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Different methods are available to solve a constrained optimization problem where the objective func-
tion is convex and the constraint set is specified by a linear system of a finite number of linear
inequalities. In particular, the problem can be formulated as an optimization problem with a unique
constraint involving a polyhedral function. When the linear system has an arbitrary number of linear
inequalities, the problem can also be transformed in such way that the constraint set is specified by
a unique constraint involving a lower semi-continuous convex function. If this function is quasipoly-
hedral, it locally behaves like a polyhedral one, and this fact should allow to design an algorithm
to resolve the optimization problem. In view of this new approach, this paper is devoted to study
characterizations and properties of the class of quasipolyhedral functions, as well as their conjugate
function and their subdifferential.
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1. Introduction
Consider the constrained optimization problem

(P;) ming(z)
st (ag,x) <b, i=1,..,m,

where ¢ : R" — R is a convex function, a; € R", b; € R, for all i = 1,...,m, and (.,.)

(.
represents the usual inner product in R”. In order to design an algorithm to solve (Py),
we can replace it by the equivalent problem

(P}) ming(x)
s.t. f(z) <0,
where f(z) := max {(a;,z) —b;, i = 1,...,m} is a polyhedral function. A recent paper
of Osborne [7] describes an active set algorithm for solving (P}), which concentrates

on describing the local structure of the polyhedral function.

From this point of view, it raises in a natural way to transform the following convex
semi-infinite programming (CSIP) problem

(P) ming(z)
s.t. (ap,x) <b, teT,
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where T is an arbitrary infinite index set, into the problem

(P) min g()
s.t. f(z) <0,

where f(x) :=sup {{a;, x) — b, t € T'}. If we are dealing with a non-empty constraint
set, f is a lower semi-continuous (lsc, in brief) proper convex function, since its effective
domain:

dom f:={z e R" | f(z) < +o0},

is non-empty, and its epigragh:

epi f = { (2) e R

is convex and closed. Moreover, epi f is the solution set of the system

f(:v)gaandxedomf},

o={(a,x) —xpp <b, teT}. (1)

Then we say that o is a representation of f by means of those affine minorants associ-
ated with the inequalities of o.

In [4] representations for a finite-valued convex function are classified in three types,
according to three families of linear semi-infinite systems with good geometrical proper-
ties, as it is shown in [5, Chapter 5]. The existence of a locally polyhedral representation
gives rise to the concept of quasipolyhedral function. In [4], conditions for the con-
jugate of a quasipolyhedral function to be also quasipolyhedral are obtained, as well
as characterizations of the subdiferential and the e—subdiferential of a quasipolyhe-
dral function. Moreover, when a finite-valued convex function and its conjugate are
quasipolyhedral, each of both admits a specific representation in terms of the extreme
points of the epigraph of the another one.

In this paper we focus on the study of characterizations and geometrical properties of
quasipolyhedral functions which are not finite-valued. Our objective is to derive results
which can be useful for designing an algorithm to resolve (P’).

The paper is organized as follows. For a finite-valued convex function, from every linear
inequality system whose solution set is the epigraph of the function, it can be derived a
representation in the form of (1), but this is not true if the function is not finite-valued.
Therefore, in Section 2, the concept of representation of a lsc convex function in terms
of a linear inequality system is extended, including the possibility for the function to
be improper, for the sake of completness. The existence of a locally polyhedral (LOP)
representation of the function turns out to be equivalent to the quasipolyhedrality of
its epigraph, in which case the function will be quasipolyhedral. A characterization
of improper quasipolyhedral functions is also presented, whereas Section 3 is devoted
to characterize proper quasipolyhedral functions. Finally Section 4 is dedicated to the
study of the subdifferential and the conjugate of a quasipolyhedral function. As we will
see, its subdiffential set at each point of its effective domain is a non-empty polyhedral
set.
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Let us introduce the necessary notation. Given a non-empy set X of the FEuclidean
space R", the convex (conical, affine, linear) hull of X is denoted by conv X (cone X,
aff X, span X, respectively), and X° represents the polar cone of a convex cone, X,

X°={yeR"|(y,x) <0forall z € X}.

It is assumed that cone X always contains the origin and, consequently, cone(f)) = {0, },
where 0,, is the null-vector in R". We represent by dim X the dimension of aff X. In
particular, for a convex function f, dim (dom f) is called the dimension of f, and it is
represented by dim f.

We recall that the recession cone of a convex set X is
0" X ={yeR"|z+Aye X, forall \ >0and all z € X},

and its lineality space, lin X := (07 X)N(—0" X)), whose dimension is called the lineality
of X. In particular, if f is a proper convex function on R", the projection onto the
first n coordinates of lin (epi f) is called the lineality space of f, and its dimension is
the lineality of f.

Recall that, for any function f, its conjugate is defined as

f*(u) = sup{(u,z) — f(z) | € dom f}.

In particular, if f is a Isc proper convex function, then f = f**.

If f is a proper convex function on R", the set (possibly empty)
0f (2) = {v €R" | £ (y) > f () + (v,y — ) for all y € dom f}

is the subdifferential of f at x € dom f.
For a set C' C R™, the indicator function ¢ is defined as d¢ (x) = 0 if z € C and
do (x) = +oo if ¢ C. Its conjugate is the support function of C:

dg (u) = sup {(u,z) ,z € C}.

If C' is non-empty, closed and convex, then d¢ is a proper lcs convex function.

From the topological side, int X, cl X, and bd X represent the interior, the closure,
and the boundary of X, respectively, whereas rint X and rbd X represent the relative
interior and the relative boundary of X (relatively to aff X), respectively. In particular,
if f is a proper convex function, we have

rint epi f = { (x)
I

according to [9, Lemma 7.3].

x € rintdom f and f (z) < /L} ,

The Euclidean norm (respectively, the Chebyshev norm) is represented by ||.|| (respec-
tively, ||.|| ), whereas B (respectively, B) is the corresponding open unit ball centered
at the origin.
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2. Quasipolyhedral functions

Let f: R” — R be a lsc convex function, where R := RU{#+occ}. If f is not identically
equal to +o0, epi f is a non-empty closed convex set in R"*!, and there exists a system
of linear inequalities,

{{ct,2) + V1 Sy, t €T,

whose solution set is epi f. As a consequence of (01") € 07 (epi f), it holds 7, < 0, for
all t € T. Let

Ty:={teT|~ <0},

Let a; := ¢/ |v,| and b, := d;/ |7y,| for all t € T;. Hence epi f is the solution set of
{{as, x) — 21 < by, t € Ths (e, ) < dy, T €T}

We can assume w.l.o.g. that every index in T3 is proper, in the sense that ¢; # 0, for
all t € Ts.
It is easy to show that we can write f (x) = h(z) + 0¢ (), where
h(z) :=sup{{as,z) — by, t € 11}, (2)
C:={zeR"|{ct,z) <d;, t €Ty},
taking C' = R"™ when Ty = ), and h(x) = —o0 if € C, h(z) = 400 if ¢ C, when
Ty = (. Evidently, T} = T, = () if and only if f = —o0, and epi f = R*"1.

Definition 2.1. Let f: R” — R be a lsc convex function, neither identically equal to
+00 nor —oo. If epi f is the solution set of the system

o= {(ay, x) = xny1 < by, t € Ths (e, w) < dy, t €T},

we say that o is a representation of f, and f (x) = h(x) 4+ é¢ (x), where h and C are
defined in (2).

It is worth revising some concepts and results about inequality systems which are used
throughout the paper.

Let {{cj,2) <d;, j € J} be a system of linear inequalities, with z and ¢; in R?, d; in R,
and J being an arbitrary (possibly infinite) index set. The solution set of the system
is denoted by F', and the system is consistent if F' is non-empty.

For any z € R?, an indice j € J is active at Z if (¢;,Z) = d;. Hence, the set of active
indices at Z is

J(Z):={jeJ| {7z =d},
and the so-called active cone at Z is

A(Z) :=cone{c;, j€ J(Z)}.

The cone of feasible directions for F' at z € F is

Dp (Z) :={w € R? | Z+ \w € F, for some A > 0},
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and its general relationship with the active cone is
A(Z) C Dp(2)°, foreveryz e F.

Dr (%)° is nothing else but the normal cone to F at zZ, represented by N (%).

Definition 2.2. A consistent system {(c;, z) <d;, j € J} is said to be locally polyhe-
dral (LOP, in brief) if
A(Z)°=Dp(z), forallzeF.

Recall that a polyhedral convex set is a set which can be expressed as the intersection
of some finite collection of closed half-spaces. Bounded polyhedral sets are called
polytopes. A result which will be used sometimes is that the projection onto the first
n coordinates of a polytope in R"*! will be also a polytope in R", according to [9, Th.
19.3].

Corollary 5.6.1 of [5] establishes that the solution set F' of every LOP system is a
quasipolyhedral set; i.e., F'is a subset of R? whose non-empty intersections with poly-
topes are polytopes. This property, evidently, is held by the set .

Definition 2.3. A consistent system {(c;,z) <d;, j € J} is tight if, for every z €
bd F, dim A (z) > 0.

Theorem 5.5(ii) in [5] establishes that if {(c;,2) < d;, j € J} is tight and its feasible
set F'is a full-dimensional quasipolyhedral set, then the system is LOP.

Now, let f be a Isc convex function neither identically equal to +oo nor —oo, and
consider a representation of f,

g = {(at,x) — Tpt1 S bt, t e Tl, <Ct,l’> S dt, t e TQ} .

We have, for every (I * ) Eepif,

n+1

Tl( v ):{t€T1 | {ay, z) — Tpp1 = by}

Tn+1
Then
x
teT (l_ ) = f(z) > (as, x) — by = xp1 > f2).
n+1

Hence, if T} (xn“;l) # (), it must be x,.1 = f(x). We denote the set T} (fz”x)), for z €
dom f, by

Ti(z) ={t € Th | f(z) = (@, x) — bi}.
On the other hand, if (_* ) € epi f

Tn+1

TQ( v ):{teT2 | (e, 2) = d}

xn+1
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and this set does not depend on z,,1. Accordingly, we denote the set T, (JC:H), for
x € dom f and all z,; > f(z) by

To(x)={teTy| (c;,x) =d;}.

The active cone at ( ’ ) € epi f associated with o will be

Tn+1

cone {(at), t € Ty (z); <Ct), te Tg(x)} , ifx, = f(o),
4 ( x -1 0
7 Tn+1 Ct .
Cone{(o), tETQ(x)}, if 2,41 > f(2).

It will be called cone of active minorants at (xnxﬂ) associated with o.

and N,

Moreover, Depy; f( v epi

N ) f( v ) will represent the cone of feasible directions and
n+1 Tn+1

I)Gepif,we

Tn+1

the normal cone to epi f at ( * ) € epi f, respectively. For every (

Tn41
have

xXr xXr ° T
Aa C De i = Ne i . 3
<$n+1) vif <xn+1> vf (xn—&-l) )

Definition 2.4. A lsc convex function f neither identically equal to +00 nor —oo is
quastpolyhedral if epi f is a quasipolyhedral set.

The concept of quasipolyhedral function generalizes that one of polyhedral function;
i.e., a convex function whose epigraph is a polyhedral set. The class of polyhedral sets
(respectively, functions) is closed under well known operations, as it is shown in [9)].
The analysis of such operations applied to quasipolyhedral sets and functions can be
found in [3].

Let us observe that if f = 400, epi f = 0 and if f = —o0, epi f = R*"!. In both cases,
f is quasipolyhedral but they have no interest at all, hence from now on, we always
consider that f is neither identically equal to +00 nor —oo.

If o is a LOP representation of f, the solution set of o, which is epi f, is a quasipoly-
hedral set, by Corollary 5.6.1 in [5]. Conversely, if epi f is a quasipolyhedral set,
there exists a LOP representation of f, according to Theorem 5.11 in [5]. Hence, f is
quasipolyhedral if and only if there exists a LOP representation of f.

Let o be a representation of a Isc convex f and K be a non-empty set contained in
dom f. We shall use the notation

T(K) =|J{Ti(z),z € K}, i=12.

The following three lemmas will be used in Sections 3 and 4. Moreover, Lemma 2.7
provides a characterization of improper quasipolyhedral functions.

Lemma 2.5. Let K C R" be a non-empty k—dimensional conver set, k < n, and
T € rint K. Then there exists a k—dimensional polytope P, such that T € rint P and
P Crint K.
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Proof. Since T € rint K, (T + eBo) Naff K C K, for some £ > 0. Take any 0 < § < e.
We have
(T+dclBy)Naff K C (T+eBy) Naff K C K,

and the polytope P := (T + dcl By ) Naff K C rint K verifies that aff P = aff K, hence
P is k—dimensional. Moreover, T € (T + éB.,) Naff P C P and T € rint P. O

Lemma 2.6. Let f: R" — RU {400} be a proper quasipolyhedral function. Then, for
every non-empty polytope P C dom f, the function f + dp is polyhedral.

Proof. Since P C dom f, according to [9, Th. 10.2], f is continuous relative to P,
hence f is bounded on P. We can take a < f (x) < f3, for all z € P, and

P:={Px[a,0]}Nepif

is a polytope in R"*!  since it is the non-empty intersection of a polytope and a
quasipolyhedral set. It is easy to see that epi(f +d,) = P U{P x [3,+o0[}. Con-
sequently, epi(f + 6,), which is a closed convex set, is the union of two polyhedral
sets, and according to Theorem 19.6 in [9], epi (f + ¢,) is a polyhedral set and f + 0,
is a polyhedral function. O

Lemma 2.7. Let f : R" — R be a lsc convex function. The following condition is
necessary in order that f be quasipolyhedral: for all x € (rbddom f) N dom f there
ezists a polytope P such that x € P C dom f and Dp (z) = Daom f (z) . Moreover, if f
s improper, this condition is also sufficient.

Proof. Given 7 € (rbddom f) N dom f, according to [9, Lemma 7.3], we can take
£ € R such that (g) € rbdepi f (6 = f(Z) if f(T) > —oo and, for instance, § = 0 if

f(@) = —o0).
Take any k > 0, and consider the polytope, in R, {(Z) + kclIB%oo} . Then

P .= {(Z) +/<;c113300} Nepif # 0,

and, since epi f is quasipolyhedral, Pisa polytope. Moreover, dim P = dim epi f and

() -vuC)

Let P be the projection onto the first n coordinates of P. Then P is a polytope, such
that 7 € P C dom f. We will obtain Dp (Z) = Dgom  (Z) from (4). Actually, we only
have to show that Dgom ¢ (Z) C Dp (7).

Let w € Dgom s (T) and v > 0 verifying T + yw € dom f. Choose whatever § € R such

that (“*)") € epi f. Then
(757) = () ()



20 M. D. Fajardo / On the Study of Quasipolyhedral Convex Functions

and (,%) € Depif(g). From (4), we have (g) + p(s%) € P, for some p > 0, hence
v Y
T+ pw e Pand w € Dp (7).

Let us observe that this necessary condition for a function to be quasipolyhedral implies
that Dgom s () is polyhedral, for all x € (rbddom f) N dom f, acccording to [1, Th.
VII.1.6].

Conversely, if we assume that f is improper, since dom f is closed, we have that, for
all x € dom f, Dgom ¢ (x) is polyhedral, and applying [1, Th. VIL.1.6], we conclude
that dom f is quasipolyhedral. According to [5, Th. 5.11], there exists a LOP system
o ={(cj,z) <dj, j € J} whose solution set is dom f.

Consider
o :={(cj,2) + 02,41 < d;, j € J},

with solution set dom f x R =epi f. Then, for all ( v ) € epi f, it holds

Tn+1

45(,7 ) = A0 0) < O = D () <R,

Tn+41

because o is LOP. It is easy to see that Dgom f () X R :Depjf( v 1), which allow us to

Tyt
conclude that 7 is also LOP. Hence, in virtue of [5, Cor. 5.6.1], epi f is a quasipolyhedral
set and f is a quasipolyhedral function. n

3. Characterizing proper quasipolyhedral functions

First, we will give a necessary condition for a proper Isc convex function to be quasipoly-
hedral. The study is divided into two cases, depending on the dimension of the effective
domain of the function.

Proposition 3.1. Let f : R" — RU{+4o00} be a proper lsc convez function, dim f = n.
If f is quasipolyhedral, then there exists a representation of f, o = {{a;,x) — xp11 <
by, t € T1;{cr,x) < dy, t € Ty}, such that for every non-empty polytope P C dom f,
T1(P) (respectively, To(P)) is a non-empty finite index subset (respectively, finite).
Moreover, o is LOP.

Proof. For each r € N, consider
Cr :=epifN{rclBuy}.

It is clear that C, C C,4q, for all ¥ € N and epi f = [J,2, C,, then we may assume
w.l.o.g. that C,. # () for all r € N.

Since 7 clB,,+1 « is a polytope and epi f is quasipolyhedral, C, is a polytope, for every
r € N. Moreover, since dimepi f = n + 1, we may assume that dim C,. = n + 1, for all
r e N.

Let D, be the projection onto the first n coordinates of C... Then D, is a polytope.
Moreover, D, C D,.q, for all r € N and dom f = Ufil D,. We may also assume that
dim D, = n, for all » € N.
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We define the convex function, for all r € N,

fr(@) = f(x) + 0p, (x).
According to Lemma 2.6, f,. is a polyhedral function, for every » € N. Moreover, since
dom f, = D,, we have dimepi f, =n + 1.
Consider a minimal representation of epi f,. (i.e., a representation without redundant
inequalities),
o= {<afn,x> — T <UL, i =1,2, .0k, <cﬁ,,x> <d,j=1,2, ...,vr}. (5)
We may also assume that, for all j € {1,2,...,v,}, ||¢/]| = 1. Then

frlz) = max{<ai,:v> —b,i=1,2, ..., k:r} ,
r €D, < <cZ,,:c> <d,j=12,..,0,.

Hence {(c/,z) < dJ, j =1,2,...,v,.} will be a minimal representation of the full-dimen-
sional polytope D,. Define

e {(B) i)

for every r € N. We have that epi f, is a full-dimensional polyhedral set in R"*!, and,
by Theorem 8.2 in [2], if

H}L::{( ! )eR”“
Tn+1

then H' Nepi f, is a facet (i.e., a face of dimension n) of epi f,, for all i € {1,2, ..., k,}.
We shall prove that H Nepi f.1; is a facet of epi f,;.

Let denote F! := H! Nepif,. From the fact that the projection onto the first n
coordinates of F? is full-dimensional, it is clear that this projection intersects with

int D,. Hence, we can take y° € int D, such that (fé’;())) € F! and da'. € Jf, (v*),

since H! is a non-vertical support hyperplane to epi f,. On the other hand, 3° €
int D, C int D,4; hence f. = f,1; in a neighborhood of y°, {y° + eB}, with ¢ > 0.
According to the identities

0f (4) = O (fr + dposemy) (4) = O (o + 0ppcmy) (v°) = 0frin (v)

we have a’ € df,.1 (y°) and H! is a non-vertical support hyperplane to epi f, 41, which
implies that H’Nepi f,.; is a facet of epi f,,1, since F! C H!Nepi f,,1. Applying again
Theorem 8.2 in [2], we conclude that A, C A4, for every r € N. Let A := ]2, A,.

(6h.) = s = 0.

Since dom f = |J2, D,, for all © € dom f, there exists r € N such that z € D,. In
particular, if 2° € (bd dom f)Ndom f, there exists r € N such that H (f(a:;))) H < r and

2 € bd D, (in fact, 2° € bd Dy for all s > r). Recall that {{(c¢/,z) < d/,j =1,2,...,v,}
is a minimal representation of D, hence there exists j € {1,2, ..., v, } verifying (¢!, 2°) =
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d?, according to [2, Th. 8.2]. Denoting Ty := {1, 2, ..., v, }, we conclude that Ty (2°) # 0.
Let

B, := { (Z)‘y €T3 (a7), for some 2” € (bddom f) N D, H (ff;)) Hoo ) T} '
(6)

(B, =0 for all r € N if dom f is an open set).

We shall show that B, C B, for every r € N.

Take (j) € B,. Then (c!,2°) = d for a certain z° € (bddom f) N D,, verifying
20

H (f(xo))

we can find A > 0 such that (féfo)) + )\(Unil) € sclB.. It implies that, for all s > r, it

holds
20 20
Deris (f <x0>) - De*’if(f <x0>)'

As it was done in the proof of Lemma 2.7, we get, for all s > r,

< r. Then (fgfﬂ)) € int {sclBy}, for all s > r, and, for all ( 1) € R

v
Un+

Dp, (370) = Daiom f ($0) : (7)

Now, from the minimality of the representation of D,, 2° € bd D, and (¢}, z°) = dJ,
we have that
D,n{yeR"{d,y)=d}

is a facet of D, containing z°, applying Theorem 8.2(iii) in [2]. Then the vector ¢!
generates an extreme ray in Dp_(2°)°, according to Theorem 8.2(iv) in [2]. Now, from
(7), it follows that ¢/ will generate an extreme ray in Dp,,, (z°)°. By Theorem 8.2(v)
in [2], we have that

DN {y €R"(c,y) =d}

is a facet of D, containing 2°. Hence there exist A > 0 and [ € {1,2, ..., v, } such that
d =\, and & = Ad.,,. Since we are asumming that ||c/|| = ||cL4|| = 1, we have
A=1land B, C B,41. Let B:=J:2, B,. It is clear that, for all 2° € (bd dom f)Ndom f,
there exists () € B such that (c,2°) = d.

Let us introduce the system

a

0::{(a,x>—xn+1§b, (b) €A (cz) <d, (2) EB}.

Denote by F' its solution set. We shall prove that F' = epi f.
Let ( +1) €epif,andT € D,. Then ( +1) € epi fs, for all s > r. Hence (a', T) =T, 11 <

b, for all i € {1,2,....k,} and for all s > r. Since A, C A,, for all s < r, we conclude
that (a,T) — T,41 < b, for all (§) € A.

On the other hand, since T € D, for all s > r, it holds (¢/,T) < d’, forall j = 1,2, ..., v,
for all s > r. Since By C B,, for all s <r, we conclude that (c,z) < d, for all (2) € B.
Hence F' D epi f.
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According to [9, Th. 18.8], epi f is the intersection of the closed half-spaces tangent
to it. We shall show that ' C epi f verifying that every point in F' belongs to that
intersection.

Let us consider an hyperplane in R+,

H::{( Y )ER”H
yn+1

such that (@, z) + bx,41 < G, for all ( IH) € epi f and (a, 2) +Zx9l+1 = ¢, for a certain

Tn

(@,9) + bynss = A} |

T

(xoo ) € bdepi f. Since, from some s € N, 2° € D,, take r > s such that
n+1

|G ten) < <8>

The fact that (,§ ) € bdepi f implies that (& ) € bd epi f,.
n+1 n+1
We have (%) € Nepif, (xffo ) The minimal representation ¢” of epi f, is LOP (since
n+1
every finite system is LOP), and, denoting 77 := {1,2, ..., k.}, it holds, by [5, Th. 5.6],

- 2D 500 o

i€Ty (29 JETY (x0)

with A; > 0, for all 7 € 77 (2°) and 3, > 0, for all j € T3 (2°). Both sets 77 (2°) and
Ty (2°) can not be simultaneously empty, because ¢” is tight. Taking the inner product

of both members in the above equation with (xg”“l), we get
n+

=) Nb+ Y Bd. (10)

i€l jeJ
Evidently, 77 (2°) € A. If Ty (2°) # 0, 2° € bd D, (we have applied [2, Th. 8.2(i)] to

the minimal representation of D,). If z° € int dom f, from (8), we can take ¢ > 0 such
that |f (z°) +¢| < r and

20
<f( ) € (intepi f) Nint {rcl B} = int C,.

20) +¢

According to [9, Th. 6.6], 2° € int D,, which is a contradiction. Hence z° € (bd dom f)N
dom f, and recalling (8), we have Ty (2°) C B. From (9) and (10) we obtain

“ a ¢ c
€ cone -1 ,(b)GA; 0 ,(d>€B ,
b d

which, in virtue of Extended Farkas’ Lemma, implies that (a,y) + /b\ynﬂ < Cis a

Q) o) Q)

consequence of o; i.e., for all ( ”“"H) € L, (a,x) +an+1 <c

Tn



24 M. D. Fajardo / On the Study of Quasipolyhedral Convex Functions

Then epi f is the solution set of ¢. From the minimality of each ¢" and the way B is
chosen, we can conclude that o is tight. According to Theorem 5.5 in [5], this system
is LOP.

The representation o verifies the property we are looking for since, for any non-empty
f(xw))Hoo <r, forall z € P,

and P C D,. We conclude that T1(P) C {1,...,k.} and To(P) C {1,...,v.} . Moreover,
because of the tightness of o, for every x € dom f, Ty(z) # 0, then T1(P) # 0. O

polytope P C dom f, there will exist » € N such that H(

Let f : R" — RU{+4o00} be a proper quasipolyhedral function, dim f = k£ < n and
{bo, b1, ..., br.} be a maximal set of affinely independent points in dom f. We can write,

for all x € dom f,
k

i=1
and the coefficients in such an expression of x are unique. We consider the affine
transformation S from R* to R”,

Sy = Ay + by,

where A is the linear transformation Ay := Zle y; (bi — bo) . Since {by — by, ..., by, — bo}
are linearly independent, ker A = {0, } and S is injective.

We define f; := foS, and f; : R¥ — RU{+oc}. This is a proper lsc convex function,
verifying that S (dom f;) = dom f. This implies that affdom f = S (aff dom f;), hence

On the other hand, defining the affine tranformation S (yy ) — (yffl) from R**! to

k+1
R™*1 it holds that §(epi f1) = epi f and Sis injective. Note that §(yky+1) = /Al( 4 )+I;E),

Yr+1
where ﬁ(y:il) = (y‘:fl) and l;) = (%)) Since ker A = {041}, we can write

epi f1 = At (epif — bAO) : (12)

Obviously, a translation of a quasipolyhedral set will be a quasipolyhedral set too,
and, according to [3, Prop. 2.1], epi f; is quasipolyhedral and f; is a quasipolyhedral
function.

Proposition 3.2. Let f : R" — RU{+4o00} be a proper lsc convexr function, dim f =
k <n. If f is quasipolyhedral, then there exists a representation of f, 0 = {{a;,x) —
Tpr1 < by, t € Ty (e, ) < dy, t € To} such that for every non-empty polytope P
in dom f, T\ (P) (respectively, To(P)) is a non-empty finite index subset (respectively,
finite). Moreover, o is LOP.

Proof. Let us observe that the function f; : R¥ — RU{+oc0} described above verifies
the conditions of Proposition 3.1, because it is quasipolyhedral and dim f; = k. Hence
there exists a LOP representation of f,

a:: {<at7y> — Yr+1 Sfl;h te T17<a7y> S CZ? te TQ}?
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such that for every non-empty polytope P; in dom fi, T 1(Py) is non-empty and finite,
whereas Ty(P,) is finite.

Let ¢4, ..., ¢ € R™ such that

span{ci, ..., co_pt = (span{by — by, ..., by — bo})" .

Let a; € R" be a solution of A*a; = a;, where A* denotes the transpose matrix of A,
and bt = bt + (at, bo) .

Similarly, let ¢; € R™ be a solution of A*¢; = ¢; and d; := czg + (¢4, bo) . Rename T = T
and T = TQ and define

— { (ag, ) — 2pgr < by, t € T (e, 1) < dy, t € T }
‘ <Cj7x> S <Cj,b0>,<—0j7$> S <_Cj7b0> 7j = ]-7"'7n_ k '

First, we shall see that o is a representation of f; i.e. epi f is its solution set.

Let (_” ) € epif. Then Z € dom f and, from (11), it holds that (¢;, T — by) = 0, for

+1

all j=1,...n— k.
On the other hand, there exists (?131) € epi f1 such that g(?il) = (Awbo) = ( g )

§k+1 Tn41
and

<atay> - gijrl < gt, for all t € T,
(ct,y) < gl;, for all t € Ts.

For each t € T}, we have (A*a;, ¥) — Y1 < b — (a, bo), then (a;, Ay + bo) — Ypy1 < by,
hence (a;, T) — Tpy1 < by.
We can use the same argument for concluding that (¢, T) < dy, for each t € T, and

(, ) is a solution of o.
Tn+1

Now, let (EZI) be a solution of o. Then (¢;,7 —by) = 0, for all j = 1,....n — k,

and T — by € span {b; — by, ...,bx — by} . We write T = Ay + by, with 7 € R*. Since
(a1, T) — Tpy1 < by, for all t € T}, we obtain

<A*at7g> - EnJrl S bt - <at> b0> )

hence, for all ¢ € Ty, it holds (a;,7) — Tpn1 < Et, With the same argument, we obtain
(¢, 7) < gt, for all t € T,. Then (Eil) is a solution of &, which implies that (Eil) €

epi f1, and (,E ):§( v )Gepif.

Tnt1 Tn+1

Next we shall see that o is LOP. Let us observe that, since dom f = S (d
T € dom f if and only if Ay + by = T, where § € dom f;. Moreover, f(Z) = f1 (¥),
hence

S)
=
=

T(@)=Ti(@H and T,(@) =T:(y). (13)

As a consequence of these equalities, since Ty () # 0, for all § € dom f;, we obtain

Ty () # 0, for all T € dom f.
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The system o is LOP if, for all ( ) € epi f,

X ° X
Tn41 Tn41

because the other inclusion always holds.

Let ( ) € epi f and suppose that Z,,,1 = f (T). We have

Ag(fg)) :cone{(ft1>, te T (7), (3) teT(7); <iocj),,j:1,...,n—k’}.

Take 0,41 # ( N ) € A, ( r )o Then v € span {b; — by, ..., b, — bp} and v = Aw, for a

Un+41
certain w € RF. Let 3 := A‘ (T — bo). Taking into account (13), it is easy to see that
(L") € As (f1 y) = Depify (ff(/y)) because o is LOP. Hence there exists A > 0 such

y w .
(fl @)) - )\(Un-H) iy

that
() ) =) ) se

We obtain (U:H) € Depif(f(%).

and

The case T, 11 > f (T) can be done in a similar way, and it is simpler since

T & +ci\ .
AJ(EnH) :cone{(ot), tETQ(E);< O]),j:L...,?’L—k}.

Finally we shall see that o verifies the desidered property. Let P be a non-empty
polytope, P C dom f. We have that P C A (dom f;) + by, and P — by C A (dom f).
Then A~! (P —by) C dom f is a non-empty polytope in R* and T} (A~ (P — by)) is
non-empty and finite, whereas Ty (A7 (P — b)) is finite. From the fact that, for all
€ P Ti(x) =T, (A (x—by)), i = 1,2, we obtain T; (A~ (P — by)) = T} (P) ,i =
1,2. [

In view of Propositions 3.1 and 3.2, we can state the following theorem whose proof is
a direct consequence of these propositions.

Theorem 3.3. Let f : R" — RU{+4o00} be a proper lsc conver function. If [ is
quasipolyhedral, then there erxists a representation of f, 0 = {{as, x) — Xy < by, t €
Ty; {cp,xy < dy, t € Ty} such that for every nmon-empty polytope P in dom f, T} (P)
(respectively, To(P)) is a non-empty finite index subset (respectively, finite). Moreover,
o 1s LOP.

Next we look for a converse statement of this theorem. It is necessary to include an
additional hypothesis for f in view of Lemma 2.7.
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Theorem 3.4. Let f : R" — RU{+o00} be a proper lsc convex function. Suppose that,
for all x € (rbddom f) N dom f, there exists a polytope P such that x € P C dom f
and Dp (z) = Daom f (7).

If there exists a representation of f, 0 = {{ay, x) —xpi1 < by, t € Th; (¢, x) < dy,
t € To}, such that for every non-empty polytope P C dom f, T (ﬁ) 1S a non-empty
finite index subset, then f is quasipolyhedral.

Proof. Denote k£ = dim f. Since epi f is a non-empty convex set, it will be quasipoly-
hedral if and only if Dep; f( v ) is polyhedral, for all ( ) € epi f, according to [1,

Tn+1
) € rint epi f, it holds

x
Tn+1

VII.1.6]. However, because epi f is also closed, in the case (xnil

b (T _ R if k=n,
P\ 2nir ) L R x {0, 4}, if k< n,

which is polyhedral.
Hence, take any ( 1) € rbdepi f. According to Lemma 2.5 (in the case T € rint dom f)

Tn

or by hypothesis (if Z € (rbddom f) N dom f), there exists a polytope P C dom f
verifying T € P and Dp (T) = Dgom ¢ (T) . Moreover, T (P) is non-empty and finite.

Consider a representation of P

{<ai7x> S blvl = ]-7 7p} .

Since f is continuous relative to P, let o < f (z), for all x € P. Define the non-empty
convex set

P :={P x [a, +oo[} Nepi f.
We shall prove that P is the solution set of the (finite) system:
=\ {aj,x) <b,i=1,..p, —x,11 < —q,
U(P) _{ <at,I>—$n+1§bt7t€T1(P) ’
then P will be a polyhedral set.

It is evident that P is contained in the solution set of & (?), since it is the solution set
of

a;, T) = 05,1 = 1,...,p, —Tp41 > —Q,
< b1 1 11 <
(ag, ) — Tpyq < by, t €Ty, (cr,x) < dy, t €Ty [’

and o (F) is contained in this system.

On the other hand, if (@gﬂ) is a solution of o (P), then (yyﬂ) € {P x [a,+o0l}.
Taking any ¢, € T (y) C T1(P), it follows that

f (y) = <at07y> - th'

v ) satisfies the inequality associated with ¢y, we have ¥, > (ay,,y) — by, =

Since (y
n+1

f (7). Hence, (?EH) €epifN{P x [a, +oo[} = P.
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Next we shall prove that Dﬁ(iil) = Depi f(fil). Since inclusion "C" is evident, let

Opi1 # ( v ) € Depif(le) and A > 0 such that

Un+1
<_$ )+)\( v > € epi f.
Tn+41 Un+1

Since T + Av € dom f, it holds v € Dgom s (T) = Dp(T), and we can assume that
T+ A € P. Moreover, a < f (T 4+ \v) < Tpi1 + Avye1. We conclude

CT)+AQLJGQ®”WPXW+wBZP

Tn+1

T

hence (v:+1) € Dp(,zrl). Since P is polyhedral, it follows that Dp(ail) will be a
polyhedral cone, obtaining what we have aimed. O]

4. Subdifferential and conjugate of a quasipolyhedral function

The subdifferential set at a point of a quasipolyhedral function verifies the same prop-
erty as a polyhedral function. The case where the function is improper has no interest,
since it is always —oo in every point of its effective domain.

Proposition 4.1. Let f : R" — RU {400} be a proper quasipolyhedral function and let
x € dom f. Then Of(x) # 0 and it is a polyhedral set. In particular, if x € rint dom f,
then Of(x) is a polytope.

Proof. Let T € dom f. Applying Lemmas 2.5 and 2.7, there exists a polytope P such
that T € P, P C dom f and Dp (Z) = Daom 7 (T) -

Counsider the lsc convex function

g(x):=f(z)+dp(r).

According to Lemma 2.6, ¢ is a polyhedral function. Applying [9, Th. 23.10], dg(Z) # 0
and it is a polyhedral set. Take u € dg(T). If y € P, since g (y) = f (y), we have

fy) = f@) +(uy—7).

In the case y ¢ P, but y € dom f, then y =T € Dgom s (T) = Dp (T). Let 0 < A < 1
verifying z := T + A (y — T) € P. Then

F2) 2 @)+ (w2 - ).
Now z = Ay + (1= A)Z and f(2) < Af(y) + (1 — A) f(%), hence
f) > 7 ()~ (1= X) f@)
> U@ + (w2 =)~ (1= X) /@)
= @)+ (w3 (=) = 1@+ Gy~ ).
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We conclude that u € 9f (%) and 0f(z) # 0.
Since 0 p is polyhedral and dom dp Nrint dom f # ), according to [9, Th. 23.8] we have
0g (%) = 0f(T) + ddp (T) .

But 00p (T) = Np (T) = Naom s (T) = 07 (0f(T)) because 0f(T) # 0, hence 9f(T) +
06p (T) = 0f(T) and 0g (T) = Of(T).

We conclude that for all Z € dom f, df(Z) # 0 and it is polyhedral. In the case
T € rint dom f, it is also bounded, hence it is a polytope. O

We continue with the study of the conjugate of a quasipolyhedral function. In the case
that f is polyhedral, its conjugate is also polyhedral (see [9, Th. 19.2]), but it can not
be generalized for a quasipolyhedral function.

Example 4.2. Let f: R — RU {400} be defined

1 2r+1
T(T+1)x+r(r+1)’ TGN}+5C<x)’

C:={xeR|—-x<0}.

f(x) = sup {—

It is easy to see that f is quasipolyhedral, but its conjugate,

f*(u):sup{—(r—i—l)u—ﬁ, TEN}+5C/(U),
C'={ueR|u<0},

verifies that epi f* has a convergent sequence of extreme points,

1
G
{( 2r+1 )’TGN}’
r(r+1)

and hence it is not a quasipolyhedral set, according to [5, Th. 5.6(ii)].

Let us observe that if f is an improper quasipolyhedral function, then f* = +oo,
which is quasipolyhedral. Hence, from now on we will consider proper quasipolyhedral
functions. The following property will be necessary for the quasipolyhedrality of its
conjugate.

Definition 4.3. A proper Isc convex function f on R" is called co-finite if

0+®mf):cmw{(%?}. (14)

In the above Example, 07 (epi f) = cone { ((1)), ((1))} 2 {((1))} ,and f is not co-finite.

Corollary 13.3.1 in [9] establishes that a lsc proper convex function f on R" is co-finite
if and only if dom f* = R"; i.e., if and only if its conjugate is finite-valued. Moreover,
in [4, Lemma 5.1], it is proved that f is co-finite if and only if it is 1-coercive; i.e.,

@ _ (15)

l|—+oo ||z]] -



30 M. D. Fajardo / On the Study of Quasipolyhedral Convex Functions

Proposition 4.4. Let f be a proper quasipolyhedral function on R™ which is co-finite.
Then f* is quasipolyhedral.

Proof. The quasipolyhedrality of f* can be proven following the same steps as in
the proof of Proposition 5.2 in [4]. In both cases, dom f* = R", and for all u € R",
df*(u) # 0 and it is a compact set, according to Theorem 23.5 in [9].We only have to
take care in two statements of that proof in which it is used the continuity of f in the
whole space, and we have an alternative proof of them:

The first statement in the proof of Proposition 5.2 in [4] where the continuity of f is
applied is the compactness of the set, in R**!,

o {( ) -eor).

for each u € R™. In our case, F(u) # 0, because df*(u) # 0 and for all z € 9f*(u) it
holds f(z) = (u,z) — f*(u) < 0.

Let us check that F'(u) is closed. Take {(fgr)) }OO

{2"}72, C Of*(u) converges to 2%, and 2° € 8f*('z;) Since f(2°) = (u,2%) — f*(u) and
f(z") = (u",x) — f*(u) for all r € N, we have

o = lim f(') = lim (u,2") = () = (w,a%) = /(0] = f(a").

C F(u), converging to (gi) Then
1

Hence (fj) = (f(m;())
Now we shall prove that F'(u) is also bounded. Assuming the contrary, for all r € N

there would exist (fg’;.)) F(u) such that H (f(xz,;))

) € F(u).

‘ > r. Since {z"} C 0f*(u), we can

assume that |f(z")] > r, for all € N. Now take a convergent subsequence of {z"},
{z"} and let 2° = limy_., ™. Then

klirn f@™) = lim (u,2™) — f*(u) = (u,2") — f*(u),
which implies that {|f(z")|},—, has a finite accumulation point, and this is impossible.

We conclude that F'(u) is compact.

The second statement in the proof of Proposition 5.2 in [4] where the continuity of f is
applied is the finiteness of the set 7*(C'), where C' is a non-empty compact set in R".

In our case, let C' be a non-empty compact set in R” and suppose that 7*(C') is not
finite. Then there will exist, for all r € N, v" € C' and =" € T*(u") such that

fru”) = (u,2") — f(a"), (16)
with ( fé;)) being an extreme point of epi f.

{( fxr ) } is a sequence of non-repeated extreme points of epi f, then it has no finite
r=1

(")
t | (e )| = = "o

accumulation points, i.e.,



M. D. Fajardo / On the Study of Quasipolyhedral Convexr Functions 31

Since {u"} 2, C C, and this is a compact set, taking a subsequence, if it is necessary,
we have lim, . u" =u € C.

If {z"}72, were a convergent sequence and lim,_ 2" = 2, then taking limits in (16)
we have

lim f(2") = <u,x0> — f(m),

r—00
because f* is continuous in R", contradicting (17). Then lim,_,, ||2"|| = +o00, and we
can assume w.l.o.g. that lim,_.. 2" (]|z"[|) " = v.

From (16) we obtain

(W, y) = lim <u‘€—> — fim ) @) (18)

e N | VA o

Now lim, o, f*(u") = f*(u) and f is l-coercive, hence we get, taking limits in (18),
that (u,y) = +00. Then T*(C) is finite. O

Every quasipolyhedral set C' has at most a countable set of extreme points, because
if we consider the sequence of polytopes {7 + rclBo} -, , where § € C, we have that
{y+rclBy}NC is apolytope, for all » € N. This implies that its number of extreme
points is finite. Since every extreme point of C' will be in some {7 + r c1 B, }, it will be
an extreme point of {7 + r cl B, } NC. We conclude that the set of extreme points of C
will be contained in the union of all the sets of extreme points of {7 + rclB.,.} NC, for
r € N, and this union has a cardinal which is countable. This property will be verified
by the epigraph of a quasipolyhedral function. Following the same steps as the proof

of Proposition 5.2 in [4], if f is quasipolyhedral and co-finite, the system

o= {<a’t7u> — Un+1 S bt,t c T*},

where {(22)7 te T*} is the (at most countable) set of extreme points of epi f, is a

representation of f*. Next we shall find a representation of f in terms of the set of
extreme points and of extreme directions of epi f*. Since any convex set whose lineality
is non-zero has neither extreme points nor extreme directions, we only consider the case
in which lineality epi f* = 0; i.e., lin (epi f*) = {0,541} which means that epi f* does
not contain lines. This is equivalent to lineality f* = 0, and, according to [9, Th. 13.4],
it holds if and only if dim f = n.

Proposition 4.5. Let f : R — RU {400} be a proper quasipolyhedral co-finite func-
tion, dim f = n. Then there exists a representation of f,

o={{ay, ) —xpi1 < by, t €Th;(cr,x) < dy, t €T},

where {(ZZ), t e Tl} is the (non-empty) set of extreme points of epi f* and {(z),

te Tg} is the (possibly empty) set of extreme directions of epi f*.

Proof. According to [9, Cor. 18.5.3], T} # 0, hence define h (x) := sup {(a, x) — by,
teTi} and C = {z e R"|[{¢;,x) < dy, t € To}, if Ty # 0 or C' := R™, in the case
T, = (0. We shall see that

f(x) =h(x)+dc(x);
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i.e., f(z) =h(x) for all z € dom f and dom f = domh N C.
Let Z € dom f. Then 0f (%) # 0, applying Proposition 4.1. Define

o= {(.1)ex

Actually, G(7) := {(ft(‘u)) € R”“‘ u € 8f(f)} # (. Then G(T) is a non-empty ex-

posed face of epi f* which does not contain lines, since epi f* does not contain lines.
According to [9, Cor. 18.5.3], G(T) has at least an extreme point, which will be also
an extreme point of epi f*. Hence we have proved that, for all € dom f, there exists
u € R" such that (u,z) — f* (u) = f(z) and (ffzu)) is an extreme point of epi f*.

(1, 2) = s = f(f)} A epi .

Since f = f**, we have, for all z € dom f,
(u,z) = f*(u) = f () = sup {(v,2) — f* (v), v €R"} > h(x) > (u,x) — f" (u).
We conclude that dom f C dom h and
f(x)=h(x), for all x € dom f.

Now, if epi f* had extreme directions, they would be contained in 0% (epi f*) . According
to [9, Th. 13.3], 07 (epi f*) = epidj,y, s, hence, for all t € Ty, 03,y ¢ (cr) < di. This
implies, that, for all ¢ € T, and for all x € dom f, (¢;, z) < d;, and dom f C C. Finally,
we shall see that C' N dom h C dom f.

Let z € C and h (z) < +o0o0. We have,

<(Z) (_wl)> <0, forallteT, and (19)
<(ZZ) (_x1>> < h(x), forallteTy.

Applying [9, Th. 18.5], we obtain

epi f* = conv a , t €Ty p + cone “ ,tely .
bt dt

Then, for all u € R,

(1) =22 ()~ 2 (5):

where A\, > 0, for all t € T, ZteTl A =1and 3, > 0, for all ¢t € T5. Taking the inner
product of both members in the above equality with (_Il) and recalling (19), we get

(u, x) — f* (u) < h(x),

and f(z) = sup {(u,z) — f*(u), u € R"} < +o0. Therefore z € dom f and f(x) =
h(x) + 0¢c (z), for all x € R™. O
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Example 4.6. Let f(z) := sup{(2r+ 1)z — (r* +7), r e NU{0}} + d¢ (x), where
C:={z e R|—z <0}. It is easy to show that f is co-finite and quasipolyhedral. The

set of extreme points of epi f is
r
{ () re z} .

f*(w) = sup {ru—r* r e NU{0}}.

The set of extreme points of epi f* is

) mowry

and (_01) is the unique extreme direction of epi f*.

Hence

Example 4.7. Let f(z) :=sup{-r(r+1)z+, reN;(2s+ 1)z — (s*+s), s € N}.
It is easy to show that f is co-finite and quasipolyhedral. The set of extreme points of

epi [ is 1
{(i), reN; (;2>, seN\{l}}.

f*(u):sup{%u—r, r € N;su — s2, SGN\{I}}.

The set of extreme points of epi f* is

{(j&gi;), e @jjj), seN},

and epi f* has no extreme directions.

Hence
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