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1. Introduction

Let X be a real Banach space and X* its topological dual. We use the notation 7
and m, for the duality product in X x X* and in X* x X** respectively:

m: X x X" >R, Te: XX X - R
m(x, %) = (x,z"), (2", ™) = (x¥, x™). (1)
The norms on X, X* and X** will be denoted by || - ||. We also use the notation R

for the extended real numbers:
R = {-00} URU {oo}.
Whenever necessary, we will identify X with its image under the canonical injection
of X into X™**.
A point to set operator T : X = X* is a relation on X x X*:
TCXxX”
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and T'(z) = {a* € X* | (x,2*) € T}. An operator T : X = X* is monotone if
(x—y,2"—y") 20, V(z,2%),(y,y") €T

and it is mazimal monotone if it is monotone and maximal (with respect to the
inclusion) in the family of monotone operators of X into X*. The conjugate of f is
f* X* > R,
fH(@") = sup(z,2”) — f(x).
zeX
Note that f* is always convex and lower semicontinuous.

The subdifferential of f is the point to set operator 0f : X == X* defined at z € X
by
Of(x) ={2" € X" | f(y) = f(x) + {y —z,2"), Vy € X}.

For each z € X, the elements x* € Jf(x) are called subgradients of f. The concept of
e-subdifferential of a convex function f was introduced by Brgndsted and Rockafellar
[4]. It is a point to set operator O.f : X =2 X* defined at each x € X as

O-f(x) ={z" € X" [ f(y) = f(z) + (y —x,2") —&, Vy € X},
where € > 0. Note that 9f = 0yf and 0f(x) C 0.f(z), for all € > 0.

A convex function f : X — R is said to be proper if f > —oo and there exists a point
2 € X for which f(Z) < co. Rockafellar proved that if f is proper, convex and lower
semicontinuous, then df is maximal monotone on X [18]. If f : X — R is proper,
convex and lower semicontinuous, then f* is proper and f satisfies the Fenchel-Young
inequality: for all x € X, * € X*,

fl@)+ f1(@) 2 (x,2%), [(@)+ [ (2") =(z,2") <= 2" €df(x). (2
Moreover, in this case, 0. f (and 0f = 0yf) may be characterized using f*:
Of(x) ={a" € X7 | f(z) + [ (2") = (z,27)}, )
0-f(x) = {a" € X | f() + [*(a") < (w,27) +¢}.

The subdifferential and the e-subdifferential of the function || - || will be of special
interest in this paper, and will be denoted by J : X = X* and J. : X = X*
respectively

1 1
Jw) =0 glel. () =0, el
Using f(z) = (1/2)||z|” in (3), it is trivial to verify that
* * 1 2 1 * (|2 *
Ja) = o e X | Sl + L) = g
= {7 e X" | |lz|* = |l="]|* = (z,2")}

and

1 1
Jo(x) = {:U* e X" | §||9c||2 + §||:r*||2 < (x,z") +5}.
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The operator J is widely used in Convex Analysis in Banach spaces and it is called the
duality mapping of X. The operator J. was introduced by Gossez [11] to generalize
some results concerning maximal monotonicity in reflexive Banach spaces to non-
reflexive Banach spaces. It was also used in [10] to the study of locally maximal
monotone operators in non-reflexive Banach spaces.

If X is a real reflexive Banach space and T : X = X* is monotone, then 7" is maximal
monotone if and only if

R(T(+Zo)+]) = X", Vz e X.

We shall prove a similar result for a class of maximal monotone operators in non-
reflexive Banach spaces.

2. Basic definitions and theory

In this section we present the tools and results which will be used to prove the main
results of this paper.

For f: X — R, conv f : X — R is the largest convex function majorized by f, and
cl f: X — R is the largest lower semicontinuous function majorized by f. It is trivial
to verify that

cl f(z) = liminf f(y), f* = (conv f)* = (clconv f)*.

y—u
The functions cl f and clconv f are usually called the (lower semicontinuous) closure
of f and the convex lower semicontinuous closure of f, respectively.

Fitzpatrick proved constructively that maximal monotone operators are representable
by convex functions. Let T': X = X* be maximal monotone. The Fitzpatrick
function of T [9]is o7 : X x X* - R

or(z,2*) = sup (z—y,y" —a") + (z,27) (4)
(y,y*)eT

and Fitzpatrick family associated with T is

B h is convex and lower semicontinuous
Fr =< h € RN (z,2%) < h(x,2%), V(v,2*) € X x X* 3. (5)
(x,2*) € T = h(z,z*) = (z,z")

Theorem 2.1 ([9, Theorem 3.10]). Let X be a real Banach space and T : X =
X* be mazimal monotone. Then for any h € Fr (5)

(x,2%) €T <= h(z,2") = (z,2"), VY(zr,2")e X x X"

and 1 (4) is the smallest element of the family Frp.

Fitzpatrick’s results described above were rediscovered by Martinez-Legaz and Théra
[15], and Burachik and Svaiter [7]. Since then, this area has been the subject of
intense research.
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The indicator function of A C X is 64 : X — R,

5a() = {O, reA

00, otherwise.

Using the indicator function we have another expression for Fitzpatrick function:
or(z,x*) = (7 + o7)" (z*, x).

The supremum of Fitzpatrick family is the S-function, defined and studied by Bu-
rachik and Svaiter in [7], 87: X x X* —= R

Sr(z,2%) = sup 4 h(z, z") h:X x X* — R convex lower semicontinuous
T\, L) = SUP ’ h(z,z*) < (x,z*), V(r,z*)eT
or, equivalently (see [7, Eq. (35)], [6, Eq. 29])
St = clconv(m + dr). (6)

Some authors [2, 21, 3] attribute the 8-function to [16] although this work was sub-
mitted after the publication of [7]. Moreover, the content of [7], and specifically the
St function, was presented on Erice workshop on July 2001, by R. S. Burachik [5].
A list of the talks of this congress, which includes [17], is avallable on the www!. Tt
will also be noted that [6], the preprint of [7], was published (and available on WWW)
at IMPA preprint server in August 2001.

Burachik and Svaiter also proved that the family Fr is invariant under the mapping

g REXT o RE*XT J h(z,x*) = h* (2", x). (7)

If T: X = X* is maximal monotone, then [7]
J(Fr) C Fr, d St = pr.
In particular, for any h € Fp,
h(z,z*) > (x,z*), h*(x*,x) > (x,z"), V(r,z") e X x X" (8)

A partial converse of this fact was proved in [8]: in a reflexive Banach space, if h is
convex, lower semicontinuous and satisfy (8) then

T = {(z,z") | h(z,z*) = (z,z*)}

is maximal monotone and h € Fr [8]. In order to extend this result to non-reflexive
Banach spaces, Marques Alves and Svaiter considered an extension of condition (8)
to non-reflexive Banach spaces:

h(z,z*) > (x,z*), V(x,z*) € X x X*, ()
r*) > (x*, ™), V(x*, ™) € X* x X,

We shall prefer the synthetic notation h > w, h* > m, for the above condition. The
following result will be fundamental in our analysis

h*(z*,

Thttp:/ /www.polyu.edu.hk/~ama/events/conference/Ericeltaly-OCA2001/Abstract.html
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Theorem 2.2 ([12, Theorem 3.4]). Let h : X x X* — R be a convexr and lower
semicontinuous function. If
h >, h* > m,

and h(z,z*) < (z,2*) + €, then for any X\ > 0 there ezists x, x such that

Wy, 23) = (a3, flea—afl <A oy =27 <e/A

Using Theorem 2.2, the authors proved [12] that condition (9) ensures that h rep-
resents a maximal monotone operator. Here we will be interested also in the case
where the lower semicontinuity assumption is removed.

Theorem 2.3 ([12, Theorem 4.2, Corollary 4.4]). Let h : X x X* — R be a
convex function. If
h >, h* >,

then
T={(x,z") e X x X* | h*(z",2) = (x,27)}

1s mazimal monotone and satisfy the restricted Brondsted-Rockafellar property. Ad-
ditionally, if h is also lower semicontinuous, then

T={(x,z") € X x X" | h(z,z") = (z,2")}.
We will need the following immediate consequence of the above theorem:
Corollary 2.4. Let h: X x X* = R. If
convh >, h* >,
then

T

{(z,z") € X x X" | h*(z",x) = (z,2™)}
{(z,z") € X x X* | Jh(z,x*) = (x,2")}

18 maximal monotone,
T ={(x,z") € X x X* | clconv h(z,z*) = (z,2")}
cleconv h € Fr and gh € Fr, where Jh(z, x*) = h*(z*, ).

Proof. As the duality product is continuous in X x X*, clconvh > w. As conju-
gation is invariant under the conv operation and the (lower semicontinuous) closure,
(clconv h)* = h* > m,. To end the proof, apply Theorem 2.3 to clconv h, observe
that Jh is convex, lower semicontinuous, Jh > 7 and use definition (5). O]

In a non-reflexive Banach Space X, if T': X == X* is maximal monotone and for
some h € Frp it holds that h > w, h* > m,, then T behaves similarly to a maximal
monotone operator in a reflexive Banach space. A natural question is: what is the
class of maximal monotone operators (in non-reflexive Banach spaces) which have
some function in Fitzpatrick family satisfying (9)? To answer this question, first let
us recall the definition of maximal monotone operators of type NI [20].
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Definition 2.5. A maximal monotone operator T': X == X* is of type NI if

inf (y" —z" 2™ —y) <0, V(2" z") e X" x X™.
(yy*)eT

In [22] it was observed that if 7" is a maximal monotone operators of type NI, then
St satisfies condition (9).

Martinez-Legaz and Svaiter defined [14] (with a different notation), for h : X x X* —
R and (zg,zj) € X x X*

Pzgaz) + X X X — R,

(10)
Riao i) (2, 27) = W& + o, ™ + x5) — [(x, 25) + (w0, 27) + (o, 7).

The operation h +— h(y, .;) preserves many properties of h, as convexity, lower semi-
continuity and can be seen as the action of the group (X x X*, +) on RX*X" because

(h(fﬁovxtﬁ)) (z1,7) = h(a:o-i—m,xﬁ-i—acf) .

Moreover
(h(xovxé))* = (h*>(x;;,a:0) )
where the rightmost g is identified with its image under the canonical injection of
X into X**. Therefore,
1. h>71 < h(xo’xo) >,

2. (h(zo,mg))* > T, < (h*)( ) > Ty,

3,20
We shall need the following theorem. Its proof is heavily based on these nice properties
of the map h + h(y, .+) and it is presented on the Appendix A.

Theorem 2.6 ([13, Theorem 1.2]). Let T : X = X* be maximal monotone. The
following conditions are equivalent

1. T s of type NI,

2. there exists h € Fr such that h > © and h* > 7,
3. for all h € Fp, h > 7 and h* > m,,

4 there exists h € Fp such that

1 1
inf hgg,ap) + §||gj||2 + §||:v*||2 =0, V(zg,x5) € X x X7,
5. forall h € Iy,

1 1
inf h(zg az) + §||x||2 + §||:E*||2 =0, V(zg,x5) € X x X™.

3. Surjectivity and maximal monotonicity in non-reflexive Banach spaces
We begin with two elementary technical results which will be useful.

Proposition 3.1. The following statements holds:
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1. Foranye >0, if y* € J.(x), then | ||z] — |ly*|| | < V2.
Let T : X = X* be a monotone operator and €, M > 0. Then,

(T + 7)™ (Bx-[0, M])
1s bounded.

Proof. To prove item 1., let ¢ > 0 and y* € J.(z). The desired result follows from
the following inequalities:

1 . 1 . ,
Ul =y )? < §II-’17H2 Hy 1> = (z,y") <e

To prove item 2., take (z,2*) € T. If z € (T + J.)~" (B[0, M]) then there exists z*, y*
such that
e T(x), y* e J(x), " +y*|| < M.

Therefore, using Fenchel Young inequality (2), the monotonicity of T" and the defini-
tion of J. we obtain

1 1 * * * k * *
Sl =2+ e +y7 = 2 2 - 20" 4y - 2

> (x—z,y")
1 *
§|I%‘|| + - IIy 12—l = lzlly*ll-
Note also that
2 2 2 * * * (12 *
|z — 2| < |lz]|” + 2[|lz[[[|=]] + [|=]]", " + " — 2|7 < (M + [|2*]))*.

Combining the above equations we obtain

1

1 . .
S+ 1127107 = 5y 1 = =zl = =Ny [ — e

L2
Sl +

[\

As y* € J.(x), by item 1., we have ||z|| < ||y*|| + v2¢. Therefore

1 1 . 1 .
§HZH2+§(M+ 125107 = Sl 11* = 2lly* 1=l = [12]v2e — e

\)

Hence, y* is bounded. In fact,

Iyl < 2[12l] + \/4||z||2 2| l2lvV2e + ] + 112 + (M + 1272

As we already observed, ||z|| < [|y*| + v2¢ and so, x is also bounded. O

Now we will prove that under monotonicity, dense range of some perturbation of a
monotone operator is equivalent to surjectivity of that perturbation.
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Lemma 3.2. Let T : X = X* be monotone and p > 0. Then the conditions below
are equivalent

1. R(T(-+20) + pJde) = X*, for any e >0 and z € X,

2. R(T(-+ z0) + pJ.) = X*, for any e >0 and zy € X.

Proof. It suffices to prove the lemma for © = 1 and then, for the general case,
consider 77 = p~'T. Now note that for any zp € X and 2§ € X*, T — {(20, 25)} is
also monotone. Therefore, it suffices to prove that 0 € R(T + J.), for any € > 0 if
and only if 0 € R(T + J.), for any € > 0. The "if" is easy to check. To prove the

"only if", suppose that
0€ R(T+J.), Ve>0.

First use item 2. of Proposition 3.1 with M = 1/2 to conclude that there exists p > 0
such that
(T'+ 1)~ (Bx+[0,1/2]) € Bx[0, pl.

By assumption, for any 0 < n < % there exists z,, € X, xy,y; € X* such that

* * * * 1
zy € T(xy), yy € Jylw,) and |z +yll <n< 3 (11)

As Jy(xy) C Jija(ay), 2y € (T 4 Jij2) (2} + y;) and so,
el <p, lygll <o+ 1,

where the second inequality follows from the first one and item 1. of Proposition 3.1.
Therefore

1 *
n”+nlp+1)+ §||yn||2,

DN | —

Sl < 5 (e + w3l + g )* <

<ZL'17, l’:]> = <xn7$; + y;> - <$77> y:;) < pn-— <£L’n,y:]>.
Combining the above inequalities we obtain
1 2 1 * (]2 * 1 2 1 * (12 * 1 2
Sllall” + SMzpll™ + (g, ) < Sl + Sllyg 17 = (g, y) + 020 +1) + 507
2 2 2 2 2
The inclusion y; € J,(z,) means that,

1 1., .
Sl + Sl = () < (12)

Hence, using the two above inequalities we conclude that

1 1, . . 1
§||x77||2 T 5”%”2 + (zg, 2y) <2n(p+1) + 5772.

To end the prove, take an arbitrary £ > 0. Choosing 0 < 1 < 1/2 such that,

1
2n(p+1) + 50" <,
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we have
1 2 1 * (|12 * *
Sl + S+ () < e, € Tlay).
According tho the above inequality, —x; € J.(z,). Hence 0 € (T + J.)(xy). O

In a reflexive Banach space, surjectivity of a monotone operator plus the duality
mapping is equivalent to maximal monotonicity. This is a classical result of Rockafel-
lar [19]. To obtain a partial extension of this result to non-reflexive Banach spaces,
we must consider the “enlarged” duality mapping.

Lemma 3.3. Let T : X = X* be monotone and > 0. If

R(T(-+20) + puJe) = X", Ve>0,20€ X

then T, the closure of T in the norm-topology of X x X*, is mazimal monotone and
of type NI

Proof. Note that T+ uJ. = u(u™'T + Je). Therefore, it suffices to prove the lemma
for u = 1 and then, for the general case, consider 7" = p~'T. The monotonicity of T
follows from the continuity of the duality product.

Using the assumptions on 7" and Lemma 3.2 we conclude that T'(- 4 zp) + J. is onto,
for any £ > 0 and zy € X. Therefore, for any (29,25) € X x X* and ¢ > 0, there
exists z., x} such that

xi+z5 € T(x.+29) and —al € J(z.). (13)

Note that the second inclusion in the above equation is equivalent to

Sl + Sl < e, —22) <. (14)
To prove maximal monotonicity of T, suppose that (29, z5) € X x X* is monotonically
related to T. AsT C T
(z—20,2"—25) >0, V(z2,27) eT.
So, taking € > 0 and z. € X, zF € X* as in (13) we conclude that
(e, w2y = (e + 20 — 20, T2 + 25 — 25) > 0,
which, combined with (14) yields

1 2 1 * (12

Sllaell® + Sz <

As (2. + 2o, xF + 25 ) € T', and € is an arbitrary strictly positive number, we conclude
that (29, 25) € T, and T' is maximal monotone.
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It remains to prove that T is of type NI. Consider an arbitrary (zo,2%) € X x X*
and h € Fr. Then, using (13), (14) we conclude that for any € > 0, there exists
(e, %) € X x X* such that

M@ + 20,02+ 20) = (@ + 20,22+ 2), Sllael® + llaZ]® < (we, —al) + .

The first equality above is equivalent to A .s)(2c, ¥}) = (7, x%). Therefore,

h(Zo,ZS)($8>J:a) + §H$5H2 + §HxaHQ <g,
that is,
. * 1 2 1 %12
infh, 5 (2,27) + 5 el + 5 a2 = 0.
Now, use item 5. of Theorem 2.6 to conclude that 7T is of type NI. ]

Direct application of Lemma 3.3 gives the next corollary.

Corollary 3.4. If T : X = X* is monotone, closed, > 0 and

R(T( -+ 20) + pJ:) = X", Ve>0,20€ X
then T', is maximal monotone and of type NI.
Proof. Use Lemma 3.3 and the assumption 7' = T. [
Lemma 3.5. Let 11, T, : X = X* be maximal monotone and of type NI. Take
hi € Frp,, he € Fp,
and define
h:XxX*—R
(") = (s () Dol ) (a) = inf () + oo a” = ),

Dx(h;)) ={z e X |3z", hi(zr,2") <oo}, i=1,2.

If
J MDx () — Dx(ha)) (15)
A>0
15 a closed subspace then
h>m h*>m,, Jh > 7, (Jh)" > .,

T+ Ty = {(z,2") | Ih(z,2") = (z,2")}
= {(z,2") | h(z,z*) = (x,2")}

and Ty + Ts is maximal monotone of type NI and

dh,clh € Fryom,.
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Proof. Since hy € Fp, and hy € Fp,, we have hy > 7w and hy > 7. So
hi(x,y*) + ho(x, 2 — y*) > (z,y") + (x, 2" — y*) = (x,2").

Taking the inf in y* at the left-hand side of the above inequality we conclude that
h > .

Let (z*,2™) € X* x X**. Using the definition of h we have

= sup  (z,2") + (2%, ™) — h(z,2%) (16)
(z,2%)eX x X*

- sup (z,2") + (", 2™) — hi(2,y") — ha(z, 2" — y") (17)
(z,2*,y* ) EX X X*x X*

— sup (z,2") + (y", ™) + (w*, ™) — hi(2,y") — ha(z,w") (18)

(zy*,w*)eX X X *x X *

where we used the substitution z* = w* + y* in the last term. So, defining Hy, Hy :
XxX*xX*—R

H1($,y*,2*) :hl(l’,y*), HQ(:Evy*aZ*) :hg(l’,z*), (19)
we have

Using (15), the Attouch-Brezis extension [1, Theorem 1.1] of Fenchel-Rockafellar
duality theorem and (19) we conclude that the conjugate of the sum at the right hand
side of the above equation is the ezxact inf-convolution of the conjugates. Therefore,

* * k% : * * k% k% * * * k% kK kK kk
h(ﬂf,.ﬁlﬁ ):(*Hgn**)Hl(uﬂJ ) 2 )‘*—IJQ(m —u,r -y ,r —=z )
u 7y ’Z

Direct use of definition (19) yields

Hence,
h*(z*, ™) = min Aj(u*,2™) + hi(z" —u*, x™). (22)

u*eX*

Therefore, using that h{ > 7., hy > 7., (22) and the same reasoning used to show
that h > m we have
h* > 7*.

Up to now, we proved that h > 7 and h* > m,( and Jh > 7). So, using Theorem 2.3
we conclude that S : X = X*, defined as

S={(z,2") € X x X*| Jh(x,x") = (x,a")},

is maximal monotone. As Jh is convex and lower semicontinuous, Jh € Fg.
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We will prove that Ty + Ty = S. Take (z,2*) € S, that is, Jh(z,2*) = (z,z%).
Using (22) we conclude that there exists u* € X* such that

hi(u*, x) + hy(z* —u*, z) = (x,x").
We know that
hi(u*,x) > (x,u"), hy(z* —u*,x) > (z, 2" — u").

Combining these inequalities with the previous equation we conclude that these in-
equalities hold as equalities, and so

u* € Ty(x), r* —u* € Ty(z), € (Ty + Ty) ().
hi(z,u*) = (x,u*),  ho(x,x* —u*) = (x,x* —u*), h(z,z2*) < (z,z%).

We proved that S C T7 4+ T5. Since T} + T5 is monotone and S is maximal monotone,
we have T} + T, = S (and Jh € Fpr,17,). Note also that h(x,z*) < (z,2*) for any
(x,2*) € Ty + To = S. As h > m, we have equality in 77 + T5. Therefore,

T+ Ty C{(x,z") | h(z,2") = (z,2")} C {(x,2") | clh(x,z*) < (x,z")}.

Since h > 7 and the duality product 7 is continuous in X x X*, we also have clh > 7.
Hence, using the above inclusion we conclude that clh coincides with 7 in T} + T5.
Therefore, clh € Fp 1, and the rightmost set in the above inclusions is T; + T5.
Hence

T+ Ty = {(x,z") | h(z,2") = (x,z")}.

Conjugation is invariant under the (lower semicontinuous) closure operation. There-
fore,
(clh)*=h" > m,

and so 17 + T5 is NI. We proved already that gh € Fp, i p,. Using item 3. of Theo-
rem 2.6 we conclude that (Jh)* > m,. O

Theorem 3.6. If T': X = X* s a closed monotone operator, then the conditions
below are equivalent

1. R(T(-+=z2)+J)=X"forall zp € X,

2. R(T(-+z)+J.)=X" foralle >0, zp € X,
3. R(T(-+2z)+J.)=X* foralle >0, zp € X,
4. T is maximal monotone and of type NI.

Proof. Item 1. trivially implies item 2.. Using Lemma 3.2 we conclude that, in
particular, item 2. implies item 3.. Now use Corollary 3.4 to conclude that item 3.
implies item 4.. Up to now we have 1. = 2. = 3. = 4..

To complete the proof we will show that item /. implies item 1.. So, assume that item
4. holds, that is, T is of type NI. Take z§ € X* and zy € X. Define Ty = T'—{ (20, 2) }.
Trivially

2 € R(T(-+20)+J) < 0€ R(To+ J).
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As the class NI is invariant under translations, in order to prove item 1., it is sufficient
to prove that if T' is of type NI, then 0 € R(T + J). Let h € Fr and € > 0. Define
p: X X X*—>R,

1

Sl (23)

* 1 2
plr,a%) = Sl + 5

Item 5. of Theorem 2.6 ensure us that there exists (z.,z}) € X x X* such that
h(ze, ) + p(., —xF) < €% (24)

Direct calculations yields p > 7 and p* > .. We also know that p € F; and so J is
of type NI. Define H : X x X* — R,

H(z,z*) = y*ig)f(* h(z,y*) + p(z, 2" — y*).

As D(p) = X x X*, we may apply Lemma 3.5 to conclude that 7"+ J is NI and
clH € Fr, ;. Using (24) we have

H(z.,0) < h(ze, x) + pla., —aF) < &2

£

So, cl H(z.,0) < H(z.,0) < {x.,0)+¢&% Now use Theorem 2.2 to conclude that there
exists z, ¥ such that

(z,2*) e T+ J, |z — x| <e, |lz* — 0| <e.

So, 7 € R(T + J) and ||z*|| < e. As € > 0 is arbitrary, 0 is in the closure of
R(T + J). 0

Corollary 3.7. If T : X = X* is a closed monotone operator then the conditions
bellow are equivalent

R(T(-+ z0) + uJ) = X* for all zg € X and some p > 0,

a (-

b R(T(-+ 20) + puJ) = X* forall zo € X, p >0,

c R(T(-+ 29) + uJe) = X* for alle >0, zg € X and some pu > 0,
d R(T(-+ 20) + uJe) = X* foralle >0, zp € X, p >0,

e R(T(-+ 2z0) + pd.) = X* for alle >0, zo € X, and some pn > 0,
f R(T(-+ z) + pJo) = X* foralle >0, z0 € X, u >0,

g

T is maximal monotone and of type NI.

Proof. Suppose that item a. holds. Define 77 = p~'T and use Theorem 3.6 to
conclude that 7" is maximal monotone and of type NI. Therefore, T' = pT" is maximal
monotone and of type NI, which means that ¢. holds.

Now assume that item g¢. holds, that is, T is maximal monotone and of type NI. Then,
for all ;1 > 0, =T is maximal monotone and of type NI, which implies item b..

As the implication b. = a. is trivial, we conclude that items a., b., g. are equivalent.

The same reasoning shows that items c., d., ¢g. are equivalent and so on. ]
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A. Proof of Theorem 2.6

Proof. First let us prove that item 2. and item /4. are equivalent. So, suppose item
2. holds and let (zg, ) € X x X*. Direct calculations yield

h(zoaz) = T, (P(woaz))” > T

Using [12, Theorem 3.1, Eq. (12)] we conclude that condition item 4. holds. For
proving that item 4. = item 2., first note that, for any (z,z*) € X x X*,

e (040) 2 inf heo(aa”) + 3l + 5l
Therefore, using item 4. we obtain

h(z,2%) = (z,2") = h(:.+(0,0) > 0.
Since (z, z*) is an arbitrary element of X x X* we conclude that h > 7.

For proving that, h* > ., take some (y*, y**) € X* x X**. First, use Fenchel-Young
inequality to conclude that for any (z,2*), (z,2%) € X x X*,

hiee(@,27) 2z, y" = 2%) + (27,5 = 2) = (heen) (¥ = 27y = 2).
As (b)) = (M)r0),
(h(z,z*))* (?/* - Z*7y** - Z) = h*(y*ay**) - <Zvy* - Z*> - <Z*7y** - Z> - <27 Z*>
Combining the two above equations we obtain
h(m*)(:c,x*)
Adding (1/2)]|z]|* + (1/2)||z*||* in both sides of the above inequality we have

* 1 2 1 %12
o)+ S + S

2

> (2,y" = 2) + (@ y" = 2) + Sllzl* + Sl

. <y* - Z*,y** o Z> + <y*,y**> . h*(y*,y**)
Note that

1 1
*(12 * ¥k * (12 Hk 2
P @y =+l 2 =g lly™ 2

1, 1
* % - D | Py

Therefore, for any (x,z*), (2, 2*) € X x X*,

* 1 2 1 *(12
el + S+ 2|

1 * * (12 1 *k 2
> —_ — _
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Using now the assumption we conclude that the infimum, for (z,z*) € X x X* at
the left hand side of the above inequality is 0. Therefore, taking the infimum on
(x,2*) € X x X* at the left hand side of the above inequality and rearranging the
resulting inequality we have

Ry = ) 2 5l = 2 I = Sl = - = 2y = ),

Note that

2 2
I Bl

1
=y —=

* * kk 1 * *
sup —(y" — 2",y = ) = slly = 2 I =

z*reX*

Hence, taking the sup in z* € X* at the right hand side of the previous inequality
we obtain

and item 4. holds. Now, using that item 2. and item /. are equivalent it is trivial to
verify that item 3. and item 5. are equivalent.

The second step is to prove that item 4. and item 5. are equivalent. So, assume that
item 4. holds, that is, for some h € Fr,

1

1
inf  Aggen (7, 27) + 5”3:\]2 + §Hx*|\2 =0, V(zo,zj5) € X x X"

(zx*)eX xX*

Take g & 3:T7 and (va)xS) - X X X* FirSt Obsel"ve that, for any (I,’x*) c X > X*’
g(zo,mg)(ﬁ,x*) > <$,ZB*> and

* 1 2 1 *2 * 1 2 1 * |2
G @:5°) + Sl + 2 2 2 (o,0%) + Lol + 2ot 2 0.

Therefore,

. 1o 1 .
* * — — * > X

As the square of the norm is coercive, there exist M > 0 such that
* * * 1 2 1 *(12
(z,27) € X X X7 [ Aag a5 (2, 27) + Sllzll” + 27" < 10 € Bxxx- (0, M),

where
Bxxx+(0,M) = {(m,x*) € X x X* [\ /||lz)? + [lz*]* < M} .
For any € > 0, there exists (Z,2*) such that
- 2 SN STP S STPU
min {1, €%} > o ) (& 2°) + S 127 + 51271
Therefore

~ o~k 1~2 1~*2 ~ o~k ~ o~k
52 > h(xo’xa)(l',l' ) + §||x|| + 5”1’ || > h(xo,x8)<x7x ) - <£L‘7ZL’ > >0, (26)

~112 ~x (|2
M2 = |2 + (2]
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In particular,
€% > Miggap) (T, T°) — (T, 7).
Now using Theorem 2.2 we conclude that there exists (z,z*) such that
Pzoan) (T, T7) = (Z,T7), |z —z| <e, |z* —z*|| <e. (27)
Therefore,
h(Z + w0, T + x5) — (T + 20, 7" + 27) = h(agar)(T,T7) — (7,77) =0,
and (T + zo, 2 + 25) € T. As g € Fr,
9(T + 2o, T + 1) = (T + 20, T" + 23),

and
Y(wo,a) (T, T7) = (T, T7). (28)
Using the first line of (26) we have

~ o~k ~ % 5 7* ~ o~ 1 ~ % 5o+
e” > ap o) (T, 37) + ||fL"|| +5 || P42, | = (2.7 > S)17]°+3 || I+ (&, &)
Therefore,
e’ >—||33|| +3 ||~*|| +(2,77). (29)
Direct use of (27) gives

N =@+ (T -2,7)+ (2,7 -T) + (T -2, - T7)
< (2,27 + Iz = gl IZ7} + 2]l 2" — 27 + |lz — 2] ||z — 2|
< (@) +ellZ ) + 1#]] + €

Bl
&I

and

—112 _x |2 ~ — ~11\2 ~ % e ~x(1\2
1Z]" + lz*[1" < (2]l + |z — z[])” + (lz*| + [|z* — 2
1217+ 1311 + 2[1Z]| + [|12°]] + 2¢*.

IN

Combining the two above equations with (28) we obtain
- 172 17*2 ~ o~k 1~2 1~>«<2 ~ ~ % 2
o wrt)(@ T7) + ST+ SN277 = (2, 27) + Slall” + SIz™)" + 2|z + flz*[] + 2¢
Using now (29) and the second line of (26) we conclude that
1 1
Geo.ai)(T ) + SIZI° + S 11777 < 26 MV2 4+ 3%
As € is an arbitrary strictly positive number, using also (25) we conclude that

: * 1 2 1 ®)12
L %)+ el Sl =0



M. Marques Alves, B. F. Svaiter / On the Surjectivity Properties of ... 225

Altogether, we conclude that if item 4. holds then item 4. holds. The converse item
5. = item 4. is trivial to verify. Hence item 4. and item 5. are equivalent. As item
2. is equivalent to item /. and item 3. is equivalent to 4., we conclude that items 2.,
3., 4. and J. are equivalent.

Now we will prove that item 1. is equivalent to item 3. and conclude the proof of the
theorem. First suppose that item 3. holds. Since 87 € Fr

(ST)* Z T

As has already been observed, for any proper function A it holds that (cl conv h)* = h*.
Therefore

(ST)* = (7T + 5T)* > Ty
that is,

sup (y,x*) + (y*, ™) — (y,y") > (z*, ™), V(z*, ™) e X* x X (30)

(y,y*)eT
After some algebraic manipulations we conclude that (30) is equivalent to

inf (2" —y, 2" —y") <0, V(z",2™) e X" x X,
(yy*)eT

that is, T is of type (NI) and so item 1. holds. If item 1. holds, by the same reasoning
we conclude that (30) holds and therefore (87)* > m.. As 8¢ € Fr, we conclude that
item 2. holds. As has been proved previously item 2. = item 3.. O]

References

[1] H. Attouch, H. Brezis: Duality for the sum of convex functions in general Banach
spaces, in: Aspects of Mathematics and its Applications, North-Holland Math. Library
34, North-Holland, Amsterdam (1986) 125-133.

[2] J. M. Borwein: Maximal monotonicity via convex analysis, J. Convex Analysis 13(3&4)
(2006) 561-586.

[3] J. M. Borwein: Maximality of sums of two maximal monotone operators in general
Banach space, Proc. Amer. Math. Soc. 135(12) (2007) 3917-3924.

[4] A. Brondsted, R. T. Rockafellar: On the subdifferentiability of convex functions, Proc.
Amer. Math. Soc. 16 (1965) 605-611.

[5] R. S. Burachik: Maximal monotone operators, convex functions and a special fam-
ily of enlargements, in: International Workshop on Optimization and Control with
Applications (Erice, July 2001), Short Talk.

[6] R. S. Burachik, B. F. Svaiter: Maximal monotone operators, convex functions and a
special family of enlargements, Technical Report A094, IMPA, August 2001, available
at: http://www.preprint.impa.br/Shadows/SERIE A /2001/94.html.

[7] R. S. Burachik, B. F. Svaiter: Maximal monotone operators, convex functions and a
special family of enlargements, Set-Valued Anal. 10(4) (2002) 297-316.

[8] R. S. Burachik, B. F. Svaiter. Maximal monotonicity, conjugation and the duality
product, Proc. Amer. Math. Soc. 131(8) (2003) 2379-2383.



226 M. Marques Alves, B. F. Svaiter / On the Surjectivity Properties of ...

[9] S. Fitzpatrick: Representing monotone operators by convex functions, in: Functional
Analysis and Optimization, Workshop / Miniconference (Canberra, 1988), Proc. Cent.
Math. Anal. Aust. Natl. Univ. 20, Australian National University, Canberra (1988)
59-65.

[10] S. P. Fitzpatrick, R. R. Phelps: Some properties of maximal monotone operators on
nonreflexive Banach spaces, Set-Valued Anal. 3(1) (1995) 51-69.

[11] J.-P. Gossez: Opérateurs monotones non linéaires dans les espaces de Banach non
réflexifs, J. Math. Anal. Appl. 34 (1971) 371-395.

[12] M. Marques Alves, B. F. Svaiter: Brgndsted-Rockafellar property and maximality of
monotone operators representable by convex functions in non-reflexive Banach spaces,

J. Convex Analysis 15(4) (2008) 693-706.

[13] M. Marques Alves, B. F. Svaiter: A new old class of maximal monotone operators, J.
Convex Analysis 16(3&4) (2009) 881-890.

[14] J.-E. Martinez-Legaz, B. F. Svaiter: Monotone operators representable by 1.s.c. convex
functions, Set-Valued Anal. 13(1) (2005) 21-46.

[15] J.-E. Martinez-Legaz, M. Théra: A convex representation of maximal monotone oper-
ators, J. Nonlinear Convex Anal. 2(2) (2001) 243-247.

[16] J.-P. Penot: The relevance of convex analysis for the study of monotonicity, Nonlinear
Anal. 58(7-8) (2004) 855-871.

[17] J.-P. Penot: The use of nonsmooth analysis and of duality methods for the study of
hamilton-jacobi equations, in: International Workshop on Optimization and Control
with Applications (Erice, July 2001), Short Talk.

[18] R. T. Rockafellar: On the maximal monotonicity of subdifferential mappings, Pacific
J. Math. 33 (1970) 209-216.

[19] R. T. Rockafellar: On the maximality of sums of nonlinear monotone operators, Trans.
Amer. Math. Soc. 149 (1970) 75-88.

[20] S. Simons: The range of a monotone operator, J. Math. Anal. Appl. 199(1) (1996)
176-201.

[21] M. D. Voisei: The sum and chain rules for maximal monotone operators, Set-Valued
Anal. 16(4) (2002) 461-476.

[22] M. D. Voisei, C. Zalinescu: Strongly-representable operators, J. Convex Analysis
16(3&4) (2009) 1011-1033.



