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1. Preliminaries

Recently the Banach contraction principle [8] was discussed in a metric space endowed
with a partial order where some applications to matrix equations [16] and to ordinary
differential equations [11, 13] are presented. The usual contraction condition is weak-
ened but at the expense that the operator is monotone. The main idea in [11, 16]
involves combining the ideas in the contraction principle with those in the monotone
iterative technique [2, 3.

This article presents new results for contractions satisfying a condition of integral type
in ordered metric spaces and these results are slight extensions of those in [11, 16].

Existence of fixed point in partially ordered sets starts with Tarki’s theorem [18].
Recently, a lot of papers have treated this equation (see, for example [5, 6, 7, 9, 10, 11,
12, 13, 14, 15, 16, 19]).
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2. Fixed point theorems

Suppose (X, <) is a partially ordered set and f: X — X. We say f is non-decreasing
if 2,y € X, x <y implies f(x) < f(y).

In a recent paper [1], R. Agarwal, M. El-Gebeily and D. O’Regan established the
following theorem.

Theorem 2.1. Let (X, <) be a partially ordered set and suppose that there is a metric
d on X such that (X,d) is a complete metric space. Assume there is a non-decreasing
function ) : [0,00) — [0, 00) with lim,,_,. " (t) = 0 for each t > 0 and also suppose
F: X — X s a nondecreasing mapping with

0 (@) Fl9) < 0 (max{d(e,),do, (@), dlo F(0), 5 o ) + don P},

for all x > y. Also suppose either F is continuous or if (x,) C X is a nondecreasing
sequence with x,, — x in X then x, < x for alln € N.

If there exists xy € X with xo < F(xy), then F' has a fized point.

Now, we present our main result in this paper.

Previously, we define for F': X — X

DN | —

m(x,y) = max {d(a:, y), d(x, F(x)),d(y, F(y)), 5 ld(z, F(y)) + d(y, F(ﬂf))]} :

Theorem 2.2. Let (X, <) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let F : X — X be a
continuous and nondecreasing mapping such that there exists k € [0,1) with

d(F(x),F(y)) m(x,y)
/‘ wﬂﬁgk/' o(0)dt fora >y, (1)
0 0

where p : R, — R, s a Lebesgue-integrable mapping such that f0€ o(t) >0 fore > 0.
If there exists xy € X with xy < F(xo) then F' has a fized point.

Proof. If F(xy) = zo then the proof is finished. Suppose that zo < F(zq). Since
xog < F(x0) and F' is nondecreasing, we obtain by induction that

zo < F(x0) < F?(20) <+ < F™(wo) < F" M (mp) < ...

Put z,,+1 = F™(xp). Then for each integer n > 1, from (1) and, as the elements z,, and
Tni1 are comparable, we get

d(l’nﬂf'n,«‘ﬁl) d(F(xn71)7F(xn)) m(fcnflyxn)
/ o(0)dt = / o(t)dt < K / o(t)dt. (2)
0 0 0
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Taking into account that

m(xn—la lﬁ)

= max {d(:vn_l,xn), d(xn_1, F(x,_1)),
d(, F(1)), %[d(xnla F(x,)) + d(z,, F(xnl)ﬂ}

1
= Imax {d(xn—la xn)a d(xn—h xn)7 d(xna xn-i—l); 5 [d('rn—17 xn—i—l) + d(flfn, l‘n)]}

1
d(l‘n—la $n>, d(xna xn—l—l): §[d(xn—1a xn—l—l)] } 3

and, as

d(xn—hxn—l—l) < d(xn—laxn) + d(xn7xn+1)

5 5 < max{d(z,_1,2n), d(Tp, Tni1)}

we obtain
m(xnfla xn) = max{d(xnfb xn)a d(l’n, anrl)}-

Substituting into (2) we obtain

d(Tn,Tn+1) max{d(Tn—1,Zn),d(Tn,Tn+1)}
/ p(t)dt < k/ @(t)dt
0

0

d(mnflymn) d(wn,xn+1)
= kmax / cp(t)dt,/ @(t)dt p . (3)
0 0

If max {fod(x”’l’x”) o(t)dt, fod(m"’x"“) @(t)dt} = fod(m"’x"“) ©(t), then, by (3),

d(zn,Tn+1) d(zn,Tn+1)
/ o(1)dt < k / (1)t
0 0

and, as k € [0,1), we have that fod(x”’x"“) ©(t)dt = 0. By our hypothesis about ¢, we

get d(zp, x,11) = 0, or, equivalently, z, = x,11 = F(x,) and z, is a fixed point of F.

If max { [Hen-1on) o(t)dt, d@n ant1) o(t)dt ¢ = d@n-1.n) ©(t) then, from (3), we get
0 0

0
d(Tn,Tnt1) d(Tn—1,2n)
/ (t)dt < k/ o(t)dt. (4)
0 0

Using induction we have

d(Tn,Tnt1) d(Tn—1,2n) d(zo,x1)
/ ()t < k / ()t < - < K / (1)t
0 0 0

Taking limit as n — oo
d($n7$n+1)

lim @(t)dt = 0. (5)

n—oo 0
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On the other hand, by (4), as k € [0, 1),

d(zn,Tni1) d(rn—1,Zn) d(rn—1,2n)
/ p(t)dt < k:/ e(t)dt < / (t)dt
0 0 0

and, as ¢ is a non-negative function, we obtain that {d(z,,r,1)} is a non-negative
and non-increasing sequence. We put lim,, ., d(z,, T,41) = a.

In what follows, we will prove that a = 0.

Suppose that a > 0. As 0 < a < d(z,,x,.1) for all n, and, taking into account our

assumption about ¢, ( )
a d(Tn,Tn+1
0< / o(t)dt < / p(t)dt.
0 0

Taking limit as n — oo and, from (5),

a d($n7$n+1)
0< / o(t)dt < lim e(t)dt =0,
0

n—oo 0
which is a contradiction. Therefore,

lim d(zp, py1) = 0. (6)

n—oo

Now, we show that {z,} is a Cauchy sequence.

Suppose that {x,} is not a Cauchy sequence there exists an ¢ > 0 and subsequences
{m(p)} and {n(p)} such that m(p) < n(p) < m(p + 1) with

A(Tm(p); Tnp)) =€ and  d(Tpmp), Tnp)—1) < €. (7)

Then
M Trn(p)—15 Tn(p)—1) = Max {d(wm@)h Tnp)-1), ATmp)-15 Tmp))s ATnp)-1, Tn@) ),
1
§[d($m(p)—1, Tn(p)) + ATm(p)s Tngp)-1)] ¢ -

By (5), we have

A1 (p)—15Tm(p)) Ar(p)—1:Tn(p))
lim o(t)dt = lim p(t)dt = 0. (8)

p— Jo p— Jo
By the triangular inequality and (7)
A1 Tap)-1) < ATmp)-1, Tm(p) + ATm(p), Tnp-1)) < ATmE)-1, Tme) + €
and, by (5), this implies

d(xm(p) —1Tn(p)— 1)

lim p(t)dt < /6 o(t)dt. (9)

p— Jo
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Again, using the triangular inequality and (7), we get

S0y 15 0) + iy -]
< %[d(xm(pn» Tmn(p)) + ATmp); Tnp)-1) T AZa@)-1, Tap)) + ATmep); Tap)-1)]
= %[d(xm(p)—l» Ti(p)) + 20(Tm(p); Tnp)-1) + ATnp)-1, Tn))]
= %[d(l’m(p)—b Tn(p)) T ATn(p)-1, Tnp))] + ATmp), Tnp)—1)
< %[d(wm(m—h Tin(p) T ATnp)—1, Tn(p))] + €.

Taking into account (6), we obtain
%[d(wm(p)fl7zn(p))+d($m(p)vm'n(p)fl)] €
lim e(t)dt < / (t)dt. (10)
0

= Jo

From (1) and (7), we can get

€ AT (p) Tn(p))
/ p(t)dt < / o(t)dt
0 0

d(F(wm(p)—l)rF(xn(p)—l)) m(xm(p)—l7xn(p)—1)
_ / S(t)dt < k / S(t)dt
0 0

AT (p)—1,Tn(p)—1) AT m(p)—1:Tm(p))
= kmax / go(t)dt,/ o(t)dt,
0 0

AT (p)—1:Tn(p)) 3@ m(p)—1,% 0 () )+ U@ (p) T (p)—1)]
/ p(t)dt, / o(t)dt |,
0

0

and, taking limit as p — oo, and taking into account (8), (9) and (10), we obtain

/Oago(t)dt < k:/oego(t)dt.

As k € [0, 1), this implies [ ¢(t)dt = 0 which is a contradiction.

Therefore, {z,} is a Cauchy sequence. Since X is a complete metric space there exists
z € X such that lim,,_.. z,, = 2.

Finally, we prove that z € X is a fixed point of F'.

As F'is a continuous mapping and lim,, .., x,, = z, then

z= lim z,,1 = lim F(z,) = F(z)

n—oo

and the proof is complete. O]

In what follows, we prove that Theorem 2.2 is still valid for F' not necessarily continu-
ous, assuming the following hypothesis in X (which appears in Theorem 1 of [1]):

if (x,) C X is a nondecreasing sequence with x,, — x then z,, <z for alln € N. (11)
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Theorem 2.3. Let (X, <) be a partially ordered set and suppose that there exists a
metric d in X such that (X,d) is a complete metric space. Let F : X — X be a
nondecreasing mapping such that there exists k € [0,1) with

d(F (2),F () m(zy)
/ o(t)dt < k/ o(t)dt, for x>y,
0 0

where ¢ : Ry — Ry is a Lebesque-integrable mapping such that fog e(t)dt > 0 for
e > 0. Assume that X satisfies (11) and there exists xo € X with o < F(xq), then F
has a fized point.

Proof. Following the proof of Theorem 2.2, we only have to check that F(z) = z.

From (2) and (11), we have

d(F(2),2n+1) m(z,zn)
/ et <k [ ooy
0 0

d(z,xzn) d(z,F(2))
= kmax / @(t)dt,/ o(t)dt,
0 0

d(Tn41,%n) Ld(z@ni1)+d(zn, F(2))]
/ (1)t / o1yt b,
0

0

and, taking limit as n — oo, and, by (5), we get

d(F(2),2) d(F(2),2)
/ p(t)dt < k;/ (t)dt,
0 0

which implies that fod(F(Z)’z) p(t)dt = 0. By our assumption about ¢, this gives us
d(F(z),z) =0
and this proves that z is a fixed point of F. m

Remark 2.4. If we assume that ¢ is a nonincreasing function in Theorem 2.2 its proof
is less complicated.

In fact, perhaps the more difficult part in Theorem 2.2 is to prove that {z,} is a Cauchy
sequence. Under assumption that ¢ is a nonincreasing function, for m > n we can get

d(mm,xn) d(xm7xmfl)+d(xm71 7xm72)+"'+d($n+l ,(En)
/ e(t)dt < / (t)dt
0 0

d(Tni1,2n) d(Tn42,8n41)+d(Tnr1,Tn)
:/ go(t)dt—l—/ o(t)dt
0 d

($7L+1,1'n)

d(zn+1,$n)+'“+d($m—l7$m72)+d(fﬁm,$m—l)
Foot / o(t)dt.
d

(xn+17xn)+“‘+d(xm—l7xm—2)

Applying a simple change of variables, our integrals can be transformed in

d(Tm,xn) m d(zs,2i—1) i—1
/ e(t)dt < Z / © (S + Z d(xj,xj_1)> ds
0 . 0

Jj=n+1
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and, as ¢ is a nonincreasing function, we can get

d(zm,zn)
/ o(t)dt
0

m d(z’i,xifl) i—1 m d(l‘i,xifl)
< Z / ¥ (s + Z d(a:j,a:j_l)> ds < Z / o(s)ds.
i=n+170 j=n+1 i=n4+1"0
Taking into account (4) in the proof of Theorem 2.2, we obtain
d(Tm,xn) m d(wi,i—1)
/ p(t)ydt < > / o(t)dt
0 i=n+10
m ] d(mo,xl) d(xO:xl)
<) k”/ o(t)dt = / ot)dt | (k" +---+ k™)
i=n+1 0 0
d(zo,z1) L
< t)dt .
< /0 () (1 — k)
Taking limit as n — oo we have
d(Tm.xn)
lim e(t)dt = 0. (12)

m,n—o0 [n

Now, suppose that {z,} is not a Cauchy sequence. This means that there exists an
¢ > 0 such that for any p € N we can find m(p), n(p) € N with m(p),n(p) > p satisfying
A(Tom(p) ,(,y) = €- Consequently,

AT (p) Tn(p)) €
/ p(t)dt > / p(t)dt > 0,
0 0

and, taking limit as p — oo, we get

A(Tm(p) Tn(p))

lim ¢mﬁ2/¢@ﬁ>0
0

p—oo Jo
and this contradicts to (12).

Remark 2.5. If we put ¢(¢t) =1 in (1) of Theorem 2.2, we have
d(F(z), F(y)) <k m(z,y) forz >y

and our Theorem 2.2 is a particular case of Theorem 2.2 of [1] for the function ¢ (t) = kt
with & € [0, 1).

Remark 2.6. If we put ¢(t) =1in (1) of Theorem 2.2 then the condition d(F'(z), F(y))
< kd(z,y) for x > y implies d(F(z), F(y)) < k m(x,y) and Theorem 2.1 in [11] and
Theorem 2.1 in [16] are particular cases of our Theorem 2.2.



604 J. Harjani, K. Sadarangani / Fized Point Theorems for Mappings Satisfying ...

Remark 2.7. We present an example where it can be appreciated that hypotheses in
Theorem 2.2 do not guarantee uniqueness of the fixed point. This example appears in
[11].

Let X = {(1,0),(0,1)} C R? and consider the usual order
(x,y) <(z,t) & v <zandy <t.

Thus, (X, <) is a partially ordered set, whose different elements are not comparable.
Besides, (X, ds) is a complete metric space considering ds the euclidean distance. The
identity map f(z,y) = (z,y) is trivially continuous and nondecreasing and condition
(1) of Theorem 2.2 is satisfied for any k € [0,1) and ¢ nonnegative Lebesgue-integrable
function since elements in X are only comparable to themselves. Moreover, (1,0) <
f(1,0) = (1,0) and f has two fixed points in X.

Remark 2.8. In Theorem 2.1 of [11] and Theorem 2.3 of [16] it is proved the unique-
ness of the fixed point adding the following conditon

every pair of elements of X has a lower bound or an upper bound. (13)

We have not been able to prove this fact for our Theorem 2.2. We think that condition
(13) is not sufficient for the uniqueness of the fixed point in Theorem 2.2.

Remark 2.9. If X is a totally ordered set then we can obtain the uniqueness of the
fixed point in Theorem 2.2.

In fact, if y is other fixed point of F' then, as F"(z) = z and F"(y) =y for n € N, and,
as y and z are comparable, the condition (1) of Theorem 2.2 give us

d(y,z) d(F™(y),F™(z)) m(F*1(y),F"1(2))
/ o(t)dt = / e(t)dt < k/ (t)dt.
0 0 0

But
m(y,z) = m(F""(y), F"71(2))

= ma {d 2) Pl PG, F2) + ). 2)

= max{d(y, 2),0,0,d(y, 2)} = d(y, 2)

and, consequently,
d(y,2) d(y,z)
/ p(t)dt < k/ (t)dt
0 0

and, as k € [0, 1), this implies that fod(y’z) ©(t)dt = 0. By our assumption about ¢, we
obtain d(y, z) = 0, or, equivalently, y = z.

Remark 2.10. Theorem 2.2 is false if we admit zero value near zero for the mapping (.
The following example proves this fact. Let (N, d) be with the trivial metric (d(z,y) = 0
iff # =y and d(z,y) =1if x # y). Then (N, d) is a complete metric space.

We consider in N the usual order and let f : N — N be defined by f(n) = n + 1.
Obviously, f is continuous (the topology generated by d is the discret topology) and
nondecreasing.
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i <t <
Let¢2R+—’R+bedeﬁnedbyw(t):{(e)t 1£g;f_1

Now, since for each n,m € N, d(f(n), f(m)) < 1, we have, for every k € [0,1)

d(f(n),f(m)) 1 d(n,m)
/ e(t)dt < / p(t)dt =0 < k/ o(t)=0
0 0 0

and, consequently, the condition (1) of Theorem 2.2 is satisfied. Moreover, 0 < f(0) =1
and we can see that f has no fixed points.

Remark 2.11. In [17] it is proved the following theorem.
Let (X,d) be a complete metric space, k € [0,1), F: X — X a mapping such that,

for each z,y € X,
d(F(2),F(y)) m(z,y)
/ p(t)dt < k:/ (t)dt,
0 0

where ¢ : R, — R, is a Lebesgue-integrable mapping such that foe e(t)dt > 0 for
€ > 0. Then F has a unique fixed point z € X.

By using Zermelo’s well ordering theorem the set X can be well-ordered and the condi-
tion (1) of our Theorem 2.2 is valid for each z,y € X. Moreover, o = min X satisfies
xo < F(x0) and our Theorem 2.2 give us the above mentioned result for the particular
case that F' is a continuous and nondecreasing function. The uniqueness of fixed point
is obtained in virtue a well ordering in a set X implies that X is a totally ordered set
and Remark 2.9 applies.

In connection with the condition (11) it is proved in [11] the following lemma.
Lemma 2.12. If X s a totally ordered set and

d(a,c) > d(b,c) fora<b<c (14)
then the condition (11) holds.

Consequently, our Theorem 2.2 also gives us the result mentioned in Remark 2.11
for the particular case that F' is a nondecreasing function and the distance satisfies
condition (14).

Remark 2.13. Theorem 2.1 uses nondecreasing functions ¢ : [0,00) — [0, 00) with
lim,, o ¥"™(t) = 0 for each ¢ > 0. In the sequel, we present a function ¢ which can be
expressed by an integral.

Put ¢ (t) = [, ¢(s)ds, where p(s) = ﬁ

Then, a simple calculus, give us ¥ (t) = %th and, it is easily proved that ¢"(t) =

and that 1 is a non-decreasing function. Obviously, lim,, ., 1" (t) = 0.

_t
1+nt

One would like to be able to replace (1) in Theorem 2.2 with the integral form of Ciric’s

condition [4], that is
d(F(z),F(y)) M(z,y)
/ p(t)dt < k:/ o(t)dt, (15)
0 0
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whete M(z, y) = max{d(z, ), d(z, F(z)), d(y, F(y)), d(, F(3)), d(y, F(z))}.
The following example proves that this is not possible (this example appears in [17]).
Let f: N — N defined by f(n) =n+ 1.

In N we consider the usual order and the euclidean distance d. Obviously, (N,d) is
a complete metric space and f is continuous and nondecreasing function. Moreover,

0<f(0) =
On the other hand, we consider ¢,y : [0,00) — [0,00), where ¢(t) = (¢ + 1) — 1
and ¢(t) = ¢/(t).

Then, for n > m
M(n,m) =max{n —m,Il,n—m—-1n—m+1}=n—m+ 1.
Note that, for any t € N with ¢t > 1, we have

(
(t+ 1)t+1(t + 1) 2(t + 1)'f+1
> 2(t4+ 1) — 2 =2[(t + 1) —1].

Consequently, ¢(t + 1) > 2¢(t).
Since ¢(t) = ¢/(t), we can get

/ (t)dt = / pt)dt =p(n—m) < =p(n—m+1) = 5 / o(t)dt
0 0 0

and the condition (15) is satisfied. However, f has no fixed point.

[\]

It is possible to prove a weaker theorem involving condition (15).

Let O(z,n) = {z, f(z), f*(x),..., f"(x)} and O(z) = {x, f(x), f*(x),..., f*(x),...}.
Then O(x,n) is called the nth orbit of z and O(z) the orbit of x. §(A) will denote the

diameter of A.

Theorem 2.14. Let (X, <) be a partially ordered set and suppose that there exists
a metric d in X such that (X,d) is a complete metric space. Let F : X — X a
nondecreasing mapping such that there exists k € [0,1) with

d(F(x),F(y)) M(z,y)
/ (1)t < k / S(t)dt, forz >y,
0 0

where ¢ : Ry — Ry is a Lebesque-integrable mapping such that fo e(t)dt > 0 for
e > 0. Assume that F is continuous or that X satisfies (11) and suppose that there
exists xg € X with xog < F(xy) and O(xg) is bounded. Then F has a fized point.

Proof. As in the proof of Theorem 2.2, we consider the nondecreasing sequence

T < F(wg) < F?(wg) < -+ < F™(10) < -+
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Put x, = F™(xg). As O(x) is bounded and for each m € N, O(z,,n) C O(x) for
every n € N and as O(x,,,n) is finite for every n € N, there exist integers 7, j satisfying
0 <i < j <nsuch that 6(O(xm,n)) = d(Tmtis Tmtj)-

We claim that for m fixed and for every n € N and n > 0, there exists k with 0 < k < n
such that

0(O(2m, n)) = d(@m, Tmi). (16)

In fact, we may assume that §(O(x,,n)) > 0 for m,n € N (with n > 0) fixed since if
d(O(xp,,n)) =0, then F has a fixed point and the proof is finished.

Suppose that 6(O(z,, n)) = d(Tmti, Tmtj) With 0 < i < j < n. Then, by our assump-
tion, we can get

3(O(zm;n)) AT mtisTmtj) d(F™ Vi (z0),F™ 1 (z0))
/ p(t)dt = / e(t)dt = / (t)dt
0 0

0

/M(F'”“1(900),Fm“1 (20))

3(O(zm,n))
<k e(t)dt < k:/ o(t)dt
0

0

and, as k € [0,1), this gives us 6(O(z,,n)) = 0 and this contradicts the fact that
(O(xm,n)) > 0. Therefore i = 0.

Now, let m and n be integers with m > n. By our assumption

d(Tn,Tm) M(zn—1,Tm—1) 6(O(xpn—1,m—n))
/ e(t)dt < k/ e(t)dt < k/ o(t)dt.
0 0 0

By (16), 6(O(xp—1,m —n)) = d(p—1, Tk, +n—1) for some 0 < k; < m — n and, conse-
quently,

d(n,zm) 6(0(zn—1,m—n)) d(Tn—1,Tky 4n—1)
/ w@ﬁgk/‘ ¢®ﬁ:k/ S(1)dt.
0 0 0

Repeating the same process we get

d(xn,xm) d(xn—lzxk1+n71)
/ @@ﬁ<k/‘ o(t)dt
0

M(:En 2,Tky +n— 2 6(0(1'71*21]“))
/ p(t)dt < k;2/ p(t)dt
0 0

d(Tn—2,Tkytn—2)
/ p(t)dt, for some 0 <ky <k <m-n<m
0

d(zo,xp)
/ t)dt for some 0 <h<m-—-n<m

0(O(xo m)
< | ).
0
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As the orbit of xg is bounded, foé(o(xo’m)) (t)dt < oo and, taking limit as m,n — oo,
we get
d(Tm,xn)
lim (t)dt = 0.

m,n—oo [

And using the same reasoning that Theorem 2.2 we can prove that {z,} is a Cauchy
sequence and hence convergent.

Put lim, o z, = 2.

Finally, if F' is a continuous mapping, applying the same argument that Theorem 2.2,
we can prove that z is a fixed point.

If F' satisfies the condition (11) we get

d(Tn+1,F(2)) M(xn,2)
/ p(t)dt < k:/ o(t)dt
0 0

(zn,2) d(Tn,Tn+1) d(z,F(z))
= kmax / dt,/ dt,/ o(t)dt
0 0
d(zn,F(2)) d(z,2n+1)
/ . [ ,
0 0

and, taking limit as n — 0o, we obtain

d(2,F(2)) d(2,F(2))
/ e(t)dt < k/ o(t)dt.
0 0

This implies that d(z, F'(z)) = 0 and this says us that z = F(z). O

Remark 2.15. If (X, <) is a totally ordered set we can obtain the uniqueness of the
fixed point in Theorem 2.14.

In fact, suppose that z and w are fixed points of F'. Then by our assumption, z < w
or w < z and, consequently,

d(zw) d(F(z),F(w))
/ S(t)dt = / S(t)dt
0 0
M(z,w) d(z,w)
<k [ ik [ el
0 0

which implies that fo @(t)dt = 0 and, this gives us that d(z,w) = 0. Therefore,
z=w.
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