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Introduction

Let C' be a nonempty convex set in a (real) normed linear space X. A function
f:C — R is called d.c. (or “delta-convex”) if it can be represented as a difference
of two continuous convex functions on C. An extension of this notion, the notion of
a d.c. mapping F: C'—'Y (see Definition 1.6) where Y is a normed linear space, was
introduced in [8] and studied in [8], [5], [9] and some other papers by the authors.

The present paper concerns the following natural questions.

(Q1) When is it possible to extend a d.c. function (or a d.c. mapping) on C' to a d.c.
function (or a d.c. mapping) on the whole X7

(Q2) When is it possible to extend a continuous convex function on a closed subspace
Y of X to a continuous convex function on X?

In Section 2, we show how results of [9] on compositions of d.c. functions and mappings

*The research of the first author was partially supported by the Ministero dell’Istruzione, dell’Uni-
versita e della Ricerca of Italy.

TThe research of the second author was partially supported by the grant GACR 201/06/0198 from
the Grant Agency of Czech Republic and partially supported by the grant MSM 0021620839 from the
Czech Ministry of Education.

ISSN 0944-6532 / $ 2.50 (© Heldermann Verlag



428 L. Vesely, L. Zajicek / On Extensions of D.C. Functions and Convex Functions

imply positive results concerning (Q1). For instance, Corollary 2.6(a) reads as follows.

Let X be a (subspace of some) L,(p) space with 1 < p < 2. Let C' C X be a convex
set with a nonempty interior. Then each continuous convex function f on C, which is
Lipschitz on every bounded subset of int C', admits a d.c. extension to the whole X .

(Note that only the case of C' unbounded is interesting; cf. Lemma 1.3(c).) The needed
results from [9], together with some definitions and auxiliary facts, are presented in
Section 1 (Preliminaries).

Section 3 contains two counterexamples. The first one (Example 3.1) shows that, in

the above mentioned Corollary 2.6(a), we cannot conclude that f admits a continuous
conver extension (even for X = R?). The second counterexample (Example 3.2) shows

that, in the above mentioned Corollary 2.6(a), it is not possible to relax the assumption
that f is Lipschitz on bounded sets by assuming that f is only locally Lipschitz on C.

In the last Section 4, we consider the question (Q2) of extendability of continuous
convex functions from a closed subspace Y to the whole X. The authors of [3] obtained
a necessary and sufficient condition on Y in terms of nets in Y* and, using Rosenthal’s
extension theorem, they proved the following interesting corollary ([3, Corollary 4.10]).

If X is a Banach space and X/Y is separable, then each continuous convex function
on'Y admits a continuous convex extension to X.

Using methods from [6] and [9], we give a necessary and sufficient condition on Y of a
different type in Theorem 4.3. As an application, we present an elementary alternative
proof of the above mentioned [3, Corollary 4.10], which works also for noncomplete X.

1. Preliminaries

We consider only normed linear spaces over the reals R. For a normed linear space X
we use the following fairly standard notations: Bx denotes the closed unit ball; U(c,r)
is the open ball centered in ¢ with radius 7; [z, y] is the closed segment conv{z,y} (the
meaning of the symbols (z,y) and (z,y] = [y, x) is clear). By definition, the distance of
a set from the empty set () is oo, and the restriction of a mapping to () has all properties
like continuity, Lipschitz property, boundedness and so on.

We will frequently use also the following less standard notation.

Notation 1.1. Let A, B, A,,, B,, (n € N) be subsets of a normed linear space X. We
shall write:

° A CC B whenever there exists € > 0 such that A + eBx C B;
° A, /" A whenever A, C Ay, for each n € N, and J,, oy An = 4;
A, /" A whenever A, CC Ay for each n € N, and J,,oy 4An = A.

We shall use the following simple facts about convex sets and functions.

Lemma 1.2 ([9, Lemma 2.3]). Let C' C X be nonempty, open and convex. Let {C,,}
be a sequence of convex sets with nonempty interiors, such that C,, / C. Then there
exists a sequence {D,} of nonempty, bounded, open, convex sets such that D, " C,
and D, CC C, for each n.
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Lemma 1.3 ([9, Fact 1.6]). Let C' C X be a nonempty convex set, f: C — R be a
convex function.

(a) If C is open and bounded and f is continuous, then f is bounded below on C.
(b) If f is bounded on C then f is Lipschitz on each D CC C.
(¢) If f is Lipschitz then it admits a Lipschitz convex extension to X.

Lemma 1.4. Let f be a continuous convex function on an open convex subset C' of a
normed linear space X . Then there exists a sequence {D,} of nonempty bounded open
convez sets such that D, /* C and f is Lipschitz (and hence bounded) on each D,,.

Proof. Fix 2o € C and consider the nonempty open convex sets C,, := {z € C :
f(z) < f(zo) + n}. By Lemma 1.2, there exist nonempty bounded open convex sets
D,, such that D, cC C, and D,, /2 C. Using Lemma 1.3(a), it is easy to see that f
is bounded on each D,, ;. Hence, by Lemma 1.3(b), f is Lipschitz on each D,,. O

Let us recall the following easy known fact (see, e.g., [7, Theorem 1.25]): if A, B are
convex sets in a vector space then

conv(AUB) = | J [(1-t)A+tB] = | [a.}]. (1)
0<t<1 a€A,bEB
Lemma 1.5. Let Y be a closed subspace of a normed linear space X, C' C Y and
A C X conver sets.

(a) conv(AUC)NY =conv[(Y NA)UC].
(b) Ifint A# 0 and A is dense in X, then A = X.
(¢) IfCisopeninY, A is open in X and ANC # (), then conv(AU C) is open.

Proof. (a) The inclusion “D” is obvious. To prove the other inclusion, consider an
arbitrary y € Y Nconv(A U C). Then y € [a,c| for some a € A, c € C. If y # ¢
then necessarily a € Y (since y,c € Y') and hence y € conv[(Y N A) U CJ; and the last
formula is trivial for y = c.

(b) follows, e.g., from the well-known fact that int(A) = int A whenever int A is
nonempty.

(¢) Fix an arbitrary ap € AN C. For each z € C, there obviously exists y € C'\ {ao}
such that = € (y, ag]; consequently, there exists ¢ € (0, 1] with z € (1 —¢)C' +tA. Now
we are done, since

conv(AUC)=CU | J [1=-t)C+tA] = | ] [(1-1)C +tA]

and the members of the last union are open. O]

In the rest of this section, we collect some facts about d.c. functions and mappings,
which we will need in the next sections.

Let C' be a convex set in a normed linear space X. Recall that a function f: C' — R is
d.c. (or “delta-convex”) if it can be represented as a difference of two continuous convex
functions on C'. The following generalization to the case of vector-valued mappings on
C was studied in [8] for open C, and in [9] for a general (convex) C.
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Definition 1.6. Let X,Y be normed linear spaces, C' C X be a convex set, and
F:C — Y be a continuous mapping. We say that F' is d.c. (or “delta-convex”) if
there exists a continuous (necessarily convex) function f: C' — R such that y* o F' + f
is convex on C whenever y* € Y*, ||y*|| < 1. In this case we say that f controls F, or
that f is a control function for F.

Remark 1.7. It is easy to see (cf. [8]) that:

(a) amapping F' = (F,...,F,): C — R™isd.c. if and only if each of its components
F}, is a d.c. function;

(b)  the notion of delta-convexity does not depend on the choice of equivalent norms
on X and Y.

Lemma 1.8 ([9, Lemma 5.1]). Let X,Y be normed linear spaces, let A C X be an
open convex set with 0 € A, and let F: A — Y be a mapping. Suppose there exist
A€ (0,1) and a sequence of balls B(x,,0,) C A such that {z,} C A\A, 6, — 0 and F
is unbounded on each B(x,,d,). Then F is not d.c. on A.

The following result was proved in [5, Theorem 18(i)] for X, Y Banach spaces, but the
proof therein works for normed linear spaces as well.

Proposition 1.9. Let XY be normed linear spaces, C' C X be a bounded open convex
set, and F': C — Y be a d.c. mapping with a Lipschitz control function. Then F s
Lipschitz.

Lemma 1.10 ([9, Lemma 2.1]). Let X,Y be normed linear spaces, C C X a non-
empty convex set, and F: C —'Y a mapping. Let ) # D,, C C (n € N) be convex sets
such that D,, / C and, for each n, dist(D,,C \ D,.1) > 0, D,, is relatively open in
C, and F|p, is d.c. with a control function ,: D, — R which is either bounded or
Lipschitz. Then F is d.c. on C.

An important ingredient of the present paper is application of the following two results
on compositions of d.c. mappings.

Proposition 1.11 ([8], [9]). Let X,Y, Z be normed linear spaces, A C X and B CY
convez sets, and F: A — B and G: B — Z d.c. mappings. If G is Lipschitz and has
a Lipschitz control function, then G o F' is d.c. on A.

Lemma 1.12 ([9, Lemma 3.2(ii)]). Let U,V,W be normed linear spaces, let A C U
be an open convex set and B C V a convex set, and let &: A — B and V: B — W
be mappings. Suppose that ® is d.c. and there exist sequences of conver sets A, C A,
B, C B such that int A, # 0, A, A, ®(A,) C B, and ¥|p, is Lipschitz and d.c.
with a Lipschitz control function. Then ¥ o ® is d.c. on A.

Let us recall that a normed linear space X is said to have modulus of convexity of
power type 2 if there exists a > 0 such that dx(¢) > ae? for each € € (0,2] (where dx
denotes the classical modulus of convexity of X; see e.g. [1, p. 409] for the definition).

Proposition 1.13 ([9, Corollary 3.9(a)]). Let Y,V, X, Z be normed linear spaces
and let both Y and V' admit renormings with modulus of convezity of power type 2. Let
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B:Y xV — Z be a continuous bilinear mapping, C' C X an open convex set, and
let F: C =Y and G: C — V be d.c. mappings. Then the mapping B o (F,G): z
B(F(x),G(x)) is d.c. on C.

2. Extensions of d.c. mappings

Let X,Y be normed linear spaces, C' C X be a convex set, and F': C' — Y be a d.c.
mapping. In the present section, we are interested in existence of a d.c. extension of F’
to the whole X or at least to the closure of C'. Let us start with a simple observation.

Observation 2.1. Let X, Y, C, F be as in the beginning of this section, and f: C — R
a control function of F'.

(a) IfY is finite-dimensional, and both F f are Lipschitz on C, then F' admits a d.c.
extension to X.

(b) If both F, f admit continuous extensions F, f to a convex set D such that C' C
D c C, then F is d.c. with the control function J?

Proof. By Remark 1.7, it suffices to prove (a) for Y = R. In this case, F' = (F+f)— f
is a difference of two Lipschitz convex functions on C. By Lemma 1.3(c), F' can be
extended to a difference of two Lipschitz convex functions on X. The assertion (b)
follows by a simple limit argument. O

Proposition 2.2. Let X be a normed linear space, Y a Banach space, C' C X a convex
set with a nonempty interior and F': C — 'Y a d.c. mapping. Suppose there exists a
nondecreasing sequence {A,} of open convex sets in X such that C C |J A, and, for
each n, F|(int 0)n4, has a Lipschitz control function. Then F' admits a d.c. extension

to C.

Proof. Since A, / A := |J, Ax, Lemma 1.2 allows us to suppose that the sets A,
are also bounded and satisfy A, /" A. By Proposition 1.9, F|in;c)na, is Lipschitz
for each n. Consequently, since C N A, C (intC)NA, , F |(int ©)na,, has a unique
Lipschitz extension F;: C'N A, — Y. Since, for ny > ny, F);, obviously extends F} ,
there exists a unique continuous F*: C' — Y which extends each F'. Since, for each
n, any Lipschitz control function for F |(int 0)n4, has a Lipschitz extension to D, :=
CNA,, Observation 2.1(b) gives that F*|p, has a Lipschitz control function. Moreover,
U D, = C and dist(D,,,C \ D,11) = dist(D,,C\ A,1) > dist(A,, X \ A1) > 0 for
each n. Applying Lemma 1.10 with D := C, we obtain that F* is d.c. on C. O

Now we will prove the main result of the present section. For the definition of modulus
of convexity of power type 2 see the text before Proposition 1.13.

Theorem 2.3. Let X, Y be normed linear spaces, C' C X a convex set with a nonempty
interior and F: C — 'Y a d.c. mapping. Let A D C be an open convex set in X.
Suppose that X admits a renorming with modulus of convexity of power type 2, and
either C is closed or'Y is a Banach space. Then the following assertions are equivalent.

(i) F admits a d.c. extension F: A — Y.
(ii)  Some control function f of F' admits a continuous convex extension f: A — R.
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(iii) There exists a nondecreasing sequence {D,} of open convex sets such that A =
U D, and, for each n, (int C') N D,, # O and the restriction of F to (int C') N D,

has a Lipschitz control function.

Proof. The implication (i) = (i7) is trivial, while (ii) = (iii) follows immediately
from Lemma 1.4 applied to f.

Let us prove (7ii) = (7). By translation we can suppose that 0 € (int C) N Dy. The
sets A, .= D, NU(0,n) (n € N) form a sequence of bounded open convex sets such
that A, / A, 0 € (int C) N A; and, for each n,

F|(nt c)na,, has a Lipschitz control function f,. (2)

First we will extend F to a mapping F*: CNA — Y. If C is closed, then C N A = C;
so we put F* = F. If C is not closed, Y is a Banach space by the assumptions.
Proposition 1.9 and (2) imply that F is Lipschitz on (int C) N A,,. Note that C N A,, C
(int C') N A, 5 thus F|nt c)na, has a unique Lipschitz extension F: CNA, — Y. Since,
for ny > ny, F);, obviously extends F}; , there exists a unique continuous F™: CNA =Y
which extends each F.

In both cases (C closed or not), f, has a Lipschitz extension to B, := C N A,. By
Observation 2.1(b),

F*|p, is Lipschitz and d.c. with a Lipschitz control function. (3)

Denote by p the Minkowski functional of C| i.e.
p(z) =inf{t > 0: z € tC}.

It is well known that p is a Lipschitz convex function on X (recall that 0 € int C), and
pu(x) < 1iff x € C. Consider the “radial projection” P onto C', given by

Plz) = x %fxea; B
i freX \C.
The function z +— max{1, u(x)} is convex and Lipschitz, and its values belong to
[1,00). The function ¢ — % is convex and Lipschitz on [1, 00); consequently, by Propo-
sition 1.11, the composed function x +— m is d.c. on X. Moreover, the mapping
B: R x X — X, given by

B(t,x) = tx,

is a continuous bilinear mapping. Since P(x) = B <m,m>, r € X, Proposi-
tion 1.13 implies that P is d.c. on X.

Let us show that F' := F* o (P|,) is a d.c. extension of F' to A. The fact that F
extends F'is obvious. To prove that Fis d.c., it is sufficient to apply Lemma 1.12 with
B:=CnNA, ®:=P|s, V:=F* (and A, A, B, as above). Indeed, the assumptions of
that lemma are satisfied since ®(A,) = P(A4,) C CNA, = B, (note that P(4,) C A4,
because 0 € A;) and (3) holds. O

Remark 2.4. (a) We do not know whether the renorming assumption on X in Theo-
rem 2.3 can be omitted or essentially weakened.
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(b) The condition (i7) in Theorem 2.3 can be substituted by the following formally
weaker condition:
(17") some control function of F can be extended to a d.c. function on A.
Indeed, if f; and fy; are continuous convex functions on A such that f; — f,
controls F' on C, then also the sum f; + fy controls F' on C.

Corollary 2.5. Let X,Y be normed linear spaces, C' C X be a conver set with a
nonempty interior, and F: C' — Y be a d.c. mapping. Supose that, the restriction of
F to each bounded open convexr subset of C has a Lipschitz control function.

(a) IfY is a Banach space, then F admits a d.c. extension to C.

(b) If X admits a renorming with modulus of convezity of power type 2, and either
C' is closed or'Y is a Banach space, then F' admits a d.c. extension to the whole

X.

Proof. Consider the sets A, := U(0,n) (n € N) and apply Proposition 2.2 to get (a),
and Theorem 2.3 to get (b). O

Corollary 2.6. Let X be a (subspace of some) L,(p) space with1l < p <2. LetC C X
be a convex set with a nonempty interior.

(a)  Each continuous convez function on C', which is Lipschitz on every bounded subset
of int C, admits a d.c. extension to the whole X .
(b)  Each Banach space-valued CY* mapping on C admits a d.c. extension to the whole

X.

Proof. It is known (see e.g. [1, p. 410]) that X, in the L,-norm, has modulus of
convexity of power type 2. Therefore, [9, Proposition 1.11] easily implies that each
Banach space-valued C'' mapping on any open convex subset of X is d.c. with a

control function that is Lipschitz on bounded sets. Now, both (a) and (b) follow from
Corollary 2.5(b). O

For extensions from closed finite-dimensional convex subsets, we have the following
simple corollary. Recall that a finite-dimensional set (in a vector space) is a set whose
linear span is finite-dimensional.

Corollary 2.7. Let X,Y be normed linear spaces, and F': C — 'Y be a d.c. mapping,
where C' C X is a finite-dimensional closed convex set. Then the following assertions
are equivalent:

(i) F admits a d.c. extension F:X—>Y:
(i) F has a locally Lipschitz control function f: C' — R.

(iii) For each x € C, there exists r, > 0 such that the restriction of F' to CNU(x, 1)
has a Lipschitz control function.

Proof. The implication (7) = (i7) is obvious since each continuous convex function on
X is locally Lipschitz. The implication (i7) = (i4i) is trivial.
Let (4i7) hold. Suppose that 0 € C' and denote X, := span C' (= aff C'). Then C, being

finite-dimensional, has a nonempty interior in X,. Let B C C be a bounded convex
set which is open in X,. For each x € BN C' choose 1, by (iii) and a Lipschitz convex
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function ¢, on C NU(x,r,) which controls F on CNU(x,r,). Since BNC is compact,
we can choose 1, ...,%, in BN C such that BN C C Ui, U(zi,rs,). Extend ¢, to
a Lipschitz convex function ¢; on X (cf. Lemma 1.3(c)) and put ¢ := ", ¥;. Then
clearly v|p is a Lipschitz control function of F|p.

By Corollary 2.5(b), there exists a d.c. extension Fy: Xg — Y of F. Let m: X — X
be a continuous linear projection onto Xy. Then the mapping F' := Fy o7 is a d.c.
extension of F' (cf. [8, Lemma 1.5(b)]). Thus (¢) holds and the proof is complete. [

3. Counterexamples

Example 3.1. There exists a continuous convex function f on the strip P := R X
[—1,0] such that

(i)  f has a d.c. extension to R?, and
(i)  f has no convex extension to R2

Proof. For (z,y) € P, we set
f(z,y) :=sup{a,(z,y) : t € R}, where a,(z,y) := t* + 2t(x — t) + t*y.
Observe that

a;(+,0) is the support affine function to the function p(z) := 2* at t, (4)
ai(t,y) >0 for y € [-1,0], and (5)
aat 8at 9 9
) = 9t “——(2) =t R?). 6
)=t She) = (e )

Now fix 7 € R and consider a ¢ € R. Then (4) implies a,(7,0) < p(7) = 7%, so
(6) gives ay(7,y) < 72 for y € [=1,0]. Consequently, f(7,0) = a-(r,0) = 7% and
f(r,y) <712 < oo for y € [—1,0]. Thus f is a finite convex function on P. Moreover

f>0on P.

Note that a;(7,0) = —t* + 2t7 < 0 whenever |t| > 2|7|. If 2 = (21,22) € (T — 1,7+
1) x [=1,0] and |t| > 2(|7| 4+ 1), then a:(z1,0) < 0 since |t| > 2|z;|. For such z we have
at(z) <0 < f(z) because a;(z1, ) is nondecreasing by (6). It follows that

f(z) =sup{ai(z) : |t] <2(|7|+ 1)} for z € (r — 1,7+ 1) x [-1,0]. (7)

Using (7) and (6), we easily obtain that f is locally Lipschitz on P; so it is Lipschitz
on each bounded subset of P. Consequently, (i) follows from Corollary 2.5.

Now, suppose that (ii) is false, that is, there exists a convex extension fv: R? — R of

f. Since f(7,0) = f(7,0) = 72, we have 2—5(7', 0) = 27 for each 7 € R. Now we will
prove that, for each 7 > 0,

dsz_l)f(T’ 0) = dEB,_l)aT(T; O) = —7-2 (8)

where dg(z) denotes the one-sided derivative of g at z in the direction v. To this
end, choose an arbitrary ¢ > 0 and find 0 < § < /¢ such that |t — 72| < ¢ whenever
[t —7| <d. If [t — 7| > § and y € (—6?/7%,0], then
ar(T,y) — a(1,y) = 7 + T2y + 17 — 27 — %y
=(t—7) 4+ (* =ty >0+ 7% > 0.
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If |t — 7] <0 and y < 0, then
ar(1.y) —a(ry) = (t = 7)* + (7° = )y > ey.

Therefore, f(7,y) > a.(r,y) > f(7,y) + ey whenever y € (—6%/72,0]. Since & > 0 was
arbitrary, we easily obtain (8).

Since fis convex, the function v +— djf(ﬁ 0) is positively homogenous and subadditive.
Therefore, for 7 > 0, we have

and consequently d{_ﬁ?)) ]7(7, 0) > 72. By convexity of f,
F(0,3) > J(r,0) + @y F(7,0) > 72+ 72 = 272

Since T > 0 was arbitrary, f(O, 3) = o0, a contradiction. O

Example 3.2. In X = /,, there exist a closed convex set C' C U(0, 1) with a nonempty
interior and a continuous convex function f: C' — R such that:

(a)  f has a continuous convex extension to U(0, 1), in particular, f is locally Lipschitz
on C' (even there exists a nondecreasing sequence of open convex sets A,
U(0, 1) such that f is Lipschitz on each A, N C);

(b)  f has no d.c. extension to U(0,r) whenever r > 1.

Proof. Let e, be the n-th vector of the standard basis of X = /5. For n,k € N with
n < k, put
g = (1— )en + ha(1 — )ek

where h,, > 0 is such that (1—2)24h2 = 1. Note that ||z, ,[|* = (1—h2)+h2(1—h}) =
1 — h2hi. Put
C:=conv [1Bx U{zs: n,k €N, n <k}].

Obviously, C' is a closed convex set with a nonempty interior and C' C By. We claim
that C' C U(0,1).

If this is not the case, there exists € C' with ||z|| = 1. Thus sup(z,C) = (z,z) = 1.
On the other hand, there exists ny € N such that |(z,e,)| < & and h, < & whenever
n > ng. Thus [(z,2z,x)] < % for k& > n > ng. There exists kg > ngy such that
[(z,ex)| < %O Whenever k > ko. Hence, for n < ng and k > ko, we have [(x, z,x)| <
(1-3+5;-<1-+ —|— = =1- ﬁ Since obviously sup(z, 3 Bx) = 3, we obtain

2n0

sup(:v,C’> = max{%,sup{(x Zog) Nk €N, n < k}}
< max[{Z,1- 2710} U{llznnll : n <k < ko, n <no}] <1.

This contradiction proves our claim.

The function x — 1 — ||z|| is positive, continuous and concave on U(0,1). Since the
function ¢ — 1 is convex and decreasing on (0, 00), the composed function g(z) = m
is convex continuous, and hence locally Lipschitz, on U(0,1). Thus f := g|c satisfies

(a) by Lemma 1.4. Let us show (b). By Lemma 1.8, it suffices to prove that g is
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unbounded on subsets of C' of arbitrarily small diameter. Fix n € N. For any two
distinct indices k,[ > n, we have
1z = 2nall® = A2 [(1 = £)* + (1= )% < 2h3

which implies diam {z, x : £ > n} < v/2 h,,. This completes the proof since 9(2n ) — 00
as k — oo. O

4. Extensions of convex functions from subspaces

Let Y be a closed subspace of a normed linear space X, and f: Y — R a continuous
convex function. The present section concerns the problem of existence of a continuous
convex extension f: X — R of f.

An example of nonexistence of f was given in [3, Example 4.2]. On the other hand,
it is easy and well known that such f exists if either Y is complemented in X or f
is Lipschitz (see, e.g., [3]). Borwein and Vanderwerff proved in [4, Fact, p. 1801] that
f exists whenever f is bounded on each bounded subset of Y'; however, this sufficient
condition is not necessary (see Remark 4.2). The following theorem contains a necessary
and sufficient condition (iv) of the same type, but the proof is more difficult and uses
different methods. Our main new observation is that a modification of Hartman’s
construction from [6] gives the implication (iv) = (i7); and we use also the implication
(i1) = (7) already proved in [3].

Theorem 4.1. Let X be a normed linear space, Y C X its closed subspace, and
f:Y =R a continuous convex function. Then the following statements are equivalent.

(i)  The function f admits a continuous convex extension to X .

(ii) There exists a continuous conver function g: X — R such that f < gly.

(ii) f admits a d.c. extension to X .

(iv) There exists a sequence {C,} of nonempty open conver subsets of X such that
C, /X and f is bounded on each set C, NY (n € N).

(v)  There exists a sequence {B,} of nonempty open convexr subsets of X such that
B, /* X and f is Lipschitz on each set B, NY (n € N).

Proof. (i) = (i7) is obvious, while (ii) = (i) was proved in [3, Lemma 4.7] for X a
Banach space. However, the proof therein works also in the normed linear case (note

that the convex extension ffrom [3, Lemma 4.7] is continuous since it is locally upper
bounded).

(i) = (idi) is trivial.
(¢13) = (4i). If (i49) holds, there exist continuous convex functions u, v on X such that

u(y) —v(y) = f(y) for y € Y. Choose a continuous affine function @ on X such that
a <wv. Then

u(y) —aly) = f(y) + (v(y) —aly)) = f(y), yeY;
so we can put g :=u — a.

(1) = (v) follows immediately applying Lemma 1.4 to a continuous convex extension

fof f.
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(v) = (iv). Clearly, it suffices to put C,, = B, NU(0,n) (n € N).

It remains to prove (iv) = (ii). Using Lemma 1.2 and an obvious shift of indices, it is
easy to find a sequence {D,,} of bounded open convex subsets of X such that (for each
n) D,NY #0, fis bounded on D, NY, d, := dist(D,,, X \ D,,.1) >0, and D,, /" X.

Now we will construct inductively a sequence (g, )nen of functions on X such that, for
each n € N,

(a) g is convex and Lipschitz;
(b)  gn = gn_1 on D,,_; whenever n > 1,
(C) In Z f on Dn+1 ny.

Set M, :=sup{f(y): y € D, NY}; by the assumptions M, < cc.
Define g;(x) := M,, x € X. Then the conditions (a), (b), (¢) clearly hold for n = 1.

Now suppose that k& > 1 and we already have gy, ..., gr_1 such that (a), (b), (c) hold
for each 1 < n < k. We can clearly choose a € R such that gy_i(z) > a for each
x € Dj_q, and then b > 0 such that a + bdy_1 > M. Define

gr(x) == max{gr_1(x),a + bdist(z, D_1)}, € X.

We will show that the conditions (a), (b), (c¢) hold for n = k. The validity of (a) is
obvious. If © € Dy_4, then gi(z) = max{gr_1(x),a} = gr—1(x); so (b) holds.

Now consider an arbitrary y € Dy NY. If y € Dy_4, using (b) for n = k and (c) for
n=k—1, we obtain gx(y) = gx_1(y) > f(y). If y € Dy, \ Dy_1, using the definition of
gr and (c) for n = k— 1, we also obtain gx(y) > gx_1(y) > f(y). If y € Dgy1 \ Dg, then

gi(y) > a+bdist(y, Dy—1) > a+bdy_1 > M1 > f(y).

Now, for each x € X, the sequence {g,(x)} is constant for large n’s, hence g(x) :
lim,, .o gn () is defined on X. Since g = g, on D,, by (b), the conditions (a) and (c
easily imply that g is a continuous convex function on X such that f < g|y.

NS

Remark 4.2. As already mentioned, (¢) holds whenever
(¥)  fis bounded on each bounded subset of YV’

(indeed, (iv) holds with C,, := U(0,n)). To see that () is not necessary with Y # X
consider an arbitrary infinite dimensional Banach space X, a closed subspace Y of
finite codimension in X, and a continuous convex function f on Y which is unbounded
on some bounded set (for its existence, see [2]).

Theorem 4.3. Let X be a normed linear space and 'Y C X its closed subspace. Then
the following statements are equivalent.

(i) Each continuous convex function f: Y — R admits a continuous convex extension
to X.

(i) If{C,} is a sequence of open convex subsets of Y such that C,, /'Y, then there
exists a sequence {D,} of open conver subsets of X such that D, /" X and
D,NnY cC,.

(iir) If {C,} is a sequence of open conver subsets of Y such that C,, /'Y, then there
exists a sequence {571} of open convex subsets of X such that én X and
c,.nNYy =0C,.
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Proof. (i) = (ii). Let {C,} be as in (ii). Using Lemma 1.2, we can (and do) suppose
that C,, # () and C,, CC Cp,;3 in Y (n € N). Fix a € (4 and put Cy := {a}. Choose
en > 0 such that C, +¢,By C Cpy1 (n > 0), and consider the function

o0

fly) = Z gi dist(y,Cy), y €Y.

n=0

It is easy to see that f is a continuous convex function on Y; therefore it admits a
continuous convex extension f to X by (i). Let us show that the sets D, := {z € X :
f(z) < n} (n € N) have the desired properties. Obviously, they are convex and open,
and D, /" X. Consider n € N and y € Y \ C,,. Since dist(y, Cy) > ¢ for 0 < k < n,
we have

—_

3

L.
fly) = adlst(y,C’k) > n.
0

B
Il

This shows that D, NY c C,,.

(1) = (i). Let f be as in (i). Then the sets C,, == {y € Y : f(y) < n, |ly]| < n}
(n € N) are open convex and satisfy C,, /Y. Observe that f is bounded on each C,
by Lemma 1.3(a). Find D,, (n € N) by (éi). Since D, NY C C,, the sequence {D,,}
satisfies the condition (iv) of Theorem 4.1, and so (i) follows.

(1) = (uii). Let {C,} be as in (zii). Find D,, (n € N) by (iz). Choose ng € N such that
Dy, NY # 0. For n > ng, put C,, := conv(D,, UC,). By Lemma 1.5(a), (), we have
that é’n NY = (), and the convex set é’n is open for any n > ng. Let n; be the smallest
index such that C,, # 0. Fix ¢ € C,, and choose > 0 such that U(c,r) C C,, and
Ule,r)NY C Cp,. Put C, = 0 for 1 < n < ny, and C, := conv(U(c,r) U C,) for
ny < n < ng. Using Lemma 1.5(a), (¢) as above, we easily obtain that the sequence
{C,} has the desired properties. The reverse implication (iii) = (ii) is obvious. [

As an application of Theorem 4.3, we give an alternative proof (see Theorem 4.5) of
the fact that separability of the quotient space X/Y is sufficient for extendability of
all continuous convex functions on Y to X. This was proved in [3] for Banach spaces
using a condition about nets in Y*, equivalent to (i) of Theorem 4.3, together with
Rosenthal’s extension theorem. Our proof (for general normed linear spaces) is based
on Theorem 4.3 and on the following elementary lemma.

Lemma 4.4. Let Y be a closed subspace of a normed linear space X. Let B = rByx
for some r > 0. Then, for any x € X, there exists y, € Y such that

conv[(x + B)UB]NY C conv[{y,} U8B]. 9)

Proof. If z =0, y, = 0 works. For z # 0, denote P := conv[(z + B) U B]NY (# 0)
and s := sup{||y|| : y € P}, and choose uy € P such that ||ug|| > s —r. Observe that
up # 0 since s > sup{||y|| : y € BNY} =r. We claim that y, = 8uy works.

Fix ap € x + B, by € B and A € [0,1] such that ug = (1 — A)ag + Aby. It suffices to
prove that P\ B C conv[{y,} U8B]. Given u € P\ B, choose a € x + B and b € B
such that u € [a,b]. Note that a # b since u ¢ B. Put v = (1 — A)a + Ab and observe
that ||v — ug|| < 2r. Consider the half-line H :={v+t(a —b) : t > 0}. Let v; € H be
such that ||[v; —v|| = 5r. Then vy € ug+ 7B since ||v; —up|| < |1 — || + ||v —wo|| < Tr.
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We claim that no point y € H with ||y — v|| > 5r can belong to P since it satisfies
lly|| > s. Indeed, since v € [y, b],

lyll > [ly = oll = [|bll = lly — v[| + [Jlv = 0|l = [|b]] = lly — v[| + [Jv]| — 2[b]|
> |ly — v|| + |Juo|| = ||uo — v|| = 2||b|| > 5r + (s —r) — 2r — 2r = s.

Consequently, if u € H then u € [vy,v], and if u € [a,b] \ H then u € [v,b]. In both
cases, u € [v1,b] C conv|(up+7B)UB]. To finish, observe that ug+7B = £(8ug)+%(8B)
implies
u € conv|(ug + 7B) U B] C conv[{8uy} U 8B].
[

Theorem 4.5 ([3, Corollary 4.10] for X Banach). Let Y be a closed subspace of
a normed linear space X such that X/Y is separable. Then each continuous convex
function f:Y — R admits a continous convex extension to X.

Proof. It suffices to verify the condition (i7) of Theorem 4.3. Let C; C Cy C
be open convex subsets of Y such that |J, C, = Y. We can (and do) suppose that
0 € inty 4. Fix r > 0 such that

8rBy C C]. (10)
Fix a dense sequence {&,}neny C X/Y and, for each n, choose an arbitrary z, € &,.
The sets Z, := conv{z,...,2,} (n € N) form a nondecreasing sequence of compact

convex sets such that the union |J, (Z, +Y) is dense in X. Define Z; = 0.

Claim. There exists an increasing sequence of integers {k;, },>0 such that ky = 1 and,
for each n,

conv(Z, UB)NY C Cy, where B =rBy. (11)
To prove this, we shall proceed by induction with respect to n. Observe that (11) is
satisfied for n = 0 and ky = 1. Suppose we already have kg,...,k,_1. Since Z, is

compact, there exists a finite set F' C Z, such that Z, C F'+ B. For any = € F, fix
Y, € Y satisfying (9). Choose an integer k, > k,,_; such that y, € Cy, for each z € F.
Then, using (1), we obtain

conv(Z, U B) = U conv({z}UB) C U conv((x + B) U B).

2ELn zeF

Consequently, using (9) and Lemma 1.5(a), we obtain

conv(Z, UB)NY C U [conv((x + B)UB)NY]

zeF

c |Jlconv({y.} USB) NY]

zeF

= |J conv[8BNY) U {y.}] C Ci,

zeF
since, by (10), (8BNY) U {y.} C Cy, for each € F. This proves our Claim.

For each j € N, let n(j) be the unique nonnegative integer with k,;) < j < k
Let us define a nondecreasmg sequence {D;};en of open convex sets by

n(j)+

D; = int[conv(Z,; U B U Cj)].
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By Lemma 1.5(a) and (11), we have

Y ND; CY Nconv(Z,; UBUC;)
=Y N conviconv(Z,;) U B) U Cj]
= conv{[Y N conv(Z,; U B)]UC;}
C conv{Cy, ,, UC;} = Cj.

It remains to prove that (J; D; = X. By Lemma 1.5(b), this is equivalent to saying
that (J; D; is dense in X. Since, for each j, D; is dense in l~?j = conv(Z,;) UBUC;),
it suffices to show that [ J; D, is dense. Note that H := 2 U, (Z, +Y) is dense in X
since J,,(Z, +Y) is dense. If h € H then h = 3(z +y) with z € Z, for some n, and
y € Y. Then, for sufficiently large j, we have z € Z,,(;) and y € C}, and hence h € Ej.
Consequently, ; 13]- is dense since it contains H. O
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