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We present a large class of examples with the remarkable property pointed out by Professor B. Ricceri
(see [13], [14], [15]), about lower bounds of integral functionals. We use only a Lagrange duality result
contained in [5].
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1. Introduction

Except in the classical case of the interchange between infimum and integration consid-
ered by R. T. Rockafellar in [16], [17], [18], an exact computation of the lower bound for
a minimization problem involving integral functionals is not in general an easy problem.
In [13], [14] and [15], B. Ricceri considers the minimisation of elements of a class of
integral functionals (possibly continuous) on a equality constraint defined by a special
Lipschitzian integral functional and shows that the lower bound on the constraints is
equal to the lower bound on the whole underlying decomposable space; the variety of
the possible cost functions and constraints being surprising. We give an explanation
of this phenomenon. When the measured space is nonatomic, even if the problem in-
volving integral functionals is nonconvex, some convexity properties may appear, for
example the existence of a duality formula with Lagrange multipliers, [5] Theorem 5.1,
Theorem 2.4. This last duality result is true for the problems of B. Ricceri. We prove
that the only Lagrange multiplier associated to the dual of these problems is the null
multiplier and since every minimisation problem with this particular feature has the
lower bound property put in light by B. Ricceri, we produce another class of examples.

2. Preliminaries

In the sequel we note IR = IR U {£oo}. Given a set X, IR-valued functions f and
g defined on X we denote dom f = {z € X : f(z) < oo}, and {f = g} is the
set {r € X : f(x) = g(x)}. If X is a normed vector space recall that the Fenchel
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subdifferential df(xo) of f at a point xp € dom f is the closed convex subset of the
topological dual X* of X defined by:

Of(xo) ={z" € X*: Ve € X, f(x) > f(xo) + (z*, 2 — z0)}

and the Fenchel conjugate function f* is given by: f*(2*) = sup,cx(z*, z) — f(2).
Let (2,7, 1) be a measured space by a o-finite positive nonatomic measure p, with
tribe 7. For a measurable set A € 7, we set A° ={w € Q:w ¢ A} and 1, stands
for the characteristic function of A, 14(w) = 1ifw € A, 0if w ¢ A. Let (E,|.||)
be a Banach space with Borel tribe B(E). Denote by Lg(€2, E') the space of classes of
measurable functions (for u-almost everywhere equality) defined on €2 and with values
in E, and by L,(€2, E), 1 < p < oo the classical Lebesgue space of (classes of) functions
endowed with the usual norm. Given a family (u;);c; of elements of Ly(€2, IR), we will
use the essential infimum of this family, essinf; u;, introduced by J. Neveu in [11], I1.4.
The following notion is classic.

Definition 2.1 (See [7], Section 3). A subset X of Ly(2, F) is said to be decom-
posable if, for every x,y in X and every measurable set A, the function x14 4+ y1 4¢ is
an element of X.

Let M be a multifunction defined on Q with values in E, and let L,(M) be the set of
measurable selections of M (almost everywhere) which are in L,(£2, E).

Definition 2.2 ([5], Section 3). If X and Y are two subsets of Ly(2, E), X is said
rich in Y if X is a subset of Y and if for any y in Y, there exist an increasing covering
(2,),, of Q by measurable sets of finite measure and a sequence (x,),, of elements of X
verifying for all n € IN, ylq, = z,1q,.

In the sequel f: Q x E — IR, (respectively g : Q x E — Ed) is a 7 ® B(F)-measurable
integrand. For an element x of Ly(2, E'), the function f(z) (respectively g(x)) is defined
by: f(z)(w) = f(w,z(w)) (respectively g(z)(w) = g(w, z(w)). The interest of the notion
of richness may be the following lemma:

Lemma 2.3. Let X and Y be two decomposable subsets and f be a measurable inte-
grand, if X is rich in'Y, then essinfx f(z) = essinfy f(y).

Proof of Lemma 2.3. Since X C Y, then essinfy f(z) > essinfy f(y). Conversely,
let v = essinfy f(z). If y € Y, there exists an increasing covering (£2,), of Q by
measurable sets of finite measure and a sequence (), of elements of X verifying for
all n € IN, ylg, = x,1q,. Hence for all n: f(y)lg, = f(z.)lq, > ulg,, taking the
limit in n we deduce that f(y) > u. Since the last inequality is valid for every y € Y,
we obtain essinfy f(y) > u. The proof of Lemma 2.3 is complete.

Given a measurable function v element of Ly(2, IR) (respectively Lo(<2, Ed)), the upper
integral I, of v is given by:

IU:/ vd,u:inf{/ udu,ueLl(Q,]R),vgu,,u—a.e.}
Q Q
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(respectively I, = (I,,)i, if v = (v;);, 1 <4 < d); classically the integral functional

associated to f (respectively ¢) is defined on Ly(£2, E) (respectively LO(Q,Ed)) by:
Is(x) = Iy (respectively Iy(z) = Iy ). The domain of the functional I is the set:

domI; ={z € Ly(Q, E) : If(z) < oco}.

Hereafter X is a decomposable subset of Ly(2, ). Let us define the following sets:
Dom g(w,.) = {e € E : g(w,e) € R}, Dom I, = {z € X : I,(z) € R"} and r;,(I,) =
{I,(z), * € dom I; N Dom I,}. For a convex subset C' of IR we will denote its relative
interior by riC'.

In the sequel, we consider an optimization problem of the following type:

(P) inf{I¢(x) + h(I,(x)), x € DomI,},

where h : IR — IR is a convex function. We will suppose that inf(P) is finite.
The performance function of the problem P is defined by:

p(y) = inf{I;(z) + h(Il,(z) + y),z € Dom I,}.

The following result is a slight strengthening of the formulation of [5], Theorem 5.1.
Theorem 2.4. When 0 € ri(domh — 7, (1)), we have the Lagrange duality formula:

inf(P) = max inf I;(z)+ (y*, I,(x)) — h*(y*),

y*eIR% x€Dom I
and the set of mazimisers of the dual problem is exactly Op(0). We have also:

inf  Ip(z) + (y", I(x)) = [“y*

r€Dom I,

with: - = essinfpomr, f(z) + (y*, 9(x)). Moreover if the tribe T is complete, the
Banach space E is separable, and if there exists a multifunction M with measurable
graph such that X is rich in Lo(M), then for (almost every) w € Q:

Uy (w) = inf{ f(w, e) + (y*, g(w, €)), e € M(w) NDom g(w,.)}.

Proof of Theorem 2.4. From [5], Theorem 4.1 (valid even if the tribe is not complete
and the Banach space E is non separable), the map (Iy,1,) is epi-convex (see [5],
Definition 2.14). Thus due to [5], Theorem 2.19 the problem (P) is stable (see [5],
Definition 2.5). A simple computation gives: p*(y*) = h*(y*) — infoc pomr, (", Iy(7)) +
I¢(x). The problem P being stable, for z* € dp(0) we have: 0 € dp*(z*), and:

inf(P) = p(0) = —p*(z*) = max —p*(y*),

y*ERd

this gives the Lagrange duality formula and shows that z* is a maximiser of the dual
problem. Conversely, let z* be a maximiser of the dual problem, then 0 € dp*(z*),
hence z* € dp™(0), but since p is subdifferentiable at 0, we have p(0) = p**(0) and
Op™(0) = 9p(0), thus z* € Ip(0). We have proved that the set of maximisers of the
dual problem is exactly dp(0). Moreover, from [5], Lemma 3.10, Dom I, (= X N L;,
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with the notations of [5]) is a decomposable set. Therefore [5], Theorem 3.1 (valid even
if the tribe is not complete and the Banach F is non separable), gives:

inf I¢(z) + (y*, Iy(z)) = ]essinfDomIg Fa@) s g@) = Luye

z€Dom I

and the proof of the first part of Theorem 2.4 is complete. The second part is exactly
[5], Theorem 5.1.

3. About Ricceri’s Property

Theorem 3.1. Let X be a decomposable subset of Lo(S2, E), and let C' be a convex
subset of IR®. Let us suppose that the following assumptions are fulfilled:

(Hy) 0 €ri(C— T[f<[g))7
(HQ) y* € Rd; y* 7é 07 Supc€C<y*7 C) < +o00 = infﬂcEDomIg If(l') + <y*7 Ig(x» = —0Q.
Then, setting X = {x € X : I,(x) € C}, the following equalities hold:

Inf (@) = _fof | 15(7) = Lessintoon s, @)

provided the above left hand side is finite. Moreover if Dom I, is rich in X, then

a}gﬁ If(x) = xlg)f( If(f) = lessinfx f(z)-

Proof of Theorem 3.1. We consider the problem P associated to the convex func-
tion h = ic, where ic(e) = 0, if e € C, ic(e) = oo, if not, then domh = C, and
h*(y*) = sup.cc(y*,c) vanishes at the origin and dont take the value —oo. Due to
assumption (H;) and the first part of Theorem 2.4 with the convex function h defined
above, we have

inf 7;(z) = nf(P) = max _inf Ip(z) + (i, I,(x)) — h*(y") (1).

zeX y*€IR% x€Dom I4
Since inf(P) is finite, property (Hs) gives:

Y A0, W(y) < oo = —oo= _inf I;(a) + (" L)) — K (y") < inf(P).

z€Dom I
This proves that the maximum in (1) is attained only for y* = 0, therefore,

zlng( [f(x) = lnf(P> = xe]iDIc}rntg [f(&l) = [uo = ess infpom 1, f(2)

The last assertion of Theorem 3.1 is a consequence of the Lemma 2.3. Since Dom [, is
rich in X, then essinfx f(x) = essinfpom s, f(2), and we can write:

Inf Ip(x) < g(f[f(-f) = meélgrfnlg 11(2) = lessintoom 1, () = Lessinx pa) < 10f 1p(2),

and the proof of Theorem 3.1 is complete.
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Let us prove that the Ricceri property [15], Theorem 2.1, is a consequence of the above
result.

Let X be a decomposable linear subspace of L,(2, E), 1 < p < co. We denote by
V(X) the family of all sets V' C X of the following type:

V= {xeX:\IJ(a:) =/Qh(m)dﬂ},

where ¥ is a continuous linear functional on X, and h: Q x E — IR, is a measurable
integrand such the integral functional © — Ij,(x) is (well defined and) Lipschitzian in
X, with a Lipschitz constant strictly less than ||¥|

X*-

Corollary 3.2 (See [15], Theorem 2.1). Let us consider a T @ B(E)-measurable
integrand f : Q x E — IR, such that there exist o € L1(Q, IR), v; €]0,1] and §; €
Lyjip—v) (S, R), i@ = 1...k, satisfying:

k

—aw) € fw,e) < alw) + 3 Bilw)le".

=1

Then, for every decomposable linear space X of L,(2,E), 1 < p < oo, and every
V e V(X), one has:
inf I;(z) = inf I;(z).

zeV zeX

Proof of Corollary 3.2 (or more precisely, another proof of [15], Theorem
2.1). By the Hahn-Banach theorem, W is the restriction to X of a continuous lin-
ear functional on L,(€, E). So by a well-known representation theorem ([10], VII,
4, Theorem 7, and VII, 5, Theorem 9), there exists a scalarly measurable mapping
x*: Q — FE* such for every z € X:

The mapping (w, €) — (z*(w), ) is a Caratheodory integrand, hence g(w, €) = (x*(w), €)
—h(w, e) is a measurable integrand and I, = W—1;,. Moreover X = {x € X : [ ,(z) = 0}
is equal to V. Let us prove that:

2 lr) = e i)
Clearly with the notations of Theorem 3.1, here d = 1, C' = {0}, and Dom [, = X.

If v € L,(Q, E), then |[z||* € L,,; since v;/p + (p — v)/p = 1, we deduce that
Gillz|| € Li1(92, IR), and:

/ Bl du < 18lls, ., 2l (2)

This proves that dom Iy = X, thus:

7"If([g> = [g<X)- (3)
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We suppose first that h(w,0) = 0, a.e.
Let ¢ > 0 be the Lipschitz constant of I,. By assumptions there exists an element
o € X in the unit sphere such that:

W(zp) — ¢ > 0. (4)
This gives for r > 0:
I,(rao) = U(rag) — In(rag) > r(¥(wg) — c), (5)
and for r < 0:
L(rzo) = U(rag) — In(rae) < r¥(z) — cr = r((xo) — o). (6)

Clearly since I, is Lipschitzian, the numerical function r — I (rxz) is Lipschitzian and
(5) and (6) prove, since X is a vector space, that IR is the range of /,. Hence, using
(3): R = 1,(X) = rir;,(I,), and the assumption (/1) of Theorem 3.1 is satisfied when
the set C' C IR is equal to any single point.

On the other hand, X being a vector space, we remark that for every y* # 0, we have:

inf  I(x)+ (y*, I,(z)) < Tlgﬂf{ I¢(rxo) + (y*, 1,(rzo)). (7)

z€Dom I
Let us suppose that y* > 0; then since v; €]0, 1[, with (2), (4) and (6) we obtain:

inf Ty(rao) + (5", Iy(r0))

k
< inf E |r
r<—1

i=1

Similarly, if y* < 0, using (2), (4) and (5):

Vi

|I0

Bill L,y -Noll7 + /ozdu + ry* (¥ (zo) — ¢) = —o0.

7{2{ Iy (razo) + (y*, Iy(rzo)) = —oo,

therefore with (7) we have proved the second assumption of Theorem 3.1:

y* 7& 0= 16113{3112[ ]f(l’) + <y*’fg<l’)> =

Applying Theorem 3.1, when C' C IR is equal to any singleton ro, if X = {z €
X, I,(x) =19}, since Dom I, = X, we obtain:

inf I5(w) = inf 1;(2) (= Lsintx ) )
Now for the proof without the assumption h(w,0) = 0, a.e., since g(0) is integrable,
remark that Iy(z) = 0 & Iyu)—g0) = —14(0) and we apply our proved result with
ro = —1,(0) = —1,(0), and the integrand g’ = g—g(0) = (*,.)—h’, where h" = h—h(0).
This is possible since k' (w,0) = 0, and clearly I,, has the same Lipschitz constant as
that of Ij,. The proof of Corollary 3.2 is complete. Remark that in [13], [14], [15], the
measurability of the integrands f and h is taken in a apparently weaker sense.

We conclude by a simple criterion with "disintegrated" assumptions.
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Corollary 3.3. Assume that the tribe T is p-complete and the Banach space E is
separable. Let X be a decomposable subset of Lo(S), E') rich in Lo(M) for a suitable
multifunction M with measurable graph, and let C' be a convex subset of IR®. Let f
and g be two integrands as in Section 2, define u,(w) = inf{ f(w, €) + (y*, g(w, €)), e €
M(w) N Dom g(w, .)}. Suppose that the following assumptions are fulfilled:

(Hy) 0€ri(C—rr,(1)),

(Hs) y* € R, y* #0, supeec{y™, ¢) < +00 = p({uy = —o0}) > 0.

Then, setting X ={x € X : I,(z) € C}, we have:

) = 0, T =

provided the above left hand side is finite.

Proof of Corollary 3.3. Since inf,cy () is finite, for every y* € IR? the function
u,~ is bounded above by an integrable function, hence due to (H3):

y* #0, sup(y*,c) < +00 = I, . = —o0.
ceC

But as remarked in Theorem 2.4: I, . = infoepomz, () + (¥*, I4(7)).
This proves that the assumption (Hs) of Theorem 3.1 is satisfied, and therefore its
conclusion holds:

inf Iy(x) = inf Iy(z) = L,

zeX z€Dom I

The proof of Corollary 3.3 is complete.
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