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This paper provides an analysis of Pontryagin minima satisfying a quadratic growth condition, for
optimal control problems of ordinary differential equations with constraints on initial-final state, as
well as control constraints satisfying the uniform positive linear independence condition.

1. Introduction

In this paper we discuss necessary or sufficient conditions for weak or bounded strong
minima of optimal control problems with control constraints and constraint on the
initial-final state. There is already an important literature on this subject.

Osmolovskil [10, 11, 12] analyzed second-order optimality conditions for such problems
assuming linear independence of gradients of active constraints (LIG); see also Levitin,
Milyutin and Osmolovskii [6, p. 155-156] where these conditions were first formulated.

Malanowski [7] obtained stability and sensitivity results in the case of convex cost and
constraints (including state constraints) assuming the LIG hypothesis. More recently,
Hermant and the first author [1] studied similar problems, without convexity assump-
tion except for the (local) dependence of the Hamiltonian w.r.t. the control variable,
and again with the LIG hypothesis.

The main novelty is that we do not assume any more the LIG hypothesis but in-
stead a qualification condition that implies the uniform positive linear independence of
gradients of active inequality constraints. Also, we do not assume the (local) convex
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dependence of the Hamiltonian w.r.t. the control variable, which makes the discussion
of sufficient conditions more complex (since the Hessian of the Lagrangian of the prob-
lem is not a Legendre form, and so it is no more possible to pass to the limit in weakly
convergent directions).

The paper is organized as follows. Section 2 sets the problem, recalls some basic con-
cepts, and gives a decomposition principle, in the setting of abstract control constraints.
Section 3 analyzes the multipliers associated with control constraints parameterized by
finitely many inequalities. In Section 4, we give conditions under which weak min-
ima that satisfy a strong version of Pontryagin’s principle are bounded strong minima.
Finally in Section 5 we characterize the quadratic growth condition for weak minima.

2. Pontryagin minima

2.1. Pontryagin’s principle

For a given horizon T' > 0, let U := L>*(0,T;R™) and Y := WH>(0,T;R") denote
the control and state space. Set W := U x Y. When needed we denote w = (u,y),
w = (u,y), etc. the elements of W. Similarly we denote when needed n = (y(0), y(T)),
1= (4(0),y(T)), etc. the pair of initial-final states. The cost function is defined by

me:Aewww@mﬁwmx 1)

where £ : R™ x R" — R (running cost) and ¢ : R" x R" — R (initial-final cost) are
twice continuously differentiable (C?) mappings. Consider the state equation

§(t) = flu(t),y(t) for aa. t € [0,T]; (2)

where f : R™ x R® — R" is a Lipschitz and C? mapping. We know that the state
equation (2) has for any w € U and given initial condition y(0) = yo a unique solution
denoted v, 4, € Y. We consider problems having both control constraints

u(t) € U, fora.a.te (0,T), (3)
where U is a closed subset of R, and initial-final state constraints of the form
®(n) € K, with K := {0}gr, x R"?, (4)

and ® : R*™ — R", r = r; + ry, 71 and ry are nonnegative integers. In other words,
there is a finite number of equality and inequality constraints on the initial-final state:

(1)1(77):0, izl""’rh (I)l(n)éoa Z:T1+1,,T (5)
Consider the following optimal control problem:

Mllelz J(w) subject to (2)—(4). (P)
we
We call trajectory an element w of W that satisfies the state equation (2). If in addition

the constraints (3)—(4) hold, we say that w is a feasible point of problem (P); the set
of feasible points is denoted by F(P).
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We briefly recall several concepts of solution. Denote by || - ||s the norm of the space
L#*(0,T,RY) for any ¢, and s € [1,+o0]. A weak (resp. strong) solution of (P) (or weak,
strong minimum) is an element w € F(P) such that J(w) < J(w) for all w € F(P)
such that [[w — @l[yy (resp. ||y — 7||o) is small enough. Equivalently, w € F(P) is a
weak (resp. strong) solution of (P) if, for any sequence wy € F(P), such that wy — w
in W (resp. yx — y uniformly), we have that J(w) < J(wy) for large enough k.

Following [6, p. 156] and [9, p. 291], we say that w € F(P) is a bounded strong solution
(minimum) if for any bounded sequence wy € F(P), such that y, — ¢ uniformly, we
have that J(w) < J(wy) when k is large enough. An element w of F(P) is called
Pontryagin solution (minimum) see [6, p. 156] and [9, p. 2-3], if for any sequence
wy € F(P), bounded in W, such that y; — ¢ uniformly and |juy — ul|; — 0, we have
that J(w) < J(wg) when k is large enough.

Equivalently, w is a bounded strong (Pontryagin) solution if for any M > 0, there exists
ey > 0 such that if w € F(P) is such that ||ullec < M, ||y —7|loc < enm (and in addition
|lu — @||; < epr in the case of a Pontryagin solution) we have that J(w) < J(w).

Obviously any of the following concepts is implied by the previous one: strong, bounded
strong, Pontryagin, weak solution. We define a strong, bounded strong, Pontryagin,
weak perturbation of w € F(P) as a sequence wy, of trajectories in W associated
with the corresponding optimality concept, i.e., such that y, — ¥ uniformly for strong
perturbation, and in addition uy is bounded in L*° for the other types of perturbations,
up, — u in L' (uniformly) for a Pontryagin (weak) perturbation. We say that the
perturbation is feasible if the elements of the sequence belong to F'(P). We call jwy :=
wg — W a strong, bounded strong, Pontryagin, weak vartation.

We say that a (strong, bounded strong, Pontryagin, weak) solution w satisfies the
quadratic growth condition if there exists a > 0 (depending on M in the case of a
bounded strong or Pontryagin solution) such that w is a solution of the same kind for
the cost function

To(u,y) = / Lt u(t), y(£))d + o(1), (6)

where
lalt,u,y) o= Lu,y) — gallu —a)* +ly — (). (7)
Then we say that the (strong, bounded strong, Pontryagin, weak) quadratic growth

condition is satisfied. So for instance the quadratic growth condition for a weak solution
w (we speak then of weak quadratic growth) means that

(8)

There exist & > 0, e > 0: J(w) > J(w) + 3alw — 0|3,
for all w € F(P), |lw— 0| < ¢,

and the bounded strong quadratic growth condition means that

(9)

For any M > 0, there exist aps > 0,60 > 0: J(w) > J(@0) + an|jw — 0|3
for all w € F(P), ||y — ¥lloo < em ||t < M.

We now recall the formulation of Pontryagin’s principle at the point w € F(P). Let
us denote by R? the dual of R? (identified with the set of ¢ dimensional horizontal
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vectors). We remind that K was defined in (4). The negative dual cone to K (set
of vectors of R™ having a nonpositive duality product with each elements of K) is
K~ =R x R?*. We say that (6, u) € K x K~ is a complementary pair if ;0; = 0,
fori=1,...,r. The normal cone to K at the point # € K is the set of elements of the
negative dual cone that are complementary to 6. In particular, the expression of the
normal cone to K at ®(7) is

Ng(®(7) =={p € R™; p; = 0, p;®:(7) =0, i > ri}. (10)

Let the end-point Lagrangian be defined by

" (yo, yr) = O (Yo, yr) + 1@ (Yo, yr) = (Yo, yr) + Y 1:i®i(yo, yr). (11)
=1

Consider the Hamiltonian function H : R™ x R™ x R™ — R defined by

H(u,y,p) = L(u,y) + pf(u, y). (12)

Set P := WhH(0,T;R™). For any p € R™ and p € P, consider the following set of
relations (reminding that 7 = (7(0),y(T))):

(i) —p(t) = Hy(w(t),p(t)), fora.a. te (0,1);
(i) p(T)= @ (1); (13)
(iii)  p(0) = —®4 ().

We call costate associated with p at the point w € F(P), and denote by p*, the unique
solution in P of the backward equation (13)(i-ii). Existence and uniqueness of the
costate follow from the fact that this is a Cauchy problem for a linear o.d.e. with
measurable and bounded coefficients. Obviously the mapping u — p* is affine. We
will obtain (13)(iii) as a necessary optimality condition.

Definition 2.1. Let w € F(P). We say that u € Ng(P(7)) is a (regular) Pontryagin
multiplier associated with w if the associated costate p* satisfies (13)(iii), and is such
that the following Hamiltonian inequality holds:

H(a(t), g(6), p"(t)) < H(v, §(t),p"(t)), forallve U, aa te (0,T).  (14)

We denote by M (w) the set of Pontryagin multipliers associated with ; if this closed
convex set is non empty, we say that w satisfies Pontryagin’s principle (in qualified
form), or that w is a (regular) Pontryagin extremal.

Remark 2.2. Let @ be a Pontryagin extremal, and let u € M (w). We know (see
e.g. [9, p. 24-25]) that there exists a constant ¢, € R such that

= igéH(U,ﬁ(t%Pu(t)), for all t € [0, T]. (15)

By (13)(i-ii), the function p +— ¢, is affine. Set

h(v, p,t) := H(v,y(t),p"(t)), te€(0,T). (16)
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By (14), we have that h(u(t),p,t) = ¢, for a.a. t € (0,7). Let B(0, M) denote the
closed ball of center 0 and radius M in the appropriate space. Define

Uy :=UNDB(0,M), where M > ||i| . (17)
Let us show that there exists a representative @ of @ such that
a(t) € Uy and h(a(t), p,t) =c,, forallte0,T]. (18)

Let t € [0,7). If h(a(t), u,t) = c, and a(t) € Uy, let a(t) := a(t). Otherwise, since
h(a(t), u,t) = c, a.e., there exists a sequence t), € [0,T], t, — ¢ such that a(t;) € Uy
and h(a(ty), p,ty) = c,. Extracting if necessary a subsequence, we may assume that
u(ty,) converges to some limit whose value will be @(f). Passing to the limit in the
relation h(a(ty), p, tx) = c,, we deduce that h(a(t), i, t) = c, so that h(a(t), u,t) = c,
for all time. Clearly @(t) € Uy, and hence, (18) holds. Moreover, i(t) = u(t) for a.a.
t € (0,T), i.e., @ is a representative of .

We have stated Pontryagin’s principle in the qualified form. The original Pontryagin’s
principle is a more general statement (that we do not need to give here) and is a neces-
sary condition for Pontryagin solutions of (P), see [9, p. 24]. The present qualified form
is is a necessary condition for Pontryagin solutions under the qualifications condition
(61) used in this paper. So by Pontryagin’s principle in this paper we always mean its
qualified form.

Remark 2.3. Assume that, in addition to (3), problem (P) has a “control constraint”
(t,u(t)) € Q, for a.a. t € (0,T), where Q is an open set in R™'. Then, in definition
of M¥(w), the Hamiltonian inequality (14) changes as follows, see [9, Part 1, p. 24-25
and 148-151]: H(u(t),y(t),p"(t)) < H(v,y(t),p"(t)) for all v € U such that (¢,v) € Q,
a.a. t € (0,7). Note that w is a weak minimum in problem (P) iff there exists € > 0
such that w is a strong minimum in the same problem with constraint Q = {(¢,v) :
t € 0,77, |v—u(t)| < e}. If the control @ is a continuous function of time, then Q is
an open set, and in this case we get a version of (regular) Pontryagin principle for a
weak minima. We will say that w is a weak extremal if there exists p € N (P(77)) such
that for € > 0 small enough the following Hamiltonian inequality holds:

H(u(t),y(t), p'(t)) < H(v,y(t), p"(t)),

19
forallv e U, |[v—u(t)] <eaa.te(0,T). (19)

Again, under the qualification condition (61), any weak minimum is a weak extremal.

2.2. Hamiltonian functions with a unique minimum

In this section we study Pontryagin extremals for which, at each time, the Hamilto-
nian function attains its minimum at a unique point. The main result, Corollary 2.9,
establishes that then a Pontryagin minimum is a bounded strong minimum.

If A is a convex subset of a finite-dimensional space, we denote by ri(A) its relative
interior, in the sense of convex analysis (the interior of A, in the topology induced by
its affine hull). We check below that a relatively interior Pontryagin multiplier (i.e.,
some p € ri(MT(w))) obtains an increase of Hamiltonian of the same growth rate as
the maximum over bounded sets of Pontryagin multipliers:
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Lemma 2.4. Let w € F(P) satisfy Pontryagin’s principle, and let M (w) be a non-
empty, conver and compact subset of MY (w). Then for any i € ri(M(w)), there
exists 3 > 0 such that, for a.a. t, and any v € U:

H (v, 9(1), 7" (1)) — H(a(t), 0) (1)
> 5 max (H(vg(0),p(0)) — H((t), 9(0), (1)) (20)
Bu; < fig, for all i > rq. (21)

Proof. Since ji € ri(M°(w)), and M (w) is compact, there exists g9 > 0 such that ji+
eo(ji — p) € MC(w), for any u € M (w). The function p — a(u) := ( g(t),ph(t)) —
H(u(t),y(t),p"(t)) is affine. For given JIRS MC( w), we have that p/ := i+ eo(n — p)
belongs to M (w). Since ji = 1+50u + 1+60u, uz >0 for ¢ > ry, and a(-) is affine and
nonnegative when v € U, it follows that fi; > 524, for i > 1, and a(jt) > 5%-a(p).
The conclusion follows with 3 = &¢/(1 + &g).

We next relate the convergence of cost, for bounded strong perturbations, to some
integral of difference of Hamiltonian functions. For y € R™, we define

JH(w) = J(w) + pd(y) = / ((uw(t))dt + (). (22)

If w is a trajectory, then for any p € P, we have that

JH (w) :/o [H (w(t),p(t)) — p()y(1)] dt + ¥ (n). (23)

Lemma 2.5. Let w € W be a trajectory, let pn € R™, with associated costate p*
solution of (13)(i-ii), and let w be any trajectory. Denote n := (y(0),y(T)) and én :=
n—mn. Then

(i)  The following expansion holds:

i (w) — J*(w) = / [Hw,p") — H(w,p") — H, (@, p")5yldt (24)
T (0) + B (7)3y(0) + L@/ () (6n)? + o1 ).

(ii) Let wy be a bounded strong perturbation of w, and u € R™. Then

J(ur) — J(@) = / Hung.p") — H@w,g.p)dt +o(1).  (25)

(i) If w is a Pontryagin extremal, u € MY (), and wy, is a feasible bounded strong
perturbation of w, then liminfy, J(wy) > J(w), with equality iff the following
holds:

T
lim nf / H (we, 5, p") — H(a, 3, p")]dt = 0. (26)
0

In particular, J(wy) — J(w) iff the integral in (26) converges to 0.
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Proof. Denoting dy := y — ¥, observe that for any p € R™, using (23) with p = p*,
we have that

i (w) — J*(w) = / (H(w, p") — H(,p") — p"6gldt + B() — S*(7).  (27)

Since by the integration by parts formula, we get

- / pSidt = p(0)dy(0) — p(T)ay(T) + / proydt, (28)

using the costate equation (13) and a second-order expansion of ®*(n), obtain (i).
Since for a bounded strong perturbation we have that ||yx — ¥||oc — 0, we deduce from
(24) that J*(wy) — J*(w) is equal to the r.h.s. of (25). Since n, — 7, J*(wy) — J*(w) =
J(wg) — J(w) 4+ o(1). Point (ii) follows. Combining with (14), we deduce (7iz). O

We next show that the uniqueness of the minimum of the Hamiltonian function for all
times ¢ implies that the control is continuous.

Given a Pontryagin extremal w, and M > [|ii]|o, we say that u € M7 (w) satisfies the
hypothesis of unique minimum of the Hamiltonian over U, if the associated costate
p# is such that, for all ¢ € [0, T, the function h(-, u,t) = H(-,5(t),p"(t)) has a unique
minimum over Uy,.

Remark 2.6. Let the hypothesis of unique minimum of the Hamiltonian over Uj; hold
for some p € M”(w). Then (i) by Lemma 2.4, it holds for any element ji € ri(M* (w))
(taking for M (w) the set M¥(w)NB(0, R), with R > max{|u|, |fi|}) and (i) for given
e >0 and M > 0, there exists €); > 0 such that

{For a.a. t € (0,7), whenever v € Uy and |v — u(t)| > € : (29)

H(v, y(t),p"(t)) = H(u(t),y(t), p"(1)) + enr-

Lemma 2.7. Let w be a Pontryagin extremal, and u € MP(w) satisfy the hypothesis
of unique minimum of the Hamiltonian over Uy, with M > ||t||o. Then (one repre-
sentative of ) u(t) is a continuous function of time, equal to this unique minimum.

Proof. Let t € [0,7]; then for t, — t in [0,7] the function @ constructed in Re-
mark 2.2 is such that h(a(t), pu,t) = h(a(te), o, tx) = c,. Passing to the limit obtain
h(a(t), pu,t) = h(v, u, t) = ¢, for all limit points v of u(ty) (they exist since @(t) € Uy
for all ¢ € [0,T]); moreover, v € Uy;. Since h(-, u,t) has a unique minimum over Uy,
we see that @(t) = v, which proves that @ is continuous. The conclusion follows. [

Consider the condition similar to (26), but with a limit instead of a lower limit:

i [ Cue,5.97) = Hl ) = (30)

Lemma 2.8. Let w be a Pontryagin extremal, and let p € MY () be such that the
Hamiltonian satisfies the hypothesis of unique minimum over U. If wy is a feasible
bounded strong perturbation of w, then the four conditions below are equivalent: (i)
limsup, J(wy) < J(w), (i) limg J(wg) = J(w), (iii) (30) holds, (iv) Any subsequence
of ui has itself a subsequence converging to u a.e.
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Proof. The equivalence of (i), (i¢) and (i77) follows from Lemma 2.5. If (ii7) holds, then
by (29) ux — @ in measure (i.e., for alle > 0, meas({t € (0,7); |ux(t)—u(t)| > €}) — 0),
and hence (since this holds also for an arbitrary subsequence of uy,) condition (iv) holds.
Finally assume that (iv) holds, but not (ii7). Taking if necessary a subsequence we

may assume that there exists ¢ > 0 such that fOT[H(uk, y,p")— H(u,y,p")]dt > . But
then, taking again a subsequence for which up — @ a.e., we obtain a contradiction to
Lebesgue’s dominated convergence theorem. O]

Corollary 2.9. Let @ be a Pontryagin extremal. Assume that, for some pu € MY (w),
the Hamiltonian satisfies the hypothesis of unique minimum over U. Then

(i) any feasible bounded strong perturbation of w such that limsupy J(wy) < J(w) is
a Pontryagin perturbation, and
(i) w is a bounded strong minimum iff it is a Pontryagin minimum.

Proof. (i) Let w satisfy the hypotheses of the corollary. If wy is a feasible bounded
strong perturbation of w such that lim sup,, J(wg) < J(w), then, by the above lemma,
we deduce that u;, — @ a.e., and hence, by the dominated convergence theorem, ||uy —
ul|y — 0, so that wy is a Pontryagin perturbation.

(73) As already observed, a bounded strong minimum is a Pontryagin solution. Con-
versely, by point (i) a Pontryagin solution is a bounded strong solution. O]

Definition 2.10. Let w be a Pontryagin extremal. We say that the Hamiltonian
function satisfies a local quadratic growth condition for p € MF () if there exist o > 0
and € > 0 such that

For a.a. t € (0,7T), whenever v € U, |v — a(t)| < e : (31)
H(v,5(t),p"(1)) = H(u(t), y(t), p" (1) + afo —at)[.

Remark 2.11. In view of Lemma 2.4, we have that, if M (w) is a nonempty convex
and compact subset of M (w), and there exist o > 0 and ¢ > 0 such that

For a.a. t € (0,T), whenever v € U, |[v —a(t)| < e
e [H(w,5(0),7(1) = H(@(), 5(0), (1)) = ol = e (32)

then the Hamiltonian function satisfies the local quadratic growth condition, for any
p € ri(MC (w)).

If n € MP(w) is such that (29) and (31) hold, for M > ||ii||o, then @ has a (continuous)
representative @ such that, for all ¢ € [0,T], v — h(v, i, t) has a unique minimum at
u(t) over Uy, and we have that

’ (33)
whenever v € Uy, for all t € [0,T].

{H(v»y(t),p“(t)) > H{(a(t),y(t), p"(t)) + min(alv — a(t)]*, enr),
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2.3. Second-order expansion of the (weighted) cost function

Having in mind Pontryagin perturbations, we now introduce the natural notion of
linearization of the state equation in the framework of the study of Pontryagin minima.
Given a Pontryagin perturbation wy of w € W, satisfying the state equation (2),
reminding that dy, := y, — ¥ is the variation of states, denote by d,y, the solution of
the Pontryagin linearization of the state equation at the point w = (u, y):

ok = fy(u, Y)oryr + fluw,y) — f(4,9); orye(0) = y&(0) — 5(0). (34)

As the following lemma shows, dry, gives a good approximation of dy,. We denote the
remaining terms in a second-order Taylor expansion in L' as

Rig = O([lug — alff + |ye(0) = g(0)1); 71 = ol[lur — @[l + [y (0) — G(O)*).

A lemma similar to the one below can be found in Milyutin and Osmolovskii [9, p.
40-42, Prop. 8.1 to 8.3]. We give the (short) proof in order to make the paper self-
contained.

Lemma 2.12. Let w € W satisfy the state equation (2), and wy be a Pontryagin
perturbation of w. Then

102yk — Uk — Ylloo = Rug- (35)
Proof. Set Ay = f(uk, yx) — f(uk, 9) — fy(@,9)0ys. We may write
Oy = fy (U, )0y + f(ur, §) — f(, §) + A (36)
and by the mean value theorem, for some 6 : [0, 7] — (0,1):
Al = [y (we, § + 00yr) — fy (@, 9)]oys| = O((lux — al + [0yx))|oyel),  (37)

so that ||Ag|l1 = Rig. The conclusion follows then with Gronwall’s Lemma. O

Lemma 2.13. Let w € W be a trajectory, and wy be a Pontryagin perturbation of
w. Then for any p € R™, denoting by p" the costate associated with p at the point w
(solution of (13)(i-ii)), we have that:

S (wg) — JH(w) = /0 [H (ur, 5. ") = H(@ g, p") + 5 Hyy (@, 7, p")(0ryx)?]t

T
+ / [Hy(ulw gapu> - Hy(ﬂa 37729“)}5Lyk dt (38)
0

+ (p"(0) + @4, (1)) 0yx(0)
+ 2(@")" (M) (62yx(0), 6pyk(T))? + r1k-

Proof. Expanding w.r.t. dy; := yr — y the r.h.s. of the expression below:

H(uk7 ylﬁp#) - H(_7 Y,

)
— [H (e g ") — Hug 5 9] + [H s 7. p") — H(5 5. 9], (39)
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and since (all derivatives of f and ¢ being uniformly bounded and continuous over
bounded sets)

H<uk7 yk:pu> - H(Uk, gapu)

- 40
= Hy(uk7 gap“)éyk + %Hyy<uk7 gapu)dyi + le(t)u ( )
where ||7F1||1 = 1%, and using the relation
T T
/ Hyy(ukv g7pu)5yl?:dt = / Hyy(ﬂa gapu)éyidt + le(t)a
0 0
obtain with (24):
T
JH(wy) — JH(w) = / [H (ug, 5, ") — H(a,5,p") + 5 Hyy (@, 5,p")0yp) dt
0
T
+ / [Hy(uka g7pﬂ> - Hy(ﬂa g)])'u)](;ykdt (41)
0

+ (0(0) + L, (7)) (0) + S(@4)"(7) (3 (0), 5y (T))® + .

The conclusion follows by Lemma 2.12. [

2.4. A decomposition principle

Now given w € W and a Pontryagin perturbation wy, both satisfying the state equation
(2), we start to use second-order expansions of the cost function with the remainder

rar = o([|0ull3 + [yx(0) — F(0)[*).

Consider a sequence of “measurable partitions” of [0, 7], i.e., measurable subsets Ay
and By, of (0,T") such that

[O, T] = Ak U Bk; meas(Ak N Bk> = O, (42)

such that meas(By) — 0, and a Pontryagin perturbation wy, of w € W. Denote the
restriction of variations of control variables to the set A by

dau = 14, (ug — 0); Uag i= U+ 0aug, (43)

and similarly for dpu, and up . The associated states are defined as solution of the
Cauchy problems

Yak = fUak, Yar); Yak(0) = yx(0), (44)
Uk = f(UuBk, YBK); ys.x(0) = 5(0), (45)

that is, the variation in the initial condition is “absorbed” by the “A” part. We set

OAYL = Yak — U; OBYK = Yk — - (46)
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Theorem 2.14 (Decomposition principle). Let w be a trajectory in W, wy, be a
Pontryagin perturbation, and (Ay, Bgx) be a measurable partition of (0,T), such that
meas(By) — 0. Then, for all n € R™, we have a decomposition principle

J“(wk) = Ju(wA7k) + (J‘M(UJB’]@) - J‘M(U_])) + 7ok, (47)

and, p* being the costate associated with p at the point w, J*(wpy) has the following
eTpansion:

Pwne) = @)+ [ g 0) - H@g e+ Ooaunl?).  (49)

By

If in addition ||0aug|lee — O, then setting a0 := o(||daur||3 + |yx(0) — 7(0)|?), we have
that
T (wag) = JHW) + 64l + 7 aok, (49)

with
T
St = / (2 oo (@, ) (S4w03,)? + H., (@, p)8 aug) dt
0

+ (1(0) + @4, (7)) 0y (0) + 5(P*)" (1) (3431 (0), daye(T))*.

(50)

Proof. The Pontryagin linearization (34) being the sum of the ones for perturbations
uay and upy, it follows from Lemma 2.12 that ||0yr — dayk — dBYkllcc = Rix, and we
have

(1) [[0ayklloc = OUloaurlly + 104y (0)]); (i) [08Ykllec = O(l0purl1).  (51)
Relation (48) follows then from (38) and (51)(ii). Now by the Cauchy-Schwarz inequal-

1ty:
16puk]l1 < meas(By)"?||0pur|l2 = of[|65ull2), (52)

so that ||[0pyk|lec = o(||0puk||2), and using 1 = O(ra), obtain with (38):

T
S (wy) — JH(w) = / [H (ug, g, p") — H(@,p") + 5 Hyy (0, ")y
0

- (Hy (w9, 9) — Hy (@, 9)) gl dt (53)
+ (P"(0) + 3, (7)Y, (0)
+ 5(@)" (M) (0.4yx(0), 6.ays(T))* + 7.

Using (51) and (52), get
/ [Hy(ue, §,0") — Hy(@, 5, p")0ayrdt = O([|0pur[l1[|0ayklloc) = r2n. (54)
By,
We deduce with (52)—(54) that

JH(wy) — JH(w) = 3AJ,’: +/ [H (ug, y,p") — H(u, g, p")]dt + ro, (55)

By,
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where

T
dad) = / [H(uk,y,p“)—H(w,p“)]dH%/ H,, (w, p")d aypdt
Ay 0

[0 ) = Hy ) (56)
k
+ (p(0) + @4, (7)) (0) + 5(@*)" (1) (3431 (0), daye(T))*.
In particular, taking dgu, = 0, we obtain
JH(wagr) = J*(w) + SAJ]/: + 7 A2k, (57)

which combined with (48), (52) and (55), proves (47). Finally when [|04us|lc — 0, it

follows from a Taylor expansion that d4.J} = d4J} +7 a9k, proving (49). The conclusion
follows. u

3. Inequality control constraints

We assume in this section that the control constraints are parameterized by finitely
many inequalities:

U:={ueR™ g(u) <0}, (58)

where g : R™ — RY is a C? mapping. In other words, the control constraints are
defined by
gi(u(t)) <0, foraa.te (0,7),i=1,...,q. (59)

We consider the “abstract” formulation where the state is a function of initial state
and control. So we may write the state as y,.,,(t), and define G : U x R* — R" by

Gi(ua yO) = q)i(y07 yu,yo(T))7 1= 17 s (60)

By Gi., (u,y0) we denote the (vertical) vector of components 1 to r; of G(u,y,). We
say that the following qualification condition [13] (a natural infinite dimension gener-
alization of the Mangasarian-Fromovitz condition [8]; see also [2, Section 2.3.4])) holds
at w € F(P) if

G'.,, (, 7o) is onto,
There exists # > 0 and (v, Z) € Ker G, (4, %0);

gi(u(t)) + gi(u(t)o(t) < —p, foraa.te[0,T],i=1...,q, (61)
Gi(u,90)(v, Z0) < —f, for all i > r such that G;(u,y) = 0.
We also define for future reference
T(uyo) = T Yuge); S (u0) = J(u, y0) + nG(u, yo), (62)
as well as the augmented Hamiltonian function by
H(u, y,p, A) = H(u,y,p) + Agu) = £(u, y) + pf(u, y) + Ag(w), (63)

where u € R™, y € R", p € R™, and A € R?. Given w = (u,y) € F(P), we recall that
the set of normal directions to K at the point ®(77) was defined in (10). The costate
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pt € P associated with p € Ng(®(77)) was defined as the solution of (13)(i-ii). For
w € F(P), u € Ng(®(7)) such that (13)(iii) holds and ¢ € [0, T], define

Ae(@, 1) = {A € RE Ng(a(t))™s Hy(w(t),p"(t), ) = 0},
LM*(w) == {(\, p); p € Ni(®(7)); (13) holds; X € L¥(0, T, A(w, u))}-

We call LM*(w) (the superscript L is reminiscent of Lagrange) the set of first-order
multipliers. If the latter is non empty, then we say that w is a stationary point. By
M*®(w) we denote the projection on the second component, The Lagrangian for the
abstract formulation is

L(u,yo, A, 1) = J*(u, 90) + (A, g(w), (64)
the last duality product being in the space L*>(0, 7, RY).

Theorem 3.1. Let w be a weak solution of (P), satisfying the qualification hypothesis
(61). Then

(1) LMY (w) is nonempty and bounded, and
(11) MPF(w) is a (possibly empty) subset of M (w).

Proof. (i) An abstract formulation of problem (P) is

MinJ(u,y0);  g(u) <0;  Glu,p) € K. (65)
u,Yo

Let K, := L*>(0,7,R%), with associated normal cone at the point g(@) denoted
Nk, (g(w)). The corresponding set of Lagrange multipliers at point (%, 7o) is defined as

(LML>ﬁ(w> = {(>‘7:U’> € NKg(g(ﬂ)) X NK<G(HJgO)); D(u,y0)£<a7g07 )\nu) = O} (66>

The qualification hypothesis (61) being a particular case of Robinson’s qualification
condition [13], we know that (LMFE)*(w) is nonempty and bounded in L*°(0, T, R%)* x
R™. It remains to prove that any (\, u) € (LMT)#(w) is such that A can be identified
with some X in L*>(0,T,R9), the norm in L*>(0,T,R?*) of A being uniformly bounded
over all (\, 1) € (LMF%)*(w). More precisely, we have to check the existence of ¢ > 0
such that, [(\, a)| < clla||pio7re), for all a € L*(0,7,R?). If this holds then, since
L>°(0,T,R?) is a dense subset of L'(0,T,R?), A has a unique extension X in the dual
space of LY(0,T,RY), i.e., L>°(0, T, R?%*).

Since the norm of a € L'(0,T,R?) is the sum of the norms of its positive and negative
parts, it suffices to check this inequality when a > 0, i.e., since A > 0, to prove that
(A, a) < cllallpror,rey- We can write a(t) = a(t)a(t), with «(t) = |a(t)| and |a(t)] = 1.
Set h:= —(g(u)+g¢'(a)v). By (61), 8 < hi(t),i=1,...,q, for a.a. t. Since a;(t) < a(t),
i=1,...,q, for a.a. t, we have that fa(t) < a(t)h(t), and so

BN, a) = (A, Ba) < (A, ah). (67)

Since A > 0, a > 0 and g(u) < 0, the maximal ratio between the uniform and Euclidean
norm being ,/q, we have that:

0= (A ag(@)) = VA llalleg(@) = Vllall (A, g(w)) =0, (68)
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the last equality being the complementarity condition between elements of a convex
cone and elements of the corresponding normal cone. It follows that (A, ag(a)) = 0.
Combining with (67), and using (66), obtain

BN a) < — (N ag (@) = —(\, ¢'(@)av) = D,J"(a,5)(av)
< NDu " (@, Go) ool 7]l 0 = 1 Du* (@, Go) e 1Dl alh,
which, since p remains in a bounded set, gives the desired estimate. Point (i) follows.
(i) Let u € MT(w). Then @ is solution of the problem

Min /0 H(u(t), 5(t), p(0))dt; g(u(t)) <0, foraa. te (0,T).  (70)

u€L>(0,T,R™)

In view of the qualification condition, there exists some A such that (\, u) € (LML) (w).
The conclusion follows. O

4. Quadratic growth with initial-final state constraints

The main result of this section is Theorem 4.8. Assuming that the restoration prop-
erty (78) holds, it shows that a Pontryagin extremal with a unique minimum of the
Hamiltonian satisfies the bounded strong quadratic growth condition iff the weak min-
imum quadratic growth condition (8) and the local quadratic growth condition for
Hamiltonian (31) hold.

When dealing with initial-final state constraints we need to combine the previous de-
composition principle with a certain restoration hypothesis, for which we will give
sufficient conditions. In most statements of the section we will assume that

W is a stationary point, and /i denotes an element of ri(M*(w)), (71)

where 1i(M%(w)) is the relative interior of M%(w). Denote the set of strictly (non
strictly) complementary active constraints by

{L::{anm}uhq<i§n}k>oh (79)

[0 = {7’1<i§7’§ (I)Z(T_]):O}\I+

Similarly to (21), all u € ri(M%(w)) have the same set of positive components, as can
be easily checked, so that the definition does not depend on the choice of the particular
. Define

K, = {QERT, &zO,iELr, 0; SO,@EI@}. (73)

Note that K, = K N ji*. The function
d(n) =Y Pi(n)s + ) [®i(n)] (74)

i€lp i€l

is the distance of the initial-final state constraint to the set K, in the L'(R") norm
(the unique projection of § € R”" in this norm being #" defined by 0! = 0if i € I, and
0} = min(0;,0) otherwise). We have that

d(n) = O(—p®(n)) whenever w € F(P), (75)
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since then ®y.. (n) =0 and ®,,1..(n) < 0. Call Pontryagin norm the following one:

lwlle = [lulls + [[ylloo- (76)

For given ep > 0, and u € U, define the set of times of ep-deviation of u as

B.,(u) = {te O.7): Jut) - a(t)] > M} (77)

€D

We have the following relation.

Lemma 4.1. For any u and u in U, u # u, we have that meas(B.,(u)) < ep.

Proof. This follows from

T T
€D _
meaS(BED (U)) = /0 1{\u(t)—ﬂ(t)|2Hugglll}dt S m/o |U(t) - U(t)‘dt = E&p.

O

Definition 4.2. We say that the restoration property (for the initial-final state con-
straints) is satisfied at w € F(P) for 4 € M*(w) in the Pontryagin (resp. weak) sense if
there exists ep > 0 and e > 0 such that, for any trajectory w such that ||w—w||p < ep
(resp. |[w — w|| < ep) and u(t) € U a.e., and any measurable set B C (0,7") such that
meas(B) < ep over which u and @ coincide, there exists w' € F(P) such that v’ = @
on B and

lw' = wllee = OWd(n);  J(w') = J*(w) + O(|lw — w|[pd(n)). (78)

If M*(w) is a singleton, then the concept of restoration property will be used without
indication of unique element u of ML (w).

Denote the kernel of derivatives of almost active control constraints (relative tow € W),
parameterized by e > 0 (this notation is a reminder of “restoration”), by

y V€ U; gi(u(t))v(t) = 0, whenever g;(u(t)) > —er, (79)
R li=1,...,q, foraa.te (0,T) '

We will call special qualification condition the Mangasarian-Fromovitz qualification
condition [8] for constraints on initial-final state in K, over the Banach space E.,, =
U, x R"™. Setting € := (u,y(0)), it can be formulated as:

(i) There exist ¢/ C E.,,, j =1,...,|I,|, such that
{G, (€)e’}j=1,.. 1. is an independent family, (80)
(ii) There exists eg > 0 and ¢” € E., NKer G} (e); G (e)e’ < 0.

This condition implies the uniqueness of the “u component” of the Lagrange multiplier.

Lemma 4.3. Let w satisfy (71) and the special qualification condition (80). Then
ME(w) is a singleton.
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Proof. Let (\, ') € LM*(w), fori =1,2. Set A := A2 =\ and p := p?> —p'. Let e =
(v,20) € E.,,. Then \(t)¢'(u(t))v(t) = 0 for a.a. ¢, and therefore, taking the difference
of equations of stationarity of Lagrangians (last relation in (66)), uG'(4, 9o)(v, z0) = 0.
Since by (80) G7, (€) is onto from E., onto RI+1 it follows that 4 = 0, as was to be
proved. Il

We need the following notation:

U, (B) :={vel.,; v(t)=0ae onte B}; E..(B):=U.,(B) xR". (81)

Denote by €/ = (u/, 2J) the components of vectors e/ in (80), j =0, ..., |I;|, and define
e = (ul, 2lg) in E.,(B), for j =1,...,|I4|, by

g =2 w(t) = (t) if t ¢ B, wj(t) =0 otherwise. (82)
Since the functions u?, j = 1,...,|I,|, are essentially bounded, we have that
|G/ (e) (e} — ¢7)| = O(meas(B)), j=1,...,|I4]. (83)

For j = 0, we proceed in two steps. First define é% = (4%, z05) in the same way, i.e.,

205 = 23; a%(t) = u(t) ift ¢ B, 4%(t) =0 otherwise. (84)
Then
|G'(€)(€}s — €°)] = O(meas(B)). (85)
Now define
11|

ey = e% + ZajeB, (86)

where the coefficient & is the solution of

I+

G, (e eB+Zon€B =0. (87)

The L' norm over E.,(B) is defined as the sum of the L' norms over Y., and R™.

Lemma 4.4. Let w satisfy (71) and the special qualification condition (80). Then
there exists eg > 0 such that, for any measurable subset B of [0,T], if meas(B) < eg,

then (87) has a unique solution, and {e%, ... ,e‘é*'} are such that

(i) la| = O(meas(B));
(i) el — 60||1 = O(meas(B)), (88)
(ili) G (e)el < 1G (e)e” < 0.

Proof. It suffices to prove (88)(i). Over the set of square invertible matrices of size
|74, the operator that to a matrix associates its inverse is known to be locally Lipschitz.
When meas(B) = 0, the solution is @ = 0; otherwise the perturbation of the matrix
and of the r.h.s. is, by (83) and (85), of order O(meas(B)). The result follows. O
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Lemma 4.5. Let w satisfy (71) and the special qualification condition (80), for some
er > 0. Let M > ||t]lo. Then, if ég > 0 and ep > 0 are small enough, for any
measurable B C (0,T) such that meas(B) < ép, any trajectory w such that ||us < M
and ||w —w||p < ep, there exists a trajectory w” € W (that does not in general satisfy
the control constraints) such that

[ —wle = OWd(n)); G yf) € Ky; 0 —u €U, (B). (89)
Proof. Denote by F; the finite dimensional space spanned by e%, e ,elgl, endowed

with the norm of U x R™. Consider the mapping 7 from U x R™ into itself, that with
a given e := (u,yo) € U x R™ associates e + de, where de = (du, dyo) is a vector of Fj
satisfying the following conditions:

() Gr(e)+ G (@0e =0, (i) Grle)+ Gl (@)e <0, (90)

S0 we can write de = EL]:*(‘) Gje%. Coefficients 6;, for j = 1 to |I,|, are uniquely
determined by (90)(i), and for §, we choose the smallest possible nonnegative value.

In view of Lemma 4.4, we have that, for some ¢; > 0, if €5 is small enough:
lefloc < e1 (IG 1, (e)| + Groe)+]) - (91)

Over the set Vi p :={w € W; ||w —w|lp < 1; ||ul]lc < M}, the mapping e — G'(e)
is, when E., is endowed with the L' norm, Lipschitz from F., into L(E.,,R"). Using

ER?

G(e+de) = G(e) —I—G/(e)ée—i—fol |G’ (e+0de) — G(e)]do, it follows that, for some ¢y > 0:
|G (e + de) — G(e) — G'(e)de| < cyl|del. (92)

In view of (90) and (91), and since (making the abuse of notation of denoting also by P
the induced norm for G'(e)) ||G'(€) —G'(e)||p — 0 when ||u]|o < M and |w—w|p — 0,
it follows that when |jw — w||p is small enough, say ||w — w||p < ep,, we have that

|G1. (e +de)| +[Gr(e +de)+| < 5(IG1, (e)| + |G (e)+]). (93)

Consider the sequence defined by e := T (¢¥), for k € IN. Tt follows from (91) and
(93) that, if the trajectory w corresponding to e satisfies the hypotheses of the lemma
for small enough ep, then the sequence w* is well-defined, remains in V; 5/, and con-
verges to some ¢” such that ||e” — €°|| < 2¢; (|G, (e)| + |Gyy(e)+]). The corresponding
associated state y” is such that w” := (u”,y") satisfies (89). O

Given w € W satisfying the state equation (2), we consider the following measure of
constraint defect:

1 r
Dw) = flg(u)s e + 30120 + D Bila) (94)
i=1

i=r1+1

It is well-known that Robinson’s qualification condition (61) implies the following local
metric regularity result, due to [14] (see also [2, Prop. 2.89]): there exists ¢ > 0 such
that, if w € W satisfies the state equation (2), and is close enough to w, then there
exists w € F(P) such that

[0 — wllw < eD(w). (95)
We now check that this inequality still holds in some cases if w € W is close enough
to w in the Pontryagin norm.
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Lemma 4.6. Let w satisfy (71) and Robinson’s qualification condition (61). Then the
following metric reqularity result holds. For any M > ||i||~, there exists ¢ > 0 and

ey > 0 such that, for any measurable subset B of [0,T] and any trajectory w such that
g(u(t)) <0 a.e. on B, setting A :=[0,T]\ B, if

Julloo < M;  flw—wlp <en; meas(B) <en;  |[(u—@)1lalloo < e, (96)

there exists w € F(P) such that (95) holds, and u(t) = u(t) a.e. on B.

Proof. The proof is somewhat in the spirit of the one of Lemma 4.5, but including the
control constraints. The first step is similar to Lemma 4.4. Denote € := (u,4(0)). By
Robinson’s condition (61) there exist {e', ..., e} inU xR™ such that {G],, (€)' }1<i<r,
is of rank r;. Denote by e the vector obtained by setting to zero the components of

the control over the measurable subset B of [0,7]. Then
|G/ (e) (el — ¢7)| = O(meas(B)), j=1,... 7. (97)

Let ¢ := (1, z) and 8 > 0 be the direction and constant stated in (61). By arguments
similar to those in the proof of Lemma 4.4 we obtain the existence of a direction
€% = (v}, 2%) € U x R such that

(1) el — ellp = O(meas(B));

(i) g(u(t) +g'(a(®)vp(t) < —38, foraa.tel0,T]\B,

(iii) v%(t) =0, for a.a.t € B, (98)
(iv) Gie)e% =0, i=1,...,r,

(v) Gi(e)el < —3p8, forall i > ry such that G;(4, go) = 0.

Let 7 be the mapping from U x R™ into itself, that with a given (u,yy) € U x R™
associates (u, yo)+de, where de = (du, dyo) is a vector of Span{e}, ..., e} } of minimum
norm satisfying the following conditions:

(i) g(u(t)) + g (a(t))du(t) <0, fora.a.tel0,T],
(i) Gile)+Gi(e)de=0, i=1,...,r, (99)
(i) Gi(e) + Gi(e)de <0, for all ¢ > ry such that G;(u, 7o) = 0.

We obtain by arguments similar to those at the end of the proof of Lemma 4.5 that the
sequence computed by the mapping 7', with initial point (u,yy) such that ||ul. < M
and ||w —w||p is small enough converges to a point (4, o) such that the corresponding
associated state g satisfies the conclusion of the lemma. O]

We remind that (80) implies that M%(w) is a singleton (see Lemma 4.3).

Lemma 4.7. Let w satisfy (61), (71) and (80). Then the restoration property (Defi-
nition 4.2) is satisfied in the Pontryagin sense.

Proof. Let the trajectory w satisfy g(u(t)) < 0 a.e. on [0, 7], Given a constant M >
max{||t||co, ||@||oc }, choose ép such that Lemma 4.5 applies. Let B be a measurable
subset of (0,7), over which u = @ a.e., of measure at most ep := %éB. Let B., be the
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deviation set introduced in (77), with ep := 1é5. By Lemma 4.1, the set B := BUB,,

is of measure at most 5. Set A := (0,7 \ B. Slnce B., N A =0, we have that
lu(t) — a(t)] < eptjw —w||p, ae. on A. (100)

By Lemma 4.5, there exists a trajectory w” € W satisfying (89). Using (89) and (100)
we get that, for some ¢; > 0 and for a.a. t € A:

gi("(t)) = gi(u(t)) + gi(u(t))(u" () — u(t)) + O(d(n)*),

; (101)

< gi(u(t)) + gi(a(t)) (" (t) — u(t)) + c1 (|lw — @[ pd(n) + d(n)*)

If t € B then g;(u"(t)) = gi(u(t)) < 0. Otherwise, if g;(a(t )) > —ep (we remind that
);

er was introduced in (79)), since g;(u ( )) <0 and g;(u(t))(w (t_) —u(t)) =0, we get

gi(u"(t)) < e1 ([lw — wllpd(n) + d(n)*) - (102)

If g;(u(t)) < —er and ¢ ¢ B, then by (100), whenever ep is small enough, we have
gi(u(t)) < —ieg. Using (101) and the estimate d(n) = O(|jw — @||p), again whenever
ep is small enough,we obtain:

gi(u"(t)) < —3er +O(d(n)) < —3er + O(ep) <0, (103)
so that finally with (102), and using again d(n) = O(||w — w||p):
g(u"(t)) < eal|w — w|[pd(n), a.e. on (0,T). (104)

Let p be the element of the singleton ML (w). We next apply Lemma 2.13 at point w,
denoting therefore p* the costate evaluated at the point w (and not w). Note that o(-)
and O(+) in the statement of this theorem come from Taylor expansions on bounded
sets, and hence, are uniform over the reference point. Since ||[w” — w|| = O(d(n)), we
deduce that, denoting by p* the costate evaluated at the point w and associated with

IR

JH(w" / Hy(w, p")(u" —u)dt (105)
7(0) + (24,) () (¥"(0) = y(0)) + O(d(n)”).
Since ||w — w||p < ep, using
| ((0) + @y, () — (p(0) + @4 (7)) | = O(lw — @l|p), (106)

[ Hu(w, p) = Hy(w, p")[ly = O([lw — wl|p)

as well as p*(0) + @4 (7) = 0, [|[w” — w|| = O(d(n)), and d(n) = O(|[w" — wl[p), we
can write

JH (") — T (w) = /0 Hy(w, p*)(u” — u)dt + O([lw — @] pd(n)). (107)
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: 2
Since v” —u € U,

Hy(w(t), p(1)) (u"(t) — u(t)) = =g (u(t))(u"(t) — u(t)) = 0. (108)

With (107)—(108), we get J*(w") — J*(w) = O(||w — w||pd(n)). Now by the definition
(89) of w”, we have that J(w"”) = J*(w"). By Lemma 4.6, (89) and (104), there exists
w' € F(P), such that ||w' —w"|yw = O(||w — || pd(n)) and u'(t) = u"(t) = u(t) a.e. on
B. Consequently, J(w') = J(w") = O(||lw — w| pd(n)); therefore (78) holds and v’ = u
on B (since B C B). The conclusion follows. O

we deduce from the first-order optimality conditions that

As shows the following theorem, the quadratic growth condition for the Hamiltonian
makes a bridge between the notions of weak and bounded strong quadratic growth of
the cost functional J.

Theorem 4.8. a) Let w € F(P) satisfy the qualification condition (61). Then the
bounded strong quadratic growth condition (9) at w implies the three following condi-
tions:

(i)  the weak minimum quadratic growth condition (8),

(i)  Pontryagin’s principle with a unique minimum of the Hamiltonian over U for
some p € M (w), and

(iii) the local quadratic growth condition for Hamiltonian (31), for some u € MP ().

b) Conversely, if (i)—(iii) holds as well as the restoration property (78) in the weak
sense, for some p € ri(MT(w)), then the bounded strong quadratic growth condition
holds at w.

Proof. a) Let w satisfy the bounded strong quadratic growth condition. Then of
course the condition of weak quadratic growth (8) holds. In addition, by the definition
(9) of bounded strong quadratic growth, for any M > |||, there exists ), > 0, such
that @ attains the minimum of J(w) — Sa|jw — @||3 over the set

War = {w € F(P); [ly — gl < eari [ult)] < M ae.}, (109)

By Pontryagin’s principle applied to this problem, the local quadratic growth condi-
tion for Hamiltonian function (31) follows, as well as the uniqueness minimum of the
Hamiltonian over U for some pu € M¥ (w).

b) Let w satisfy conditions (i)—(ii7) of the theorem, as well as the restoration property
(78). If the bounded strong quadratic growth condition is not satisfied, there exists a
sequence of bounded strong perturbation wy such that

J(wi) < J(w) + o|wy — w][3)- (110)
By Corollary 2.9, wy, is a Pontryagin perturbation of w. Let M > supy ||ux|lco. We
know that (33) holds for some constants a > 0 and ) > 0. Let € > 0 be such that

ae? < ey, and set

By = {t € (0,T); |us(t) —alt)| >} A :=(0,T)\ By. (111)
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In view of Lemma 2.4 we may assume that conditions (i7) and (i7i) hold for the same
p € ri(MFP(w)), as well as the (weak) restoration property (78). By (31) and (33), as
well as by Theorem 2.14 and Lemma 4.1, since meas(By,) — 0, we have that

JH(wy) = J*(wag) +/B [H (ug, y,p") — H(w, p")]dt + o (12)

> JM(way) + ae® meas(By,) + 1.
Applying the (weak) restoration property (78) to wax, get the existence of w)y , € F(P)
such that
() Nwhp —warll = Old(nak));
(i) J(wlyy) = J*(war) + O(lwa — @[ pd(nas))- (113)
(iil) wly (1) = var(t) = u(t) a.e. on By.

Combining (113)(ii) with (112), we obtain
JH(wi) > J(wly ) + ag®meas(By) + O(||wap — @] pd(nak)) + - (114)
On the other hand, since ||ypr — ¥||cc = O(meas(Bg)), we have that
O(n) = (nax) + O(meas(By)). (115)

We deduce that

Also, since wy, € F(P), we have @y, () = 0 and @, 1..(nx) < 0. Combining (114)
and (116) and using (75), we get

J(wk) > J(w)y ;) + ag® meas(By) — p®(ni) + O(||wa — @] pd(nak)) + ra
J(w'y ) + 30 meas(By,) — p® (i) + O(||way — o||pd(ne)) + 72 (117)
(wf4 p) + oze % meas(By,) — ,u(ID(nk) + Top.

Since w'y , is feasible, by (113)(i), we have that

Wy, —w| = O (Hu;xk — oo + [Yap0 — Yol)

i i (118)
= O (uar — e + lyaro — Yol + d(nax)) = O () + o(1).

Since w is a weak minimum, for small enough ¢ > 0 we get J(w),) > J(w). Thus,
taking into account that 14®(n;) < 0, we find that (117) implies
J(wg) > J(w) + 2ac® meas(By) + ro. (119)

In view of (110), meas(By) = 9. By Lemma 4.6 and (116), there exists wj € F(P)
such that |w}, —wa|lcc = r2r. Therefore, ||w), —w||3 = ||war—©||3+rox so that, using
Theorem 2.14 (with here p = 0) for the first equality, when & > 0 is small enough,

Jun) = J(war) + o = J (W) +ron 2 J(@) + Galwag = o5 + ran,

120

contradicting (110). O
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5. Second-order necessary or sufficient conditions
5.1. Critical directions

Since the qualification hypothesis (61) is a particular case of Robinson’s qualification
condition, the second-order optimality condition due to Cominetti [3] (see also [2, Thm.
3.45]) holds. We denote §(0) as g, and recall that J(u,yo) := J (U, Yuy,), Where .y
is the solution of the state equation (2), with initial condition y(0) = o, and that G
was defined in (60). Reminding the notations in (62) and (64), define the following set
of active inequalities at time ¢ and for the initial-final state constraints:

L={1<i<gq ga®) =0} Ir:={r+1<j<r Gajo) =0} (121)

Set Uy := L*(0,T,R™). The linear mappings j’(ﬂ,gjo) and G'(u, 7o), defined over
U x R", have a unique extension into Uy x R", denoted in the same way. We define
the set of extended tangent directions to the control and initial-final state constraints
(they are extended in the sense that we take L? spaces instead of L>):

Ty(u) = {v € Uy; g}, (a(t))v(t) <0, aa. t € (0,T)}, (122)

Tq;(fb, gO) = {(UVZO) € Uy X Rn; Gll:rl(avgo)(v7zo) =0; G}F(ﬂ, gO)(U7Z0) < O}’ (123)

the set of extended critical directions:
Co (@, o) == {(v, 20) € To(T, Go); v € Ty(7); J'(@,To)(v, 20) < 0}. (124)
The set of critical directions (in the original space) is
Coo(, 9o) = {(v,20) € Co(u,yo); v e L>*0,T,R™)}. (125)

Finally 7% (g(u), ¢’(2)v) stands for the second-order tangent set to L>°(0,T,R%) at the
point g(u), in the direction ¢'(u)v, i.e., for s > 0:

T2 (g(u), d (a)v) = {vo € L=(0,T,RY); sulzess(g(ﬂ) + sg'(u)v + %SQ@) < o(s%)}. (126)

If K is a subset of a Banach space X', its support function o(-, K) : X* — R is defined
by o(z*, K) := sup{(z*, z); x € K}. By Cominetti [3], we know that

Theorem 5.1. Let w = (u,y) be a weak solution of (P), satisfying the qualification
hypothesis (61). Then

max Lwvrz (@, To, A, 1) (v, 20)* — a(N\, T2 (g(@), ¢'(@)v)) >0,
o (L0 A ) 0207 — o 2900, (00) .

for all (v, z9) € Coo(t, Yo)-

The amount o(\, T%(g(u), ¢'(u)v) is called the “sigma-term”. A practical characteri-
zation of the second-order tangent set to L™ is not known (see however [4]). We do
not detail the proof of Theorem 5.1 since it is a standard application of [3]; note that,
since the constraint on the initial-final state consists in a finite number of inequalities
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they have no contribution to the sigma-term. We next prove a stronger result. Let us
denote

Qv, z0) := ax  Liuyo)2 (T, Yo, A, 1) (v, 20)°. 128

(v, 20) o, w02 (T oy A, 1) (v, 20) (128)
Note that the maximum is indeed attained since the set of multipliers is, by the Banach-
Alaoglu theorem, compact for the weaks* topology of L>, and the function to be maxi-
mized is a continuous linear form for that topology. Since the sigma term is nonpositive
(e.g. [2, Equation (3.110)]), and Cio(u,yo) C Ca(u, ¥o), a sufficient condition for (127)

is
Q(v,29) >0, for all (v,2) € Ca(u, o). (129)

Note that the above condition makes sense since, for any (A, u) € LMZ%(w), the
quadratic form (v, zg) > Luy0)2 (@, Fo, A, 1) (v, 20)?, defined over U x R™, has a unique
extension into Uy x R™.

Theorem 5.2. Let w = (u,y) be a weak solution of (P), satisfying the qualification
hypotheses (61) and (80). Then condition (129) holds.

Proof. Define the set of times with small negative constraints as
I.={t€(0,T); —e < g(u(t)) <0, for some 1 <i < g}. (130)

Let (v, 29) € Ca(u, yo) be an extended critical direction. For given € > 0, consider the
perturbed direction (v, zg) € U x R", defined by

v (t) =0 if either t € I, or |v(t)] > e~ v.(t) = v(t) otherwise. (131)
By (80), where vectors e* were defined, there exists (v., 20.) € Cso (1, §o) of the form
|
(Ve, 20¢) = (VL, 20) + Z e e (132)
k=0

such that v. —v. € Uz, |a| — 0 when € | 0, and so ||(ve, 20e) — (V%, 20)||cc — 0. When
€ < ep, if —& < g;(u(t)), we have that v.(t) = 0 and g/(u(t))e*(t) = 0. It follows that
g(@) 4+ pg' (@)ve < 0 when p > 0 is small enough. In that case we know (e.g. [2, Remark
3.47]) that o(\, T?(g(u), ¢’ (u)v.)) = 0. Therefore, by Theorem 5.1, Q(v., z.) > 0, so
that there exists \. € L>(0,T,R?) such that (\., u) € LM (w) and

‘C(U,yo)2 <a> gOa )\57 ﬂ) <U5> Z05)2 2 0. (133)

Since the set of Lagrange multipliers is bounded in L>°, A, has weaksx limit points when
e 10. As (ve, z0.) — (v, 20) in the L? norm (so that the term in product of . strongly
converges in the L' norm), we may pass to the limit in this inequality when & — 0.
The conclusion follows. O

Remark 5.3. The method of proof is a variant of the one used for “extended polyedric-
ity”, see [2, Section 3.2.3|. The basic concept there is the one of radial critical direc-
tions, i.e., critical directions v for which there exists £ > 0 such that (in our notations)
g(u)+ K¢’ (u)v < 0. Note that the L™ regularity of the multiplier compensates the fact
that extended critical directions belong to L? spaces.
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We next discuss relations with weak quadratic growth, defined in (8).

Corollary 5.4. Let w be a weak solution of (P), satisfying the qualification hypotheses
(61) and (80) and the weak quadratic growth condition (8) with parameter a.. Then

Qv,20) > a(||v]|2 + |20|*), for all (v, z) € Co(a, Ho)- (134)

This is a consequence of the second-order necessary condition for the problem of min-
imizing over F'(P) the perturbed cost function (the proof follows the one of Theorem
5.2)

Jalu,y0) = J(u, yo) — g (lu = all3 + lyo — 5ol) (135)

5.2. Characterization of the weak quadratic growth condition

We next characterize the weak quadratic growth condition. The difficult part will
be in the proof of the sufficient condition, in which, due to the nonconvexity of the
Hamiltonian, so that €2 is not necessarily weakly l.s.c., we have to avoid to pass to weak
limit.

Let w € F(P) satisfy the special qualification hypothesis (80). By Lemma 4.3, the
projection ML (w) of the set LM* () on the second component is a singleton {j1}. We
consider the following two conditions: wuniform local quadratic growth of Hamiltonian
functions along the trajectory (analogous to (31)) i.e.,

There exists cy > 0, e, > 0; for a.a.t € (0,7,
H(u,§(t),p(t)) > H(u(t),§(t),p(t)) + culu — a(t)[,
for all u € R™; g(u) < 0; |u—u(t)] < eno,

where p is the costate associated with [,

(136)

and uniform quadratic growth along critical directions (134).

Theorem 5.5. Let w € F(P) satisfy the qualification hypotheses (61) and (80). Then
w satisfies the weak quadratic growth condition iff (134) and (136) hold.

Proof. Let w € F(P) satisty (61) and (80). If w satisfies the weak quadratic growth
condition, by Corollary 5.4, (134) holds for some a > 0, and (reducing « if necessary) we
may assume that w is a weak solution of the perturbed problem obtained by replacing
the cost function J with J(w) — La|lw — w||3. Applying Remark 2.3 to this perturbed
problem, we obtain (136).

Conversely, if w satisfies (134) and (136), let us show by contradiction that the weak
quadratic growth condition holds. So assume that there exist a sequence wy € F(P)
such that wy — w in W, wy # w for all k, and

J(wr) < J(w) + o wr — w[[3). (137)
Define the local critical cone Cy at time ¢ € [0, T] as (I; was defined in (121)):

Co = {v e R H,(a(t),j(t), o(t)v < 0; gi(a®))v < 0,i € }. (138)
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Note that, by (124):

Co(u,70) = {(v, 20) € Ta(u,5o); v(t) € Cy for a.a. t; pG'(u, 3o) (v, z0) = 0}.  (139)

Since C} is a polyhedron, by Hoffman’s Lemma [5], there exists a constant x; such that

dist(v, Ct) < iy | [Ha (@), p(1))0]s + Y [gi(a(t))o] | - (140)

i€l

This constant k; can be estimated as a finite maximum of those for projections over
vector subspaces corresponding to a subset of active inequalities (for the problem of
projection over the local critical cone), and therefore is a measurable function of time.
Take a sequence of positive numbers ¢ | 0 (we will be more precise later) and consider
the measurable partition

By :={t € (0,T); k> 1/er}; A :=(0,7)\ By. (141)

Denote

{m,:u+@%—mLm ui =+ (ux — W)1p,, (142)

Yoo = B+ lyeo = Gol%s o= =l = o o

Note that v = ||Jux — @||3 + |yro — %o|?. Let yj, be the state associated with control u},
and initial state ygo. Since g | 0, we have that meas(By) — 0. The decomposition
principle (Theorem 2.14) combined with (136) implies

ﬂwm:ﬂww+éwm%%m—Hw%mw+d%» "

> JH(wy,) + ey + o( k).

Let (A, 1) € LM*(w). Adding 0 > fOT A(t)g(uj(t))dt to (38), obtain by a second-order
expansion that

JH(wy) = J*(wy) + (A, g(uy)) = J(@) + O(yy,). (144)
If (for a subsequence) v}, = o(7Vx), deduce then with (143) that

J(wg) > JH(wg) > J(0) + vy + o) = J(@) + caye + o(r), (145)

which gives the desired contradiction to (137). If remains to consider the (converse)
case when

T = O(7)- (146)
By Lemma 4.3, the set M%(w) is a singleton, and by Lemma 4.7, the (weak) restoration
property (Definition 4.2) is satisfied. We apply it to the sequence uj,. There exists wy, €
F(P) such that, n, denoting the initial-final state associated with wj, (and reminding
the definition (76) of the Pontryagin norm:

(i) J(wx) = J"(w}) Oa!wz—prd(%))- (147)

() [lor — willo = O(d(n}));
_'_
(i) ag(t) = u(t), for a.a.t € By.
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Combining (143) and (147)(ii), obtain
JH(wy) = J(x) + O ([[wg, — @] pd(n)) + o( ). (148)

Since meas(By) — 0, and hence, ||u} — ||y = o(||u} — @l|2), we have that

(1) — ()| = O([lug = all) = o((4)'?). (149)
Consequently
d(ny,) = d(ne) + o(()'?). (150)
Since ||w}, — w||p = O((7;)*?), we deduce from (148) that
T (wi) = J () + O ()" 2d(nk)) + o( ) (151)
Using (75), we deduce that, for large enough £,
J(wg) = J(wg) — 58P (1) + (). (152)

In view of (137), we obtain
J(Wx) = 5P (k) < J(@) + (k). (153)

We will end the proof by obtaining a contradiction to (153). Set 4y := ||ix — @[3 +
ko — 7o|*. By (147)(i), we have that

W = (Y2 0Wd@) = O((44)Y?) = O((1) V). (154)

Since (a + b)? > 2a* — b? (for any a,b € R), by the first equality above, we have that
for some ¢ > 0 independent of k:

41 2 Aoy — (). (155)

This relation will be used later (for proving (181)). Combining (38) and (154), obtain

J(wy) > J* () = J(w) +/0 H,(w(t),p(t)) (g (t) — u(t))dt + O(y). (156)

In view of (153), we deduce that

/0 H((t), B(0)) (1) — a(t))dt < (7). (157)

Consider, for each time ¢, the projection vy(t) of the displacement 1u(t) — u(t) over
the local critical cone, and the difference between this projection and the projected
direction:

Uk(t) = Pct(fbk(t) - ﬂ(t)); ’Ok =V — (fbk - fb) (158)
Note that v, is measurable and that, in view of the restoration property, 4, = u a.e. on
By, and hence, vy = 0x(t) = 0 a.e. on By. If i € I, since g;(u(t)) = 0 and g;(ux(t)) <0,
we have a.e. by a second-order Taylor expansion:

gi(@(®) (e (t) — a(t)) < gi(an(t)) + O(Jan(t) — a(t)*) < O(|a(t) —a(®)?).  (159)
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By the definition of sets Ay and By, a.e. on [0,7], we have that
. 1 PN X _ _ X _
|0k (8)] < - ([Hu(w(t%p(t))(wc(t) —a(t)]y + Y _lgi@t) (@(t) - U(t))]+> , (160)
1€y

so that by (154) and (157)—(160):

€k

ol = o = (= )l = 0 (). (161)
Since a projection is nonexpansive, we also have
(1) [ve(t)| < law(t) —a(@)], foraa. t; (i) [velloo = O([ldk — llsc).  (162)

We now fix e := (||ux — @llse + [yxo — Go|)"/?. Using (147)(i), (150), and 7,/* = O(e2),
and denoting by 14, () the characteristic function of the set Ay, obtain

N N 1/2
i = urlloe = 1 = up) Lalloo = OW(n}) = O(3%) = O(=}), (163)
so that, using again 7./> = O(c2):
i = lloo < [l — wlloo + llur — @l = O(})- (164)

Combining with (161), get

T . ap — Ul -
[t - woltonoiar < B, = 0w o6 (69
0

By (158), (162), and (164), we have that ||0]c < 2|t — @]|oe = O(£2). Therefore we
obtain in a similar way

~ ~ ~ Uy — U 00 ~
ull < laulolis = 0 (120 ity = o), 166)
Joul < oeleliel = 0 (122

ol = N =+ 0l = i — a1 + o) (167

Since wy, € F(P), setting éj := (U, Uro), and using (154), we have that (Ip was defined
in (121))

IO _ R _ =0(w), 1<i<n
G, — 0, §ko — o) = Gi(éx) — Gi(e) + O ’ " (168
(@)~ 5,50 — Bo) = Gal@x) — Gile) + O(o) { Col ST e
In view of (161), using vx/ex = 0(7,1/2), we have that
G (&) (vk, Yro — To)
= G(&)(itx — T, o — To) + o((3)?) = o(3/), 1<i <,
(169)
G (€)(vk, Yro — To)
= G(&) (i, — @, Jro — Jo) + o(()"?) < o(/?), i€ I
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Also, when (X, i) € LM (w), using (153), (154), and (159), for some ¢ > 0:

MG( )( k_u ka_yO) —j’(ﬂ,go)(ﬁk—a,g)ko—%) <)‘ g( )( k_u)> (170)
> =
Therefore, using again (161) and /e, = 0(7,1/2) we get
~AG (€) (v o — ) < o(7"). (a71)
It follows with (169) that
G1(8)(vk, Jro — To) = o((w)"/?), foralli e L. (172)

Therefore, by the special qualification condition (80), there exists a critical direction
(v, 25,) such that, setting zxo := Jro — Yo

[0, = vkllos + |20 = 210] = o((7)"/?). (173)

We recall that Q(v, z9) was defined in (128). Note that

Q(vp, zr0) :=  max / (w, p, ) (Vg, 21)2dt + (O (7)) (zr0, 21(T))?. (174)

i) LML (in)
By (134), we obtain that
Q(vg, 7) = @ (H%Hg + |Z;€0’2) g (175)
and hence in view of (173)
vk, 210) > a ([Jvell3 + |2r0]?) + 0()- (176)
By (165)—(167), and since LM*(w) is bounded, we have
Q(vg, zk0) = Qg — U+ O, 2k0) = QU — T, 2xo) + 0(Vk), (177)
and hence, in view of (176) and (165)—(167) again:

Q(ﬂk — U, ZkO) = Q(Uk; Zk(]) +o (Vk)

R 178
> afllonl2 + ol?) + 0 (1) = i + 0 (%) (178)

For a given A such that (A, 1) € LM*(w), adding to (38) (written for the sequence y,)
the inequality 0 > fo (t)(g(ux(t)) — g(u(t))) dt and using H¢(w, p, \) = 0, obtain

JR(iy) — J() > ) / HE (@, 5, ) (i — @), (3 — 7))t

+5(@")" (@) (0 — 1) + ([ Mlloe + 1o(),

(179)

so that, maximizing w.r.t. the bounded set LM% (), we obtain in view of (178)

J(wy) — J(w) > JF(g) — J(w) > Qtg — U, 2r0) + 0o(1k) = oAk + o(Vr)- (180)
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Combining with (146) and (155), we get for some o’ > 0:
T(ioe) — J(@) > S, — a'd(n} + o). (181)
By (150), d(n},)* < 2d(nx)? + o(7x) and so using also (146)
J () — J () > oy — 2a/d(m)* + o(7)- (182)

Using (75) and (146), we see that this gives a contradiction to (153), as it was to be
shown. O
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