Journal of Convex Analysis
Volume 17 (2010), No. 2, 357-380

An Il Posed Problem in SBVZ(Q)

Ana Cristina Barroso*

CMAF, Universidade de Lisboa,
Av. Prof. Gama Pinto, 2, 1649-003 Lisboa, Portugal
and: Departamento de Matemdtica, Faculdade de Ciéncias,
Universidade de Lisboa, 1749-016 Lisboa, Portugal

José Matias!

Departamento de Matemdtica, Instituto Superior Técnico,
Av. Rowvisco Pais, 1, 1049-001 Lisboa, Portugal

Received: July 30, 2008
Revised manuscript received: January 28, 2009

We study existence of solutions in SBV(2) of a variational problem involving bulk and interfacial
energy terms, but with the bulk energy not attaining a minimum at the prescribed boundary value.
We obtain an expression for the relaxed energy and give some properties satisfied by the solutions of
the relaxed problem.

Keywords: Functions of bounded variation, relaxation

1991 Mathematics Subject Classification: 49J45, 49K24, 35E99

Introduction

The question of finding necessary and sufficient conditions for existence of solutions of
the problem

inf{/ﬂf(Vu(x)) dr :ue W(}m(Q)}, (1)

where 2 is an open bounded subset of RY and f : RY — R is a lower semicontinuous
function, has received considerable attention (cf. [7], [8], [10] and the references therein).
Recently the same question was also considered in a generalized setting, allowing for
other differential operators, namely the curl (cf. [4]) and general differential forms

(ct. [3)).

Assuming f is convex, by Jensen’s inequality and the divergence theorem, it follows
that the infimum of (1) is given by f(0)|€2|, where || denotes the Lebesgue measure
of the set €.

However, in trying to extend this problem to the space of functions of bounded variation
we loose the insight about the infimum value of the energy which, in the Sobolev space
setting, is obtained by the above argument.
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The case considering only a bulk energy term was treated in [16]. In this paper we
consider the problem

(P.g) inf{/Q |Vu — Gof* do + a| D*ul(Q) + BHY (S, NQ) tu € SBVOQ(Q)} ;

where a > 0, 3 > 0, ¢, € RY \ {0}, Vu is the density of the absolutely continuous
part of the distributional derivative Du relative to the Lebesgue measure, and D®u is
its singular part. The space SBVZ(f) consists of those functions u € SBV (Q) such
that Vu € L2(Q;RY), HN=1(S, N Q) < 400 and which have zero trace on 9.

This is a prototype of a more general class of functionals, involving an interfacial
energy term, which appear in the weak formulation of many problems, for example in
image segmentation, fracture mechanics, minimal partitioning and so on (see [6] and
the references therein).

More generally, one could also consider bulk energy terms with integrands of the form
f(Vu), for nonconvex functions f : RY — RS and with 0 ¢ {¢ € RY : f(¢) = f*(¢)},
where f** denotes the convex envelope of f (similarly to what was done in [10] and
[3]), as well as other expressions for the surface energy term, but we will restrict our
analysis to the case presented above.

For this functional one has weak compactness in SBV?(Q) (see [1]) but the imposition
that admissible functions have zero trace creates an ill posed problem in the sense that
(P,p) doesn’t necessarily have solutions.

It is clear that
inf(Pag) < 1Gol*19

since u = 0 is an admissible function. However, it is not clear what the value of inf(P,z)
is, or if this infimum is attained.

We are, therefore, lead to consider the relaxed problem

inf ap(u),
uESanV2(Q)f s(u)
where
Fop(u) = {inf} {lim inf Is(uy,) : u, € SBVE(Q),u, — uin Ll(Q)}
and

Las(u) ::/Q]Vu(x)—COF dz + | D*u|(9) + BHY (S, N Q).

Our aim in this paper is to study the solutions of the relaxed problem, which exist
by direct methods of the calculus of variations, and to relate them to solutions of the
original problem.

We organise the paper as follows. We begin by presenting the notation and some gen-
eral results on BV functions and sets of finite perimeter which will be used throughout
the article. In Section 2 we show that any minimizing sequence for (P,z) is bounded
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in L>. This, together with a result of Ambrosio (cf. Theorem 1.3), yields weak com-
pactness in SBV?(2). Despite the fact that I,5(-) is lower semicontinuous, since we
lack convergence of the traces, we cannot conclude existence of solutions of (P,s3) by
means of the direct methods of the calculus of variations.

In Section 3 we obtain an expression for the relaxed energy and we derive some relations
satisfied by the solutions of the relaxed problem in Section 4. As a consequence of these
properties we show that if a solution is zero in a subset €2 of 2 and has gradient (
in Q\ Q then it is in W'?(Q) and is, therefore, harmonic. We point out that these
results resemble the relations between the growth of harmonic functions and the growth
of their nodal sets.

1. Preliminaries and notations

Throughout this paper 2 C RY is an open, bounded set with Lipschitz boundary,
H* denotes the k-dimensional Hausdorff measure and we use the notation |Q| for the
Lebesgue measure of the set 2. B(€2) denotes the Borel o-algebra of subsets of {2 and
X 4 represents the characteristic function of the set A.

We use the standard notation for the Lebesgue and Sobolev spaces LP(Q) and W*?(Q),
C(Q) stands for the space of real-valued smooth functions with compact support in 2.
B(z,¢) denotes the open ball centered at z with radius e, SV := {z € RY : |z| = 1}
and the letter C' will be used to indicate a constant whose value might change from
line to line.

Given an L'(Q) function u the Lebesgue set of u, €2, is defined as the set of points
x € Q such that there exists 4(x) € R satisfying

lim —N/ uly) — ()| dy = 0.
B(z,e)

The Lebesgue discontinuity set S, of u is the set of points x € (2 which are not Lebesgue
points, that is S, := Q\Q,. By Lebesgue’s Differentiation Theorem, S, is H" -negligible
and @ : Q — R, which coincides with v H™-almost everywhere in 2,, is called the
Lebesque representative of u.

The approzimate upper and lower limits of u are given by
1
ut(z) = inf{t eR: lir(l)q+ E—NHN({y € QN B(x,e) s u(y) >t}) = 0}
and

u () :=sup {t €R: lim iH'N({y € QN B(x,e) uly) <t}) = 0};

e—o+ eN

if ut(z) = u™(z) then x € Q, and u*(x) = w (x) = @(x). The jump set or singular
set of u is defined as
Jo={reQ:u(z) <uf(z)}

and we denote by [u](z) the jump of u at z, i.e. [u](x) := u™(x) — u™ (z).
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We recall briefly some facts on functions of bounded variation which will be used in
the sequel. We refer to [2], [13], [14] and [17] for a detailed exposition on this subject.

A function u € LY(Q) is said to be of bounded variation, u € BV (Q), if for all j =
1,..., N, there exists a finite Radon measure p; such that

| o5 @z = = [ o) dya

for every ¢ € C}(2). The distributional derivative Du is the vector-valued measure u
with components ;.

The space BV (£2) is a Banach space when endowed with the norm
lullBy = llullr + [Dul($2),

where |Dul|(€2) represents the total variation of the measure Du.

If w e BV(Q) it is well known that S, is countably N — 1 rectifiable, i.e.

Su:[anUE,

n=1

where HV"1(E) = 0 and K,, are compact subsets of C' hypersurfaces. Furthermore,
for HN=1 ae. v € S,, u(z) # u (z) and there exists a unit vector v,(z) € SN,
normal to S, at z, such that

lu(y) —u*(z)|dy =0
e—0t € /{ye3<x,e>:<y—x>~uu<w>>0}

and

lu(y) —u”(2)|dy = 0.
e—0* <€N /{\yeB(x,s):(yI)'l/u(x)<0}

In particular, HN=1(S, \ J,) = 0.
If w € BV(2) then the distributional derivative Du may be decomposed as
Du = VuH" + (u" —u”) - v, H 1S, + C,, (2)

where Vu is the density of the absolutely continuous part of Du with respect to the
Lebesgue measure and C,, is the Cantor part of Du which vanishes on all B € B(Q)
with H¥=1(B) < +00. The three measures appearing in (2) are mutually singular.

The space of special functions of bounded variation, SBV (Q2), introduced by De Giorgi
and Ambrosio in [11], is the space of functions v € BV (Q2) such that C,, = 0, i.e. for
which

Du = VuH" + (u" —u) - v, H | S,.

For Q open and bounded with Lipschitz boundary the outer unit normal to 0S2 (denoted
by v) exists HV~1 a.e. and we can define the trace for functions in BV (). Namely,
there exists a bounded linear mapping

T :BV(Q) — L'(0Q; HN™1)
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such that

/ udive dr = —/ ¢ - d[Du] + / (¢-v)TudHN,

Q Q o9

for all u € BV(Q) and ¢ € C*(RY;RY). The function T is uniquely defined up to
sets of HY~1| 9 measure zero, and is called the trace of u on 9.
We denote by SBV;(2) the set of u € SBV(Q2) such that Tu = 0 on 0f2.
We will need the following extension result:
Theorem 1.1. Let Q) C ]R_N be an open, bounded set with Lipschitz boundary. Let
f1 € BV(Q), fa € BV(RN\Q) and define

_:L‘ _ fl(l‘), e
/(@) {fg({[‘), r € RV\Q.

Then f € BV (RY) and

IDFI(RY) = |DA|(Q) + D f|(R¥\Q) + / TR =Th] A

In this paper we will be concerned with functions in SBV?(Q) which is the space of
functions u € SBV(Q2) such that H¥~1(S, N Q) < 400 and Vu € L*(;RY). In this
space we consider the following definition of weak convergence as introduced by Braides
and Chiado-Piat in [6].

Definition 1.2. Given {u,} C SBV?*(Q) and u € SBV?(Q)) we say that u,, converges
weakly to u in SBV?(Q) if u,, — u in LY(Q), Vu, — Vu weakly in L?(2;RY) and
sup,, | Du,|(2) < +o0.

The introduction of this kind of convergence was motivated by the following compact-
ness theorem due to Ambrosio [1].

Theorem 1.3. Let {u,} C SBV?(Q) be such that

sup | v ) < +00

and
sup {/ |V, (z) > do + HY1(S,, N Q)} < +00.
n Q
Then there exists a subsequence {un,} C {un} converging weakly to a function u in
SBV?(Q). Moreover,
HYN7HS, N Q) < lim ianN_l(Sunj n§).

J]—00

Remark 1.4. Using this compactness result one can show the lower semicontinuity,
with respect to L' convergence, of the functional

[19ute) =GP do+ [ (@) +6) di e

SuN2

see, for instance, [6].
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An H¥-measurable set A C 2 is said to be of finite perimeter in Q if x4 € BV (Q).
The perimeter of A in €2 is defined by

Perg(A) := sup {/ divip(z) dz = o € Cp (G RY), ||¢llee < 1} :
A

Given a set A C € of locally finite perimeter the reduced boundary of A in 2, 0*A, is
given by
AN =S5,,N0Q

and we recall that for HV~! a.e. z € 0% A, it is possible to define a measure theoretical
interior normal to A, v4(z) € S¥7!, such that

Dya(B) = / va(z) AN (z)

Bno*A
for every B € B(2).

In Section 4 we will need the following result which can be found in [13].

Proposition 1.5. Let E C RY be a set of locally finite perimeter. Then there exists
a positive constant A, depending only on N, such that, for each xo € O*F

HYN-Y(O*ENB
lim inf (9 le (z0,7)) > A>0.
r—0t+ revT

We say that a sequence (E;) is a Borel partition of a given set B € B(RY) if and only
if

E; € BRY), VieN; ENE; =0 ifi#j; |JE =B
i=1

The following result, whose proof can be found in [9] (see Lemma 1.11), will be used
in Section 4 to characterize the solutions of the relaxed problem.

Lemma 1.6. Ifu € SBV(Q2), Vu =0 a.e. in Q and H¥1(S, N Q) < +o0 then there
exist a Borel partition (E;) of Q, and a sequence (u;) in R with u; # u; fori # j, such

that
—+00 “+oo

u = ZuZXE a.e. in 0 and ZPerQ(Ei) < +o00.

i=1 i=1

2. Weak compactness

Recall that the problem under consideration is the following

P, inf 1,
( B) uGSanV02 (Q) B(U)

where

Ios(u) = /Q IVu(z) — G| do + a|D*ul(Q) + BHYN (S, N Q)
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for a >0, 3> 0, ¢, € RV \ {0}.

Since €2 is bounded, let B denote an open ball such that {2 C B. By taking x;, i = 1,2,
to be symmetrical points on B along the direction determined by (p, it is easy to see
that one can construct affine functions p;, ¢ = 1, 2, such that

Vpi = Co, Pz(lﬂz) =0,1=1,2

and
pi(z) >0, Vo€ B\ {x}, p2(z) <0, Vo€ B\ {n,}.

Given u € SBVZ(Q), let
us() = min{u(x), p ()}, € Q.

Clearly u; € SBV?(Q) and, by definition of the trace and of py, Tuy(z) = 0 for HV !
a.e x € 0§2. Also, one has

Sy, C{x e S, :u (z) <pi(x)} C S,

Due to the definition of the approximate upper and lower limits and to the continuity
of p; it follows that

[u](x), if ut(x) < p1(2)
[ui](z) = ¢ pi(x) —u™(x), ifu (z) <pi(z) <u'()
0, if u=(z) > p1(x).

Thus, comparing the energies, we conclude that

Lap(ur) < Lap(u).

Similarly, defining
uz(z) = max{uy (), pa()}, =€,

we have uy € SBVE(Q),

Su, C{x €8y 1 uf (x) > pa(x)} C Sy

and
fur) (). if up () > pala
[uz)() =  wi (z) = p2(), if uy (z) < pa(7) < uf (2)
0, if uf (z) < po(x
and so

where py < up < py.

Due to this truncation argument we conclude that a minimizing sequence {u,} for
(P,p) is bounded in L*.

This implies, in particular, that

sup ||un || < 400
n
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and that
sup | D*u,|(2) < 00

(if @ > 0 the second condition follows immediately from the fact that {u,} is a min-
imizing sequence), so {u,} satisfies the hypotheses of Theorem 1.3. This result thus
yields that a minimizing sequence for (P,3) has a subsequence {u,,} that converges
weakly to some u € SBV?(Q). Since the functional I, is L' lower semicontinuous (cf.
Remark 1.4), the infimum would be attained if we could ensure that Tu = 0. However
this is not the case.

Therefore, our aim in what follows is to see what can be said about the infimum of
the problem and under what conditions it is attained, without relying on the direct
method of the calculus of variations.

In order to gain some insight on what to expect we start with a simple example. Assume
that N =1,Q2=(0,1), « =0 and § = 1. Clearly,

iIlf(POl) = min{|§0]2, 1}

In fact,
Ioi(u) > 1, Yu e SBVE(Q)\ Wy*(Q),

and, by Jensen’s inequality, if u € Wy*(Q),
Tor(u) > |Gol?[€Y-

Considering, for ¢ € (0,3), u. such that Vu. = (, on the interval (0,1 — 2¢) and
D?u, = 0 we have

1
Ioy (Us) = /
1—2¢

= —|§|2<1 for ¢ >

2e —
2¢e

Co — Co dx

!Col2

For |(o|* < 1 and € € (|¢o|?, 1), since <41y (u.) < 0, we conclude that the infimum of
the energy is attained at € = 1, i.e. at u = 0. For ]C0]2 > 1 the infimum is attained at
any u € SBVZ(f2) such that Vu = (p a.e. in €2, having only one jump point.

This simple example shows that in some cases the classical solution is prefered, whereas
in others we obtain solutions with discontinuity points. For an example with N > 1
we refer to Section 4.

In both cases of the above example the set €2 can be written as the union of two
subsets €21 and €25 such that v = 0 in ; and Vu = (p in 5. Of course the case
N = 1 is very particular and we cannot derive any general conclusions from these
examples. However, we conjecture that in many situations the minimizers should have
the appropriate gradient in a measurable subset of {2 and be zero in the remainder. If
this is so, we can show that the minimizer belongs necessarily to W2(2) (cf. Theorem
4.4).
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3. Relaxation of the problem

In view of the previous discussion, we now look for the relaxation in SBV?(Q) of the
problem (P,5). For a > 0, 8 > 0, and for v € SBV?(Q2) we define

Fop(u) = {inf} {hminf[aﬁ(un) : u, € SBVE(Q), u, — uin Ll(Q)} :
Our goal is to show that

Theorem 3.1. Let @ C RY be an open, bounded set, with Lipschitz boundary. For
any u € SBV?(Q) we have

Fuslu) = /Q Vu(z) — Gof? dz + o Du|(Q) + BHY1(S, N Q)

+/ (| Tu(z)| + B) dHN ! (z) =: Jap(1).
DO {Tu0}

Proof. We begin by noticing that given any u € SBV?(Q) and any sequence {u,} C
SBV#(Q) such that u,, — w in L'(Q2), we have

Jaﬁ(“) < faﬁ(u)‘

If liminf,, [,5(u,) = 400 the result is trivial. On the other hand, if liminf, I,5(u,) <
400, we consider €27 such that Q CC Q; and we extend u,u, by 0 to ;. As Uy —
u in LY(Q), by the L' lower semicontinuity of I,s (extended as a functional I,5 in

SBV#(9Q4)), we obtain

Jas(w) + G210\ Q = Log(u) < liminf Iuz(u,) = liminf Log(u,) + |G|\ €.

In order to show the reverse inequality and complete the proof, for each u € SBV?(Q),
we must produce a sequence {u,} C SBVZ(), converging to u in L*(2), such that

liminf I,g(u,) < Jop(u).

The idea is to locally contract u near the boundary 0€2. In what follows we adopt the
notation of Theorem 1, Section 5.3 in [13].

Given r = (z1,Z9,...,2x) € RN, write = (2/,zy) where 2/ = (z1,29,...,2x_1) €
RY¥=1 and zx € R. For x € RY, r,h > 0, we define the open cylinder
C(z,r,h) ={y e RN : |y —2'| <, lyxy — x| < R}.

Since 0f) is locally Lipschitz, for each z € 0€) there exist r,h > 0 and a Lipschitz

function
v RN SR

such that

h
/
— < —
Jrax () —anl < g
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and, upon rotating and relabeling the coordinate axes if necessary,

QNCO(z,r h) ={y e RY . |2’ —¢/| <7, v(y) <yny < xn + h}.

Let u € SBV?(Q). Select a point x € 9Q and let 7, h, v be as above. In what follows
we write C'= C(x, 7, h) for simplicity of notation. For n large enough (so that * < by
define

1 1
= N / —< < / —_
C, {yeC ’Y(y)+2n_yw_'y(y)+n}

and for y € C), let

/ / 1
i) = (.20 = 20/) - 7).
Clearly we have u,(y) = u(y) in {y eC:yvn =7)+ %} and u,(y) = u(y’,v(y')) in
{yeC:yv=7Y)+ 5} . We now define

) =uty) in @\ Uy e Ciy >0+ |

and

; 1
u,(y) =0 in {yEQﬂC:fy(g/’) <yN<’y(y')+%}.
It is easy to see that this sequence satisfies u, € SBV*(C N Q), Tu, = 0 on C' NI,
u, — uin L'(C'NQ) and

n

lim inf U |Vun(y) — Gof* dy + o Diu,|(C N Q) + BHN (S, nC'N Q)}
cnQ

< / IVu(y) — Gl dy + a|D*u|(C N Q) + BHY (S, NnC NQ)
N
+ / (a|Tuly)| + 8) dH ' (y). 3)
CnOQN{Tu#0}

As 01) is compact, we may cover it by a finite number of cylinders of the above form,
in each of which we construct a sequence satisfying (3). The result now follows by a
standard partition of unity argument. O]

4. Characterization of solutions of the relaxed problem

In this section we prove several properties satisfied by minimizers of F,5 in SBV?(Q).
Using perturbations of the minimizers we derive inequalities in which level sets and
planes with normal ¢, play a particularly relevant role. In the case where av = 0 these
inequalities become equalities.

As a result of (4) below we can show that if a minimizer of F,5 belongs to W2(Q2) then
it is harmonic. We also derive formulas envolving the bulk energy above and below a
plane I with normal (5. These relations are specific of this particular problem but they
are in the spirit of the formulas that connect the growth of harmonic functions and the
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growth of their nodal sets (see [15] for a survey on this matter), since they relate the
size of the nodal set intersecting a section of 2 with normal (, and the growth of w.

In the following result we make a (nonexhaustive) list of relations obtained through
perturbations of minimizers.

Proposition 4.1. Let P be an affine function with gradient (o and set
Qf=Qn{P >0}, I''=Qn{P =0}, Q" :=Qn{P <0}.

Then any minimizer w of Fap satisfies

/ < Vu(z) — (o, Vo(x) > de =0, Vo e CX(Q). (4)
Q
If, in addition, o = 0 then the following hold:

/ < Vu(z) — o, Vu(r) > dx =0, for L' ae. t; < ty; (5)
{t1§u<t2}

for all n € Ny and for L' a.e. t > 0,

p | Va0 -G V@)@ > do= [ V) - ds (©)

" Juzty (u>t}
for alln € N and for L' a.e. t > 0,

L < Vu(z) — (o, V(u"P)(z) > dx = / |Vu(x) — (| da; (7)

1" Jio<u<t) {u>t}

for L' a.e. t > 0,

n—1
/ |Vu — (o|*dr = lim lim E/ < Vu — ¢y, Vu > <E> Pdzx; (8)
{uxt} {t—h<u<t} t

h—0+ n—+o0 ¢

Q+n{u>0}

/ Vu(z) — Gof? dr = —/ < Vu(a) =G0 > dr (9)
Qtn{o<u<P}

/ V() — Gof? do = —— < Vulz) — G, o > u(x) dHY (). (10)
Q+tn{u>P} |C0| rn{u>0}

Remark 4.2. Results similar to (6), (7) and (8) also hold for L' a.e. t < 0 and
equivalents for (9) and (10) hold for Q= and {u < 0}.

Proof. Step 1. We start by describing in generality the method we will use to derive
the above relations. Let v be a minimizer of F,3. For ¢ > 0 and g regular enough, we
consider perturbations

u. ;= u+teg

such that
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1) u. € SBVA(Q),

2)  Su C S,

3) {zx€dQ:Tu(x)#0} C{xe€d: Tu(x)# 0},
4y Nuel|(z) < |[u]|(x), for HN "L ae. x € S,.

Then, the comparison of the energies yields
[ 19u@) = P de < [ [Vuute) - G do
Q Q
= / |Vu(x) — (o|* £+ 28 < Vu(z) — (o, Vg(x) > +*|Vg(2)|* dx
Q

so that
/ +2¢ < Vu(z) — ¢, Vg(z) > +£%Vg(2)|* dz > 0.
Q0

Dividing by e and letting e — 0" we obtain
/Q < Vu(x) — (o, Vg(x) > dx = 0. (11)
Equation (4) follows by taking g = ¢ € C°(Q) in (11). In this case we also have
/Q < Vu(z),Vo(x) > dx =0, Vo e C(),

which, in particular, means that if v € W2(Q2) then u is harmonic.

Notice that if & = 0 item 4) in the above list is unnecessary so we can also consider
perturbations where g = v, with ¢ € C*(Q), n € N. For a # 0, compliance of
perturbations with item 4), implies that in general we can only derive the inequality

/ < Vu(z) — ¢, Vg(z) > dz <0.
0

This is the case for g = u"1), since u. = u + cu"y leads to an increase of the jump
term.

For the remainder of this proof we will restrict ourselves to the case a = 0. In this
case, if P is an affine function with VP = (, and n € N, m € Ny, we have

/Q < Vu(z) — ¢, V(u"P™)(z) > dz = 0. (12)

Step 2. For t > 0 we now consider the perturbation

uteu, ifu<t
Uet = .
utet, ifu>t

Comparing energies and following the argument described in Step 1 we obtain

/ < Vu(z) — (o, Vu(z) > dx =0, (13)
{u<t}
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which, given the arbitrariness of ¢t > 0, leads to
/ < Vu(z) — o, Vu(z) > dx =0, (14)
{t1<u<ta}

for L' a.e. 0 <t < t5. A similar argument can be done for ¢t < 0 so (5) is proved.

Notice also that from (12) (for n = 1,m = 0) and (13) we have that

/ |Vu(z) — (o|* do = —/ < Vu(z) — (o, (o > duz, (15)
{u>t}

{u>t}
for L' a.e. t > 0.

Step 3. For t > 0 we now set

ute(u—t)P, ifu>t
Uet = .
u, if u <t

The comparison of the energies argument in this case yields

/{ < V@) =G Vil OPI(@) > de =0, (16)

for L' a.e. t > 0 and so, by (15),

1

7 /{@t} < Vu(z) — ¢, V(uP)(z) > do = /{uzt} < Vu(z) — (o, (o > dx

= —/ |Vu(x) — (o) da. (17)
{uxt}
Arguing similarly, but now for

ute(u—tu"P, ifu>t
Uey 1= :
! u, if u<t,

where n € Ny, it follows, by expanding the gradient of u., and using an induction
argument together with (17), that

1

—— < Vu(z) = ¢, V(u"P)(z) > dx = / (Vu(x) — (o) dx (18)
" Sty {u>t}

as claimed in equation (6).

Now, by (18) and (12) with m = 1, it follows that

1 < Vu(z) — o, V(u"P)(x) > dx = / Vu(z) — ¢|* dz,

tr {u<t} {u>t}

for all n € N.
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Considering
uteuP™, ifu>0
u, ifu<0

we obtain the equivalent of equation (12) in 2 N {u > 0} (which, together with (12),
leads to the same conclusion in Q@ N {u < 0}). Hence, from (18) we have

L < Vu(z) — (o, V(u"P)(z) > dr = / |Vu(z) — (o|? de,

1" Jo<u<t) {u>t}

for all n € N, which proves (7).

Expanding V(u"P) in the previous equation and passing to the limit as n — +oo, we
conclude that, for L' a.e. t > 0,

n—1
/ IV — Cof? dz = lim E/ < Vu—Co, Vu > (9) Pdr  (19)
(u>t) {0<u<t} t

n—-+o0o

since
1
lim —/ < Vu(x) — (o, (o > u"(x)dz =0
{0<u<t}

n—+oo t

by the dominated convergence theorem. Let 0 < t; < t5. Then, from (19),

n

n—1
/ Vu—(of*de = lim —/ < Vu—(, Vu > (3) Pdx
{u>ta} n—+oo ty Jiocu<ty) to
n—1
= lim 2 / <vu—g0,vu>(3) Pdx
n—too by | Jrocu<i) 12

n—1
+/ <Vu—g0,vu>(3> Pdz
{t1<u<ts} to

Since || < [P < 1 and lim,, . oo ny™ ' = 0 for 0 < y < 1, the first term converges to
zero. Thus, from the arbitrariness of t1, 5, we have

n—1
/ Vu—Gol?dz = lim lim ﬁ/ < Vu— (o, Vu > (9) Pdz
{u>t} h—0t n—too b [y poycyy t

n u

n—1
—  lim —/ <vu—¢0,w>(—) Pdz,
{t—L<u<t} t

n——4oo t

for L' a.e. t > 0.

Step 4. We now derive relations where the sections of 2 with normal (y play a special
role.

Let P be an affine function with VP = (; and set

QO =Qn{P >0}, I':=Qn{P =0}, Q" =Qn{P < 0}.
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For
.o P, mQtuUrl
0, in Q™
consider
tip := max(0, min(u, P))
and

Ue,p 1= U L €lp.

Comparing energies as before, and taking into account that u. p = u in {u < 0} and
in (Q~UT) N {u> 0}, we are lead to

/ < Vu(z) — o, Vu(z) > dx —|—/ < Vu(z) — o, > dz =0,
Q+tn{0<u<P}

Qtn{u>P}

which can be written equivalently in the form

/ |Vu(z) — Co|? do = —/ < Vu(x) = (o, > dz (20)
Q+n{0<u<P}

Q+tn{u>0}

and we have thus obtained (9).
Finally, in order to prove (10) we let

Yo P—t, imnQN{P >t}
"o, in QN {P <t}

and set
tipy := max(0, uP;)

and
Ue py i= U T EUpy.

Once again, comparing energies, as u. p; = u in {P <t} and in {u < 0}, we obtain

/ < Vu(x) — o, V[u(P —t)|(z) > dz =0
{u>0}n{P>t}

which, differentiating with respect to t (cf. [13], Prop. 3 page 118), leads to

1

- <Vu—CO,C0>udHN1(x):/ < Vu — (y, Vu > du.
1ol Jip=tyn{u=0}

{u>0}n{P>t}
Setting ¢ = 0 in the above expression yields

1

—— < Vu — (o, o > udHY " (2) :/ < Vu—(p,Vu > dz. (21)
|§0| rn{u>0}

Q+tn{u>0}
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From (20) we conclude that

/ < Vu(z) — (o, Vu(z) > dx — / < Vu(z) — (o, (o > dx
Qtn{u>0} Qtn{u>0}
_ / Vu(z) — G da
Q+n{u>0}
-/ Vuw) =GP det [ (Tule) - Gl de
Qtn{o<u<P} Qtn{u>P}
= _/ < Vu(z) — (o, (o > dx —|—/ \Vu(z) — (o|* do
Q+n{u>0} Qtn{u=>P}

and hence, by (21),

/ Vu(z) — (|*de = / < Vu(z) — (o, Vu(z) > dx
Qtn{u>P} Q+n{u>0}

_ 6 < Vu(z) = G, Co > ulw) dHY (),
1ol Jragusoy

]

It is well known that the growth of a harmonic function u is related to the growth of
its nodal set (the set of points where u = 0), we refer to [15] for more details on this
matter. In particular, the growth of a harmonic function is measured by its frequency
M. If w is harmonic in the unit ball B(0,1) C RY its frequency is defined by

/ |Vu(x)|?* dz

B(0,1)

/ w?(z) dHN 1 ()
8B(0,1)

The following theorem, whose proof may be found in [15], estimates the measure of the
nodal set of a harmonic function in terms of its frequency.

M =

(22)

Theorem 4.3. Suppose u is a harmonic function in B(0,1). Then

HN! {x €B (o, %) cu(r) = 0} < c(N)M,

where M is the frequency of u in B(0,1) defined by (22) and c¢(N) is a positive constant
depending only on the dimension N.

The properties proved in Proposition 4.1 establish a relation between growth of bulk
energy and of level sets. This is in accordance with the fact that our minimizers, if
regular enough, are harmonic.
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We point out that in our case the frequency is directly related to (y. Indeed, if Q =
B(0,1), by (12) with n = 1 and m = 0, we have
R
< B(0,1)

/ W) dHY Y z) / u?(z) dHN Y (2)
dB(0,1) 9B(0,1)

/ < Vu(z),( > dx
B(0,1)

M=

We can also view equation (10),

1

ol Jragusoy

< V() - o, Go > ula) dHY " z) = / Vu(z) - G de,

Q+n{u>P}

as a result along the same lines as Theorem 4.3. Notice in particular that if u = 0
along a strip orthogonal to (y then u must grow less than P, i.e. |u|(z) < P(x), in
Qf N {u > 0}. Likewise in Q™ N {u < 0}.

The relations stated in Proposition 4.1 strongly suggest that a minimizer will try to be
either zero or to have the appropriate gradient (y. To that effect we are able to prove
the following partial result:

Theorem 4.4. Let u € SBV?(Q) be a minimizer for Foz. Suppose that there exist
01,0 C Q such that || + |Q2] = Q] and v = 0 in @, Vu = (o in Qy. Then
u € WhH(Q) and the sets Q1 and Qy are sets of finite perimeter in €.

Proof. Step 1. We start by showing that under the stated hypotheses the sets {2; and
Q) are sets of finite perimeter in (2.

By means of a rotation argument we can assume, without loss of generality, that
(o = e1. Moreover, for simplicity of notation, we take NV = 2. The general case N > 2
follows by applying Step 2 below to the vectors of the canonical basis e¢;, 1 = 2,..., N.

Extend u by 0 to all of R? (where we still denote the extension by ) and set
E={(z,y) €R*: u(z,y) = 0}.

Then Vu = {y = e a.e. in R?*\ K, u € SBV(R?) and H'(J,) < 400, since u € SBV?(Q)
and € is a set of finite perimeter.
For y € R, define

uy(z) = u(z,y).
It is well known (cf. [2], Theorem 3.103 and Remark 3.109) that, for a.e. y € R,
u, € SBV(R) and J,, = (J,,), and hence H°(J,,) < +o0o. By hypothesis we also have

that % =1 for a.e. z € R\ E, where
E,={xeR:(z,y) € E}.

We want to show that E, is a set of finite perimeter, that is, that xp, € SBV(R).
Let a,b be two consecutive points in .J,,. Replacing u by its good representative if
necessary, we can assume that u, is continuous in Ja, b|. Hence,

{z €la, b uy(x) # 0}
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is open and therefore can be written as a countable union of open intervals Iy, =]y, Gk,
k € N where u,(8y) — uy(ay) = Br — oy By continuity of u, in ]a, b it is clear that we
can have at most two intervals I, and therefore

Pl(Ey) < 2P1(Juy) = 2P1((JU)y)~

Step 2. As in Step 1, for x € R define

ua(y) = u(w,y).

We know that, for a.e. z € R, u, € SBV(R) and J,, = (J,,). and hence H°(J,,) < +oo.
By hypothesis we also have that d“y” = 0 for a.e. y € R\ E, where

E, ={yeR:(z,y) € E}.
Hence, reasoning as in the previous step, we conclude that
Pl(Ea:) < Pl(Juz) = Pl((‘JU)z)'

Thus, for a.e. y € R, (xg)y = xg, € SBV(R) and

[ ieenimay = [ A

[e.e] o

< 2[R <20

[e.9]

and for a.e. v € R, (xg): = xg, € SBV(R) and

[ itei@a = [ RE) e

—00 [e.9]

StfwﬂmmaméHWM-

[e.o]

We conclude (cf. [2], Remark 3.104) that yr € BV (R?), that is €, and therefore €y,
are sets of finite perimeter in 2.

Step 3. Combining the conclusion of Steps I and 2 with the characterization of SBV
functions whose gradient is zero a.e. (see Lemma 1.6), it follows immediately that there
is a Borel partition {U;} of Qy and a sequence {t;} C R with t; # ¢; for ¢ # j, such
that

Z Perq(U;) < 400

=1

and
—+o00

u(z) =< (o, > +ZtiXU,-($) a.e. in (.

=1

Indeed, defining v(z) = u(z)— < (o, > in s and v(x) = 0 in € this result follows
immediately from Lemma 1.6 applied to v.
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Step 4. Taking into account the previous results, we are now in position to further
characterize the solutions of the relaxed problem. In fact, we can prove that

HYYo*;nS,) =0, i=1,2.
This step of the proof follows closely that in [5], Theorem 3.3, but we include it here

for the sake of completeness.

Since € is a set of finite perimeter, we know that 0*Qq = 9, and so we can choose
a point xg in 9*Q; N €2, and suppose that this point belongs to S,. Assume, without
loss of generality, that o = 0, v~ (0) = 0 and u*(0) > 0. We can also assume that
ut(xz) > 0,Vz € S, N B(0,¢).

For €,k > 0 such that £ < u™(0) define

e—|x
gesla) = =17
Moreover, take k so that k < ﬁ in order to ensure that, for any A > 1, we have
AN {:v € B(0,¢) : g-p(x) = %4— < (o, >} > 0. (23)

For ¢, k, A as above and x € B(0,¢) set

) €
fear(x) :=min {gayk(x), Ejt < (o, x >} )

Fix A\g = A\o(e, k, {p) so that

= in {—+ < (o, x > -
Meklo g0 Wk T 00T T 2k
: 5 5
= min {fe,)\o,k(x) rx€eB (07 5)} > %7
and define
o () = u(z), if z € Q\ B(0,¢)
ST max{u(a), foan(@)}, if 2 € B(0,¢).
Clearly,
Ue ke € SBV2(Q>,
and, by (23),

Sue,k = {$ € Su : U+(ZE) > fa,)\o,k(x)} - Su

Therefore, u.j is admissible for (P,3). Also, due to the definition of the approximate
upper and lower limits and the continuity of f; y, %, we have

[u](x) if w™(x) = feror()
[uep](2) = qut (@) = feron(®) if u () < foron(r) <u'(2)
0 if U+($) S f&AO’k(x).
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Comparing the energies of u and wu.j (which are equal outside B(0,¢)), we claim that
Jop(tie k) < Jap(u),

for some appropriate choice of ¢, k, thus contradicting the minimality of u. Indeed,
taking for simplicity of writing, from now on, a = =1,

Jap(te ) < Jop(u)

= / Ve — Col* — |Vu — ¢G> do
B(0,¢)

< [ e [ ) ),

Su, ,NB(0,¢)
Since S,_, € S, and

4 N
/ Vuek — Gl? — [Vu— G de < 221
B(0,e) k

it suffices to show that

N
4ewn

e o 00~ sl a7 )

+ [ (o) dHY (@)
(Su\Su, ,)NB(0.¢)

(ferou(z) —u™ (x)) dHY ()

/SuﬁB(O,E)ﬂ{U_ <fexg.k<uT}

+/ [u](z) dHN ().
Sum{u+§fs,>\0,k}mB(075)

Since the last integral is nonnegative and as, by definition, ¢ > foxox = Mepg = o7

in B(0,3) and u™(x) = 0 for z € 9*(Yy, it is enough to prove that

N
4e ;UNS/ idHN_l(ZL‘).
k o uNB(0,5)nfut><) 2K

Therefore, if we can show that

8UJN < HN_I(a*Ql N B(O, %) N {U+ > %})

o = , 24)

for some appropriate choice of €, k, the desired contradiction follows. By Proposi-
tion 1.5, there exists C' > 0, such that

.. HN71(8*91 ﬂB(Q%))
lim inf

im in NI > C > 0.
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Hence we can fix €, satisfying the initial restrictions, and such that

HN-1(0*Q, N B(0,2))

N_1
€1

0<C<

Choose k satisfying our initial conditions. Then, by the general properties of nested
families of measurable sets,

HW’%yglﬂB“L%»::1m1HN*%W91ﬂBUL%)ﬂ{U*>i)
8i\/q et 8i\/q

and therefore, there exists e5 < g7 such that

HY=H0 QN B(0, %) N{ut > £2})

N—
1

>(C > 0.

€1
2
N-1
Thus,
0<CeN-t = pN-L (8*91 nB (o, %) N {u+ > —}
_ N-1 [ o« €1 + &
— H (a QmB<o, 2>ﬂ{u > }
(o (02) {2 << 2)).
+ 0 1N 0, 9 N 2 U = 2
Since
(a5 (090 {3 < <)
0" 1 N 0, 5 N i <u = i
< B oanB(0.5)n{o<ut <),
again, due to the fact that this is a nested family of measurable sets, we conclude that

im0 (00 5(05) 0 {5 < < 2) =

and so we can choose k; sufficiently large so that

N (a*le N B (o, %) N {u+ > %}) > N1 >, (25)
1
Finally, letting ko > k; be such that
8w
e

where C' is the constant appearing in (25), it follows from (25) that

HN=1 oy N B(0,2) N{ut > £})

ko
5{\]_1
HYN"1o0rOy N B0, 2N {ut > =
. (07 (N_lz) { P )ZC>8wN’

€] ko



378 A. C. Barroso, José Matias / An Il Posed Problem in SBVZ(Q)

and (24) is proved.

An immediate consequence of these results is that the sets {2; and {25 are connected
and there is no jump between them. Thus, v € W1%(Q) and the proof is complete. [

Remark 4.5. We conclude, therefore, that if a solution of the relaxed problem, satis-
fying the hypotheses of Theorem 4.4, is in fact a solution of the initial problem then it
is necessarily the trivial one.

Remark 4.6. Notice that, if u is a minimizer satisfying the hypotheses of Theorem
4.4, it doesn’t necessarily follow that H¥~1(S,N,) = 0. In fact, if Q is a square and if
the solution satisfies 21| = 0, then, if a > 0, it is clearly better to have a jump in some
middle section of €2, as in the one dimensional example given in Section 2. If @ = 0
the energies obtained by the continuous and discontinuous functions are the same.

We conclude this paper with two examples for which there is a threshold, depending
on (o and a relation between the volume and the perimeter of the domain, such that,
below this threshold the solution seems to be trivial and above it seems to be a function
satisfying the hypotheses of Theorem 4.4.

Example 4.7. For simplicity we take N = 2 and o = 0 and we let Q2 = B(0, R).
For 0 <7 < R, let u, be the function in SBV?(B(0, R)) defined by

Co-z, ifzxeB(0,r)
Uy =
0, if z € Q\ B(0,r).

Then,
Jos(ur) = / Gof? do + 208 = |GoP (B2 — r2) + 211
B(0,R)\B(0,r)

and a simple calculation shows that

_5
[Gol?

is a local maximum for the energy, whereas r = 0 and r = R correspond to local
minima. Hence, if |(o|>R > 23, the solution is not identically equal to zero. Thus, for
R above the threshold %, the solution(s) of the relaxed problem are not classical, in
the sense that they are not harmonic satisfying T'u = 0. This means that the solution
necessarily has jumps inside the domain Q and/or its trace is not zero everywhere on
the boundary. Naively, we might expect these jumps/trace to enclose a region where
the solution has the right gradient.

r

In this next example we take, without loss of generality, (, = (1,0) and for ¢ € (0, %)
we consider

Wy :={x = (x1,22) € B(0O,R) : z1 > Rcosf}

and
r1 — Rcosf, ifxeW,
ug(z1, T2) = ,
0, if x € B(0, R) \ Wp.
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Notice that ug(x) has no jumps inside 2. Then,

2

chﬂ@m)::<WR2——3R2+-€;SHK%Q)-+259R

and it is easy to see that there are no local minima for 6 € (0, g) although, if R > f3,
there is a local maximum. Also, if R > 24, the functions ug, for § = 0 and § = 7, have

higher energy than any affine function u satisfying Vu = (; in €.

The fact that, in this case, the functions ug do not correspond to minima of the energy
is consistent with Theorem 4.4. Indeed, a function defined similarly, but with the
equivalent of the subset W} shifted inside the domain €2, would have the same energy
as ug but would exhibit a discontinuity between the sets where its gradient takes the
values 0 and (y. Thus we would obtain a solution contradicting the hypotheses of the
above mentioned theorem.

Repeating the previous calculations with

( ) 0, if v € Wy
ug(x1,29) 1=
o 21— Reosf, ifx € B(0,R)\ Wy

we have
sin(26)

Jog(’de) = R2 (9 — 5

) +28R(r — 0)

so, if R > 3, there is a local minimum for ¢ € (0, 7).

Therefore, in this example, the threshold above which the solution is not trivial, has
been lowered to R > (3.
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