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We consider two types of majorization relationships between sequences of vectors y = (yx)j; and
z = ()i, in R™ with £ < m. It is said that z is majorized by y, @ < vy, if the sum of any k
vectors from z is in the convex hull of all possible sums of k£ vectors from y. It is said that = is doubly
stochastically majorized by y, = <as y, if xx = 372, my;y;, k = 1,..., £, for some doubly stochastic

m,m

matrix M = (mg;)y 2y

In [5], S. M. Malamud formulated the problem of finding a geometric condition guaranteeing that
T <y & x <gs y- We answer this question in the case when the vectors in y are distinct and
are extreme points of their convex hull. In particular, we derive a geometric characterization of the
extreme points of the level set L% (y) = {z : < y}. Finally, we derive a set of algebraic conditions
that characterize the extreme points of L% (y) = {z : 2 < y} for any ¢ < m and y.
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1. Introduction

The notion of majorization between two vectors in R” is a classical subject with innu-
merable applications in areas ranging from matrix analysis to statistics, see for example
the monographs [1] and [6]. Given two vectors z; and y; in R” we say that z; is ma-
jorized by vy if for every k = 1, ..., n the sum of the k-th largest coordinates of x; is not
larger than the sum of the k-th largest coordinates of y;, with the sums equal when
k =n.

In this work we are interested in the properties of a new type of majorization between
two sequences x = (73)i_; and y = (yx), of vectors in R™. This new type of
majorization was introduced by S. M. Malamud in [5], who posed several natural
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questions about its properties. For any natural number k£ > 1, define the set
Nk = {1, ,k}

Definition 1.1. Let = (z3)4_, and y = (yx){", be two sequences of vectors in R"
with ¢ < m. We say that x is (Malamud) majorized by y and write z < y if for all
k € Ny, we have

conv{z;, + - +x; 1 <ip < <ip <L}
Ceonv{y, +-+y 1 <ig <-- <ix <m}.

In view of this definition, we introduce the following notation. For a sequence y =
(yr), of vectors in R™, we denote by Ax(y), or simply by Ay, the set:

Ap(y) ==conv{y, + - +y, : 1 <@y <--- <ip <m} for k € N,,. (1)

The next definition can be found in [5]. Here, we are following its presentation from
[4], where it was not introduced as a relation. Recall that a square matrix is doubly
stochastic if it has non-negative entries whose sums along each row and column is one.

Definition 1.2. Let # = (z3)i_, and y = (yx)_, be two sequences of vectors in R"
with ¢ < m. We say that x is doubly stochastically majorized by y and write x <gs y if

m,

there is a doubly stochastic matrix M = (m;;);";Z; such that

T; = Zmijyj for all 1 € Ny. (2)

J=1

Note that when n =1 (and ¢ = m) both types of majorization reduce to the classical
notion of majorization between two vectors in R™. Since neither majorization depends
on the order of the vectors in the sequences x and y, we often represent the sequence
y as an n X m matrix (yi, ..., Y) having column i equal to y;, and similarly for . The
next easy result, stated in [5], shows that the doubly stochastic majorization is a more
restrictive notion.

Lemma 1.3. If z = (z3)i_, and y = (yp)7, are two sequences of vectors in R™ with
¢ < m then, x <45 y tmplies that x < y.

The converse of Lemma 1.3 does not hold in general. In the following example, given
by Malamud (see Example 2.11 in [5]), the relation x < y holds but the relation <45 y
does not hold.

Example 1.4. Let n =2 and m = /¢ = 4. Set
v = (1,20, 3, 24) = ((12,12)7, (12,12)", (5,3)", (3,5)"),
Yy = (yh Y2,Ys, y4) = ((87 16)T7 (167 8)T’ (07 O)T’ (8’ 8)T> .

We say that an £ x m rectangular matrix is row stochastic if it has non-negative entries
whose sum along each row is one and along each column is at most one, necessarily
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¢ < m. It is not too difficult to see that every rectangular row stochastic matrix can be
completed to a square doubly stochastic matrix. Thus, for two sequences x = (z3)i_,
and y = (yx)7-, of vectors in R" with ¢ < m we have z <4 v if and only if there exist

a row stochastic matrix M = (mij)f:jrll such that (2) holds.

For any sequence y = (yx)}, of vectors in R™ we consider the level sets of the two
majorizations

Lidg(y) = {(271, ...,ZZ'K) € RRXZ : (zk)izl <ds y}7 and
Li(y) ={(x1,...,x¢) € R . (xk)izl <y}

It is easy to see that both these sets are closed and convex with L%, (y) C L% (y).

In this work, we are interested in the three questions Malamud posed in [5, page 4049]
regarding the relationships between the two types of matrix majorizations described
above. Question 1: formulate geometric conditions which together with x < y imply
that # <45 y. Question 2: characterize the extreme points of the level set L (y).
Question 3: under what conditions on the sequence y do we have L% (y) = Lﬂds(y)?

Notice that Question 3 is an easy consequence of Question 2. Indeed, since both level
sets are polytopes they are equal if and only if they have the same set of extreme
points. For similar reasons, a geometric description of the extreme points of Lﬂ (v)
answers Question 1 as well. On the other hand, answering Question 2 turns out to be,
as we will see, a more difficult problem.

Answers to Questions 1 and 3 have been known in some special cases. For example, if
the vectors (yg)p, are affinely independent and ¢ = m then, according to [5, Propo-
sition 2.13] the orders < and <4 are equivalent and we have L% (y) = L% (y). If the
vectors (yx )i, are affinely independent and ¢ < m then, x < y, if and only if, there
are vectors Tpy1,...,Tm such that (zx); < y (see Theorem 2.3 below). Thus, again the
orders < and g are equivalent and L (y) = L% (y). Finally, when m = 3 according
to [5, Proposition 2.13] we have LY, (y) = L% (y).

We give a complete answer to Questions 1 and 3 in the case when a) the vectors in y
are distinct; and b) every vector in y is an extreme point of Ay, see Theorem 4.22 and
Corollary 4.23. We achieve this by deriving a geometric characterization of the extreme
points of the level set L% (y) thus, giving a partial answer to Question 2 under the same
conditions for y. As a consequence of our results we construct a wide class of convex
functions on R", see Theorem 4.26, that cannot be approximated by compositions of
a convex function on R with a linear function on R”, see (5). Finally, in Section 5, see
Theorem 5.2, we present an algebraic characterization of the extreme points of L% (y)
for arbitrary ¢ € N,, and y.

We conclude this section with a reduction result that plays a crucial role.
Theorem 1.5. Let x = ()i, and y = (yr){2, be two sequences of vectors in R"
with ¢ < m. Suppose that

le,jg € N€7 jl 7£ j2 ((xjusz) <Yy = (xjmx]é) =ds y) (3)

Then, we have
T <Y = T <gUY-
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Proof. Suppose that (3) holds and that x < y, we have to show that z <g4s y. The

proof is by induction on ¢ with base case ¢ = 2 holding by assumption. Suppose the

result is true for £ — 1 < m. For any k the sequence z* := (xy, ..., 3y, ..., 2), with zy

omitted, has length ¢ — 1 and 2% < y. Thus, by the induction hypothesis, 2% <45 ¥.

That is, there is a row stochastic matrix M* = (mf])f;ilm such that

= mejyj for all i € N\ {k}.

i=1

Define an ¢ x m matrix M* obtained from MF by adding a row of zeros right after the
(k — 1)-st row and let

l
1 E Tk
M.—mkilM .

It is easy to see that M = (mw)f;n:l is row stochastic and satisfies (2). O

Corollary 1.6. Let v = (z)t_, and y = (yp), be two sequences of vectors in R™
with £ < m. Then, x <qs y if and only if for any two distinct indexes k1, ko € Ny there
are convexr combinations

Ty, = Zaijyj fori=1,2,
j=1
with agj + gy <1 forall j =1,...,m.

In view of Theorem 1.5 it suffices to answer Question 1 only in the case ¢/ = 2. That is,
it suffices to find a geometric condition on the vectors in y such that for any x1, zo € R"
with {z1,22} < y we have {z, 22} <45 y. For that reason, in Section 4 our efforts are
focused on deriving a geometric characterization of the extreme points of the level set

L2 (y).

2. Characterizations of the majorizations

The following characterization of the relation z <45 y was given with the aid of Hardy-
Littlewood-Polya-types of inequalities by Fischer and Holbrook in [4]. Here, we are
giving a slightly better formulation of the second part of this result.

Theorem 2.1. Let x = (x1)t_, and y = (yx), be two sequences of vectors in R"
with £ < m and let K = conv{yy,...,ym}. Then the following are equivalent:

(]) T <ds y;

(2)  for any nonnegative continuous convex function f on K we have

¢

D ) <> fw), (4)

i=1 7

provided each x; € K for i € Ny.
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A similar result for the relation < y was obtained in [5], with the aid of a new class
of functions CVS (R™). This class is the closed cone (in the pointwise topology of the
set of convex functions defined on R™), generated by the set of convex functions

CVS(R") :={f((x,y)) : f is a convex function on R, y € R"}. (5)

It is remarked in [5] that CVS (R") is a proper subset of the set of all convex functions
defined on R™. Also, it is stated in the same paper that F. V. Petrov constructed
an explicit example of a function that belongs to the difference of these two sets.
Immediately after Example 2.4 below, we exhibit another such function that will be
considerably generalized in Theorem 4.26. First, we need the following characterization
of the majorization relation <, given by Malamud in [5].

Theorem 2.2. Let x = (x1)_, and y = (yp)L, be two sequences of vectors in R™
with £ < m. Then the following are equivalent:

(1) =<y,
(2) (<$17 h’>7 A <ZL’£, h)) = (<y17 h>7 ) <ym> h>) fO’f’ all h € R";
(8)  for any nonnegative f € CVS(R™) we have

¢

D fi) <D0 F ()

i=1

The next characterization, needed for our work, is due to F. V. Petrov, see [5].

Theorem 2.3. Let x = (x1,)_, and y = (yx)iL, be two sequences of vectors in R"

with £ < m. Then the following are equivalent:

(1) z=<y;

(2) for any k € Ny and any k-tuple of indices 1 < iy < -+ < i, < { there exist
numbers {3;}1, in [0,1] with 377", B; = k such that

Ty + T Xy, = Zﬁjyj;
j=1
(3)  there exist vectors Tyiq, ..., xm € R"™ such that (xk)iy < (Yk)jiy-

In the next example, ¢ is equal to the dimension of the linear space spanned by the
vectors in y and x < y but x £4s y. Note that not all 3’s are extreme points of their
convex hull.

Example 2.4. Let n =2, ¢/ =2, and m = 4. Set
x = (z1,22) := ((8/3,16/3)", (16/3,8/3)") ;
Y= (yh Y2, Y3, y4> = ((87 16>T7 (167 8)T7 (07 0>T7 (87 S)T) :
We show that z < y, but * £4s y. Indeed, there is only one way to write x; and
Te as a convex combination of the y’s namely as ;7 = (1/3)y1 + (2/3)ys and 25 =
(1/3)y2 + (2/3)ys. Next, notice that =1 + x2 = y3 + ys4. Hence, we conclude by

Theorem 2.3 that z < y. On the other hand, by the uniqueness of the representations
of 1 and x5 and Corollary 1.6 we conclude x £4s ¥.
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Given sequences z = (z3)i_, and y = (yr)7, with z < y and @ A4 v, it follows
from Theorem 2.1 and Theorem 2.2, that there exists a continuous convex function
f: R"™ — R violating Inequality (4) and thus, f ¢ CVS (R"). Furthermore, in view of
Theorem 1.5, there are distinct indexes j;,j2 € Ny and a continuous convex function
f :R™ — R such that

m

f(le) + f(‘r]é) > Zf(yz>

i=1
For example, this is the case in both Examples 1.4 and 2.4 and the convex function

f(w) = dist (w, conv{y1, y2,Ya}).
Imitating this example, in Theorem 4.26, we exhibit a wide family of continuous convex

functions f : R™ — R that are not in the class CVS (R").

The next lemma is needed in the sequel. In particular, it implies the equivalency
of parts (1) and (2) in Theorem 2.3. The notion of the support function, pa(z) =
SUp,e(, z) of a convex set A C R™, where z € R™, is employed in the proof.

Lemma 2.5. Let y = (yx)}-, be a sequence of vectors in R"™. For every k € N,,, the
following representation holds
k, =1, ...,m} .

Ar(y) = {Zﬁjyj B € (0,1, Y8
p j=1

Proof. Denote the set on the right-hand side by Bj. Clearly both sets A, and By
are closed and convex. It is easy to see the inclusion Ay C By. To see the opposite
inclusion consider the support functions of A, and By, respectively. Fix a vector z € R"
and observe that

pB, (%) = max{Z@-(z,yj) s B; € 10,1, Zﬁj =k, j€ Nm}
j=1

J=1

is equal to the sum of the k largest elements in the sequence {(z,y;)}7.,. We conclude
that pp, (2) = (2, yj, +- - -+y;,) for some point y;, +- - -+y;, of Ay thus, pp, (2) < pa,(2).

Hence, By C Ay, by [8, Corollary 13.1.1]. O

Note that the sets Ax(y)/k are a particular case of the convez interval hull of y consid-
ered in [3]. We show next, that in part (3) of Theorem 2.3 the vectors x4 1,...,2,, can be
chosen to be all equal to a vector that can be selected independently of f € CVS (R").
A similar result for the relation x <45 y was shown in [4].

Theorem 2.6. Let x = (x3)t_, and y = (yx){, be two sequences of vectors in R™
with £ < m. Then the following are equivalent:

(1) @<y

(2) there ezists a vector ' € Ay(y) such that with x4 = ... = x,, := &’ we have
)iy < (yk)iy. In particular, we may choose
(r)izy < (yk)ity- In particul y ch

m l
. Zi:1 Yi Zi:1 xz; (6)

m —/{
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(3) there is an x' € A1(y) such that for any nonnegative f € CVS(R™) we have

14

> f@)+(m=0f@) <Y fy),

=1

Proof. In order to show that () implies (2) note, as in F. V. Petrov’s proof of Theo-
rem 2.3, that defining
m ¢
D i1 Yi = i1 Ti

LTp41 = m— ¢ s (7>

yields (z)t2h < (yx)7,. F. V. Petrov stated that we can continue by induction and

we observe that

m 4 m Y4
Z;L Yi — ZKH Zi:l Yi — Zi:l Ty — mL—Z (Zi:l Yi — Zi:l $Z>

- i=1vi _
2 m—{—1 N m—/{¢—1
m l
(Zi:l Yi =D i xl) (1 - ﬁ)
N m—{—1 = Fel-
Therefore, following F. V. Petrov’s procedure, we see that xy,1 = ... = x,,. It follows
from part (3) of Theorem 2.3 that 2’ € A;. In view of Theorem 2.2 and Theorem 2.3,
the proof is complete. O]

3. Polyhedral set-valued maps

A set-valued mapping S : R™ = R™ is a correspondence assigning to each x € R" a
subset S(x), possibly empty, of R™. The graph of S is the set

gph S = {(z,y) € R" xR™ : y € S(z)},
and the domain of S is the set
dom S = {z € R": S(x) # 0}.

The mapping S is closed-valued if S(z) is a closed set for all z. Denote by B,, the closed
unit ball in R™ centered at the origin. The mapping S is called Lipschitz continuous
relative to a (nonempty) set D C R™ if D C dom S, S is closed-valued on D, and there
exists k > 0 such that

S(x')y € S(x) + kl|2" — z||B,, forall 2’z € D.

The mapping S is called polyhedral convex if its graph is a polyhedral convex set. Note
that polyhedral convexity of S is equivalent, see [2, Section 3C], to the existence of a
positive integer r, matrices A € R™", B € R™"™ and a vector ¢ € R" such that

S(x) ={y e R": Az + By < ¢} for all z € R". (8)

We have the following result.
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Theorem 3.1. Any polyhedral conver mapping S : R™ = R™ is Lipschitz continuous
relative to its domain.

The proof of Theorem 3.1 uses the Hoffman lemma regarding approximate solutions of
system of linear inequalities, see for example [2, Theorem 3C.3].

Given a sequence of vectors y = (yx)p,; in R™ consider the set-valued mapping S :
R"™ = R™, defined by

S(x):{aeRm:x:Zajyj7Zaj:L ajz(),jENm}. (9)
j=1 j=1

It is not difficult to see that S is a polyhedral convex mapping. Indeed, let r = 2n+m+2
and define matrices A € R™", B € R™™ and a vector ¢ € R" by

—Inxn Yy Onx1
[nxn -y 0n><1
A= Otsxnn |, B= e |, q= 1|,
01><n —€ -1
Oan _[mxm Om><1

where [ is the square identity matrix of indicated size, and 0 is the zero matrix of
indicated size, y is the n x m matrix with columns y1, ..., ym, and e is the all-one row-
vector of length m. One can see that we have S(z) = {a € R™ : Az+ Ba < ¢} showing
that S is a polyhedral convex mapping.

Clearly, dom S = conv{y, ...,y } and by Theorem 3.1 it is Lipschitz continuous rel-
ative to dom S. Note also that the mapping S is compact-valued. A simple limiting
argument leads to the following result.

Corollary 3.2. For every sequence {x},} in conv{yy,...,ym} converging to x, there is
an o € S(x) and a sequence {«,, } converging to «, such that o, € S(x), ) for all
s=1,2,..., where {ns}°, is a subsequence of 1,2,....

4. Answers to Malamud’s Questions 1 and 3

In this section, we consider sequences of vectors y = (yx)p-, with the following proper-
ties: 1) every vector in y is an extreme point of A;; and 2) the vectors in y are pairwise
distinct.

Characterizing all of the extreme points of L (y) thus, answering Question 2, appears
to be a difficult problem even under these assumptions. Still some of the extreme
points can be seen immediately. Indeed, every /-tuple in the set

{(Yirs - yi,) 1 1 < i; <mfor j € Ny, and all 4y, ..., 4, distinct} (10)

is an extreme point of both level sets LY, (y) and L%(y). Thus, the problem is to
find whether L% (y) has other extreme points. Note that the extreme points of the set
LY (y) are easy to characterize.

Theorem 4.1. The extreme points of Lﬂds (y) are precisely given by (10).
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Proof. If z € LY, (y) then, according to Definition 1.2 there is a doubly stochastic
matrix M such that (2) holds. According to Birkhoft’s theorem M is a convex com-
bination of permutation matrices. Taking the first ¢ rows of each permutation matrix
and mapping it naturally into an ¢-tuple in (10) shows the result. [

4.1. The extreme points of L%(y)

We completely characterize the extreme points of the set L2 (y) under the two assump-
tions on y. The answer still depends on the particular configuration of the vectors y.
The rather long build-up that follows, culminates in Theorem 4.17, the main result of
the section. Its corollaries contain the complete answer to Questions 1 and 3.

Lemma 4.2. Suppose that (x1,22) € L%(y) and that 1 € y. Then (x1,22) can be
represented as a convex combination of {(vi,y;) : 1 <i# j <m}.

Proof. Suppose without loss of generality that z; = y;. In order to prove the lemma
it is sufficient to show that xo € conv {ys,...,yn}. Since x5 € A;, there is a convex

representation
m

i=1
Since y; + zo € A, there are numbers f,...,0,, in [0,1] with > 7" 3; = 2 such that
1+ o =Y i, By If B1 = 1 then, the proof is complete, since y; cancels on both
sides and we get the required representation of xo. Assuming that 5 € [0, 1), the last
equality implies

= Cnﬁi
oy + Yi
e 1—61 21—61

Adding this equality to (11), canceling a1y, on both sides, and solving for x5, we obtain

i (1 -0+ alﬁzy'
i— 1 +Oé1 ﬁl v

It is easy to check that the coefficients % are in [0, 1] and that they sum up

to 1. This concludes the proof. n

Corollary 4.3. Suppose that (x1,22) € L% (y) and suppose that there are convex rep-
resentations x; = Z;nzl oy, © = 1,2, with ayj, + ag;, > 1 for some jo € N,,,. Then,
there is a representation

T1+ Ty = Zﬁiyi with B, ..., B € [0, 1], Zﬁi = 2,
i=1

such that 3, =1

Proof. Suppose without loss of generality that jo = 1. Define the vectors

A
xl L y17

rh = (a1 + oy — Dy; + Z(alj + ;)Y
j=2
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Note first, that a;; + ag; < 2. Then, since ay; + ay; < 1 for all indexes 7 # jo,
we conclude that 2,z € A;. In addition, it is clear that x] + ), = x; + 25 € As.
Thus, by Lemma 4.2, (2, 2}) is a convex combination of {(y;,y;) : 1 <@ # j < m}.
Since y; is an extreme point of A; we see that (z},x)}) is a convex combination of
{(y1,y;) : 1 < j < m} showing that z, € conv{ys,...,yn}. Hence, the proof is
complete. O]

Recall the mapping S defined by (9). For any € dom S and any o € S(x), we define
the support of a by

supp (o) :={j : o # 0}.
Lemma 4.4. If (z1,22) € LA(y) is an extreme point then, for any oy € S(x;), i = 1,2,
we have
card (supp (a) Nsupp (az)) < 1.

Proof. Suppose card (supp (a1)Nsupp (ag)) > 2 for some o; € S(x;), i = 1,2. Without
loss of generality assume that {1,2} C supp (a1) Nsupp (a2), that is, the elements in
the set {ay; : 4,7 = 1,2} are strictly positive and strictly less than one. (If one of these

numbers is equal to one then, card (supp (o) Nsupp (az)) < 1.) For a real number ¢
define

S(,’/l = (0611 + €)y1 + <a12 - €>y2 + Z ®15Y5,
=3

Ty = (a1 — €)y1 + (22 + €)y2 + Z @2;Yj,
j=3

and

ry = (a1 — €)yr + (a2 + €)ya + Z 15Y55
=3

rhy = (o1 + €)yr + (a2 — €)ya + Z 25Y;j-
j=3

Clearly, for € close enough to zero we have that (z}, z5), (z,2%) € L% (y) and (21, 12) =
3 (2, 2b) + (21, 2%)), contradicting the assumption that (21,23) is an extreme point.
[

Corollary 4.5. If (z1,12) € L%(y) is an extreme point then, for any a; € S(z;),
1=1,2, we have

card (supp (aq) \ supp (a2)) > 1 and card (supp (az) \ supp (aq)) > 1.

Proof. It is enough to show only the first inequality. Suppose on the contrary that
supp (a) C supp () for some «; € S(z;), i=1, 2. By Lemma 4.4 we have card (supp (o))
= 1 and thus, 1 € y. Then, by Lemma 4.2, (z;,x2) is a convex combination of
{(yi,y;) : 1 <i# j < m}. Since (x1,x5) is an extreme point of L2 (y), we see, using
Theorem 4.1, that (z1,22) € {(vi,y;) : 1 <i# j < m}, a contradiction. O]
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A simple observation using Corollary 1.6 and Theorem 4.1 yields the following lemma.

Lemma 4.6. If (x1,29) € LA (y) and if for some o; € S(z;), i = 1,2, we have
ay;+ag; <1 forallj €Ny,

then, (x1,x2) is in the conver hull of {(yi,y;) : 1 <i# j < m}.

Thus, to find extreme points of L (y) that are not in (10), it needs to be assumed that
(x1,x9) does not have the property described in Lemma 4.6.

Assumption 4.7. Assume (z1,22) € L%(y) is such that for any o; € S(x;), i = 1,2,
we have

aqj, + agj, > 1 for some jy € N,,. (12)

For any fixed choice of o; € S(z;), i = 1,2, there can be only one index j, for which
(12) holds and (without further assumptions) it depends on the particular choice of
the vectors a; € S(x;), 7 =1,2. As we will see in Lemma 4.9, this is no longer the case
if we assume that (z1, ) is an extreme point of L2 (y).

For a set C' C R"™, denote by aff C' the affine space spanned by C"

k k
aff €' = {%R”ZFZ%CJ-,Z@FL% €C,j eNk,k=1,2,...}.

j=1 j=1
For a convex set C' € R™ denote by riC the relative interior of C'
riC' = {z € C: Je > 0 such that (z +eB,) NaffC C C}.

Note that if C'= {x} is a singleton then, aff C' = C, riC' = C, and dim aff C' = 0.

Lemma 4.8. Let ci,...,c;,. € R™ and suppose that each c; is an extreme point of
conv {c; : 1 € Ny}. Then

k k
riconv{c; : i € Ni} = {Z%’Ci : Zai =1,0; € (0,1),i € Nk} )
i=1 i=1

Proof. Let L :=aff{¢; : i € N;}, d:=dim L, C':= conv {¢; : ¢ € Ni} and let the right-
hand side set, displayed in the lemma, be R. It is not difficult to see that riC' O R and
that C' is equal to the closure of R. We need to show the opposite inclusion. Suppose
there is a point x € (riC) \ R. Since R is a convex set, there is an affine subspace M
of L, of dimension d — 1 such that x € M and R is on one side of M. Since x € riC,
there is a point z € C that is strictly on the other side of M. Thus, z € clR, a
contradiction. O

A nonempty set F' is an extreme face of Ay if there is a vector a € R™ and a real
number « such that e’y < a forally € A and F = A;n{xr € R* : a’z = a}.
Furthermore, F' is a proper extreme face if F # A; and F' is not an extreme point of
A;. For every z € A there is a unique (not necessarily proper) extreme face F' of Ay,
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such that z € 11 F. Moreover, for any o € S(x), the set {y; : j € supp (a)} is a subset
of the set of extreme points of F'. In other words,  can not be expressed as a convex
combination of the extreme points of A; with a positive weight given to any vector
that is not an extreme point of F.

Let F} (resp. Fy) be the extreme face of A; containing z; (resp. x2) in its relative
interior.

Lemma 4.9. Let (z1,22) be an extreme point of L (y) for which Assumption 4.7 holds.
Then

(1) Fy and Fy are proper extreme faces of Ay;
(2) FinFy={yj,} for some jo € Np,;
(8)  supp (a1) Nsupp (a2) = {jo} for any a; € S(z;), i =1,2.

Proof. (7). By Lemma 4.8, there is o; € S(x;) such that {y; : j € supp(a;)} is
precisely the set of extreme points of F;, ¢ = 1,2. In addition, by Lemma 4.4, we
have card (supp (a1) N supp (a2)) < 1. Since Assumption 4.7 holds, there is an index
Jo € Ny, such that ayj, + agj, > 1, that is supp (aq) Nsupp (a2) = {jo}. Corollary 4.5
now shows that neither F; nor Fj is an extreme point and that both F; and F, are
proper extreme faces of Aj.

(2). Since the intersection of the two extreme faces F; and Fy is an extreme face, if
Fy N F;, contains more than one point, it has to contain more than one extreme point,
contradicting the fact that card (supp (a1) Nsupp (asg)) < 1.

(3). Now, take any o} € S(z;), i = 1,2. By Assumption 4.7, there is an index j' € N,,
such that o}, +ah; > 1, that is {j'} = supp («) Nsupp (a). Since {y; : j € supp (o) }
is a subset of the extreme points of F; we obtain y;; € Fy N F,. That is, j° = jo, since
the vectors in y are distinct. O]

For a set F' C R", denote by lin F' the unique linear space parallel to aff F:
lin F':= aff F —a for any a € aff F.

Lemma 4.10. Let (z1,72) be an extreme point of L%(y) for which Assumption 4.7
holds. Then

Proof. By Lemma 4.8, there is a; € S(x;) such that {y; : j € supp (a;)} is precisely
the set of extreme points of F;, ¢ = 1,2. Suppose on the contrary that v # 0 belongs
to the set on the left-hand side of (13). In particular that means

v = Z Bijy; fori=1,2,
jEsupp ()

for some coefficients with > (o) Bi; = 0 where ¢ = 1,2. For a number € define

JEsupp

/ /
Ty = E ay; +ev and @y = E QY — €U,

j€supp (a1) Jj€supp (a2)
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together with
x] = Z ay; —ev and 1z = Z Q25 + €.
jé€supp (1) jéE€supp (a2)

It is clear that for all € close enough to zero we have ),z 27, x5 € A; and that
2y 4+ ah = o] + 2 = x1 + 22 € As. Then, we have (z1,22) = 3 ((2}, %) + (21, 2%)),
which contradicts the assumption that (z1,x2) is an extreme point. O

Assume that (z1,73) is an extreme point of L2 (y) for which Assumption 4.7 holds.
Define

Z:=X1 + Ty — Yjo (14)

and note that by Corollary 4.3 we have z € conv{y1, ..., jy, .-, Ym}, Where the hat
indicates that vector y;, is omitted from the list. Let

Al = conv{yr, ..., Ujgs s Ym }-

Let F3 be the unique extreme face of A} that contains z in its relative interior.

Lemma 4.11. Let (z1,72) be an extreme point of L%(y) for which Assumption 4.7
holds. Then

lin F3 N lin (F} U Fy) = {0}. (15)

Proof. By Lemma 4.8, there is a; € S(z;) such that {y; : j € supp (a;)} is precisely
the set of extreme points of F;, i = 1,2. Note that supp (a1) N supp (a2) = {Jo}-
Suppose on the contrary that v # 0 belongs to the left-hand side of (15). In particular,

this means that
v="0wui+ >, B+ Y. B

j€supp (1) jesupp (a2)
J#30 J#30
for some coefficients with 5}, + > jesupp (1) Bj + 2 jesupp (az) 5 = 0. Define the vectors
3730 VS
v1 = B Yj, + Z Bjy; and vy :i= Z By;
jesupp (1) jesupp (a2)
J#jo J#go

and the scalars

t1 = B, + Z Bja; and tg = Z B;.

jéesupp (a1) Jjéesupp (az)
J#Jo J#Jo

Clearly, we have t; + t3 = 0 and v; 4+ vy = v. For a number € define

zy = (aujy — €t1)yjo + Z aq;Y; + €v,
j€supp (a1)
J#jo
.TJIQ = (Ckgjo — Etg)yjo -+ Z Oégjyj + €Va,

jesupp (az)
J#jo
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and

l’lll = (aljo + etl)yjo + Z Q1;Y; — €V,
jesupp (a1)
J#Jo
vy = (oo +eta)yjy + Y Qzy; — €va.
jé€supp (a2)
J#Jo
For all e close enough to zero, we have x}, x5 € A; and
Ty ah =21+ 22+ e(vg +v2) = 2+ y;, +ev €y, + F3 C Ay,

since z is in the relative interior of F3 and v € lin F3. This shows that (2, 2%) € L% (y)
and similarly (z7,25) € L%(y). Finally,

(th?) = ((x/hx,Q) + (q;’l'7g;'2/))

N | —

contradicts the fact that (zq,z5) is an extreme point. O

Lemma 4.12. Let (x1,22) be an extreme point of LA (y) for which Assumption 4.7
holds. Then z & {y1, ..., Ujg» s Ym }-

Proof. Fix any «; € S(x;) and note that by Lemma 4.9, part (3), and by Assump-
tion 4.7 we have oy, + ag;, > 1. Suppose on the contrary that z = y; (recall (14)) for
some 7' € N, \ {jo}. If j/ € supp (aq) then, by (14), we obtain

Yy =2 =21+ T2 — Y1 = (Quj, + gy — 1)y, + Z QY5+ Z Q25Y;j-

Jj€supp (a1) Jj€supp (a2)
J#Jo J#Jo

Solving for y; gives

. —a1j0+a2j0_1 + a1 + & .
Yy = Yio Pa— Yj.
1 1 1
- g - g - Qay

J€supp O61) Jj€supp (a2)

J#70,5" J#Jo

The right-hand side is a convex combination not involving y;/, contradicting the fact
that y; is an extreme point. The case j° € supp (az) is analogous, while the case
J' & supp (a) Usupp () is elementary. O

Corollary 4.13. Assume that (zy1,x3) is an extreme point of L (y) for which Assump-
tion 4.7 holds. Then

(1) Fs cannot intersect Fy U Fy at more than one point. If such a point exists, it is
necessarily different from yj,;
(2) F3 is a proper extreme face of A}, that is z & ri A.

Definition 4.14. We say that the quadruple (y;,, F1, F3, F3), consisting of a vector y;,
from y, two proper extreme faces Fy, F5 of the polytope Ay, and a proper extreme face
Fj of the polytope A}, has the property P if the following conditions are satisfied:
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(1) FinF={y}
(2) linFy Nlin Fy = {0} and lin (Fy U Fy) Nlin Fy = {0};
(3)  Defining the set

B :={(x1,x2) : ; € ri F; and ayj, + agj, > 1 for all oy € S(x;),i = 1,2}
we have that {z1 + 23 — yj, : (z1,22) € B} N1iF3 # 0.

Lemma 4.15. If the quadruple (y;,, F1, Fs, F3) has the property P then, there is pre-
cisely one pair (x1,x2) € B such that 1 + x2 — y;, € Fs.

Proof. Suppose on the contrary, that there are two such pairs (1, 22) and (2, 25).
That is, u := 21 + 22 — y;, € F3 and v = 2} + 24 —y;, € F3. Then, v —u' =
(x1 — 2)) + (2 — ) € lin F3 N lin (F; U Fy), implies that v = «'. Thus, 7 — 2] =
xh — x9 € lin F} N lin Fy, showing that (21, x2) = (2], 7}). O

Definition 4.16. We say that the pair of vectors (z1,z5) in R™ has the property P if
there is a quadruple (yj,, Fi, F», F3) with the property P, such that (z;,22) € B and
1+ Tg — Yjo € F;.

It is easy to see from the definition that, if a pair of vectors (x1,x2) in R™ has the
property P then, (z1,z2) € L%(y), but (z1,22) & L% (y). We now state the main
result of the section.

Theorem 4.17 (The extreme points of L%(y)). The pair of vectors (x1,x9) in R"
is an extreme point of LA (y) if and only if (x1,22) = (yi,y;) for some 1 <i#j<m
or has the property P.

Proof. We only need to prove the sufficiency of the property P for (x1,23) to be an
extreme point. Thus, let (z1,29) € L%(y) have the property P with corresponding
quadruple (y;,, F1, F», F3). Suppose that

(xhx?) = t(l‘/lvxé) + (1 - t)(xlllvxg) (16>

for some distinet (z},25), (¢}, 24) € L%(y) and ¢ € (0,1). Since the whole segment
(@, 2h), (2, 2%)] belongs to L%(y) we can assume that (2}, z)) and (27, z7) are ar-
bitrary close to (x1,x2). By applying Corollary 3.2 four times, there are vectors
af € S(z;) for i,k = 1,2 and vectors o € S(z}), o/ € S(z) for i = 1,2 such
that a; is arbitrarily close to o) and «o? is arbitrarily close to o/, for i = 1,2. Using
the fact that (x1,z5) € B, defined in part (3) of Definition 4.14, we obtain

o, g > 1 and  of + oy > 1

Corollary 4.3 now implies that x} + x5, — y;, € A}. Since Fj is an extreme face of A},
T+ 22 — Y, € riF3, and since (2, 24) is arbitrarily close to (x1, x3), we conclude that
xy + 4 —y,, € 11 F5. Analogously, we obtain o + 2 —y,, € ri F5. Subtracting the last

two inclusions, we obtain

o + xy — (2 + 25) € lin F3.
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The last difference can also be written as
() — o)) + (2, — 23) € lin (F; U Fy).
By the fact that lin F3 Nlin (F} U Fy) = {0}, we conclude that
o+, =2 + 2l = x1 + 29,

where the last equality follows from (16). Therefore, we have x; — 2} = a9 — 2, €
lin F; Nlin Fy. This, by the fact that lin 7 Nlin F; = {0}, implies x; = 2 and 25 = ).
After analogous argument for (x7,z}) we conclude

(21, 19) = (w7, 25) = (2, 73).

This contradicts the fact that the points (2}, z}) and (x7,z}) are distinct and proves
the result. O

Example 4.18. Consider the vectors y = (yi,...,45) in R, where y; = (0,0,0)7,
yo = (0,—1,2)T y3 = (0,1,2)7, y, = (1,0,1)T, and y5 = (—1,0,1)T. Let x; =
(0,—1/4,2/4)T and x5 = (0,1/4,2/4)". Then, we have x; = (3/4)y;+(1/4)y, and x5 =
(3/4)y1+(1/4)ys, showing that z1, 25 € Ay and x14+22 = y1+(1/2)ys+(1/2)ys showing
that (z1,22) € LA(y). On the other hand (21, z2) has the property P with quadruple
(y1, Fr, Fy, Fy), where Fy = conv{y,y2}, Fo» = conv{y;,ys}, and F3 = conv{ys,ys}.
Thus, (z1,22) is an extreme point of L2 (y) not in the set {(y;,y;) : 1 < i # j < 4}.

It is possible to prove the next corollary directly, without relying on Theorem 4.17, but
now it comes as a simple exercise in plane geometry.

Corollary 4.19. Suppose that vectors y = (yx)i, belong to a two dimensional affine
subspace of R™. The extreme point of L*(y) are {(yi,y;) : 1 < i # j < m}, that is,
there are no extreme points with the property P.

Proof. It is not difficult to see that there are no quadruples (y;,, F1, Fs, F3) with the
property P. m

The next corollary recovers an observation made by Malamud in [5] and mentioned in
the introduction.

Corollary 4.20. Suppose that vectors y =
extreme point of L% (y) are {(yi,y;) : 1 <
points with the property P.

(yr)iy in R™ are affinely independent. The
i # 7 < m}, that is, there are no extreme

Definition 4.21. We say that the polytope A; C R"™ with extreme points y = (yx)j-,
has the property P if there is a quadruple (y;,, F1, F3, F3) having the property P.

The next theorem is the answer to Question 1. We repeat the standing assumptions
that we imposed on the vectors in y throughout this subsection.

Theorem 4.22 (Answer to Question 1). Let y = (yx)j, be a sequence of distinct
vectors in R™ such that every yy is an extreme point of the polytope Aq(y). Then, for
any sequence x = (x3)4_, we have (x <y < 1 <45 y) if and only if the polytope A, (y)
does not have the property P.
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Proof. If the polytope A;(y) does not have the property P then, the extreme points
of L%(y) are the same as the extreme points of L% (y). In other words (z1,22) < y
is equivalent to (z1,zs) <gs y for any z1,29 € R™ By Theorem 1.5 together with
Lemma 1.3 we conclude.

Suppose that A;(y) has the property P, that is, there is a quadruple (yj,, F1, F2, F3)
having the property P. Let (z1,23) € B be such that z; + x5 — y;, € Fj, that is
x1+ 9 € Ay showing that (z1,22) < y. Since oy, +agj, > 1 for all a; € S(z;),i=1,2
we see that (x1,22) <gs y does not hold. O

Corollary 4.23 (Answer to Question 3). Lety = (yx)}, be a sequence of distinct
vectors in R™ such that every yy is an extreme point of the polytope Aq(y). Then, for
¢ < m we have L% (y) = Lids(y) if and only if the polytope Ay(y) does not have the
property P.

Corollary 4.24. Let y = (yx)}, be a sequence of distinct vectors in R"™ such that
every yy is an extreme point of the polytope Ay (y). Suppose that the vectors in y belong
to a two dimensional affine subspace of R™. Then, for any sequence v = (13)%_q,
< m, we have x <y < T <gs Y.

Corollary 4.25. Let y = (yx)i2, be a sequence of affinely independent vectors in R".
Then, for any sequence x = (x1)_;, £ < m, we have r <y & T <45 Y.

We conclude this section with a result providing a geometric description of a wide
family of convex functions f : R — R that are not in the class CVS (R").

Theorem 4.26. Let y = (yx)}iL, be a sequence of distinct vectors in R™ such that
every yx is an extreme point of the polytope Ay (y). Suppose the polytope Ai(y) has the
property P, that is, there is a quadruple (y;,, F1, Fs, F3) having the property P. Then,
the function

f(w) := dist (w, A (y))

is conver on R™ but is not in the class CVS (R™), where
Ay (y) = conv {1, . Djo, s Ym }-

Proof. Let B be the set given in Definition 4.14 and let (z1,x2) be the unique pair
in B (see Lemma 4.15) such that z := z; + 25 — y;, € riF3. By Definition 4.14,
we have (z1,23) € L2(y), but (z1,23) ¢ L% (y). Thus, according to Theorem 2.1
and Theorem 2.2, in order to show that f ¢ CVS(R™), it is sufficient to see that
Inequality (4) is violated, that is

dist (z1, A} (y)) + dist (z2, A} (y)) > dist (yj,, 47 (y))- (17)
Since z € F3 C Al(y), we conclude that dist (y;,, A1(y)) < ||z — yj,ll, that is, the

right-hand side of (17) is always at most ||z — yj,||. Without loss of generality we may
assume that

dist (5o, A1 (y)) = l1z = ¥ - (18)
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Since z € 1i F3y, it is not difficult to see that z — y;, is orthogonal to aff F;. Let H be
the hyperplane in R" with normal z — y;, and containing aff I3, that is

H:={zeR": (z—x,z—y;) =0}
Define the closed and open half-space

HY :={z eR": (z—x,2—y;) >0}, and
H™" :={reR": (z —x,z —y;,) >0},

and similarly H~ and H~~. Note that z € H. Since y;, € F3 we have y;, # z and
thus, y;, € H*.

Claim. Aj(y) C H™.

Proof. Assume that z; € A)(y) is different from z and z; € H**. Then, by the
accessibility lemma, see [7, page 164], the segment (z, z1] is contained in Aj(y) N H*T.
Since y;, + ||z — yjo lint B, C H*T and H is tangent to the closed ball y;, + ||z — yj, || Bn,
we obtain that (z,2z1] N (v, + ||z — yjollint B,) # O. This contradicts the fact that
dist (yjo, A1(¥)) = Iz — yj [l Thus, Aj(y) C H. O

Claim. We have that x1,2, € H™.

Proof. By the supporting hyperplane theorem, since x; and x5 belong to the convex
set A (y) with extreme point y;,, we conclude that (s — yj,, 1 — yj,) > 0. Thus,
<Z —T1,2 yjo> = <$2 — Yjo, T1 + T2 — 2yj0>
= “I? - yj0||2 + <$2 — Yjor T1 — yj0>
> 0,

since o € 11 F, and yj, is an extreme point of F5. Analogously, we see that (z —xq, 2 —
yj0> Z 0. O

To summarize, we showed that z1,z2,y;, € H*" and A} (y) C H~. This implies
dist (x;, H) < dist (z;, A1 (y)), i=1,2. (19)

Next, since x; € i F; is a convex combination of y;, and a point from A’ (y), the ray
{yjo + t(z; —yj,) : t > 0} intersects H in a unique point, say P;, ¢ = 1,2. Moreover,
since x1, 2, Y5, € HTT we have P, = y;, + t;(x; — y;,) for some t; > 1, 1 = 1,2.

Claim. z belongs to the open segment between Py and Ps.
Proof. By the fact that P, € H we obtain

0= <Z - th - yj0> = ||Z - yjo”2 - ti<xi — Yjor # — yj0>

or equivalently
ti 12 = yjol®




P. Fischer, H. Sendov / On Malamud Majorization and the Extreme Points of ... 503

By the definition of z and the observation 1/t; + 1/t; = 1, we obtain

Pr—vy,  Pr—y;
2= (21— Yjo) + (T2 = Yjo) + Yjo = T T+ ; L+ v
1 1
— P 4P,
TR
The fact that 1/t; € (0,1), ¢ = 1,2, completes the proof of the claim. ]

We now focus our attention on the triangle with vertices y;,, P, and P,. We have
shown that z; belongs to the open segment between y;, and F;, 7 = 1,2 and that z
belongs to the open segment between P; and P». Let z; be the projection of x; onto
H ., that is

dist (z;, H) = ||zs — x|, i=1,2. (20)

Since vector z —yj, is orthogonal to H we conclude that z; belongs to the open segment
between P; and z, ¢ = 1,2. Thus, 2z is a convex combination of z; and z,. Observe
that z; # 2 or else 2; = 2 = z and x1, 2 must be on the open segment between y;,
and z, showing that the extreme faces F; and F, have more than one point in common
contradicting Definition 4.14. Finally, since the triangle with vertices y;,, P, P» is in
lin (F} U F3), we conclude that

21 — 29 € lin <F1 U Fg) (21)
Claim. We have

dist (21, H) + dist (z2, H) < dist (21, A} (y)) + dist (22, A} (y)). (22)

Proof. Suppose on the contrary that the claim is not true, that is by (19) we must
have dist (x;, H) = dist (x;, z;) = dist (z;, A} (y)) implying that z; € Aj(y), i = 1,2.
Since z € 11 F3 and F3 is an extreme face of A} (y), we see that z1, 2z, € F3 and thus,

z1 — 29 € lin F3.

This, together with (21) contradicts the fact that lin (F} U F5) Nlin F3 = {0} in Defi-
nition 4.14. [

Inequality (22) together with (18) and (20) shows that in order to prove (17) it is
enough to see that

21 = 2l + 22 = 22l = {12 — w0l
Indeed, the triangle with vertices x1, 21, z is similar to the triangle with vertices y;,,

z, Py, implying that

Iz =l _ 2=l _ llez = ol
)
== vl ~ 12—yl ~ 12—

(23)
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where we used that z — x; = x5 — y;,. Analogously, since the triangle with vertices x,
29, P is similar to the triangle with vertices y;,, 2, P», we obtain

lz2 — 22| _ 1P — 2l (24)
1z =il 112 = yjoll
Combining (23) and (24) we finally obtain
T2 —Yj Py — 9
o1 =l =l = 1z = g 0 o = e
= |lz =yl
where we used that z, is on the segment between y;, and P,. O

5. The extreme points of L’ (y)

Let # = (m3){_, and y = ()7, be two sequences of vectors in R” with ¢ < m and
z € L% (y). We do not impose any restrictions on the vectors y. In this section we
derive an algebraic characterization of the extreme points of L% (y) in this general case.
For any subset m C N, denote

Ty 1= Z Tk

kem

According to Theorem 2.3, for every subset 7 C N, there are numbers {ag;}7, in
[0, 1] with 77" | a j = card () and such that

m
Tr = E aﬂ,jyj'
Jj=1

The m-tuple a; == (a1, ..., Qr ) Will be called a Petrov representation of x,. If the set
7 contains just one element, say m = {k} then, we just write z; and o, = (g1, vy Qpm)-
Slight care is required with this notation. While x, denotes the sum of the vectors
{z : k € w}, the coefficient a ; is not necessarily the sum of {ay; : k € 7}. Given a
Petrov representation «, consider the set

supp ,, (o) := {j € Nyt arj € (0,1)}.

If o/ and o are two Petrov representations of x, then, we say that o/ < o if
supp, (o) C supp, (). This relation is reflexive and transitive and thus, for a fixed
m, it defines a preorder on all Petrov representations of x,. A Petrov representation
o of z, will be called mazimal if there is no Petrov representation «, of x, with
supp, () G supp , (ax). It is easy to see that for any Petrov representation a, of 2,
there is a maximal Petrov representation o with a, < o.

Lemma 5.1. Let m C N,y with card(7w) =k, and let o be a mazimal Petrov represen-
tation of x,. Let F' be the unique extreme face of Ay such that v, € ri F'. Furthermore,
let S be the set

S={{i1,ix}:yy +- - +yi is an extreme point of F'}.

Then, for any j € N, we have:
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(1) Ifa;;=1thenje€s forallseS;
(2) Ifa;;=0thenj¢gs foranyseS;

(3) Ifx €riF has a mazimal Petrov representation ol then,
{JeN, o), =iy ={jeN,:a;, =14} fori=0,1.

Proof. (1). Since z, € ri F', by Lemma 4.8 there are numbers {7 € (0,1) : s € S}
with ) ¢7s = 1 such that

Sy (zyj) :z( 5 )y )

sES jEs =1 \seS:jes

Define a vector a € R™ by

Z vs for j € N,,.

SES:jESs

It is easy to see that a; € [0,1] and 377", a; = k, since every v is counted k times.
Thus, « is a Petrov representation of x.

We now show the necessity. Suppose there is an index jo € N,, such that aj ; =1
but jo & so for some sy € S, that is, 0 < «;, < 1. Recalling that we also have
Ty = Z;n:l ; ;y; and combining it with (25), we find that for any real number ¢ we

have

=3~ (ot + toy = a3,) v (26)

j=1
Note that if a, ;=1 then, a; — ;<0 and if o . = 0 then, a; — ;= 0. In addition,
we have o, — a;"wo < 0. Thus for all positive Values of t close enough to zero, (26)

defines a Petrov representation of x, strictly bigger than o, which is a contradiction.
The proof of part (2) is analogous.

(8). Let x € ri F have a InaXirnal Petrov representation ag. Suppose that there is an

index ]0 e {jeN, =1} \{j € N, . = 1}. Note that, if a; ; = 1 then,
a; ;—ay; < 0and 1f a; ; = 0 then, o ; g 2 0, while in addition
o — Qi < 0.

Thus, for all positive ¢ close enough to zero,
T =) (af; +taf,; —ar)))y;

defines a Petrov representation of x, strictly bigger than o. This contradiction shows
that {j € N,, : =1} Cc {j € N,,, : . = 1}. The verification of the opposite
inclusion is analogous after exchanging the roles of af and o, as well as the proof of
the equality {j € N, : oy, =0} = {j € N, 1 o ; = 0}. O
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For any subset m C Ny, fix a maximal Petrov representation o of z., and define the
following system of linear equations with variables £ := (ek,j)f;’?ﬂ’l and I' := {y: :
T CNp,jeN,}:

Z (Z €k,j) Y = Z’yﬁ,jyj for all m C Ny;

j=1

> 4r;=0 forall v C Ny; (27)
j=1
Yrj = 0 whenever o ; € {0,1}.
By Lemma 5.1, the system is independent of the maximal Petrov representations cho-
sen.
Theorem 5.2. The sequence x € L% (y) is an extreme point of L (y) if and only if
every solution of the system (27) satisfies Z;nzl €rjy; = 0 for all k € Ny.

Proof. Suppose that the linear system (27) has a solution (&€,I") with Z;nzl €rjy; # 0
for some k € Ny. By homogeneity, for any number ¢, (t€,tI') is also a solution to (27).
Define the vectors

m m

T = Z(a,’;j +ter;)y; and ) = Z(O./ZJ — tep;)y;, k€N,
Jj=1 7j=1
and let 2’ := (z})4_, and 2" := (2})%_,. By assumption, we have that 2/, z, and 2" are

distinct sequences of vectors. We need to show now that 2/,2" € L% (y ) Fix a subset
7 C N, and observe that

DIES S ICRDEIE SERED o porh !

kenm ker j=1 7j=1 kem

=D byt ey = Z(afr,j + 1 )Y
j=1 j=1

For all ¢ close to zero, the last expression is a Petrov representation of 2/ showing that
rl. € Acard(r)- That is 2’ € L (y). The argument for z” is analogous. The fact that
' # 2" and x = (2/ + 2”) /2 implies that x is not an extreme point.

Suppose now, that € L%(y) is not an extreme point. Then, there are distinct
o 2" € LY (y) with z = (2/ + 2”) /2. Since z}, € A;, there are convex representations

= Z&ﬁmyj for k=1,...,¢,

and we define ¢ ; = oz;w- — aj ;. We show now that £ := (Ek,j)%Tzl , together with

some values I' := {7, : ™ C Ny, j € N,,,} is a solution of (27). That solution, using the
fact that = # 2/, trivially satisfies Z L €k,;Y; # 0 for some k£ € Ny. Fix aset 7 C Ny
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and let I’ be the unique extreme face of Acaq(r) With the property x,T € ri F'. Since
T, = (2l + 2! ) /2, we may assume, without loss of generality, that 2" is close enough
to x so that /. € ri F'. Let the maximal Petrov representation of =, € ri F' C Acard (x)
be 2/ = Z;n:l ay;. Then,

ZOCJZUJZZLC;CZZZ&%J% ZZ +€k]

kem kem j=1 ker j=1
SPED 3] DTS SEHS S (z i)
kem 7j=1 kerm 7j=1 kem
and consequently
3 (s = Dottt
j=1 \ken Jj=1
Using Lemma 5.1, part (3), for the quantities v, ; := o ; for all j € N,,, we have
> iy Yrg = 0 with v, ; = 0 whenever a; ; € {0,1}. ThlS shows that the linear system
(27) has a solution with the required propertles Il
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