R is measurable with closed-values.

The basic consequences of normality is given by the following theorem.

Theorem 2.4 ([12], Proposition 14.28). For any normal integrand f : T x R* —
R, the following holds:

(1) Dy :T = R" is measurable.
(2)  f(t,-) lsc, and for any measurable function x (-), f (-, z(:)) is measurable.

Remark 2.5. Note that an integrand f such that f(¢,-) is Isc and f (-, z (-)) measur-
able, is not necessarily normal, as is shown in ([12], page 661).

Our aim in quasiconvex setting being to retain the notions which are the closest to
the corresponding notion in the convex area, it will be useful to recall some principal
convex results in the following subsection.

2.1. Convexity and conjugacy

Theorem 2.6 (Castaing representation, [10]). Let f : T x R" — R be such that,
for every t € T, the function f (t,-) is Isc and convexr. Then f is a normal integrand

if and only if there is a sequence {mk} of measurable functions z* : T — R™ such

keN
that:
(a) foreachkeN, t— f (t, a® (t)) is measurable;
(b) for eacht € T, {a*(t) : k € N} N Dy (t) is dense in Dy (t).

Remark 2.7. We know that if f (¢, -) is convex then f (¢, -) is continuous on int Dy (¢).
Then every Isc convex integrand is a normal integrand when int Dy (t) # &.

Recall that the conjugate f* and biconjugate f** of a normal integrand f : T xR® — R
are given by the Legendre-Fenchel transform of f (¢,-) and f*(¢,-), i.e.,

f* (tax*) :xsélﬂgl{<xvx*> —f(t,:t)}, (2)
ot x) = ﬁﬁﬂ%{<x’x*> — f (¢ 27} (3)

We know by [13] that for any function f : T'x R® — R, such that f (¢,-) is proper, one
has for every fixed ¢ in T" the following:

i) f™(t,-) = f(t,-) if and only if f(¢,-) is convex and lsc.
By fz(t,-) we denote the greatest convex lsc function majorized by f (¢, -).

Proposition 2.8 ([13]). For any function f : TxR™ — R, such that f () is proper,
one has for anyt € T
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)
fe(t,x) =inf{A e R: (x,\) €coepif(t,x)} VreR", (4)
where ¢o designates the convex closure operation.
i)
o) = fa (8,0 (5)

Theorem 2.9 ([10]). If f : T x R™ — R is a normal integrand, then f* and f** are
normal integrands.

3. Quasiconvexity, regularization and conjugacy
3.1. Quasiconvexity

For an introduction to quasiconvex analysis we refer to [6]. Let X be a Banach space.
We recall that a function f : X — R is quasiconvex if for all A € [0, 1] and x1,22 € X
one has

F(L=A) 2y + Azg) <max (f (z1), f (22)) .

Considering the Level set mapping defined as levy : R = X

levi(\) ={z e X : f(z) <A}, (6)

it is not difficult to see that f is quasiconvex if and only if the set-valued mapping levy
is with convex values.

Let us recall according to [4], that any function f : R® — R can be represented as
follows

f(z)=mmf{AeR:z eclevy(\)}. (7)
Definition 3.1 ([4]). Let be f: X — R.

1) We call the Isc hull function of f (Isc regularization) the function f: X — R, given
by

f(x):inf{)\ER:xEm}, (8)

where A is the closure of the subset A.

2) We call the lsc quasiconvex hull function of f (Isc quasiconvex regularization) the
function f; : X — R defined by

fz(@z) =inf{AeR:z ecolevy(N)}. 9)
Then, the following characterization holds.

Proposition 3.2 ([4]). For any function f : X — R, the function f; is the greatest
Isc quasiconvex function majorized by f, and its Level set mapping satisfies the equality

levy, (A) = ()@ lev; (8) VA€ER. (10)
B>X
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3.2. Quasiconvex conjugacy

Following Moreau [8] we know that, for a Banach space Y and a function c¢: X XY —
R (said coupling fugtion), we can define the c-conjugate and the bi-c-conjugate of
functional f : X — R as follows:

fCryeY - f° (y)ZSE)g{C(x,y)—f(:v)} (11)
fCrreXr— f(x) = Sup {e(z,y) = f(v)}. (12)

Since we are dealing with extended real valued functions we use the conventions +oo +
(—00) = —oo+(+00) = +00—(+00) = —00—(—00) = —o0. Several coupling functions
were discussed in the literature, motivated by various aims see, e.g., [14], [7] and [9].

For our part and following [6], we shall be concerned with the coupling function given
by
C(I7 (I*, T‘)) =Cr <<x7 I*>> )

where (,) is the duality pairing between X and X* and

e (1) = {r ift>r (13)

—o00 otherwise.

Formulas (11) and (12) become:

fe@@®r) = sup {c: ((z,2%)) — [ (2)} (14)
and
[ (@) = S)tel)rg*xR{cr ((z,2") — f (", r)}. (15)

As a consequence of Corollary 4.2, [7] and Corollary 1.4, [5] the following proposition
establishes, for bi-quasiconvex operation, a result in the line of Proposition 2.8.

Proposition 3.3 ([7]). For any function f : X — R, we have
o= gy

4. Level sets, integrands and normality

The main properties of convex normal integrand f are consequences of the closure,
measurability and convexity of the epigraphical mapping E; : T' = R" x R. Let us
recall some essential results about the mapping Ey.

Theorem 4.1 ([12], Theorem 14.8). Let f : T xR" = R

1) The implication (a) = (b) holds for the following properties:
(@) Ef: T = R™ x R is with closed-valued and measurable i.e., f is normal.
(b) gph E is an A® B (X)-measurable subset of T x X.

2) When the o—field A is u—complete, these two properties are equivalent.
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This section is devoted to integrands functions f (-, -) such that f (¢,-) is quasi-convex,
then the level-set mapping will be crucial in the analysis.
Theorem 4.2 ([12], Proposition 14.32). For a normal integrand f : T x R® — R
and any o € R, the level-set mapping

t—=leveey(a) ={r eR": f(t,z) < a}

15 closed-valued and measurable.

Actually the converse holds whenever the o-field is p-complete.

Proposition 4.3. Assume that the the o—field A is p—complete. Then a lsc integrand
f: T xX — R is normal if and only if for each o € R the level set mapping t —
levyq, ) (o) is measurable.

Proof. It is sufficient to show the measurability of E;. From Theorem 4.1, the sets

gphlev, ) (a) = {(t,z) e T xR" 1z €levy ) (a)}
={(t,x) e TxR": f (t,z) < a}

are A® B (X)-measurable for all & € R. This implies that f is A ® B (X )-measurable

and so is f where

~

ft,z,a)=f(t,z)—«

which leads to the measurability of

gph By = {(t,x,a) : f(t,a:,oz) < 0} .

Theorem 4.1 works and the measurability of £ follows. The proof is then complete. [

Remark 4.4. Let z(-) be a measurable function then the integrand g : (¢,z2%) €
T x X* — g(t,z*) = (z(t),2*) is of Carathéodory but the integrand h : (t,z*) €
T x X* — h(t,z*) = ¢, ({(x(t),z*)) is not. This is the crucial difference between
convex and quasiconvex cases.

The following results will be useful to generalize Theorem 2.9 to quasiconvex setting.

Proposition 4.5 ([11]). Let h be an integrand on T x R™ of the form

h (t,.l’) =¢ (t7g (t,:)?)) (16)

such that:

1) g: T xR" — R is a normal integrand.
2) ¢ is a normal integrand on T x R with ¢ (t,-) for every t € T nondecreasing.

Then f is normal.

Proposition 4.6. Let f : T x R® — R be a normal integrand. Then f¢(.,.,r) is
normal for every fized r.
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Proof. dom By = {t € T': f(t,-) # 400} is measurable. Then for (z,,a,),y a Cas-
taing representation of 'y, we have

By (t) = Upen {(@n (1), an (1))} t € dom E; ace.

For every n € N and r € R we define ¢ : T x X* — R such that

. o e ({2 (t),2%) —a, (t) te€domEy
gr(t’x)_{—oo t €T \ dom Ej.

By formula (14) and the density of Castaing representation we have

fo(t,x*,r) =supg, (t,2",7) (17)
neN

for every fixed r, so f°(-,-,r) will be normal if each ¢ is normal on dom E i.e.,
(t,z*) — ¢, ((x™ (t),2*)) is normal. We can see that the function ¢, defined by relation
(13) is Isc and nondecreasing, hence for h(t,z*) = ¢, ((z" (t),2*)) Proposition 4.5
works with ¢ (t,a) = ¢, («) and g (¢t,2*) = (2™ (t),2*). The normality of g follows
from above and that of f°((-,-),r) from ([12], Proposition 14.11). For ¢t € T\ dom E,
we have f (t,x) = +oo for all x and consequently f¢((¢t,z*),r) = —oo for any z*,
i.e., that epi f¢((t,),r) = R™ x R, thus epi f((-,-),r) is measurable with respect to
T \ dom E;. Hence epi f°((-,-),r) is measurable on 7" and the proof is complete. ]

Proposition 4.7. Assume that the o-field A is p-complete. If f : T x R* — R is a
normal integrand, then so is f.

Proof. If f is Isc and quasiconvex we have f° = f (Proposition 3.3) and there is

nothing to prove. If f is any normal integrand then, Yo € R, levy(, ) (o) is measurable,

therefore by ([12], Proposition 14.12) @ levy( ) (o) is measurable, and by relation (10)

levi i) (@) = (gsq 00 leviq.) (B) = ﬂg>6 0 levy (. () is measurable. Proposition 4.4
S

leads to the normality of fc. m

5. Quasiconvex-regularization as bi-q-conjugacy

We are going to prove that quasiconvex regularization procedure and bi-g-conjugacy
are the same when the integrand are positive functional defined on €2 x R™, where €2 is
an open bounded set of R™. We consider the space L (€2), 1 < p < oo, that we provide
with the weak topology o (L?, LY) where % + % = 1. The functional I; is defined now

from L? (©2) to R,. We shall use the approximation procedure described in [5]. We
recall that:

1) let’s consider a family (ax),<j<,, 7 €N, a > 0 Vk, and ), ap = 1.

2) For i € N, we denote K; the set of the pavements of Q2 whose edges are parallel to
the coordinates axis and length 2%, and whose vertices have coordinates multiples of
271,

In other words, K € K; if:

K = H;nzl[ij_i, (mj + 1) 2_7'] C Q, Where mj c 7.



66 A. Amir, H. Mokhtar-Kharroubi / Normality and Quasiconvex Integrands

3) For B; =, K, we have:

B; C Bjy1 C Q, Q:UBi and p(Q) = lim p(B;).

) 1—00
i=1

4) For i fixed, we will divide B; into 7 subsets Bf, 1 < k < 7, corresponding to
the 7 numbers oy, as follows: we cut out each pavement K € K; in 7 sections K*,
perpendicularly to the first coordinates axis, the thickness of the Kth section being
g -+ 277,

In other words,
k—1 k

(ml + Z C¥l> 2_1, (m1 + Z al> 27"
=1 =1

KF = X 117 o [my27", (my 4+ 1) 27']

and

K = UK’“ also g (K) = p (K¥).

k=1

5) Let us denote BF = Urer. K* for i € N and k € {1,...,m} fixed. Since the

pavements K* for K € K; and 1 < k < m, are not necessarily disjoint, we will
thus call N; the reunion of the borders of these pavements, which is thus a set of null
measure, and we put N = U;en/V;, which is also of a null measure. Then, for all fixed
i € N, the BENCN, 1 < k < m, are disjointed.

Definition 5.1. For 7 € N, u = (uy, ...,u,) € [L? (Q)] and for each i € N, one defines
a measurable mapping T;u from €2 to R by:

: k
T (t) = {uk (t) ifte BFNCN,

w (t) ifte NU(Q—Up, BF).

Theorem 5.2 ([5], Corollary IX.1.1 and IX.1.2).
1) The mapping T; is linear continuous from [LP (Q)|” to L? (), and we have:

lim Tju = Z aguy  with respect o (LP, L7) .

1—00
k=1

2)  Let f be a function from  x R™ with values in R such that the functions t —
I (t,ug () belongs to L (Q) for all k.

Then,

T

tim [ £ (T () dt = on / F (g (1)) dt.

1—00
Q k=1 Q
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We are now in position to prove the following main result.

Theorem 5.3. If f : Q x R® — R is a positive normal integrand and if LP (Q) is
provided with the weak topology o (LP, L?), then the bi-g-conjugate of Iy and its Isc

reqularization coincide, i.e.,
cc __

Proof. From relations (8), (9) and Proposition 3.3 we deduce that:
I < 1Ij.

The opposite inequality is equivalent to prove that levye (A) C levy, (A) for every
A € R. Let be w € levye (A). From Proposition 3.3 and relation (10) we have u €

Npsa €0 levy, (3). Fix any real number 5 > A. Hence, for convex neighborhood V of
the origin in o (L, L), there exist a family (ux), <<, in L} and 7 positive numbers ay
with ", _, a; = 1 such that:

Vk, u € 1€V[f (ﬁ) (18)
and
u— Z agu, € V. (19)
k=1

Since relation (18) implies I (u;) < oo for all k, then, the function f (-, uy (-)) belongs
to L' for all k. By Theorem 5.1, with u = (ul,. ;) € [LP (2)]" we are able for each
e > 0 to take i large enough so that T;u verifies for all ¢ > iq:

Tiu — Z apup €V (20)
k=1
and
It (Thu) Zakff )| < e. (21)

Combining (19) and (20) we obtain
Tou—wue2Y
and by (18) and (21) we see that
It (Tou) < B+e.

Hence, B
Tyu € levy, (B) for all i > ip and hence @ € levy, (8 +¢) .
Therefore
u e ﬂ levy, (B +¢) ﬂ levy, (B) = levy, (A),
B>Ne>0 B>
Le, [§° > [_f and the proof is complete. O]
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