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The paper provides upper and lower bounds for the Poincaré constant in some inequalities involving
BH functions and shows their application to some problems in the Calculus of Variations.

1. Introduction

In this paper we estimate the Poincaré constant for inequalities involving B H functions,
i.e. those functions whose second derivatives are bounded Radon measures on a lipschitz
open set  of RN, N > 1. Indeed, in some problems in the Calculus of Variations (see
[8], [9], [10], [11], [12]) it seems useful to give the best possible characterization of the
constant A(€2) such that the inequality

/Q o] dz < A(9)]Aclg 1)

holds true for every v € BH () vanishing at the boundary. The key idea in the results
presented here is quite simple and it starts, roughly speaking, from Green’s identity

/zAvdm:/vAzda:. (2)
Q Q

When the test function 2z € H}(Q) satisfies Az = signwv, the right hand side of (2)
is exactly the L'-norm of v, while the left hand side can be estimated by above with
the sup norm of z times the total variation of Av: a careful choice of z provides the
optimal Poincaré constant. The rough idea is that of choosing

A(2) = maxz, (3)
Q
where z € H}(Q2) and Az = —1 in Q. This choice seems to be optimal since if there

exists a function v, null on the boundary, such that Av = éz with 2(Z) = maxq z, then
(2) becomes

| bl = x@) =A@l avla 1)
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Unfortunately such a v does not belong to BH (2) for N > 2, but a careful manipulation
of this argument gives the expected result. As far as it concernes the more delicate
situations in which |Av|q is changed into

Ov
Av +/ — | aHN ! 5
Aelas [ |50 o)
or more generally into
Jv
A 1 d N-1
Avlo+ [ |50 (©

with ¥ C 012, the results of the paper provide an estimate from below and from above
of the constant A\(3, Q) such that the inequality

/Q|v|dx <A, Q) <|AU|Q+/E

holds for every v € BH(2) null on the boundary. In particular we show that

ov

on

dHN—l) (7)

%)\(Q) <AOQ,Q) < AQ),  A0,Q) = \Q) (8)

where A(Q?) is defined as in (3).

In the last section we show how from these results follows an almost sharp existence
theorem for some problems in the Calculus of Variations (see [3], [4], [5], [7], [8], [9],
[10], [11], [12]) and how these results lead to an optimal design problem.

2. Notations and results

In the following © will denote a Lipschitz open bounded subset of RY, N > 1 and
n the outer unit vector normal to 02. For every r > 0 B,(z) will be the ball of
radius r centered in z, wy the Lebesgue measure of the unit ball in RV, £V and H*
the N-dimensional Lebesgue measure and the k-dimensional Hausdorff measure in RY
respectively.

For every t € R we set signt = t/[t[ if t # 0 and sign0 = 0; if u € C(Q) we denote
with oscq u the oscillation of w in €2 that is

0SCH U = max ¥ — minu.
Q Q

The space of vector-valued Radon measures in € will be denoted with M (€2; R™) and
if p e M(Q2;R™) let

po=pt o+ e
the standard decomposition into absolutely continuous, atomic, and Cantor part. The
total variation of p in © will be denoted with |u|n. We then define

~~
Ne)
~—

BH(Q) = {u e Wh(Q) : D*u e M(Q;RNQ)} ,
BH(2) ={ue BH(Q) :u=0in 00},
SBH(Q) = {u € BH(Q): (D*u)°=0}

—~~
—_ =
— O
~— ~—
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and set (D?u)® = V2u. Sy, will denote the singular set of Vu € BV(Q); for HN -1
almost all x € Sy, there exist v(z) € 9B, and Vu'(z), Vu~(z), the outer and inner
trace of Vu on Sy, in the direction of v(x) (see [2]). It is readily seen that if (D?u)’
denotes the jump part of D?u then (see [2])

(D?*u)’ = {%} v@vdH" 1 Sy, (12)
where
{%} = (Vut =Vu) v (13)

Since Tr(r @ v) = [y @ v| =1 we get

Tr(D*u) = (Au) = {%} dHY 'Sy, (14)

and therefore

. . 0
(D)l = (Bl = [ |50 dr (15)
Svu 8V
Let now X C 992 such that
Y, 09\ X are closed subset of 9f) (16)

and we notice that if (16) holds then HY1(X) = 0 if and only if ¥ = (. Indeed if
T € X then by (16) there exists p > 0 such that B,(z) N9 C ¥ and B,(z) N 0N is
athe graph of a Lipschitz function, hence HY1(X) > HNY(B,(z) N 9£2) > 0. We are
looking for the infimum of all C'(3,2) such that

/Q\U!div < 0%, Q) (]Ava +/Z

holds true for every v € BH () null on the boundary and we begin with two particular
cases.

ov

on

dHN—l) (17)

2.1. The cases X = 9 and X = (.

We introduce at once the constant which has the leading role in the whole paper,
namely

Definition 2.1. Let u € H}(Q) such that Au = —1 in Q. We set

AQ) = max u. (18)

We show now a continuity property of A(£2) with respect to 2 in the sense of the
following statement.
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Proposition 2.2. Let Q) be a sequence of open Lipschitz subsets of £ such that

Inax d(xz,00) — 0, (19)
LN\ Q) — 0 (20)

then
AQ) — MQ). (21)

Proof. Let u, € H}(Q) such that up, = 0in Q\ Q, Aup, = —1 in Q, and let
wp = u — up. Then Aw, = 0 in Qy, wyp = u in 0€2, and by the maximum principle

0 < wp < max< maxu, maxu o .
Q\Qr | O,

Since v € C(Q) and v = 0 on 9 by (19) and (20) we get

max ¢ max u, maxu o — 0
Q\Q, o,

hence wy, — 0 uniformly in €2, that is u;, — w« uniformly and therefore

A(Qp) = maxuy, — maxu = A(Q),
Q Q

thus proving (21). O
Examples 2.3. Let a; € R, i =1,2,.....N, a; # 0 for every ¢ and

Q:{xGRN:ZaZZ:B?<1} (22)
then B
u(z) = % (Z a?) (1 — Z a?m?) (23)
and »
AQ) = % (Z a§> | (24)

In particular if a; = R™! for every i = 1,2,...N, then Q = Bgr(0) and A\(Q) = R?/2N.
When N =1 and Q = (0, L) then A\(Q) = L?/8.

If Q = Bgr(0)\ B;r(0) (0 <7 < 1), then direct calculations show that when N = 2

OBl it (i) )

and when N > 2
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where 2
lﬂﬂ:;;%gT
We remark explicitly that (24), (25), (26) yield
A(Br(0)\ Br(0)) + A(Brr(0)) < AM(Br(0)) (27)

for every N > 2.

We first consider the simplest case ¥ = () and we show the following

Theorem 2.4. Let v € BHy(R2). Then
/ lv|de < A(Q)]Av|q (28)
Q

and constant in inequality (28) is as best as possible.

Proof. Let v € BH(S) and z € Hj(Q) such that Az = signv in Q: it is readily seen
that 2 € W*P(Q) for every p > 1 hence it is continuous in £2. An integration by parts

yields
/zd(Av):—/Vz~Vvdx:/vAzda::/]v]dx. (29)
Q 0 Q Q

By the maximum principle
0 < max |z| < A(Q)
Q

and therefore (29) yields
t/|de§(mmddﬂAmQ§;MQﬂAvm. (30)
Q Q

In order to show optimality of the constant in inequality (28), let u € H}(2) be as in
Definition 2.1 and let 2 3 T € argmaxu. Let ry > 0 such that B, = B,.(Z) C Q for
every r < 1o and let v, € H}(€) be the unique solution of
1
Av, = 15, (31)

wnrY

in Q. Tt is readily seen that v, € BH(Q2) and by (31)

/AUT de = |Av.|q = 1. (32)
Q

Since v, < 0 in €2, then Au = signv, in 2. Therefore

/]vr\d:v: /vrAud:c:/uAde:c
Q Q Q

~ @) de+u@ [ Av,de (33)
r Q

wnrN

= MQ)|Av o — 6 = MQ) — ¢,
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where

1 _
€ = o /T(u(ac) —u)dx.
Clearly 0 < ¢, — 0 as 7 — 01 and if there exists X'(2) < A(2) such that inequality
(28) holds true with X'(Q2) in place of A\(Q2) for every function v € BH(2) null on the
boundary, then by (32) and (33)

AQ) —€ = / v, | dz < N (Q)|Av,|q = N () (34)
Q
hence
0<AQ)—N(Q) <ep, (35)
a contradiction when r is small enough. O]

Definition 2.5. We say that a bounded lipschitz open set Q C RY satisfies the oscil-
lation condition if for every h € L>®(Q), |h| = 1 a.e. and for every v € H}(Q) such
that Av = h in Q we have

osca v < A(Q). (36)

We are now in a position to state and prove the main result of this subsection which
deals with the case X = 0€).

Theorem 2.6. Let P(Q2) be the set of C' > 0 such that the inequality

/Q]v|da;§0{]Av]Q+/m S—Z dHN_l} (37)
holds true for every v € BHy(2). Then
P(Q) #0 (38)
and
%A(Q) < infP(Q) < A(Q). (39)
Moreover if Q satisfies the oscillation condition then
min P(Q2) = %)\(Q) (40)

Proof. The right inequality in (39) and (38) are an obvious consequence of Theorem
2.4. In order to prove the left inequality let u € H}(€) be as in Definition 2.1 and let
2 > € argmaxu. Let rg > 0 such that B, = B,(Z) C Q for every r < ry and let
v, € H}(Q) be the unique solution of
1
Av, = 1 (41)

B
wyrN T

in Q. Tt is readily seen that v, <0, v, € BHy(2), Au = signv, in Q and

|Av, | —I—/ O, dHN ' =1 +/
00 20

on

v,
on

. (42)
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By using (41), by taking into account that v, < 0 in 2 yields

ov,
on

>0 HY ! ae on 90

and by noticing that
minu = 0
Q

we get

1( + min u) ! (T) = - A\(Q)

Cy = —(Mmaxu +minu) = -ulxr) = =<

2 0 Q 2 2

and

/ v, do = /(u —cy)Avdx +/ (u— cu)avr dHN !
Q Q BY) on
1
= / (u—cu)dx—l—cu/ %dHN_l
" 0

wyrV o On

- /(u—u(f))dx—i—

wnrN
v,

a0 an
1

Y1) (1 +/
2 0

1
€ =

- — /T(u(f) — ) da.

Clearly 0 < €, — 0 as r — 0" and if there exists \'(€2) < $A(Q2) such that inequality
(37) holds for every function v € BH(2) null on the boundary, then by (43)

1
ZA(Q) (1+/ o dHN‘1> —6 < / v, | d <
2 o0 Q

/ (u(T) — ¢) dz (43)

T

wnrN

T

+ Cu dHN!

ov,
on

dHNl) — €

where

on

(44)

ov
< N(Q 1+/ ! dHNl)
( ) < o0 | On
hence .
0< 5/\((2) — X(Q) < €, (45)

a contradiction when r is small enough. Assume now that ) satisfies the oscillation
condition: let v € BH(Q), v =0 in 9Q and u € H}(Q), Au = signv in . Then by
setting

1 :
¢y = =(maxu + min u)

Q Q
we get
/(u—c ) d(Av) —/ (1 — ) 22 gy
Q ! o0 “ on

= —/V(u—cu)-Vvdm:/vAudx:/]v\dm.
Q Q 0
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Hence by taking into account that
1
max |u — ¢,| = = oscg u
Q 2

an by recalling that () satisfies the oscillation condition we obtain

1
/|v|da:§ —(oscgu) \Av|g+/ 9v dHN !
Q 2 90 an
1 v (47)
<A (1A —| dH"
< @ (180l + [ |5 a)
thus concluding the proof. O]

Remark 2.7. Although a complete characterization of domains verifying Definition
2.5 seems very hard to tackle, nevertheless the following counterexamples, suggested
by S. Solimini, show that oscillation property does not hold for every bounded Lipschitz
open set. Indeed let N > 3,

—_

o=1] (o,ﬁ) (48)

~

and
N-2
0, = (0,2ﬁ> % (0,27%),
i=0
N (49)
0 = (0,2#) x (27,217,
=0
Since
(1,2V/N, . 2V"% 27W) =2~ (2N, 2%, .. 217~ 1) (50)

then there exists a rotation R such that Q; = 2*%R(Q), Qy = 277 (e, + R(Q)).
Let u € H}(Q) such that Au = —1 in Q and define w; € H} (), i = 1,2, wy(z) =
2 u(2"vRTz), wo(z) = -2~ u(RY(2 va + e1). It is readily seen that Aw, = —1
in € and Aw; = 1 in )y, that % = % on 1 Ny. Then by setting w = 1g,wy +
1g,wa, h = —1qg, + 1o, we have w € H}(Q), Aw = h in Q and therefore

oscgw = A1) + M) = 2°% A(Q) > A(Q) (51)

thus violating the oscillation condition.

The case N = 2 requires some preliminary remark. For every a,b > 0 let us consider
the class of rectangles R, = (—a,a) x (—=b,b) : we claim that A(R2;) < 1/2. Indeed
let 0 < a<1/2, E, ={(z,y) : &®2? + (1 — 4a?)y* < 1}: then Ry; C E, hence

/\(R2,1) < /\(Ea) = %(1 _ 3a2>—1
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for every 0 < @ < 1/2 and therefore

1 1
I\ < inf =(1-3a®)"'===\B
(Rgy) < ,inf /22( 3a%) 5 (B3(0)) (52)

< /\(R\/i\/g) - 2)\(R1’1>.

Let us assume now that R ; satisfies the oscillation condition. Then by noticing
that Ry; = (Ry1 — %el) U (%el + Ri1) = Q-UQy, let h =19 —1g, and u €
Hi(R21), Au = h in Ry;. Then by symmetry u € Hj(Q<), u(—1,0) = —u(1,0) =
minu = —maxu, 2A\(R;1) = oscu and by taking into account that Ry is assumed to
satisfy the oscillation condition, (52) yields

2)\<R171) = 0sSCUu S )\<R271) < /\(R\/iﬁ) = 2/\(R1’1),
a contradiction.

Remark 2.8. We notice that Remark 2.7 does not imply the existence of a domain {2
such that inf P(©2) > A(©2)/2 which remains an open question.

The case N = 1 is completely described by the following theorem which shows that
the class of subsets satisfying the oscillation condition is not empty.

Theorem 2.9. Let v € BH(0, L) then

L L2
[ wlde < 5 (1o + 101 + 104 0)) (5)

and equality in (53) occurs if

)f (54)

Proof. Let h € L>(0,L), |h] < 1 a.e. and let 2 € W**(0,L) N H}(Q)) such that
2" = hin (0,L). We claim that

L2
0sCo,1] Z < 3= A0, L). (55)

Since 2" —u” = h 4+ 1 > 0 the maximum principle yields z < u and (55) is satisfied if
z > 0; by changing z into —z the same holds when z < 0. If z changes its sign then we
may assume without restriction that there exists 7 € (0, 1) such that z(7L) = 0 and z
attains its maximum and its minimum in [0, 7L] and in |7, L] respectively. Hence

2 2

L
osco,r) 2 < A0, 7L) + AN(7L, L) = §(7'2 +(1-7)3) < 5 (56)

thus proving that (0, L) satisfies the oscillation condition. Then (53) follows by Theo-
rem 2.5, while substitution of (54) concludes the proof. O
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The ideas of the previous theorem work also for radial functions in a sphere, namely
we have the following

Theorem 2.10. Let v € BHy(Bg(0)) a radial function. Then

R2
\v\dwﬁ—{\Av\B 0 —i—/
/BR(O) 4N 20T fona

Proof. Since v is radial then sign v is radial; hence it will be enough to prove that the
oscillation condition holds for every radial function h. Therefore let h € L*>°(Bg(0))
a radial function such that |h| = 1 a.e. and let z € HJ(Bg(0)) such that Az = h in
Bgr(0). As in the previous theorem the maximum principle shows that if z does not
change its sign then oscz < A(Bg(0)). Otherwise there exists 7 € (0,1) such that
z(TR) = 0 and z attains its maximum and its minimum in B, (0) and in B (0)\ B, (0)
respectively. Hence (27) implies

ov

on

dHN‘l} : (57)

0sc 2 < A(Br(0) \ B,z(0)) + A(Brz(0)) < A(Bg(0)) = R?/2N

which proves that the oscillation condition holds for every radial function h, |h| = 1
a.e. and concludes the proof. O]

2.2. The general case

Let ¥ C €2 such that (16) is satisfied and let

AR)={uec H(Q)NCQ): —Au=1in Qu=00nd0\ T} (58)
if ¥ £ 09, and
A09Q) = {ue H(Q)NC®): —Au=1in Q}. (59)
Clearly A(99) # 0 and when 3 # 99 any solution of
{—Au =1 inQ (60)
uw=0 on 99
belongs to A(X) hence A(X) # 0 for every X satisfying (16). We then define
A2, Q) = inf{mgx|u(x)| L ue A(Z)} (61)

and we show that

Lemma 2.11. Assume that (16) holds and let ¥ # (). Then there exists up € A(X)
such that

0 < maxup, = —minuy, (62)
Q 0
up(x) = minu, Vr € X (63)
0
max up(z) — A\(2, Q). (64)

ze Q
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Proof. Let v, € A(X) such that

max [un ()] — A (Z, )

z€ Q

and v € HY(2) N C(Q) such that

—Avi =1 in{
vy =0 in 00\ X (65)
vy = minv, on X.
Q
By the maximum principle (65) yields v} < v, mingvj = mingwv, < 0 hence

max [vy| < max [vy|
Q Q

and therefore
max vy, (z)] — A (3, Q). (66)
Q

Let now
dy, = max vy, + mﬁin vy

and U; € H*(Q) N C(Q) such that

—-Av; =1 in Q

vy =0 in 0\ ¥ (67)
U; = —maxuv, on x.

Q
Then

A(vf —v5) =0 inQ

vy —vp =0 in o\ X (68)
vy — v =dp, on X

and again by the maximum principle
min{dy, 0} < vy —v; < max{dp, 0}
which implies

—max{dy,0} < dj = max ¥’ + min ¥ < min{d,,0}
Q 0

that is N
dydy, < 0. (69)

For every t € [0, 1] let w}, = tv; + (1 — t)v}, ul € As(X) such that

—Auj, = f,  uy, —wh € Hy(Q)
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and 7y, : [0,1] — R defined by

i (t) = max ub + mﬁin ul .

It is readily seen that 7, is continuous and that 7,(0) - 1,(1) = duds < 0 by (69): hence
for every h € N there exists t;, € [0, 1] such that by setting u;, = u)" we get

max up, + minuy =0
Q Q

which proves (62). Since uy, is superharmonic in €2, null on 92\ ¥ then

max up, > 0
Q

hence by (62)

minu, <0
Q

and by noticing that wu; is constant on X we have also

up(x) = minuy,
)

for every x € 3, thus proving (63).

If now dj, > 0 then v < w;* < v} and therefore U; = u} < u, < u) = v}, that is by
(62)

max |up| = maxu, < maxwv, = max|vj|. (70)
Q Q Q Q
Analogously if d;, < 0 we get

max |up| = —minu, < —minv;, = max |vj| (71)
Q Q Q Q

and therefore by (66)
max u, — A (2, Q)
Q

thus concluding the proof. O

For every a € R let u>¥ € H'(Q) be the unique u € A(X) such that u = @ on ¥
if ¥ # 0, u¥ = u where u is the unique solution of (60) otherwise. An immediate

consequence of Lemma 2.11 is the following

Lemma 2.12. Assume that (16) holds, then

A (2, 2) = min {maxuf D =AM2) <a< 0} . (72)
Q
In particular
1
A (0Q,Q) = 5)\(9) (73)

and
A(0,9) = \Q). (74)
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Proof. Assume first that X # (). Clearly
A(2,0) < inf{max\uf\ Da€ R}
0

and by Lemma 2.11 there exists u; € A(X) such that

up(x) = minwuy, Vo€ X (75)
0
0 < maxu, = —minuy, (76)
Q Q
max up(z) — A (2, Q). (77)
z€ Q)

Hence by setting a, = ming w, we get u2, = uy, hence (76) and (77) yield

A(Z,Q) = inf{maxuf D a€ R} :
Q

Moreover by recalling that 0 > a;, = — max uazh > —\(Q) we get

(2, 0) = inf{mz&w:uaE c=AMQ)<a< 0}
Q

and it is readily seen that this infimum is actually a minimum: indeed let a; €
[—A(€), 0] such that

max ufh — (2, Q)

then up to subsequences a; — @ hence u> — u>

” ~ uniformly in {2 and therefore

(2, Q) = maxu>.
Q

If now ¥ = 99 we get ug —a € Hg(9) and
—Aug —a) =1
hence by (18), (75) and (76)
A(Q) = mﬁax(ua — @) = 2max ug = 2, (09, Q)
thus proving (73). Eventually if ¥ = () then A(X) contains only the solution of (60)
that is A\.(0,Q) = A(Q) and (74) is proven. O

Remark 2.13. We remark explicitly that if ¥ # () then by Lemma 2.11 and Lemma
2.12 there exists a € [—A(€2), 0] such that

a a
Q

m@XUE min{mauxuZ D =AQ) <a< 0}
Q

and
@ = minu’ = — maxu>.
Q 9)

Moreover a standard regularity argument shows that u> € C*().
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Another simple consequence of Lemma 2.11 and Lemma 2.12 is the following

Proposition 2.14. Assume that ¥ satisfies (16), then

SAQ) < A (5,0) < A©) (78)
and therefore
(2, Q2) = min {mgxuf D =AM2)<a< —@} . (79)

Proof. Assume that ¥ C 0N satisfies (16) then by Lemma 2.7 and Lemma 2.8 we get

that for every a € [-\(),0], w = u> — u2? is harmonic in Q and w = —a > 0 on

ON\ X, w=0on X. Then u> > u%* and therefore by (73)

A (5,09) > A.(09, Q) = %)\(Q).

By noticing that for every X satisfying (16)
max u> < A(Q)
Q

we get A\ (2, Q) < A(2) thus proving (78). By recalling Remark 2.13 it is readily seen
that (78) implies (79). O

Let h € L*(Q), |h| <1 a.e. and for every ¥ C 0f satisfying (16) let
Ap(2) ={ue H(Q)NC(Q): —Au=hinQ, u=0o0n00Q\X}

ity £ 00,
Ap(09) ={ue H(Q)NC(Q) : —Au=h in Q}.

Clearly Ap(X) # 0 so we may define

M (2, Q) = inf{oscqgu : u € Ap(X)} (80)
and
M(E,0) = %Sup{kh(E,Q) . |h| < 1ae inQ}. (81)

The main result of this subsection is the following

Theorem 2.15. Assume that ¥ C 0 satisfies (16) and let P(X,Q2) be the set of
C > 0 such that the inequality

/ lv|de < C (|AU|Q—|—/ 9 d’HN_l) (82)
Q » on
holds true for every v € BHy(2). Then

P(2,Q) #0 (83)

and
A(E,Q) <infP(X,Q) < A (X, Q). (84)
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Proof. Since P(0,Q) C P(X,Q) then (83) is a direct consequence of Theorem 2.4. In
order to prove (84) let v € BHy(Q2) and u € A,(X) with A = signv. Then by setting

1 :
¢y = —(maxu + minu)

we get
ov
(u—¢,) d(Av) — (u — cy) = dHN
/Q /89 on -

= —/V(u—cu)-Vvd$:/vAud:B:/|U\daz.
Q Q Q

Hence by taking into account that

1
max |u — ¢,| = = oscgu
Q 2

we obtain
/|v|dx< L osegu) (1A +/ 90 gy (36)
Q -2 @ @ b on
for every u € A,(X) and therefore
I v -
/Q|v|da:§ Q(Alflg)OSCQU) <|AU|Q+/E n dHN 1)
1 ov N1
< v (Iado+ [ |52 ar)),
) on

thus proving that inequality (82) holds with A\(X, Q) < A\*(%,Q), the right hand side of
(84). It remains only to prove that A\.(2,Q) < A(%,Q). If ¥ = () we may proceed as
in Theorem 2.4, otherwise let u; € A(X) as in Remark 2.13, choose y € € such that
ug(y) = maxgu, ro > 0 such that B,,(y) C Q and, for every r < rg, let w, € H () be

the solution of
1

wyrN

Aw, =

1, in Q. (88)

Clearly w, <0 in €2, hence

>0 HY! —a.eon 9N

and as in (85) we get

ow
ug d( Aw, —/ Ug—r dHN 1
/Q ( ) o0 on

= —/Vua-Vwrdx:/eruadx:/|wr|d:r.
Q Q Q
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By (76), (77), (88) and (89)

1 P _
w,| dr = ug dr + (max ug ai dHN 1 90
|w, | ¥ 12
Q WNT Br(y)

Q 5 On

and since uz € A(X) we get that ug + (2n)7!||x — y||* is harmonic in 2, hence

1
ug(y) = ug(z) + (2n) Y|z — y||?) dz
)= g [, el ) e —l)
1 r? (91)
— . s ayN-1 B).
wnTN /Br(y) ua(w) d + 2n(N + 2)wNH (9B1)
By setting now
2
_ r N-1
o= 2n(N + 2)wNH (951)
we get
/\w | dz = ug(y) 1+/%dHN1 -
o T - a y 5 an 0'7"
= (mﬁaxua) {/ﬂ |Awr|dx+/E 85;1:' dHN_l} — 0o, (92)
— )\*(E,Q){/ ]Awr|das+/ dur dHN—l} — 0o,
Q ) an

If there exists A(X,Q) < \.(X,9) such that (82) holds for every v € BH () null on
the boundary, then from (92) we get

ORY) {/ Aw, | da +/ ur dHNl} > / oy | da
Q = | On Q (93)
Qwy
= \(3,9Q) {/ |Awr|dx+/ s dHN—l} — o,

Q » 81’1

and by taking into account that
/ |Aw,|dx =1
Q

we get

0<M(Z,0) - AX,Q) <o,
a contradiction when r — 07, [

Remark 2.16. By Lemma 2.11 and Lemma 2.12 it is readily seen that Theorem 2.15
implies both Theorem 2.4 and Theorem 2.6 by setting ¥ = 9 and X = () respectively.
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Remark 2.17. Let N =1, Q = (0,L), ¥ = {L}: we claim that \*(X,Q) = A\.(%,Q).
Let u € A(X) ie.

u' = —1; u(0) =0 (94)
that is
22
u(:v):sx—E Va € R
and
L2 2
)\*(Z,Q):minmax{ sL—7 ,%} = <g—\/§) L2, (95)

Let now |h| < 1 a.e. in (0,L) and consider for every ¢ € R the follwing Dirichlet
problems
' = —1; u(0) =0, w(L)=rc (96)
V" = h; v(0) =0, v(L) =c. (97)
We claim that oscgv < oscgu. If minv > minu = ¢ A0 it is a simple consequence of
the maximum principle, otherwise there exists 0 < 7 < 1 such that v(7L) = ¢ A 0 and

- 2
1/cAO TL\"| L2
OSCQU_|C/\O]~|—2 (7L+2> +8(1 T)
: = (99
<len0l+ 1 cN0 L L
- - = 0SCq U.
=1 2 [\ T2 e
By recalling Remark 2.13 there exists @ € [—A(0, L), (0, L)] such that
M(2,Q) =@ = minuZ = — maxu>
Q Q
and by choosing ¢ = @ in (97) we get
oscg v < oscguz < A (2, Q)
hence
that is
N (E,0) = M (2, Q) (100)
as claimed.

3. Some applications to the Calculus of Variations

Although all inequalities proven in the previous section do not provide an estimate
between the L' norm of v € BH()) and the total variation of its full Hessian matrix,
nevertheless they can be carefully used to obtain an almost sharp existence result in
some variational problems. Let us introduce now

K ={ue SBH(Q): V*u e L*(Q), u=0in 90}
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and let F': L — R be defined by (see also [8], [9], [10], [11], [12])

Flu) = /Q W (V) dz + 7 /S o

[a_’“” AR 4 R (Se) - [ fuds (101)
Q

Vu

where 5,7 > 0, f € L*(Q2) and W is a quadratic form such that for every N x N real
matrix A,

W (A) > e[| Al”
for suitable ¢ > 0. We will prove the following

Theorem 3.1. If
~

[ flloo < Q) (102)

then there exists u € argmin F.

Proof. It is well known that F'is sequentially lower semicontinuous in w* — SBH and
since

/ fudz < ||l / ] < 1 oA Al
Q Q

ou (103)
<lta@ { [ vntar s [ |[2]] o]
Q Svu a]/
a standard argument shows that for every minimizing sequence u;, we have
5 - ou B
5/ V2|2 do + BHY " (Svu,) + (v — ||fHOO)\(Q))/ {a_yh} dHN
) S (104)

< IFEN@LY @)

By taking into account that u; = 0 on 02 we get

/Vuhdx:()
Q

hence there exists C'(€2) > 0 such that for every h € N
/ |Vuh| dx < C(Q)|D2uh\9,
Q

and by (104) we deduce that up to subsequences u;, — u in w*—BH hence u € argmin F
by lower semicontinuity. O]

The main goal of this section is to show that (102) is an almost sharp condition for
existence of minimizers of (101) (see also [12] for the one dimensional case). To this
aim we need the following technical result whose proof is reported only for the sake of
completeness.
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Lemma 3.2. Assume that pu, € M(QNH(Q), up, — p € M(Q) strongly in H=1(Q)
and that there exists a constant k > 0 such that

/godqu/godx (105)
Q Q
for every 0 < ¢ € HY(Q). Then there exists hg € N such that for every h > hg and for
every 0 < ¢ € H}(Q)
k
L/wdmﬁz—/QNM, (106)
Q 2 Jo

hence pp — gﬁNLQ s a positive measure for h > hyg.

Proof. Assume by contradiction that there exist a sequence N > h; — +oo and

0 < p,; € Hj () such that
k
/goj dpn; < 5/%- dz. (107)
Q Q

We may assume without restriction that [l¢;llm < 1, ¢; — ¢ in w — Hy(Q): since

p € H71(Q) then there exists a vector field M € L?(Q;RY) such that p = divM (see
[1], Thm. 3.10). Therefore

/Qcpjduhj = /Q(%'—sa)d(uhj —u)+/ﬂ(soj—<,0)d/~b

+A¢%%—M+4¢W
zlﬁ%—@ﬂmwaﬁLW%—waMM

+/ww%—m+/¢m
Q Q

and by taking into account that p, — u € M(Q) strongly in H~1(Q) and p; — ¢ in
w — H(Q) we get

(108)

/%wwefww (109)
Q Q
which together with (107) yields
k
/¢@§—/¢m (110)
0 2 Ja
thus contradicting (105). By (106)
U — EﬁNLQ
2

is a positive distribution, hence a positive measure in ). Il

We are now ready to state and prove
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Theorem 3.3. If

_ Y
=5 =% 020 (111)

then F' is not bounded from below.

Proof. Let z € H}(Q2) be such that Az = —1in Q, Q > T € argmaxz, 79 > 0 such
that B, = B,.(T) C Q for every r < ry < 1,

6 — 1 /(z(f)—z)dmeO

wnTY

T

as r — 0T. For every such r, let €, be a polyhedral set such that B, CC €, cC Q and

LY(Q\ Q,) — 0, max d(x,00) — 0
FAS T

as r — 0. Let now v, € H}(Q), v, =0 in Q\ Q, be the unique solution of

1 .
AUT = riN 1Br -+ O-TlQT\BT m Qr (112)
where
€
o = :
AQ)LN(Q,\ By)
It is readily seen that v, < 0 in €2, that
a r a r .
811)1 =0 in 09, 0;}11« >0 in 09,

(here n, denotes the unit outer vector normal to 0€2,) and as in (43)

/ lv.| dz = N(Q,) —ET—FUT/ (z —c,)dz
@ 2\Br (113)

> A(Q) - ;ET — )| Av]g — ger.

Since v, € Hy () solves (112) in Q,, then v, € W??(Q,) for every p > 1 and therefore
v, € C1(£,). Since €, is a polyhedral set then there exists a sequence of continuous
piecewise affine functions 0 > v € SBH(Q) N HY(Q), v = 0 in Q \ Q, such that

vt — v, in H(Q) and
/ dHN ! —>/
o0, o0,

It is readily seen that Av! — Aw, strongly in H~(Q) and since Av, > o, a.e. in §,,
by Lemma 3.2 we get

h
ov,

on

ov,.
on

dHN (114)

Avl > %ﬁNLQT
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when h is large enough, say A > h,. Then

o h
Betle, = [ daety= [ G e (115)
r o0, r
for every h > h, and by recalling (114) we get
Ao, — [Aylg,. (116)
But
h h vy N-1
|Av|o = [Av|q, + | dH (117)
o anr
hence
|AvP | — |Av,q. (118)

Let now €, as in (43): by (43), (122), (115), (114), (116) for every r < r¢/2 there exists
a continuous piecewise affine function 0 > w, € SBH(Q) N H}(Q) null on Q \ Q, such

that
/|wr—vr|da:§ &
Q 6
(119)
€
[ [Aw, o — [Avr|o| < 6
hence
ow, N-1
w, dr < 2e, — M) |Aw,|q = 26, — A\(Q,) dH™ . (120)
Q vaT aV
Let vg € Hy(Q), vo =0 in Q\ B,, such that
1 :
Avy = o 1p. in B, (121)
then v, < vy <0 in B,,,
/ vy dr < / vodx = I(rg) <0 (122)
0 Bro\Byy 2
hence
1
/wrdx§ﬂ<0 (123)
Q 2

when r is small enough. Then, by choosing again r small enough, Proposition 2.2 yields

7 (v ) <2

and by taking into account (120) and (123)

F(%) < w/wr dx + 7 % dH™
€ QET)\(QT) Q €r SVwy v (124)
4~y )
< — 4= — =
=) + 46T](7’0) o0

when r — 0%, thus proving that F is unbounded from below. Il
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Remark 3.4. It is worth noticing that condition (102) becomes less restrictive when
A(€2) becomes smaller and smaller but it is readily seen that

mE{A(Q) : Q| = 1} = 0.

Indeed it is enough to choose

to obtain

AQy,) = <m27r + %)1 —0

as m — o0o: hence a domain * which minimizes A\(2) among all connected Lipschitz
domains having the same N-dimensional Lebesgue measure does not exist. On the
other hand, if for every N-uple £ = (a1, as....,ay) such that p(¢) = IIY¥ a; # 0 we

define
N
Qe = {:EERN : Za?z? < 1}
i=1

then A\(€) = %(le\il a?)~! and therefore
R2

max{A(€) : p(§) = RN} = N

that is the maximum is attained when a; = R™!. In particular this means that when
N = 2 the circle has the minimal resistance to collapse among all ellipses having the
same area.

A. Appendix

We show here how an optimal Poincaré inequality holds also for BH functions vanishing
only on a subset of 02 having positive Hausdorff measure. Unfortunately we are able
to prove this result only when N = 1, since the general case seems very hard to tackle
at least with the methods developed in this paper.

Theorem A.1. Let v € BH(0, L) such that v(L) = 0 then

L LQ
| blde < 5 (s + 1 (D)) (125)

and equality holds in (125) if v(z) = ¢(x — L), c € R.

Proof. Let v € BH(0,L), v(L) = 0 and let 2 € W2*(0, L) such that 2" = signv in

(0,L), z2(0) =2'(0) = 0. Since |2"(z)| <1 a.e.in (0, L), it is readily seen that
L2
2o < 32° < =

N —
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and integrating by parts we easily get

L L
/ v dr = / zd(v") — z(L)v' (L) (126)
0 0
hence
L L2 /i /
/o lv| dz < > (lU l0,0) + ]vf(L)]) ) (127)

Optimality of the constant in (125) can be obviously proven by simply substituting
v(z) =c(x — L) in (125). O
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