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1. Introduction

Recall that monotonicity properties (strict and uniform monotonicity) play analogous
role in the best dominated approximation problems in Banach lattices as do the re-
spective rotundity properties (strict and uniform rotundity) in the best approximation
problems in Banach spaces (see [26]). Moreover, they are crucial in many problems
since they provide a tool for estimating a norm. It is worth noticing that monotonicity
properties are applicable in the ergodic theory ([1]). Recall also that they are restric-
tions of appropriate rotundity properties to the set of couples of comparable elements
in the positive cone of a Kéthe space E (see [14]). Clearly, the points of lower (upper)
monotonicity of a Banach lattice £ play an analogous role as the extreme points in
a Banach space X. Similarly, the role of points of upper (lower) local uniform mono-
tonicity in Banach lattices is analogous to that of points of local uniform rotundity
in Banach spaces. The monotonicity properties in Calderén-Lozanovskii spaces have
been studied in several papers (see [5], [10], [22]). The local monotonicity structure
of Calderén-Lozanovskii spaces has been considered in [18]. However, the precise full
criteria have been presented only for points of lower and upper monotonicity. Consider-
ing LLUM and ULU M-points, the authors of [18] gave only some sufficient and some
necessary conditions, basing often on too strong assumptions. The LLU M-points of
Calderén-Lozanovskil spaces have been characterized in [24]. In the present paper we
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shall give full criteria for U LU M-points of Calderéon-Lozanovskii spaces. It is natural
to study LLUM and U LU M-points separately, because it appears that the structure
of LLUM and U LU M-points is quite different in £,. Namely, considering the LLU M-
point z, the local AF (z) condition is crucial, while in the case of an ULU M-point
the respective global condition A is essential which is indeed really stronger than the
local A% () in general.

2. Preliminaries

Let R, Ry, N be the sets of reals, nonnegative reals and positive integers, respectively.
Set {k <} :={neN:k<n}and {<k} =N\ {k <} for any £ € N. As usual S(X)
(resp. B(X)) stands for the unit sphere (resp. the closed unit ball) of a real Banach
space (X, [|-]| x)-

Let (T,%, 1) be a o—finite and complete measure space. By LY = L%(T') we mean the
set of all p-equivalence classes of real valued measurable functions defined on 7.

A Banach space E = (E, ||-||z) is said to be a Kdthe space if E is a linear subspace of
LY and:

(i) fxeE,yeL’and |y| < |z| pae., then y € E and |yl p < ||z 5;
(ii) there exists a function x in E that is positive on the whole T (see [21] and [27]).

Every Kdthe space is a Banach lattice under the obvious partial order (x > 0ifx (¢) > 0
for p-a.e. t € T). In particular, if we consider the space E over a nonatomic measure,
then we shall say that F is a Kothe function space. If we replace the measure space
(T, %, 1) by the counting measure space (N, N m) , then we will say that E is a Kothe
sequence space and we denote it by e. In the last case the i-th unit vector is defined as
e; = (0,...,0,1,0,...), where "1" is an i-th coordinate of e;.

The set By = {x € E: x > 0} is called the positive cone of E. For any subset A C F
define Ay = AN E,.

A Kothe space is called a symmetric space if for any x € E and y € L° with 2* = y* we
have that y € E and |ly||; = ||z|| , where 2* denotes the nonincreasing rearrangement
of x given by

() =inf{s>0:pu{t €T :|xt)|>s} <t}, t>0.

For basic properties of symmetric spaces and rearrangements we refer to [29] and to
the monographs [2], [25].

A point x € E is said to have an order continuous norm if for any sequence (x,,) in
E such that 0 < z,, < |z| and z,,, — 0 p-a.e. we have ||z,,|z — 0. A Kothe space E
is called order continuous (E € (OC)) if every element of E has an order continuous
norm (see [21], [27] and [30]). As usual E, stands for the subspace of order continuous
elements of E. It is known that x € E, iff Hxx A, H » 1 0for any sequence { A, } satisfying
Ay L @ (thatis A, D Aypr and (N2, Ay) = 0). Clearly, (N3, A,) = 0iff xs, — 0
p-a.e. in T. Moreover, for a Kothe sequence space e, x € e, iff Hxx{n,nnLL---}He — 0 as
n — oo.

A point x € E, \ {0} is said to be a point of lower monotonicity (upper monotonicity)
if for any y € E such that y <z and y # x (r <y and y # z), we have |ly||z < ||z| 5
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(lzll 5 < llyllz)- A point & € E, is called a point of lower local uniform monotonicity
(upper local uniform monotonicity) if || z,, — x|| , — 0 for any sequence x,, € E such that
0 <z, <zand ||z,||z — ||z||g (r <z, and ||z,| z — ||z| ). We will write shortly that
x is an LM-point, U M-point, LLU M-point and U LU M-point, respectively. Recall that
if each point of F, \ {0} is an UM-point (equivalently LM-point), then we say that F
is strictly monotone (E € (SM)) (see [3], [14]). Similarly, if each point of £, \ {0} is an
LLUM-point [ULU M-point], then we say that F is lower locally uniformly monotone
(E € (LLUM)) [upper locally uniformly monotone (E € (ULUM))]. Notice that
global properties LLUM and ULUM are different in general (see [16]). We say that E
is uniformly monotone (E € (UM)) provided for every g € (0, 1) there exists p € (0,1)
such that for all 0 < y < z satisfying ||z||; = 1 and ||y||; > ¢, we have ||z — y||; < 1—p
(see [3], [14]).

In the whole paper ¢ denotes an Orlicz function, i.e. ¢ : R — [0, 00], ¢ is convex, even,
vanishing and continuous at zero, left continuous on (0, 00) and not identically equal
to zero. Denote

a, =sup{u>0:¢(u)=0} and b, =sup{u>0:¢p(u)<oo}.
We write ¢ > 0 when a, = 0 and ¢ < oo if b, = co. Let ¢, = ¢Xq,, Where

_ {0} U (asav bcp] if ¢ (bw> < 00,
v {0} U (ayp, b,) otherwise.

Define on L a convex semimodular I, by

00 otherwise,

lpoz|g ifpoxek,
Iw(x):{ g

where (p o) (t) = ¢ (z(t)), t € T. By the Calderén-Lozanovskil space E, we mean
E,={x € L": I,(cr) < oo for some ¢ > 0}

equipped with so called Luzemburg norm defined by
||:c]|g0 =inf{A>0: I, (z/X\) <1}.

If E=L" (e =1"), then E, (e,) is the Orlicz function (sequence) space equipped with
the Luxemburg norm. If £ = A, -the Lorentz function space (e = ), then E, (e,) is
the corresponding Orlicz-Lorentz function (sequence) space denoted by (A,), ((Aw)y)
and equipped with the Luxemburg norm (see [12], [14], [22]).

We will assume in the whole paper that E has the Fatou property, that is, if 0 <z, T
z € L% with (,);7, in E and sup,, ||z,|; < oo, then x € F and ||z|, = lim, |2, -
Since E has the Fatou property, E, has also this property, whence F, is a Banach
space (see [28]). For arbitrary x € LY we define

6(x) :=sup{A > 0: I,(\z) < oo},

where sup ) = 0.
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We say an Orlicz function ¢ satisfies condition Ay(0) (resp. Ay(00)) if there exist K > 0
and uy > 0 such that ¢(ug) > 0 (resp. ¢(up) < oco) and the inequality ¢(2u) < Kp(u)
holds for all u € [0, ug] (resp. u € [ug,00)) . If there exists K > 0 such that ¢(2u) <
Kp(u) for all u > 0, then we say that ¢ satisfies condition As(R, ). We write for short
w € Ay(0), p € Ag(0), p € Ay(Ry), respectively. Obviously, ¢ € Ay(R,) if and only
if o € Ay(0) and ¢ € Ay(0).

For a Kothe space E and an Orlicz function ¢ we say that o satisfies condition A¥
(¢ € AE for short) if:

1) ¢ € Ay(0) whenever E «— L*;
2) @ € Ay(o0) whenever L>® — E;
3) ¢ € Ay(Ry) whenever neither L < F nor E — L™ (see [12]),

where the symbol E <— F' stands for the continuous embedding of the space E into
the space F.

Relationships between the modular I, and the norm ||-|| , are collected in [22].

3. ULUM-points in Kothe sequence spaces

Proposition 3.1. Let e be a Kithe sequence space. A point x € ey is an LLU M -point
of e if and only if x is an LM -point and x has an absolutely continuous norm.

Proof. Since for any Kothe space E every LLUM-point of E is an LM-point of E
and, by Lemma 6 in [18], any LLUM-point x € S(E), has absolutely continuous
norm, the necessity of the theorem is obvious. We need to prove the sufficiency only.
Let € ey and (z,) be a sequence such that 0 < z,, < 2 and ||z,||, — [|z||, . Notice
that the sequences (z,, (7)), are bounded for any ¢ € N. By the diagonal method, we
conclude that there is y € [° and a subsequence (z,,,) of (z,,) such that x,, (i) — y (i)
for all ¢ € N. Obviously, 0 < y < z and, by the Fatou property of e, ||z, ||. — |yl -
Hence, by the assumptions, we conclude ||y||, = ||z||, . Since z is an LM-point, we have
y = x. Moreover, x — z,, — 0 coordinatewise and 0 < x — z,,, < x. By the fact that
has absolutely continuous norm, it follows that ||z, — x|, — 0 as & — co. Notice that
(xn,) with the above properties can be extracted from arbitrary subsequence of (z),
so by virtue of the double extract convergence theorem, we also get that ||z, — z||, — 0
as n — 00, which finishes the proof of the theorem. O]

We conclude immediately that a Kdthe sequence space e is LLUM iff e € (OC') and
e € (SM) (see [10]).

The natural question is whether the similar characterization as in Proposition 3.1 is
valid for U LU M-points. The following example gives the negative answer.

Example 3.2. Consider the space ¢y equipped with the norm

— |z (k)]
Z|le = sup |z (k)] +
el = suple (9] + 3= 525

for any x € ¢y. Take x = %el. It is easy to see that z is an UM-point and x has an

absolutely continuous norm. We will show that x is not an U LU M-point. Really, define
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Tn, = 3 (€1 + €,) . Then z < x,. Moreover, ||z g =1, [|[2,]lg = 1 + 5+ and ||z, — z[|g =

5+ 37 > 3 for any n € N. Consequently, ||2,]lg — [z]lg and ||z, —z||g = 0, so = is
not an U LU M-point.

Proposition 3.3. Let e be a Kothe sequence space.

a) If a point x € ey is an ULUM -point of e, then x is an UM -point and for any
sequence &, € e such that x < x, and ||x,||, — ||z||, there holds Hx”X{kS}He —
Hxx{kg}He for any k € N, where {k <} ={k,k+1,k+2,...}.

b) Under the assumption that x has absolutely continuous norm, the converse is also
true.

Proof. a) Let x € e;. It is clear that if x is an ULU M-point of e, then z is an UM-
point. Suppose that (z,) is a sequence such that 0 < 2 < z,, and ||z, ||, — [|z||, . Since
x is an ULU M-point of e, we have ||z, — x|, — 0. Then

‘chnX{kS}He = lexas .| < @ = o) xpgll, < llzn —2ll. =0

for any k € N.

b) Let © € e, be an UM-point and (x,) be a sequence such that 0 < z < z,, and
|zn|l, — |lz||,. Notice that the sequence x, is convergent coordinatewise to z. If
not, then there is ig such that x, (io) - z (ip). Without loss of generality we can
assume that there exists a positive number ¢y such that z,, (ig) > x (ip) + o for any
n € N. Define y = xxy 503 + ( (i) + 0) Xy40)- By the fact that x is an UM-point,
llyll. > ||lz||, . On the other hand, since 0 < z <y < x,,, we have |y||, < ||z,]|, for any
n € N. Consequently, lim, . [|z,]|, > ||y]l. > [|z||, - A contradiction.

By our assumption, ||'T”X{kS}He — HxX{kS}He for any £ € N. Now suppose that z
has absolutely continuous norm. Take £ > 0 and suppose that ky is so large that
Hxx{,mg}”e < /4. Then there is n; € N such that

9
lzax s ll, = loxms |, < 1

for every n > ny. Hence Hxnx{kog}He < ¢/2 for any n > ny. Since z,, (i) — x (¢) for any
i € N, we conclude that z,x{ k1 — TX{<k,) — 0 in norm, whence there is ny such that

€
X ko = 2X <yl < 1
for any n > ny. Therefore

lzn = zll. = [[(aX(ahoy = TXq<ko}) + TaXirogy = WX igosy .
< leaxcroy = #x(ratll, + lEnxmos I, + loxms ], <

for any n > max {n, no}, which finishes the proof. [

Proposition 3.3 b) is not true without assumption that x has absolutely continuous
norm, which is ilustrated by the following example.
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Example 3.4. Consider the space [* equipped with the norm ||-|| ; defined as in Exam-

ple 3.2. Takez = (2, 1,2,%,2,...) . Obviously, « is an UM-point. Since Hxx{mS}HS > 2

for any m > 2, x has not absolutely continuous norm. Moreover, taking x, = = + %egn
for any n € N, we get @ < @, and ||z,,||g — [|z||g. Since ||z, — x| g > 3, 2 is not an
ULU M-point. Finally, we show that for any sequence (x,) in {* such that z < x,
and ||z,||¢ — |||l there holds Hxnx{kS}HS — Hxx{kS}HS for any k € N. Suppose for
the contrary that x < x,, ||z,||¢ — ||z||g and there are 6 > 0 and ky € N such that
||$"X{k0§}HS — Hxx{kOS}HS > ¢ for infinitely many n (say for all n). Since = < x,, and
|znllg — [|2]| g, we conclude that sup;sy, [2n (7)| — sup;sy, |2 ()| as n — oo. Hence

2, (i 2z (i )
Z|22—(1)| _Z |21(—1)| >§

i=ko i=ko

for n > N;y. Moreover, there is k1 > ky with szl @41)' < g for each n. Thus

d Ty, (1 Mg (i )
Z | 2i—(1)| o Z |2z(—1)| > ] (2)

i=ko i=ko

On other hand z is an UM-point and consequently, by the proof of Proposition 3.3 b)
and our assumptions, z,, — x coordinatewise. This is a contradiction with (2).

We will prove more facts about UM and U LU M-points, whenever e is a symmetric
Kothe sequence space.

Lemma 3.5. Let e be a symmetric Kothe sequence space. If x € ey is an UM -point,

then x € ¢ and lim;_,o x(j) = infjeny x (7).

Proof. It is enough to show that there are a subset A C N and a bijection 7 : N — N\ A
such that z*(i) = x(mw(¢)) for any ¢ € N and x(i) = lim;_, 2*(j) for any ¢ € A. First
we assume that

() there is iy such that z(ig) < x*(j) for any j € N.

Since x* is a nonincreasing sequence and (i) is its lower bound, there is the limit
of the sequence z*, i.e. zg = lim;_,o, x*(j). If z(iy) < zo, then, taking into account that
x is an UM-point and setting XA =  (z9 — x(4)) , we have that 2* = (z + Ae;,)" and

2" lle =l + Aeso [l > Ml = M7l

a contradiction. Hence x(ip) = lim; o, *(j). In this case we define

A:&eNm@:hmﬁm}

J—00

If condition (4) does not hold, then we put A = @. O

Remark 3.6. It is obvious that if e is a symmetric Kéthe sequence space and z is
an ULU M-point, then x* is an ULU M-point. The converse is not true. Really, take
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e = [*°. Define
=3 1, =11
xz;(i—{—z_l(_l) )ei and y:;(z—kz(—l))ei.
Then x € S (I*°), y > 0 and y # 0. Moreover
o+ ol = [ 327 o] = 1= lalle

whence z in not an UM-point. On the other hand z* = 3.7, ¢; is an ULU M-point.

Corollary 3.7. Suppose that e is a symmetric Kothe sequence space. Let x € ey. The
following statements are equivalent:

a) A point x is an ULUM -point.
b) A point x is an UM -point and x* is an ULU M -point.

Proof. The implication a) = b) is obvious by Remark 3.6, so we will show b) = a).
Applying the proof of Lemma 3.5, if A = &, then there is a permutation 7 : N — N
such that z*(i) = x(n(i)) for any i € N. Let (z,,) be a sequence of elements of e such
that < z,, and ||z,||, — ||z||, . Define z,, (i) = z,,(7(¢)). Then z* < z,, and

1Znlle = llzalle = lllle = 2" -

Since z* is an ULUM-point, we have |z, — x|, = ||z, —2*||, — 0. Thus z is an
U LU M-point.

Now, suppose that A # @. By Lemma 3.5, z(i) = x¢ for any i € A. Take a sequence
(x,,) satisfying the same properties as in the previous part of the proof. Again define
Ty (1) = xp(mw(i)), where 7 is the same as in the proof of Lemma 3.5. Then z* < 7,
and

lz"ll, < 1]l = [[zaxmmall, < llzalle = Nl = l27]. ,

whence ||z,||, — ||z*||,. Hence, by the fact that x* is an ULUM-point, we have
|z, — *||, — 0. Further, by the triangle inequality, we have

l#n = ll, < 20 = 2%l + (20 = 2) XAl -

To finish the proof, it is enough to show that ||(x, — =) x|, — 0.

We claim that for any € > 0 there is n. such that |z, (i) — 2| < € for every i € A
and n > n., where xy = lim; . 2*(j) = x (¢) for each i € A. It is clear in the case
if card (A) < Ny, because z,, — = coordinatewise (see the proof of Proposition 3.3).
Suppose that card (A) = Ny and that our claim is not true. Then there are gy > 0,
sequences (ny) of positive integers and (ix) of elements of A such that |z, (ix) — x¢| >
go for any k € N (we have zy = x (i)). Hence x, x4 > o + €o¢;, for any k € N.
Consequently, z,, > = + gpe;, for any k € N. Since z (i) = = (j) for each i,j € A, by
the symmetry of the space e and the fact that x is an U M-point, we have

|z + €oes,|l, = |z + €oeir|l, = a > ||z, .
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Consequently, in view of our assumptions, we get

[l = lim [z, = lm {lz,, [l > a > [lz],

a contradiction. Hence
[(zn — ) xall, <€

for any n > n. and consequently ||(x, — ) x 4|/, — 0, which finishes the proof. [

The implication b) = a) is not true in general in nonsymmetric Kéthe sequence spaces
(see Example 3.4, where z* = 237 ¢; is an ULUM-point).

4. Points of upper local uniform monotonicity of £,

Remark 4.1. In the next theorem we will assume that the Kothe space E is order
continuous and symmetric. Under these assumptions in the case when F is function
space, we have E < L. Therefore £ — L is possible only for Koéthe sequence
spaces, i.e. = e. Moreover, for the symmetric and nontrivial Kéthe sequence spaces
we always have that e < [*°. Hence the AF-condition means the A, (0o)-condition
whenever L>* — FE, the A, (R)-condition (1.e. both A, (00) and A, (0) conditions) if
L>® < E and A, (0) condition when E = e.

Theorem 4.2. Let E be an order continuous symmetric Kothe space. Suppose addi-
tionally that if L> + E in the function case or E = e, then a, = 0. Moreover, for a
sequence case assume that ¢ (by) [le1||, > 1. A point x € S (E,), is an ULUM -point if
and only if v = b,xp or the following conditions are satisfied:

CL) z Z a@XT:
b)  pEA],
¢) youxisan ULUM-point in E.

Proof. Necessity. Let x € S(E,), be an ULUM-point. Since z is also an U M-point,
by Theorem 1 from [18], = byxp or (z > a,Xxp and I,(z) = 1).

By Remark 4.1, to prove b) we will show first that if F is a Kéthe function space and
¢ & Ay (00), then there are D, € ¥ with p(D,) — 0 and a sequence (y,) in S (E,),
such that suppy, = D,, and I,(y,) — 0. Consider three possible cases in which the
condition Ay (00) is not satisfied.

Case 1. If b, < 0o and ¢ (b,) < 0o, then, taking an arbitrary sequence of sets D,, € &
with p (D,,) — 0 and || (b,) XDn”E <1 for each n € N, and defining y,, = b,xp_, we
have

[Ynll, = nf{A > 0: L, (yn /A) <1} =inf {A > 0: || (by /A) Xp, ||, <1} =1
for any n € N. Moreover, I, (y,) = H‘P(bw)XDnHE — 0, by order continuity and

symmetry of F.

Case 2. Suppose that b, < oo and ¢ (b,) = oo. Take an arbitrary set A of finite
measure and a sequence of reals (u,) such that u, — b,. By order continuity of F,
there is a sequence (A,,) of measurable and disjoint sets such that p(A,) < p(A) /27
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and ng(un) XAn”E < 1/2" for any n € N. Define y, = > ;7 urX,,. Then for any
A < 1 there is ny € N such that u,, /A > by, so ¢ (uy, /) = oco. Consequently,
I, (yn /\) = oo for any A < 1. But for A = 1, we have

o0 ()01
I ) - (Zumk) <> ol <3 s = <1
E k=n k=n

Hence |ynll, = 1 for any n € N and I, (y,) — 0. Define D, = (J;Z, As. Then
supp ¥, = D,, and p (D,) — 0.

In the proof of the following case we apply similar methods as in [12], but we present
the whole proof for the sake of convenience.

Case 3. Suppose that b, = co. If ¢ ¢ Ay (00), then there is an increasing sequence
(uy) such that u, — oo and

1 2™
© ((1 + —) un> > ——0p(u,) and ¢ (u,) >1,
n IXallg

where A € ¥ is an arbitrary set of positive and finite measure such that ||x ||z < 1.

Notice that if A = A; U Ay, AiNAy =0 and p(Ay) = pu(Ar) = p(A) /2, then
ealls = ea + Xalle < ealle + Il = 2 a e

whence ||x 4, HE > |Ixallg /2. Let (A,) be a sequence of disjoint measurable sets such
that p(A,) = u(A) /2" for any n € N and |J,~, A, = A. Then, by the above ob-
servation, HXAnHE > |Ixallp /2" for any n € N. By order continuity of the space E,
the function defined v (B) = || x|z for any B € ¥ N A is an absolutely continuous
submeasure with respect to measure pu. Hence it has the Darboux property (see [6])
and consequently for any n € N there exists a set B,, C A,, such that

S

v(Bn) = HXB”

Obviously, (B,), -, is a sequence of disjoint sets. Define

Yo=Y uxp, and D, =] By
k=n

k=n

for any n € N. Obviously, suppy, = D,, and p (D,,) — 0. Moreover, we have

I, (yn) = Z (ur) X B, SZ‘P(uk)HXBkHE
k= k=n

S 1H e < 5
- - 2k XA E — on—1 XA E on—1
n
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for any n € N. Hence I, (y,) — 0. Moreover, for every A € (0,1) and n € N there is

no > n such that 1 +1/ny <1 /X . Then
Yn — e .

L (2) = [Sootmn] 2l

k=n E

1
g H¢ ((”n—o) “no) Xbn,

whence ||y, ||, = 1. This finishes the proof of Case 3.

E

2m0
> — =1
E ”XA”E

E

(Ung)

‘XBnO

Y

Consider the situation when ¢ ¢ A, (0).

Case 4. If L™ 4 E (resp. E =e), a, = 0 and ¢ ¢ A,y (0), then for any set A € ¥
(resp. A C N) of infinite measure there are a decreasing sequence of sets (C,) in ¥ N A
(resp. C,, C A) of infinite measure and a sequence of functions (y,) in S (E,), (resp.
S (ey), ) such that suppy, = C, for any n € N, C,, | @ and I,(y,) — 0.

To prove this claim, suppose that L> & E (resp. £ =€), a, = 0 and ¢ ¢ A, (0) . Take
aset A € X (resp. A C N) such that y, ¢ E. In view of symmetry of F, u(A) = oc.
The condition ¢ ¢ A, (0) implies that there is an decreasing sequence (u,) such that
u, — 0 and

® ((1 + %) un) >2"p (u,) and @ (u,) <1.

Without loss of generality, passing to a subsequence if necessary, we can assume that
¢ (up) < 1/2™ . Really, since ¢ (u,,) — 0, there is an increasing sequence (ny) of positive
integers such that ¢ (u,,) <1 /2% for any k € N. Noticing that nj, > k for any k € N,

we have
1 1 - k
Pl IH o) | 20 1+n_k Uny, | > 2" (un,) > 270 (un,) -

To get the desired subsequence it is enough to put vy = u,, for any k € N.

In the case when L™ < E we take a sequence of disjoint sets (A,,) of finite measure such
that o(u,) ||XA” ||E =1/2" and A, C A for any n € N. Moreover, by our assumption,

HXAn HE > 1. By symmetry of the space F, there is a positive number # > 0 such that
wu(Ay,) > 3 for any n € N.
If E = e, then the sequence (u,) can be taken such that ¢ (uy,) ||X{61}He <1/2" for any

n € N. Hence we can construct a finite set A,, C A such that 2% < p(un) ||XAn ||e < 2"%1
for any n € N. To this end, note that if A = {a; : i € N}, then, by the Fatou property,
the sequence of the norms Hx{ah%._wak} ||e — o0. Hence we can take Ay = {ay, ag, ..., ax, }

as the smallest set such that % < p(uq) || XA, ||6 Then for any element a € A; we have

p(w) [[Xapay]], < 3 and

w(u) x|, = e) [[Xanga + X ll, < 0@ [[xanga |, + ) X, < 1-

Define A,, = {aknfl, e akn} , where k,, is the smallest positive integer such that
o(uy) HXAnHe' By the same argumentation as for the set A;, we conclude that

IAIA

1

n
1

P
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@(un) [[Xa,||, < g=r- Define for both cases
o0 oo
= ZukXAk and C,, = U Ay
k=n k=n

for any n € N. Obviously, C,, | @, suppy, = C, and p(C,) = oo for any n € N.
Moreover,

oo ) 1
<Yt lals <3 g = o
E k=n k=n

for any n € N. Consequently, I, (y,,) — 0. Similarly as in Case 3, for any A € (0,1)
and n € N a positive integer ng > n can be found such that 1+ 1/ny < 1 /X . Hence,
by an analogous way as in Case 3, we get I, (y,/ A) > 1, which implies that [|y,[|, =1
for any n € N, as we claimed in Case 4.

Now suppose that E is a Kothe function space, x € S(E¢)+ is an ULU M-point
and x # b,x7. Then there are a set A of positive and finite measure and a number

€ (0,1) such that z(t) < b, for p-a.e. t € A and O(zx,) > . If o ¢ Ay (c0), then,
by Cases 1-3, we can find a sequence (D,,) of measurable subsets of A with u (D,) — 0
and a sequence (y,) in S (E,), such that [|y,[|, =1, suppy, = D, for any n € N and
I,(yn) — 0. Define z,, =  + ay,, for any n € N. Obviously, x, > x. Since z is also an
UM-point, by Theorem 1 in [18], I, (x) = 1. Hence

L= I, (x) < Iy (zn) < Iy (27 p,) + 1o (2Xp, + ayn)

T
= I, (vx7\p,) + I ((1 —a) 1= g XPn + a'yn) (3)

<1

c@ 4 -0, (T, ) + ol () — 1

because I, (ﬁXA) < oo. Consequently, I, (lf—aXDn) — 0, by order continuity of E.
Thus ||z,[[, — 1 = ||z[|,. But

[z = 2ll, = allynll, = a >0

for any n € N, which means that x is not an U LU M-point. The obtained contradiction
shows that if E is a Kéthe function space, then ¢ always satisfies the Ay (00) condition.
In particular, if L — E, then ¢ € AF.

Suppose that L>* o« E or E = e, a, = 0, v € S(E,), is an ULUM-point and
© ¢ Ay (0). Since L*>® <~ E or e is symmetric order continuous Kothe sequence space,
then either Xp\guppz & E OF Xquppe & £ (if £ = ¢, then T = N). If Xp\uppr & E,
then, taking A = T\suppz, by the claim in Case 4, we can construct a decreasing
sequence of sets (C,,) in ¥ N A of infinite measure and a sequence of functions (y,,) in
S(ESD)Jr such that suppy, = C,, C A and I,(y,) — 0. Now, putting z,, = = + y, for
any n € N, we have that z, > z and 1 = [, (z) < I,(z,) < I, (z) + 1, (y,) — L.
Hence ||z,[|, — |z[|, and [z, — |, = 1, which contradicts the fact that z is an
ULUM-point. Thus ¢ € A, (0).
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Now suppose that x,,,. ¢ £. It implies that u (supp ) = oo. Let (u,) be a decreasing

sequence from Case 4 such that ¢ (u,) < m, where p(B) = 1 and let a €

(0,1) be a real number. Then, by order continuity and symmetry of E, a sequence
(A;,) of measurable disjoint sets of finite measure can be found such that p(A,) > 1,
A, Csuppw, xxy, < (1 —a)u,xr and @(uy) ||XAnHE = 1/2" for any n € N. Denote
A =U;2, A and C,, = ;,, Ax- Defining as in Case 4 the sequence y, = Y~ upX 4,
in S (E,), , we have that I,(y,) — 0. Since C,, | @ and

() <1 () < et s =1

by order continuity of F, we have

T X
fe\i=ge ) = |eo 1= )Xo

Hence, defining x,, = x+ay,, for any n € N and repeating the sequence of inequalities (3)
(replacing Dy, by Cy), we obtain that I, (z,) \, 1, whence [|lz,[[, — [[z]|,. Moreover,
|zn — ||, = @ > 0 for any n € N. The same contradiction as above shows that
@ € Ay(0). For the case E = e a finite sequence (A4,) of disjoint subsets of N can
be found such that p(A4,) > 1, A, Csuppz, xx,, < (1 —a)u,xp and 1/2"F <
o(un) || Xa, p < 1/2" for any n € N,

Combining the above, if L® < E. then ¢ € Ag(00). If L™ < E, then ¢ € Ay(0) and
Y € Ay(00), 1.e. ¢ € Ay(Ry). If E = e, then ¢ € Ay(0). Consequently, in all four cases
¢ € A¥, which finishes the proof of b).

— 0.
E

If £ is a Kothe function space, the condition ¢) follows immediately from Proposition 4
in [18]. We remind to the reader that 6(z) defined in [18] is smaller than one if and only
if O(x) defined by us is bigger than one. It is enough to notice that if the measure p is
nonatomic, then the condition Ay (c0) implies that 6 () > 1 and [0, 00) C ¢ ([0,00)) . If
e is a Kothe sequence space and ¢ (b,) = 00, then also the assumptions of Proposition 4
in [18] are satisfied.

It remains to prove condition ¢) in the case when E = e, b, < oo and ¢ (b,) < co. We
have that ¢ (b,) [le1]|, > 1. Let z € S(e,), be an ULUM-point. Then z (i) < b, for
any ¢ € N. Let iy be the smallest number for which

z(ig) =b=sup{z (i) : i € N} <b,.

Such i( always exists, because, by order continuity and symmetry of e, z (i) — 0. Take

Ug = b+2b“’ and ¢ = b;z“’. Then, by the Ay(0)-condition for ¢, there is K > 1 such that

¢ (cu) < Ko (u) for any |u| < “. Hence

I, (coxy) < K1, (axw) < K1, (x) = K < oo. (4)

Let (y,) C e be a sequence such that y,, > gox for any n € N and ||y,[|, — |[poz||, =
1. Without loss of generality, excluding a finite number of elements, if necessary, we can
assume that ||y, ||, < ¢ (b,) |le1]|, for any n € N. Hence y,, (i) < ¢ (b,) for any 7,n € N.
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It follows from the proof of Proposition 3.3 b) that y,, — pox coordinatewise. Denoting
zn = ¢, oy, we have by, > z, (i) > z (i) for any i,n € N and I, (2,) = |lyall, — 1,
whence [[2,[|, — 1. Since x is an ULUM-point, we obtain ||z, — z[[, — 0. Let (zy,)
be a subsequence of (z,) such that

= (bso_b>
> lln, =il < 5=

%)
Define h := )" | (z,, —x). Obviously, z,, —z < h for each k € N. Since

by — b
2,

IPxgall, < lInl, <

for any ¢« € N, we have
2byhx (i 2b,h (i)
1> (2P ) i
- 90( bw—b) (p(hp—b)HelHe’

1 b,—b _b,—0
h(i) < ¢t < £
o< () T <5

whence

Therefore, for any ¢ € N, we have

(by —b) _ (b +)

x(i)+h(i) <b+ 5 < 5 < b,
and
b+b, B
h(’L) S 2b beO b — (bw"i_b).
c—1 btby 1 2 2

2b

Hence? againa by the AQ (0)-COHditiOn for Uy = bJ;b‘P

¢ (c1u) < Kip (u) for any |u| < 2. Thus

and ¢; = % there is K such that

c
I, (c——thN) < Kil,(h) < K; Hhng < o0. (5)

Therefore, by (4), (5) and convexity of ¢, we have

1 —1
(ot ) =llpo (o4 0l < 2 (o) + S0 () < oo,

whence ¢ o (z + h) € e. Since ¢ o z,, — © o x coordinatewise and
0< Yp, —pox=¢oz, —por<ypo(r+h)
for every k € N, by order continuity of e, we obtain

1Yy, = ozl = 0.
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Applying the double extract subsequence theorem, we get |y, — ¢ o x|, — 0. Conse-
quently, v o z is an U LU M-point, which finishes the proof of necessity.

Sufficiency. Suppose that x := b, is not an U LU M-point. Then there are a sequence
n) in (E and a positive real number ¢ such that ||y,| > ¢ for any n € N and

y o)t Ynll, y

|z + y"”s@ — 1. Define

Bn:{teT Yo (1) > % (t)}.

Then -
e < lyaxas,ll, + llomxa, |, < 5 + [lvxs, |,

Consequently, Hynx Ban; > 5 and p (B,) > 0 for any n € N. Moreover
I T+Yn \ T A Yn
\1+¢e2/2) 1+¢2/2)|,
x+ Yn 1+¢/2
> > —)
- H (1+e2/2> Ml HSD(He?/z e) N

because 1+ ¢%/2 < 1+ ¢/2. Therefore ||z +y,[, > 1+ */2, a contradiction. In
consequence x = b,x is an ULU M-point.

= 0
E

Suppose that E is a Kothe function space and x € S (E,), and conditions a), b), c) are
satisfied. Let (r,) be a sequence of elements of (E,), such that z, > for all n € N
and |[2,[|, — [|z[|, = 1. We will show that |z, — z[|, — 0. Note that &' > L> because
€ (OC). Then ¢ € A¥ means ¢ € Ay (00) whenever L™ — E or ¢ € Ay (R,) if
L> <+ E, whence, in any case, ¢ < oco. Thus, we conclude that ||po x|, = I, (z) =1
and
lpomnlly = 1o (2n) = 1= [lpoz|g

(see [5]). Moreover, p ox < p oz, for all n € N because ¢ is an increasing function.
Therefore, by assumption c),

lpoan —pox|g—0. (6)

Applying superadditivity of ¢ on R, we obtain

Ly (n =) = [lpo(zn —2)|g < llpozn —pou|y, (7)

whence I, (z,, — x) — 0. As above, by the A¥-condition, we conclude that ¢ € Ay (c0)
whenever L™ — FE or ¢ € Ay (R;) whenever L™ < E.

It p € Ay (Ry), then ¢ > 0 and consequently ||z, —z[|, — 0, which means that z
is an ULUM-point of E,. Suppose that L™ — E and ¢ € A, (o0). Condition (6)
and assumption a) imply that x, — x — 0 p-a.e.. Consequently, by Lemma 8 in [§],
|2 — x|, — 0 as desired.

Suppose that e is a symmetric and order continuous K6the sequence space and ¢ (b,,) =
oo. Then, repeating the same argumentation as for function spaces, we conclude that
under assumptions a), b), ¢), x € S(e,), is an ULUM-point (see [9], [22] for the
required results to apply).
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It remains to proof the hypothesis in the case when b, < co and ¢ (b,) < co. Let (z,)
be a sequence in (e,), such that z, > x for all n € N and ||z, ||, — [|z, = 1. Since,
@ (by) llell, > 1, there is a € (0, 1) such that ||lz,[|, < ¢ (aby) [[e1], for n large enough.
Consequently, z (i) < z, (1) < ab, for any i« € N and n € N large enough. Then
conditions (6) and (7) are satisfied, whence I, (x, — z) — 0. By the A$-condition, we
conclude that ||z, — x|, — 0, whence x € S (e,), is an ULUM-point, which finishes
the proof. n

Remark 4.3. By Lemma 1.4 in [22], the assumption ¢ (by) ||e1]|, > 1 under the Ay(0)-
condition is necessary and sufficient to the equivalence I, (z) = 1 < ||zf|, = 1 for any
x € e,. Our assumption with the sharp inequality ¢ (b,) [le1||, > 1 is slightly stronger.

The case L*> # E with a, > 0 deviates from the pattern set by Theorem 4.2. Since
in such a case ¢ ¢ Ay = A, (R ), one can expect that S (E,)_ has no ULUM-points.
On the other hand the next theorem shows that if L>° &+ E and a, > 0, then Theorem
4.2 (with a small restriction) holds true, whenever we replace the condition ¢ € AY by
the conditions ¢ € Ay (00) and I, (z) = 1.

Lemma 4.4. For any Orlicz function ¢ and any « € (0, 1] the inequality
p(u+0) 2 ¢ (u) + ¢ (aa, +v)
holds for any uw > aa, and v > 0.

Proof. By Lemma 1 in [17], the inequality holds for & = 1. Hence, by monotonicity
of ¢, the inequality is true for any « € (0, 1]. O

Theorem 4.5. Suppose that E is an order continuous symmetric Kothe function space
such that L* o+ E, a, > 0. Let x € S(E,), be such that ¢ o x is an ULUM -point
in . A point x is an ULUM -point in E, if and only if the following conditions are
satisfied:

a) T > apXr,
b) ¥ € AZ (OO) )
¢c) I,(z)=1

Proof. Necessity. Let x € S (E@)Jr be an U LU M-point. Since z is also an U M-point,
by Theorem 1 in [18], x > a,xp and I,(z) = 1, i.e. a) and ¢) are satisfied. Similarly
as in the proof of Theorem 4.2, we conclude b).

Sufficiency. Assume that x € S (E,), , ¢ oz is an ULUM-point in E and that a), b)
and ¢) are satisfied. Suppose that z is not an U LU M-point. Then there are a sequence
(yn) in (Ey), and a positive real number € such that ||y, ||, > 4¢ for any n € N and
|2 + ynll, — 1. Define
B, ={teT:y,(t) > 2ca,}.
Then
4e < lyaxrs, |, + l9nxs,ll, <22+ [gnxs,l,

Consequently, HyannH@ > 2¢ and pu(B,) > 0 for any n € N. We will show, that
there is § > 0 such that I, ((% + yn) XB”) > (3 for any n € N. To do this, denote
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a = liminf, . u (B,). Passing to a subsequence if necessary, we can assume that a =
limy, o0t (By) - In the case when a € (0, 00], we can take 3 = ||p o (a, (1 + 2¢)) x5,
where B is an arbitrary set in ¥ with p(B) = aif a < oo or p(B) =1 if a = o0.

Let now ¢ = 0 and define

Chn={t€ B, :y,(t) > 2a,}.

By order continuity of £, ng <2%> X5,

£

< 1 for n large enough. Again, without loss
E

of generality, we can assume that HQ%X B, HSO < ¢ for any n € N. Then

2e S HynXBn\Canp + ||ynxcn||gp < H2GSDXBH © + HynXCn © <e+ HynXCano’

whence HynXCan; > ¢ for any n € N. It implies, by the definition of the norm, that

I, (2x¢,) > 1 for any n € N. In view of the Ay (co)-condition, there is a constant
K (¢) > 0 such that I, (yann) > 1/ K (¢) = (3, and consequently

Lp ((CLW + yn) XBn) > Lp (ynXCn) > ﬁ

for any n € N. Hence

ng © (<a<f’ + yn) XBn) HE = [so ((ago + yn) XBn) > 6

for any n € N. Since ¢ o x is an ULU M-point in E, a real number ~ () > 0 can be
found such that

Io(x+yn) = |leo(@+ya)llp=lleox+@o(apxr +yn)lg
> |lpoz+po((ap+ya)xp,)|,>1+37(9)

for any n € N. For any n > 0 define

D,={teT:z(t)<a,(1+n)}.

By order continuity of E there is 7, such that

o (xXDn()) HE < v(B). It is easy to

see that we can choose 7, € (0,min {¢,a,}). We have

Hs@ o (xXT\Dm)) + ¢ o ((ap +yn) X5,) ’E

‘ E

> oo+ o (@ +u)xs) |5~ ||e (210, )|
> 1+37(8) —v(B) =1+2v(p)

for any n € N. By the condition Ay (00), for any K > 1 there is A\x € (1, K) such that
e (W) < Kp (ﬁ) for any - > a, (1+ 4n,) . Take

= Hwox —po (xxD,m) +wo ((ap +yn) x5,)

E

K:min{l—i-y(ﬁ), 11;777?2}
0
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Notice that by the fact that g < 1 ;;7’(}2, we have

") | 1t my/2
Ak L+mn,

ap (1 +1) = ay (1"‘@)
for p-a.e. t € T'\ D, and

(3 +3n(®) L+ m/2
/\K - 1+7]0

U
o (14 2¢) >a, <1+ 20>

for p-a.e. t € B,,. Hence, by Lemma 4.4, we obtain

- HW ( )XT\D% +@o (%x&)
E
142
= E HSO ° <I> XT\Dno +tpo ((a’so +yn> XBn) ’E - 11 ’;/y((ﬁﬁ)) 1

for any n € N. Consequently, ||z +y,||, > Ax > 1 for any n € N. This contradiction
finishes the proof. O

Theorem 4.6. Suppose that e is an order continuous symmetric Kothe sequence space
and ¢ is an Orlicz function such that a, > 0 and ¢ (b,) |le1||, > 1. Let x € S (e,), be
such that @ o x is an ULU M -point in e. The point x is an ULU M -point of e, if and
only if the following conditions are satisfied:

(l) x 2 a%’XN?
b) I, (z)=1

Proof. Necessity. Let x € S(E,), be an ULUM-point. Since z is also an U M-point,
by Theorem 1 in [18], a) and b) are satisfied.

Sufficiency. Suppose that x € S (6¢)+ , wox is an U LU M-point in e and that conditions
a) and b) are satisfied. Assume that = is not an ULU M-point. Then there are a
sequence (y,) in (e,), and a positive real number e such that [|y,[|, > 4e for any
n € N and ||z +y,|, — 1. Since ¢ (by) [le1]|, > 1, there is a € (0,1) such that
[z +ynll, < ¢ (aby) |lea], for n large enough. Consequently, without loss of generality,
we can assume that x (i) + v, (¢) < ab, for all i, n € N. Define

={i € N:y, (i) > 2ea,}.

ally > 2e, whence

a = liminfm (B,) > 1.

n—oo

Moreover,
I ((ap +yn) xp,) = |00 (ap (1+28)) Xgery ||, = 8
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for any n € N. Hence, by the fact that ¢ o x is an ULU M-point in e, repeating the
same argumentation as in the proof of Theorem 4.5, a real number 7 () > 0 can be
found such that I, (z +y,) > 1+ 37 (8) for any n € N. Further, defining

Dy={ieN:z(t) <a,(1+m)}

for any n > 0, similarly as in the proof of Theorem 4.5, we get

Hso o (xx:r\pm) +eo (@ +um)xg,)| 21+2v(5)

for a certain real number 7, € (0, min {¢, a,}) and any n € N. Since the function ¢ is

uniformly convex on the interval (n,, ab,), for any K > 1 there is Ax € (1, K) such
that ¢ (v) < Ko (ﬁ) for any - € [% (1 + %770) ,%} . Again, repeating the same
argumentation as at the end of the proof of Theorem 4.5, we get

T+ Yn
1 >1
gD( AK )_
for any n € N, whence ||z +y,l|, > Ax > 1 for for any n € N. This contradiction
finishes the proof. O

5. Application to Orlicz-Lorentz and Orlicz spaces

Now we consider Orlicz-Lorentz spaces as a special class of Calderén-Lozanovskii
spaces.

Recall that the function w : [0,7) — R, with v = u(T) is said to be the weight function,
if it is nonnegative, nonincreasing and locally integrable function with the respect to
the Lebesgue measure pu. Then the Lorentz function space A, consists of all functions
x € LT, %, n) such that ||z| = [ 2*(¢t)w(t)dt < oo, where z* is the nonincreasing
rearrangement of x. Recall also that Lorentz sequence space A, consists of all sequences
x = (z (1)) such that Y .o, z*(i)w(i) < oo, where w = (w (7)) is a weight sequence, that
is w is a nonincreasing sequence of nonnegative real numbers. If £ = A, or e = A,
then the Calderon-Lozanovskii space E, (resp. e,) is the corresponding Orlicz-Lorentz
function (resp. sequence) space A, := (Ay),, (resp. A, := (A\,),,) (see [4], [12], [13], [19],
[20], [22] and [23]).

Corollary 5.1. Suppose that

a)  the weight function w is positive on [0,7) and [ w (t)dt = oo in the case when
v =00 and i s nonatomic;

b) o (by)w(l)>1and Y 7 w(i) = oo whenever u is the counting measure.

A point v € S (Ay), (resp. ¥ € S(A,),) is an ULUM -point if and only if x = byxr

(resp. x = byxy) or one of the following conditions is satisfied:

(i) ¢ € Ay(00), p is nonatomic and either (u (1) < oo and a, = 0) or (a, > 0,
v > agxp Tp(x) = 1 and ju(T) < o0);

(17) v € Ay(Ry), pis nonatomic and pu (1) = oo;
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(ti9) T =N, p 1is the counting measure and either ¢ € Ay (0) or (a, > 0, > a,Xy
and I,(x) =1).

Proof. By Propositions 3 and 4 in [10], under the assumptions on w the space A, as
well as A, is upper locally uniformly monotone. Hence ¢ o x is an ULU M-point for
any x € S(Ay), (resp. ¥ € S(A,),). Then the characterization follows immediately
from Theorems 4.2, 4.5 and 4.6. O]

Notice that if w = xp (resp. xy), then A, = L' (resp. A\, = [') and then the Orlicz-
Lorentz space becomes an Orlicz space. Moreover, the assumption (a) from Corollary
5.1 is satisfied automatically, but (b) is reduced to the condition ¢ (b,) > 1. Hence the
criterion for Orlicz spaces is the following:

Corollary 5.2. Let o be an Orlicz function such that ¢ (b,) > 1. A point x € S (L),
(resp. x € S(l,),) is an ULUM-point if and only if ¥ = b,xp (resp. x = byxy) or one
of the conditions (1), (ii) or (iit) from Corollary 5.1 is satisfied.

6. Open problems.
We do not know answers to the following questions:

1. Is Theorem 4.2 true without requiring that £ is an order continuous symmetric
Kothe space?

2. Suppose that a, > 0, E (resp. e) is an order continuous symmetric Kéthe function
(resp. sequence) space such that L>® < E. Is p oz always an U LU M-point in E (resp.
in e) whenever x € S (E,), (resp. z € S (e,), ) is an ULUM-point? (see Theorem 4.5
and 4.6).

3. According to Lemma 1.4 from [22], the assumption ¢ (b,)||ei||, > 1 is natural.
Theorems 4.2 and 4.6 are proved under the assumption that ¢ (b,) |le1]], > 1. Are
Theorems 4.2 and 4.6 also true when ¢ (by) |les]|, = 17
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