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1. Preliminaries. Notations

The Fitzpatrik function proved to be a very useful tool of the convex analysis in
the study of maximal monotone operators. In our paper this function is used for
deterministic and stochastic differential equations driven by multivalued maximal
monotone operators. We will show how we can reduce the existence problem for
stochastic differential equations of the following types:

e forward case

dX:+ A(Xy) (dt) > F (t, Xy)dt + G (t, X3) dWy

- )
0=2¢& t€]0,T] and
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° backward case

—dY, + A(Y,) dt > H(t,Y,, Z,) dt — Z,dW,
Yr=¢, tel0,T)

to a minimizing problem for convex lower semicontinuous functions.

Usually, existence results are obtained via a penalized problem with Yosida’s approx-
imation operator A, := [I — (I +cA)™"]/e.

For the forward equation (1), by studying first a generalized Skorohod problem

dr (t)+ A(z(t)) (dt) > f(t)dt +dm (1),
z(0) =z, t €10,7].

the existence of the solution is obtained (see Bensoussan & Rascanu [4], Ragcanu [16],
or Asiminoaei & Régcanu [1]) in the general case of a maximal monotone operator.

For backward stochastic differential equations the existence problem (see Pardoux &
Rascanu [13]) is solved only in the case of A = J¢ (the subdifferential of a lower
semicontinuous convex function) and it is an open problem in the general case. That
is the reason and the main motivation to find an approach via convex analysis.

In 1988, in the paper [10], Fitzpatrick proved that any maximal monotone operator
can be represented by a convex function; he explicitly defined the minimal convex
representation. The connection between maximal monotone operators and convex
functions was also approached 13 years later by Martinez-Legaz & Théra in [12],
Burachik & Svaiter in [7] and Burachik & Fitzpatrick in [6]. Since these last three
papers, Fitzpatrick’s results have been the subject of intense research (J. P. Reval-
ski, M. Théra, R. S. Burachik, B. F. Svaiter, J.-P. Penot, S. Simons, C. Zalinescu,
J.-E. Martinez-Legaz etc.). Their results stay in the domain of nonlinear operators:
properties, characterizations, new classes of monotone operators.

Using the idea of Fitzpatrick function we can reduce the existence problems for
stochastic equations of the form (1) or (2) to a minimizing problem of a convex
lower semicontinuous function. Inspired by the studies of Gyongy & Martinez [11],
we present a new approach for solving the existence problem for stochastic differential
equations with maximal monotone operator. In this paper we will identify the solu-
tions of different types of forward and backward multivalued stochastic differential
equations with the minimum points of a suitably chosen convex lower semicontinuous
functionals.

The paper is organized as follows. In the first section we present some basic properties
of the Fitzpatrick’s function and we will introduce the stochastic framework that will
be used. The next section contains a Fitzpatrick function approach for the study of a
generalized Skorohod problem as well of forward and backward stochastic differential
equations, while Section 3 is dedicated to the case of forward and backward stochastic
variational inequalities.
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1.1. On Fitzpatrick’s function

Let (X,]].]|) be a real Banach space and (X*, ||.||,) be its dual. For z* € X* and z € X
we denote z* (x) (the value of z* in ) by (z, 2*) or (z*, x).

If A: X = X* is a point-to-set operator (from X to the family of subsets of X*), then
Dom(A) :={zeX:A(z) #0} and R(A) = {a*: Jz € Dom (A) s.t. z* € A(x)}.
We shall always assume that the operator A is proper, i.e. Dom (A4) # (. Usu-
ally the operator A is identified with its graph gr(A) = {(z,2*) € X x X" : z €
Dom (A), z* € A(x)}.

The operator A : X = X* is a monotone operator (A C X x X* is a monotone set) if
<ZE - yvx* - y*> > 07 V(x,x*) ) (yay*) € A

A monotone operator (set) is maximal monotone if it is not properly contained in any
other monotone operator (set). Clearly if A is maximal monotone and (y, y*) € XxX*
then
inf (y—u,y"—u") >0 < (y,y") € A
(u,u*)eA
Given a function ¢ : X —]—00,400] we denote Dom (1)) = {x € X : ¢ (z) < 00} .
We say that v is proper if Dom (¢0) # (). The subdifferential 9¢ : X = X* is defined
by
(z,2") € O if (y—z,2") + ¢ (2) <Y (y), VyeX

It is well known that: if ¢ is a proper convex l.s.c. function, then 0y : X = X* is a
maximal monotone operator.

Let ¢ : X —]—o00,+00| be a proper function. The conjugate of ¢ is the function
P* : X*—]—00, +00],

* (2*) == sup {{u,2") — ¢ (u) 1 u € X}.

Remark that, if h : X x X*—]—00,+00], then h* : X*xX*—]—00,+00] and, for
any (z*,z) € X*xX, h* (z*,z) is well defined by identifying X with its image under
canonical injection of X into X**  that is, every x € X can be seen as a function
z : X* — R defined by x(z*) = 2*(z) = (x,2*). For a complete study on maximal
monotone operators, one can consult Barbu [2] or Brézis [5].

Definition 1.1. Given a monotone operator A : X = X*| the associated Fitzpatrick
function is defined as H = H4 : X x X* — ]—o00, +00],

H(x,z*) = (x,z*) —inf{{x —u,z* —u*) : (u,u*) € A} )
= sup {(u, ") + (x,u") — (u,u*) : (u,u*) € A}

Clearly H (z,2%) < (x,z*), for all (z,z*) € A and, as supremum of convex strongly

(and (w,w*)) continuous functions, H = H, : X x X* — ]—o00,+0o0] is a proper

convex strongly (and (w,w*)) Ls.c. function. Usually, we shall consider on X the

strong topology and, on X* the w*-topology; in this case, H is also a l.s.c. function.

Whenever is necessary, we will consider the Fitzpatrick function H restricted at UxV,
with U C X and V C X*.
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Let (z*,z) € OH (u,u*). Then, from the definition of a subdifferential operator, we
have

(", ), (2,27) — (u,u")) + H (u,u”) < H(z,27), V(z,z") € X x X",
or, equivalently,

(u—x,u* — %) —inf {{u—y,u* —y*) : (y,y") € A}

4
< (z—w,2"—2") —inf{(z —y, 2" —y") : (y,y") € A}, V(z,2") € X x X" (4)

Since the operator A is a maximal monotone one, then

inf{(u—y,u* —y*) : (y,y*) € A} <0 and
inf{(z —y,2* —y") : (y,y") € A} =0, V(z,2%) € A;

consequently, we have
(x*,x) € OH (u,u*) = (u—x,u* — %) <inf{(z —z, 2" —2%) : (2,2") € A}. (5)
Also, by the monotonicity of A, from (4) follows
(x,2") € A = (2%,2) € OH (z,27).
Hence, if A : X = X* is a maximal monotone operator, then H 4 characterizes A as

follows.

Theorem 1.2 (Fitzpatrick, see Fitzpatrick [10], Simons & Zalinescu [17]).
Let A : X = X* be a maximal monotone operator and H its associated Fitzpatrick
function. Then, for all (x,z*) € X x X*,

H(x,z*) > (z,z").

Moreover, the following assertions are equivalent:

a) (x,z*) € A

H(%,ZE*) = <JZ,ZE*>;

H (", 2) = (2, 27) ;

3 (u,u*) € Dom (OH) such that (z*,z) € OH (u,u*) and (u — z,u* — z*) = 0;
(x*,x) € OH (z,2*).

b
c
d

[&

AN N TN N
— N — —

Proof. It is not difficult to show that (b) < (a) = (e) = (d) = (a). Moreover,
using the Fenchel equality:

(z*,2) € OH (z,2") = H(z,z") + H (2", z) = ((z,27), (=", x)),

we obtain that (e) & (b) = (c¢). The point (c¢) yields (a) by using the equivalent form
of the definition of H* :

H*(z*,2) = (x,z")y— inf {(x—u2z"—u")+H(uu")— (u,u*)}.

(u,u*)eXXX*
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Remark 1.3. The function H,4 is minimal in the family of convex functions f :
X x X* — |—00, +00| with the properties: f(z,z*) > (x,z*) for all (z,2*) € X x X*
and f(x,2*) = (z,z*) for all (x,2*) € A.

Using the above tools, in the paper [17], Simons and Zalinescu give a nice proof of
the famous Rockafellar’s characterization of a maximal monotone operator.

Let H be a real separable Hilbert space and A : H = H be a maximal monotone
operator. Denote for e > 0, J., A, : H — H, the (1-, resp. 1 /¢ -) Lipschitz continuous
functions J. (z) = (I +£A)™" (z) and

L
Acw) = "D e 4 ),
Let
BV, ([0,T];H) = {k: [0,T] — H: [k], < oo, k(0) = 0},
where [k]7 == ||k|| gy (o.1p:m) - If we consider on C'([0,T];H) the usual norm

1Yllcore = Wiy =sup{ly (s)]: 0 < s <T},

then (C ([0,77];H))" = BV ([0, T];H). We denote the duality between these spaces

by
T
)= ) et
Denote by A the realization on C ([0, 7];H) of the maximal monotone operator
A : H = H, that is the operator A : C'([0,T];H) = BV, ([0,7];H) defined as

follows: (z,k) € Aif z € C ([0,T];R?), k € BV, ([0,T];H) and one of the following
equivalent conditions are satisfied:

(di) forall 0 < s <t <T, [[{a(r) —z,dk (r) — z5dr) > 0, ¥ (z,2%) € 4
(dg) for all 0 < s <t < T and for all u,u* € C([0,T];H) such that (u(r),u*(r)) €
A, Vr € [s,t],
t
[ (atr) = ulr). dkr) = w()ar) 2 0

(ds) for all u,u* € C([0,T]; H) such that (u(r),u*(r)) € A, Vr € [0,T7],

T
/ (x(r) —u(r),dk(r) — u*(r)dr) > 0.
0
A is a maximal monotone operator since, setting

u(r) = J. (m(r)—gy(r)) ::U(r)—;—y(r) A (x(r)+y(r));
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in (dg) written for (x,k) € A and respectively for (y,¢) € A and taking then € — 0,
we infer (since eA. — 0 as € — 0) that

/t<x(r)—y(r),dk(r)—dﬁ(r))20, Vo<s<t<T. (6)

The maximality clearly follows from the definition of A.

For the realization of the operator A on L" (0,7;H), r > 1, we use the same notation
A without risk of confusion since every time we mention the space of realization.
In this case, the operator A : L (0,7;H) = L9(0,T;H), % + % = 1 is defined by

(x,9) € Aif

o fst (x(r)—2z,9(r)—2z")dr >0, for all 0 < s <t < T and for all (z,2*) € A4,
or (clearly), equivalently

e g(t)eA(z(t)),ae te|0,T].

Arguing similar to the previous situation, we obtain that 4 is a maximal monotone
operator.

1.2. Stochastic framework

Let (2, F,P,{Fi}+>0) be a stochastic basis i.e. (2, F,[P) is a complete probability
space and {F; };>¢ is a filtration satisfying the usual assumptions of right continuity
and completeness:

N CF, CF = ﬂj:t+s7

e>0
for all 0 < s < t, where Njp is the set of all P-null sets.

Let (H,| - |g) be a real separable Hilbert space; if F' is a closed subset of H, denote
by Br the o-algebra generated by the closed subsets of F.

Denote by S§; [0, 7], p > 0, the space of progressively measurable continuous stochas-
tic processes X : Q x [0,7] — H (i.e. t — X (w,t) is continuous a.s. w € Q, and
(w,s) — X (w,s) : Qx[0,T] - His (F ® Bjoy, Bu) measurable for all ¢ € [0,T]),
such that

(E | X]57)»" < oo, ifp>0,

||X||SI§I[0,T] - .

ELAXI], if p=0,

where

[ X7 = sup |Xi|.
te[0,7)

The space (S§ [0,7], Il szp0,77)> P> 1, is a Banach space and SE0,T],0<p<1,is
a complete metric space with the metric p(Z;, Z5) = || Z1 —ZQHSﬂO’T} (when p = 0 the

metric convergence coincides with the probability convergence).
If H = R? we will denote SE [0, 7] by S% [0, T7.
Let (Ho, ||y, ) be a real separable Hilbert space and

B ={Bi(p): (t,¢) €[0,T] x Ho} C L (Q, F,P)
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a Gaussian family of real-valued random variables with zero mean and covariance
function

E[Bi()Bs(¢)] = (t A s) x (9, ¥)y, » Y, € Ho, Vs, t €[0,T],

where t A s = min {t, s} . We call (B,{F;}) a Hy- Wiener process if, for all t € [0,T],
we have

(i) FP =o{Bs(p); s€[0,t],p € Hy} VNp C F; and
(ii) Biin(p) — Bi(p) is independent of F;, for all h > 0, ¢ € H.

Note that, given any orthonormal basis {e;; i € I C N*} of Hy, the sequence 3* =
{8 = Bt(ez) t € (0,7}, ¢ € I, defines a family of independent real-valued standard
Wiener processes (Brownian motlons). Moreover, if H is of finite dimension, we have

=> Biei, tel0,T).

i>1

In the general case this series does not converge in Hp, but rather in a larger space
HO,HO C Ho which is such that the injection of Hjy into ]HIO is Hilbert-Schmidt.
Moreover, B € M2(0,T; Hy).

By MP(0,T;H), p > 1, we denote the space of H-valued continuous, p-integrable
martingales M, that is, the space of all continuous stochastic processes M : € x
[0,T] — H satisfying, P-a.s,

(m1> MO = 07
(ma) E|M" < oo, Vte|0,T],
(m3) E[M|Fs) =M, forall0<s<t<T.

MP(0,T;H) is a Banach space with respect to the norm || X||,, = (E |XT|p)1/p; in
the case p > 1, MP(0,T;H) is a closed linear subspace of S¥ [0, 7.

In order to define the stochastic integral with respect to the Hy-Wiener process B,
we introduce a class of processes with values in the separable Hilbert space £2(H; H)
of Hilbert—Schmidt operators from H into H, i.e. the space of linear operators F' :
Hy — H satisfying

IF|}s =Y |Feilgy = TeF*F = TrFF* < oo,

Denote Ay, g (0,7), p € [0,00[, the space of progressively measurable processes
Z : Qx]0,T[— L*(Hy; H) such that:

Al

T b v
B ([ 1zlsas) | ite>o
0
T 3
([ 12dsas) | itp=o.
0

1Z]lxe =
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The space (Ag, g, (0,7), ||-[[»), p > 1,is a Banach space and Ag, g, (0,7),0 <p <1,
is a complete metric space with the metric p(Z1, Z2) = ||Z1 — Zs|| »-

Consider {e;; ¢+ € I C N*} an orthonormal basis of Hy. Let Z € Af, g (0,T), with
p > 0. The stochastic integral I is defined by Z =Ny, (Z), where

I,(Z) = /OtstBS :Z/Ot Z,(e;)dBy(e;), t€0,T].

Note that it doesn’t depend on the choice of the orthonormal basis of Hy. The
application
I: A]II-)]IXHO (0>T) - S]II-J]I [O7T]

is a linear continuous operator and it has the following properties:

(a) EL(Z)=0, ifp>1,
(b)  Ellr(2)P =2l , fp>2,

1
() — 2% <E sup [L(2) P < |Zll} , ifp>0,
Cp te[0,7]

(Burkholder-Davis-Gundy inequality)
(d) I(Z)e MP(Q x [0, T];H), p>1.
The definition and the properties of the stochastic integral can be found in Pardoux
& Ragcanu [14] or Da Prato & Zabczyk [15].

If Hy = R* and H = R? then {B,,t > 0} is a k-dimensional Wiener process (Brownian
motion); £*(Hy; H) is the space of real matrices F' = (fij) 5, , and |F|* = ||F|3g =
>i.;f%; In this situation, the space Afy, g, (0,7T) will be denoted by A, (0,T).

2. Fitzpatrick function approach
2.1. A Generalized Skorohod problem

Throughout this section H is a real separable Hilbert space with the norm |-| and the
scalar product (-, ).

We study the multivalued monotone differential equation

(GSP) (7)

dx (t) + Ax (t) (dt) > dm (t),
z(0) =z, t>0,

where we assume

(i) A:H = H is a maximal monotone operator,
(HGSP) . (11) Tg € DOIIl(A),

(iii) m:[0,00) — H is continuous and m (0) = 0.
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Definition 2.1. A continuous function = : [0,7] — H is a solution of Eq. (7) if
z(t) € Dom(A) for all 0 < ¢t < T, (T arbitrarily fixed) and there exists k €
C([0,T];H)( BV, ([0,7];H) such that

z(t)+k({t)=z0+m(t), VO<t<T
and

t
/ (x(r)—z,dk(r)—2z%dr) >0, V(z,2")€ A, V0<s<t<T. (8)

(Without confusion, the uniqueness of £ will permit us to call the pair (x, k) solution
of the generalized Skorohod problem (GSP) and we write (x,k) = GSP (A; zo,m).)

In virtue of this definition, the (classical) Skorohod problem (for more details, one
can consult Cépa [8] or [9]) is obtained for A = 9l : R = R, where E is a closed
convex subset of R,

Iy (x) 0, ifrek,
€Tr) =
o o0, ifzeRI\E
and
0, if » € int(E),
olp(x)=q{veR: (vy—x) <0, forally € E}, ifz € Bd(E),
0, ifr ¢ E.

The definition of the solution can be given in a equivalent form as follows.

Definition 2.2. A continuous function z : [0, 7] — R% x R? is a solution of Skorohod
problem in E if z (t) € E for all 0 < ¢ < T and there exists k € C ([0,7];R?) N
BV ([0, T];R?) such that

(

(a) k], = /0 Los)epamd [k,

t
(b) k(t) = / Nas)d [k],, where ngy) € Ng (x (s))
0
and |n$(5)‘ =1,d]k]s-ae.

and
z(t)+k(t)=z0+m(t), Vte[0,T].

(Ng (x) denotes the outward normal cone to F at z € E.)

Let A: C([0,T];H) = BV, ([0,T];H) be the realization of the maximal monotone
operator A : HH = H and

X={peC([0,T];H) : 1 (0) = 0}
the linear closed subspace of C'([0,7];H) . For each R > 0, we define
Yr={keC(0,T];H): k(0) =0, [k], < R};
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Yr is a closed subset of C'(]0,7];H) and, consequently, it is a metric space with
respect to the metric from C ([0, 7];H). Remark that, by Helly-Foias theorem (see
Barbu & Precupanu [3], Theorem 3.5 & Remark 3.2), it is also a bounded w*-closed
subset of BV, ([0,T7]; H).

Let o : Ry — R, a continuous function such that « (0) = 0. Denote
Co={reX:m, () <ale) foralle >0}.

Here the function m, : R, — R, represents the modulus of continuity of the contin-
uous function z : [0,7] — H and it is defined by

m, (6) = myp (0) = sup{|z (t) — 2 (s)| : |t —s[ <0, t,s €[0,T]}.
Clearly, C, is a bounded closed convex subset of X.

Consider, for each (u,u*) € A and v € X, the function Jy, ) : HXXxYpxX — R
given by

) (@, 2,k 1)
— Ja— ol + / () dk (£)) + (2 (£), du (£)) — {u (t) , du” ()]
—/0 <x<t>,dk<t>>+2R||u—m||T+/0 (u(t) — v (1), dk (£)) — Rl — m]l,

and J: H x X X Yi x X —] — 00, +00], defined by

j<aax7kaﬂ) = sSup J(u,u*,u) (a,m,k,u)
(u,u*)eA, vECyH
= Ja —aof* + H (2, k) = (@, k) + 2R ||u — ml; (9)
+ sup {{p—v.k) = R|lv—ml},

where H : C ([0,7];H) x BV, ([0,T];H) —] — oo, +00] is the Fitzpatrick function
associated to the maximal monotone operator A.

Remark 2.3. J:Hx X x Yz x X —] — 00, +00] is a lower semicontinuous function
as the supremum of the continuous functions Jiy .+ ).

Remark also that, for p € C,,

2Rl —mlly + sup {{p — v, k) = Ry —mllp} = Rljp—mllp = 0.

veCy

Proposition 2.4. Let R > 0 and o : Ry — Ry a continuous function such that
a(0) = 0. The function J has the following properties

(a) J(axku)>0 forall(axku)GHxXxY X Cy.
(b) Let(axkp)eHxXxYRxC Then J(a, 2, k, i) = 0 iff & = xo, o = m
and k € A(&).
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(¢)  The restriction of J to the closed convex set

J(a, 2,k 0) =0 iffa =10, f =m and (2, k) = GSP (A; 29, m) .

Proof. The points (a) and (b) clearly are consequences of the properties of the Fitz-
patrick function H. Let us prove (¢). We have (a,z, k, u) € K and
j ((1, Z, ka :u)
= la —ol” +H (2.k) = (@, k) + 2R |lp — ml|
+ sup {(u — v, k) — Rlv —ml|}

= la—aof! + (@) + 5l (0 = (D = 5 lal* = [ (), k()

+ 2R = mlly + sup {{p — v k) = Bl —m}

1 1
= fool? = 2 (a,m0) + 5 [af* + M (2, 1)+ 5 |2 (T) = u (T)

+ 2R | —mllp + sup {{(=v. k) = Rllv —mll}

and the convexity of J follows. ]

In the sequel we prove the existence and uniqueness of the solution of the multivalued
monotone differential equation (7). Our proof is strongly connected with the one from
Ragcanu [16]. First highlight some properties of a solution (z, k) = GSP (A; zo, m) .

Consider M a bounded and equicontinuous subset of C' ([0, 7] ;H) and we denote
[Mllz = sup{[lylly :y € M} and mpgr (6) = sup {my 7 (9) - y € M}
Proposition 2.5. Fiz T > 0. Let the assumption (Hgsp) be satisfied and
int (Dom (A)) # 0.

Then, there exists a positive constant Cyq such that

(a) Ifme M and (x,k) = GSP (A;xo,m) then
(17 + Th17 < Cp(1 + |2of*). (10)
(b) Ifm,meM, (z,k) = GSP (A; o, m) and (2, k) = GSP(A; &g, ) then
lz = &l < Cua (1 + o] + [0l) (Jo — Zo| + [[m — al|*). (11)

In particular, the uniqueness follows, that is, if o = Ty and m = m then (z,k) =

(&, k).
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Proof. (a) In the sequel we fix arbitrary ug € H and 0 < ry < 1 such that

B (ug,79) C Dom (A)

and
A% =sup {|a] @ € Alug +rov), v] <1} < 0.

u0,70

If in (8) we consider z = ug + v, [v| < 1 and z* € A(2), then [2*| < A¥ . and we
infer

rod Tk], < (z (t) — uo, dk (t)) + A

o ro [ () — uol] dt. (12)
Let 69 = dpm > 0 be defined by

r
5() + mM,T (50) = ZO

By Energy Equality

() —m (1) — ug* + 2/0 (2 () — o, dk (1)) = |70 — ol® + 2/0 (m (1), dk (1)
and, using (12), we obtain
|z (t) — m (t) — uo|” + 27 Tk ],

t t
< o — u0|2 + 2/ (m(r),dk(r)) + QAfO,TO/ [ro + |z (r) — upl] dr.
0 0

Let ng = [%-‘ and consider the partition 0 =ty <t; < ... <tp, =1, tiy1 —t; = %0 <

do, @ =0,n9 — 1 ([a] is the smallest integer greater or equal to a € R). Then

[ mtey.aw

— z_:/t i+ (m (r) —m(t;),dk (r)) + i(m (t), k (tis1) — & (£:))

no—1

m v 7 (80) Tk, + Z (m (t;) ,m (tig1) — @ (tig1) 4+ ug — m (&) + 2 (&) — o)

IN
‘E

IA

To
7 L+ 2(no + 1) [mll, [lz = uo —m], .

Hence

3r
2 0

| (t) —m (t) — uo|” + > 1k,

< o — uol* + [4 (no + 1) [mll, + 2t A%, ] |z — uo — ml,
+2(t+t|mll,) AZ .,

which implies (10), where Cyq = C(T', ug, 1o, A%, 50, | M| 1)

uQp,r0 "’
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(b) By ordinary differential calculus and (10) we infer
t
(1) =m (t) =& () +m (1) |2+2/ (@ (r) =& (r),dk (r) — dk (1))
0

= |x0—§:0|2—|—2/0 (m (r) = (r),dk (r) — dk (r))
w0 — do|* + 2|lm — || [ K1z + Tk 7]

< |z — &0l + 4Cu||m — |7 (1 + |xol® + |70]?).

IN

On the other hand,
@ (t) = m (8) =& () +m () > > 5 e (t) — & ()] = m — |7

> 5l (t) =2 @0 = 2| Mllg |m — il

N~ N

Combining these last two inequalities with (6), we deduce

|z () — 2 (1) |

< 2wo — Zol” + 4 Ml [lm — sitllr +8Cullm — till (1 + [awo* + |0]*)

and (11) easily follows, with a constant C)y; the two relations (10) and (11) can be
written with a common constant Cy := max{Cu, Cr}. O

Theorem 2.6. Under the assumptions (Hgsp), if we have also int (Dom (A)) # 0,
then the generalized convex Skorohod problem (7) has a unique solution (x,k) and
estimates (10) and (11) hold.

Proof. The uniqueness and estimates (10) and (11) have been obtained in the above
result. It suffices to prove the existence on an arbitrary fixed interval [0, 7).

Let 2o, € Dom(A) and m,, € C* ([0,7];H) be such that
ZTon — o N H and m, —m in C([0,T];H).

Notice that M = {m,m1, my, ...} is a bounded equicontinuous subset of C ([0, T’ ; H).
We set a(e) = ma 7 (¢) and let J (resp. J,): H x X X Yp x X —] — 00, +00] be the
functions defined by (9) associated to (zo,m, A) (and resp. (g, My, A)). Then

j(a,x,k,u)
Ju (@, 1) = |a = 202 = 2R | — mlly + | — zof?
+ sup {{—v k) = R|lv—m|} - Sup {{u = v k) — Rlv—mn|r}

vely

IN

Jo (@, k) = la = zol* = 2R |1 — maly + la — 20|’
+ R sup {[|v —my[lp = |lv = mllp}

I/ECa

<J (a,z,k,p) —|a— xom|2 — 2R || — my ||y + |a — 1:0|2 + R|lm — my ], -
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In particular,
J (xo,m x, k; mn) < Jn (xO,n7 x, ka mn) + ‘xoﬂl - SC0|2 +R Hm - mnHT : (13)

By a classical result (see Barbu [2], Theorem 2.2) there exist z,, € C' ([0,7];H) and
h, € L' (0,T;H), h, (t) € Az, (t), a.e. t € [0, T], such that

zy () + /0 hy (8) ds = xg + My, (1) (14)

If we denote k, (t) = fothn (s)ds, then (x,,k,) € A and therefore, by Fitzpatrick’s
Theorem, H (2, ky) = (xn, kn)) -

Then, using Proposition 2.5, there exists a positive constant C, not depending on n,
such that, for all n, 7 € N*|
|zall7 + Tknlyr <€ and

1/2
|20 — 5]l < Clzom — 0] + |l — m; 112,

Hence, there exists x € C ([0, T];H) such that, as n — oo,
z, — x in C([0,7];Dom(A)).
Let
kE(t)=xo+m((t)—xz(t).
We deduce that

kn = x0n +my, —x, — k in C([0,T];H)

and clearly follows

ke BV ([0,T];H), 1kl <C.
Setting R = C, the quantities J (To.ns Ty Ky Mip,) and J, (0.1, Ty kny my) are well de-
fined. Moreover, by Proposition 2.4, J, (X0, Tny knymy) = 0. Passing to liminf,,

in (13), the lower-semicontinuity of .J implies

0< j(xo,x, k,m) < liminf J (0.1, Ty Ky M) = 0,

n—-+00

that is, there exists a minimum point for which J is zero. By Proposition 2.4(c) we
infer that the generalized convex Skorohod problem (7) has a solution. O]

Remark 2.7. We highlight that the existence problem is reduced to the minimiza-
tion of a specific l.s.c. convex function on a bounded closed convex subset of H x X x
BV ([0,T]:H) x X. Indeed, via Proposition 2.4(c), the minimization of .J is on the
set H,, x Xp X Y x C,, where

H,, = {h € H: ] < po = supfaol, |0, | : n € N'}).

Xp ={r € X:|z[][; < R} and R = C. Classical results (see Zeidler [18], Theorem
38.A) establish sufficient conditions for a functional defined on a subset of a reflexive
Banach space to attain its minimum.
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We note that, in the framework of Hilbert spaces, the assumption int(Dom(A)) # ()
from the above results is fairly restrictive. One can renounce at this condition, but
we have to consider a stronger assumption on m and, moreover, to weaken the notion
of solution for the generalized Skorohod problem (7). Therefore, along H, we consider
(V,||-lyy) a real separable Banach space with separable dual (V*, ||-||y.) such that

VCcHH CV*,

where the embeddings are continuous, with dense range (the duality paring (V*,V)
is denoted also by (-,-), and, for k : [0,00) — V*, £ (0) = 0, we use the adequate

notation [k, = 1l By (o,770+))-

Reconsider the multivalued monotone differential equation (7) under the assumptions

H ) HGSP : (Z) and (ZZ),
asr (17")  m:[0,00) — V is continuous and m (0) = 0.

Definition 2.8. A continuous function x : [0,00) — H is a solution of Eq. (7) if

(i)  there exist the sequences {z¢,} C Dom(A) and m,, : [0,00) — V, m,, (0) =0
of C'—continuous functions satisfying, for all T > 0,

|[Zo.n — To| + |mn — Mmoo 1yvy) = 0, asn— oo,

(ii) there exist x, € C(]0,00); Dom(A)), k,, € C([0,00); H)NBV 10c (R1;V*) |, £y, (0)
= 0, and a function k such that

T (£) + ki (£) = T + M (1), VE>0

and, for all T" > 0,

(@) llzn —2llp + |kn — Kl — 0, asn — oo,
(b) sup JknJ,p < 00,
neN*

t
(c) / (xn (1) — 2,dky, (1) — 2*dr) >0, V (2,2*) € A, V0O <s<t<T.

(Without confusion, the uniqueness of k& will permit us to call the pair (x, k) solution
of the generalized Skorohod problem (7) and we write (x,k) = GSP (A; xg,m).)

Remark 2.9. If (z,k) = GSP (A;x9, m) then we clearly have

(iii) x (t) € Dom(A), for all t > 0,
(iv) k€ C([0,00); H)NBV) 10e (Ry; V*), k(0) = 0 and
(v) x(t)+k(t)=ax0+m(t), Vt >0.

Replacing now the condition int(Dom(A)) # () we obtain (see, for example, Ragcanu
[16], Theorem 2.3) the following result of existence and uniqueness of a solution for
the generalized Skorohod problem (7).



120 A. Rascanu, E. Rotenstein / The Fitzpatrick Function - A Bridge between ...

Theorem 2.10. Under the hypothesis (HGSP), if there exist hg € H and rg, a1, as >
0 such that

ro |2%|ly. < (2%, 2 — ho) +ay |2|° +ag, V(z,27) €A (15)

then the differential equation (7) has a unique solution (x, k) in the sense of Definition
2.8. Moreover, for all'T > 0,

(a) if (x,k) = GSP(A;zo,m) and (&,k) = GSP (A; &g, m), then there exists a
positive constant C' such that

~ 112 ~ 12 A2 A 7
o= &l < € [l = &l + lm = sl + = silooyon T & =& L.g] and

(b)  for every equiuniform continuous subset M C C ([0, T];V), m € M, there
exists Co = Cy (1o, ho, a1, az, T, Nyg) > 0 for which

27 + Tk L < Co [1+ fwol” + mllz] -

(Here N py is the constant of equiuniform continuity given by sup{|| f (t) — f (s)|]y:
it —s| <T/Nmu} <ro/d, VfeM.)

From Réagcanu [16] we mention three situations when the relation (15) is satisfied:

(a) A = Ag+ 0p, where Ay : H — H is a continuous monotone operator on H
and ¢ : H —] — 0o, +0o0] is a proper convex l.s.c. function for which there exist
ho € H, Ry > 0, ag > 0 such that

o (ho+x) <ag, YexeV, z|y < Ro.

(b) o There exists a separable Banach space U such that U C H C U* densely and
continuously and U NV is dense in V,
A:H = H is a maximal monotone operator with Dom(A) C U,
da, A € R, a > 0, such that for all (z1,y1), (z2,2) € A

(11 — Y2, 21 — m2) + Aoy — 2|* > allay — 2a,
o dhg € U, drg,ag > 0 such that

ho + roe € Dom(A) and  [|A° (ho + roe)]

U* S To,

for alle e UNV, |le|ly, = 1, where A% := Pry, 0.
(¢) A is a maximal monotone with int(Dom(A)) # () and V = H.

2.2. Maximal monotone SDE with additive noise

Consider now the following stochastic differential equation (for short SDE), where by
B we denote the Hy-Wiener process defined in Section 1.2,

(16)

dX, + AX,(dt) 5 G,dB;,
Xo=¢ telo,T],
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where

(1)  A:H = H is a maximal monotone operator,

(Huspe) : <} (ii) €& € L°(Q, Fo,P; Dom(A)),
(14i) G € Ay, -

Setting X = L2 (©; C ([0, T] ; H)), the space L? (€2; BV, ([0, T ; H)) is a linear subspace
of the dual of X and, the natural duality

(X,K) > E / "X, dK)

between these two suggests to use the notation X* for L? (Q; BV, ([0, 7] ;H)), even it
is not the entire dual space. On X we shall consider the strong topology and on X*
the w*-topology. Let A the realization of A on X x X*.

Definition 2.11. By a solution of Eq. (16) we understand a pair of stochastic pro-
cesses

(X, K) e L (Q;C ([0, T];H)) x [L° (©;C ([0,T]; H)) N L° (2 BV, ([0, T]; H))]

satisfying, P-a.s. w € Q, forall 0 < s <t < T,

(1) X € Dom(A),
t
(02) Xt + Kt = f + / Gsst and
0

t
(c3) / (X, —u,dK, —vdry >0, Y(u,v) € A.

Clearly,
(X (w,-), K(w,-)) =GSP (A;{(w), M(w,-)), P-as. weQ,

where M, = fothdBS € M?(0,T;H). Consequently, under the hypothesis (Hyspr),
if int(Dom(A)) # () then by Theorem 2.6 there exists a unique solution (X, K) (in
the sense of Definition 2.11) for Eq. (16). Moreover, if

2

T
E|§|4+E(/ ||Gt||zsdt) < 00
0

then X € L*(Q;C([0,T];H)) € X and K € XNX* (see for example Pardoux &
Ragcanu [14], Proposition 4.22).

In the sequel we define a convex functional whose minimum point coincide with the
solution of Eq. (16).

Let
S =L*(Q,Fo,P;H) x X x X* x Afj, g, -

Define, for each (U,U*) € A,
J(U,U*) S—R
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by
1 , 1 [T )
J(U,U*)(anaK>g> = §E’77—§| +§E Hgt_GtHHsdt
0
T
+E / (U4, dE) + (X, AU — (U, dUZ) — (X, dE)
0

and J : S —] — 00, +00]

J(naX)K7g): sup J(U,U*) (7]7X7Kug)
(U,U*)eA

1 I
=SBl = €F +HO6K) — (X K) + 5B [ - Gulfsat
0

where H : X x X* —] — 00, +00] is the Fitzpatrick function associated to the maximal
monotone operator A. It is clear that

Remark 2.12. J: S —] — 00, +00] is a lower semicontinuous function as supremum
of continuous functions.

Since H (X, K) > (X, K)), then we easily deduce
Proposition 2.13. J has the following properties:

A

(a) J(n,X,K,g) >0, forall (n,X,K,g) €S.

A

(b) J(X K, 9)=0iffn=¢ g=G and K € A(X).
(¢) Let R> 0. The restriction of J to the bounded closed conver set

t
L= {(nuXvKag)GS:Xt+Kt:n+/gsst, Vte[O,T],
0

T
Efnf* + E | X|% + E[K]y. +E / lgal%g ds < R}
0

is a convex l.s.c. function and J (1, X,K,q) =0 iffn =¢, g = G and (X, K)
is the solution of the SDE (16).

Proof. The points (a) and (b) clearly are consequences of the properties of the Fitz-
patrick function H. Let us prove (c). Since, by Energy Equality

1 2 T | T
SENX +E [ (X dKy) = SE "+ 5B | gl dt
0 0

then

. 1 1"
T 0. X. K,9) = 3Bl — € + HOXK) = (XK + 3B [ llge— Gully d
0

1 1
— SEIEP —E(,€) + H(X, K) + 5B | Xzl

T 1 T )
[ (aGat+ 3B [ Gilsde
0 0
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and the convexity of J on the set £ follows. ]

To complete this section, we will situate in the extended framework introduced in
the final part of Subsection 2.1. We will consider once again the spaces H and V and
we assume that V C H = H* C V*, where the embeddings are continuous with dense
range. Concerning the SDE (16), the hypothesis (Hyspgr) will be replaced by

( A :H = H is a maximal monotone operator and

(i) there exist hg € H and rg, ai, as > 0 such that

(Humspe) o ||2* ||y < (2%, 2 — ho) + a1 12|* + ag, V(z,2%) € A
(ii) €€ L*(Q,F,, P;Dom(A)),

|(il) G € Ay, (0,T; L2 (Hy, H)).

Definition 2.14. Let M, := [ GdB,. A stochastic process X € L%, (Q; C ([0,T]; H))

that satisfies, P-a.s., Xo = § and X; € Dom(A), Vt € [0,T] is a (generalized) solution
of multivalued SDE (16) if there exist

K e L2, (Q,C([0,T);H)N LY (; BV (0, T;V*)), Ky=0P-as.

and a sequence of stochastic processes {M"},en+ satisfying

M™e L2, (9;C([0,T];V)) N M2 (0, T; H),
M™ — M in M2 (0, T;H)

such that, denoting for a.s. w € €2,

(Xn(w7 ')7 Kn(“? )) =GSP (A’ £ (w) , M (w7 )) )
we have X" — X, K" — K in L2, (Q,C ([0, T];H)) as n — oo and sup, EJ K], <
+00.

(Without confusion, the uniqueness of K permits us to call the pair (X, K) a gener-
alized solution of the multivalued SDE (16).)

Recall, from Ragcanu [16], the following existence result which is a consequence of
the corresponding deterministic case here above.

Theorem 2.15. Under the assumption (Hyspg) the problem (16) has a unique gen-
eralized solution (X, K). Moreover the solution satisfies

T
E sup [X;[*+E sup |K;[*+E []K]].r< Co [1+EISIQ+E/ [reA . dt] , (18)
t€[0,T] 0

te[0,7)

where Cy = Cy (T, 79, ho, a1, a2) > 0. If (X, K) and (X, K) are two solutions of (16)
corresponding to (§,G) and, respectively, (§,G) then

T
E sup [X, - X2 < C(T) {E\s—ame / 1G, — Gulls dt]. (19)
0

te€[0,T]
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Proof. Since the process M does not have V-valued continuous trajectories, we use
the deterministic result approximating the stochastic integral by the sequence

n

M] =" (M) e,

=1

where {e;; i € N*} C V is an orthonormal basis in H. By Theorem 2.10, there exists
(X" (w), K" (w)) = GSP(A;¢(w), M™"(w)), P-a.s. w € Q. It is not difficult to prove
that the following inequalities hold

E sup |[X/'*+E Sup |K]'|>+E [ TK"] Jur< Co [L+ E|¢]” + E[ M

t€[0,T] tel0,T
and, if (X" (w), K" (w)) = GSP(A; E(w), M™(w)), then

E sup [X}'— X2+ E sup |Kj' — K> < C(T) [E|¢ - € + BIM;: - N2

te[0,T] te[0,T)

So (replacing M™ by M™), there exist X, K € L?;(Q;C ([0, T];H)) such that X" —
X and K" — K in L?,(Q;C ([0,T];H)) as n — oo. The inequalities (18) and (19)
are immediate consequences and, as a by-product, (X, K) is a solution of Eq. (16).
For more details, we invite the interested reader to consult Rascanu [16]. ]

2.3. Backward stochastic A—representation

Let (2, F,P,{F:}+>0) be a stochastic basis, where {F;}:>0 is the standard filtration
associated to a Ho-Wiener process { B }+>o.

By the representation theorem, for ¢ € L? (Q, Fr,P;H) there exists a unique Z €
Afjm, (0,T) such that

T
¢ =E¢ +/ ZdB,
0
and, for each (¢, H) € L*(Q, Fr,P;H) x AZ (0,T), there exists a unique pair

(K Z) € S]I%I [OvT} X AIQHIXHO (07T)

Y, + /Hds_g /ZdB

and the mapping (¢, H) — (Y,Z) : L*(Q, Fr,P;H) x A% (0,T) — SZ[0,T] x
A% x, (0,T) is linear and contlnuous (Y, Z) is defined as

T T T T
=K (§ —/ H.ds .7-}) and 5—/ Hyds =E ({ —/ Hsds) +/ ZdB,.
t 0 0 0

Denote
}/;:Ct<€,H) and Zt:Dt(é,H)

such that
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Remark that, by the Energy Equality, we have
T T
BV +E [ | ZJsds =BJg* +28 [ (¥, F)ds 20
t t

If A:H = H is a maximal monotone operator then the realization of A on A% (0,7)
is the maximal monotone operator A : A% (0,7) = A% (0,T) defined by H € A(Y)
iff H; (w) € A(Y; (w)), dP®@dt-a.e. (w,t) € Qx]0,T[. The inner product in AZ (0,7)

is given by (U, V) = E [ (U;, ;) dt.
Consider the backward stochastic differential equation

{—dY; +A(Y,)dt 5 —Z,dBy, t €[0,T7], (21)

YT:éa

where

(i) A:H = H is a maximal monotone operator and
(i) &€ L*(Q,Fr,P;Dom(A)).

Definition 2.16. Y € S3 (0,7 is a solution of Eq. (21) if there exist H € A% (0,7)
and Z € Afj, g, (0,T) such that

T T
Y;+/ Hsds:f—/ Z,dB,
t t

and H € A(Y) (that is, H; (w) € A(Y; (w)), dP ® dt-a.e. (w,t) € Q x ]0,T).

Let R > 0 and the ball Fz = {n € L?(Q, Fr,P;H) : E|n|* < R}.
For (U,U*) € A and ¢ € Fg define
Jewrs : P (Q,Fr, Py H) xAf (0,T) x A% (0,T) = R

by
1 2 r * *
Jevoy Y, H) = SE[n =€+ E [ [{U, Hy) + (Y2, Up) = (Ui, Uf) = (Y, Hy) dt
0
1
+5 [EIC—n" —EI¢ - ¢[]
and J : L2 (Q, Fr,P;H) xAZ (0,T) x A% (0,T) —] — 00, +00],

J (0, Y, H) = sup { Jieow- (0, Y, H) : (U, U") € A,  €Fg} (22)

= GBI — €+ MOV H) = (V) + 5 sup [EIC— ol ~EIC— 6.

where H : A% (0,7) x A% (0,T) —] — 0o, +00] is the Fitzpatrick function associated
to the maximal monotone operator A.
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Remark 2.17. J : L2 (Q, Fr,P;H) xA2 (0,T) x A% (0,T) —] — 00, +0¢] is a Ls.c.
function as the supremum of the continuous functions Ji¢ v+ (1,Y, H).

If £ € Fg then

2R2—|—2E\7)\22§L}Fp (E\C—U\z—E\C—fﬁ) 21[-3]77—5\2
€lfp

and clearly follows

Proposition 2.18. Let R > 0 and ¢ € Fg. J has the following properties:

(a) J(n,Y,H) > H(Y,H)— (Y,HY) >0, for all (n,Y,H) € L*(Q, Fr,P;H) x
AZ(0,T) x A% (0,T).

(b) Let (7, Y, H) € FrxAZ(0,T) x A% (0,T). Then J(#,Y,H) = 0 iff ) = &,
H e AY).

(¢)  The restriction of J to the closed conver set
K={(nY,H) € FpxA}(0,T) x A} (0,T): Y, =C;(n,H), YVt €[0,T]}

15 a convex lower semicontinuous function and for (ﬁ,Y, ]:I) € K the following
assertions are equivalent:

(01) inf(n,Y,H)eFRxAI%H(o,T)xAH%I(o,T) J (77a Y, H) = j(ﬁa Y, FI) = 0.

(¢2) ) = € and (Y, H,Z), with Z, = D(€, H), is the solution of the BSDE
(21).

Proof. (Sketch) Since the points (a) and (b) are obvious, we focus on (c). The
convexity of J on K is obtained as follows. By Energy Equality we have

1 T
3100 (0 H) = CoC O +E [ (¥ C.(¢.0) Hu)ds
0

1

T

1

458 [ 1D, H) = DL (GO ds = SB[y - ¢
0

Then
Jewa) (1Y, H)
- e e+ 0 HY + (VU7 — (U, UF) — (Vi H i
+5 [ElC-n ~El ]
= SEly— €+ [(U, H) + {¥,U") — (U.U"N] + 5 1Co (. H) — Co (¢, O)

F(C(C0) ) + 3 ID (0 H) ~ DGO ~E[¢ — €F
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Hence
(n.Y,H) +— J(nY,H)

= 5Bl €+ MOV H) +sup {5 Co (1, ) = o (G O
¢
HUC(C0) ) + 51D (1. 1)~ DGO ~Elc - ¢}

is, clearly, a convex lower semicontinuous function. Then, the equivalence between
(c1) and (c2) easily follows. O

Proving the existence of a solution for the backward stochastic differential equation
(21) is therefore equivalent to solving a problem on convex analysis. More precisely, it
is sufficient to show that the functional defined by the formula (22) attains a minimum
and its value in that point is zero. Unfortunately, this is still an open problem, but
we estimate that the perspective and the tools introduced along this paper will lead
us to the desired result.

3. Fitzpatrick type method for SVI and BSVI

In the following sections we will consider the finite dimensional case H = R? and
Hy = R*. Let {By;,t > 0} be a k-dimensional Brownian motion with respect to a
given complete stochastic basis (Q, F, P, {F; }+>0).

3.1. Stochastic variational inequality
3.1.1. Known results
Let
F:Qx[0,+o0o[ x RY = R% G :Q x[0,4+00[ x R — R,

Consider the stochastic variational inequality (for short SVI)

dX; + 0p(Xy)(dt) o F(t, Xy)dt + G(t, Xy)dBy, t >0, (23)
Xo = 57
where will assume
(Ho): &€ L°(Q,Fo, P;Dom(yp)) (24)
and
i) ¢:R?—]— 00, +o0] is a convex Ls.c. function,
m,). (Woe R | (25)
(i) int(Dom(p)) # 0.
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Definition 3.1. A pair (X, K) € S x SY |, Ky = 0, is a solution of the stochastic
variational inequality (23) if the following conditions are satisfied, P-a.s.:

(di) X, € Dom(p), ae. t >0and p(X) € L}, (0,00),
(dg) IKIT < 00, VT > 0,

t t
(d3) Xt + Kt = f + / F(S,Xs)dS + / G(S,Xs)st, Vit Z 0,
0 0 (26)

@) [ )= Xare) + [ < [ oo

Yy : Ry — R? continuous function and V0 < s < t.

Notation 3.2. The notation dK; € 0p (X;) (dt) will be used to say that (X, K)
satisfy (dy), (d2) and (d4) . The SDE (23) will be written, also, in the form

t t
X, + K, —¢ +/ F(s, X,)ds +/ G(s, X,)dB,, ¥t > 0,
0 0

Remark (see Asiminoaei & Rasgcanu [1]) that the condition (d4) from Definition 3.1
is equivalent to each of the following conditions, for any fixed 7' > 0,

t t

(ar) / (2~ X, dK,) + / S(X)dr < (- s)p(z), V2 €RE WO<s<t<T
St S

(az) / (X — 2z, dK, — z*dr) >0, V (2,2") € 0p, Y0<s<t<T,

(as) / (y(r) — X, dK,) + / o(X,)dr < / o(y(r)dr, Wy € C(0,T),RY),

Hence, the condition (ds) means that (X. (w), K. (w)) € 09, P-a.s., where ¢ is the
realization of ¢ on C ([0, T];R?), that is ¢ : C([0,T];R?) —] — o0, —I—oo],
T
. o(x(t))dt, if o (x) e LY(0,T),
sy [ e o e o) o
400, otherwise.

Notation 3.3. We introduce the notation:

Ff (t) .= esssup {|F(t,z)| : |z| < R}.

We recall the basic assumptions on F' and G under which we will study the multival-

ued stochastic equation (23):

o the functions F (-,-,x) : X [0, +oo[ — R? and G (-, -, x) : Q X [0, +oo[ — RI**
are progressively measurable stochastic processes for every x € R¢,
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o there exist u € Lj,.(0,00) and ¢ € L? _(0,00;R ), such that dP ® dt-a.e.:

loc loc

;

Continuity:
(Cp): xw F(t,r): R? — R? is continuous,
Monotonicity condition:
(Hr):§ (Mp): (o—y, F(t,2) = F(t,y)) < p(t) v —yf?, Yo,y eR?, (28)

Boundedness condition:

T
(Br) : / Ff (s)ds < oo, forall R,T > 0.
0

\

and

Lipschitz condition:
(Le): |G(tz) = Gt,y)| < L(8) |z —yl, Yo,y € R,
(Hg) - Boundedness condition: (29)

@Q;Aumpwﬁ<m

\

Clearly (Hp) and (Hg) yield F(-,-,X.) € Lj,, (R;R?) and G(-,-, X.) € AY,, for all
X e 89,
Theorem 3.4. If the assumptions (24), (25), (28) and (29) are satisfied, then the

SDE (23) has a unique solution (X, K) € S9 x SY (in the sense of Definition 3.1).
Moreover, if there exist p > 2 and ug € int (Dom (¢)) such that, for all T > 0,

T p T p/2
EKW+E<A|F@WQMQ +E<4|G@wmm0 < 400, (30)

then
/2

T D
E(HXH’%+IIKII?/2+IKI’%/2>+E</O |so<xr>\dr) < .

(For the proof see Pardoux & Ragcanu [14], Theorem 4.14.)

3.1.2. Fitzpatrick approach

In this subsection, assumptions (Hy) and (Hg) are replaced by

(i) the functions F' (-,-,z) : Q x [0, +00[ — R% and G (-, -, z) : Q x [0, +00[ — RF
are progressively measurable stochastic processes for every z € R? and, dP ® dt-
a.e.,

(i) 2+ F(t,z):RY - R and z — G (¢t,7) : R? — R™* are continuous,

(iii) for all z,y € R?

2(x —y, F(t,r) — F(t,y)) + |G(t,x) — G(t,y)|* <0 and (31)
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(iv) there exists b > 0 such that, for all z € R,

[E (W 2)| + G, 2)| < b1+ |zf). (32)
Remark 3.5. If 11 (t) + £¢%(t) < 0, for every ¢ > 0, then the assumptions (28-Mp)
and (29-L¢) implies that (31) holds.

Denote

Spv [0,T] = {K € S9[0,T]: Ko =0, E]K]7 < o0},
with the w*-topology, that means K™ — K if lim,, EfOT (X, dK}) = EfOT (X4, dKy),
for all X € L*(Q; C([0, T]; RY)).
Let ® : S32(0,T] —] — o0, +00] defined by

B [ o, i () € L0, 7)

d(X) = (33)

400, otherwise.

Since ¢ : R? —] — 0o, +00] is a proper convex ls.c. function then @ is also a proper
convex l.s.c. function.

Let

S == L*(Q, Fo,P; Dom(p)) x S3[0,T] x Spy [0,T] x A2, (0,7T)
and, for each U € Dom (®) = {X € S%[0,7] : $(X) < oo}, we consider the mapping
Ju S =] — 00, +00], defined by

‘]U (777X>L>9)

1 9 r 1 )
== — - X.. F Zlg. —
2]E|T’ 5’ _'_E/O |:<US Sy (SJUS)>+2 ‘gs G(S,Us>’ dS (34)

+E/T<US—XS,dLS)+<I>(X)—cIJ(U)

and J : S —] — 00, +00]

j(n7X7L7g) = sup JU (n:X7 Lag) .
UeDom(®P)

Remark 3.6. J : S —| — 00, 400] is a lower semicontinuous function as supremum
of lower semicontinuous functions.

We now have

Proposition 3.7. J has the following properties:

(a) j(n,X,L,g) >0, for all (n,X,L,g) €S and J is not identically +oc.
(b) Let (n,X,L,q) €S. Then

J,X,L,9) =0 iff 1 =¢&, § =G(-, X), £+/F<5,X5>ds € 0D(X).
0
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(¢)  The restriction of J to the closed convex set
t
L= {(T},X,L,g) € S: Xt+Lt = 7]+/gsdBS7 vt € [O,T]}
0

is a convex l.s.c. function. If (ﬁ,f(, E,g) €L, then j(ﬁ,f(, [:,Q) =0 iff

n=E¢ g =G X) and (X,L+ de(s,Xs)ds) is a solution of the SVI (23).

Proof. (a) If X ¢ Dom (®) then J (1, X, L, g) = +o0. If X € Dom (®) then
j(naXaLag): sup JU (naXaLag)
UeDom(®)
> Jx (0, X, L, g)
1 . 1_ [T 9
= Eln—¢F+SE [ gs— G (s, Xo)["ds = 0.
2 2" ),
J is a proper function since, for vy € dp (ug) and n° = &, X0 = uy, L = vt —

[y F (s,u0) ds, g2 = G (s, u), we have (using the assumption (31)) that

Ju (nO,XO,LO,gO) <0, for all U € Dom (®).

(b) It J(7,X,L,§) =0, t then X € Dom (®) and by the calculus from the proof of (a)
we infer n =&, g = G(-,X.) and

Ju(h, X, L,§) <0, forall U e Dom (P).
Hence

T
E/ <US — X, F(s,U,)ds + dﬁs> +®(X) < ®(U), forall U e Dom (P).
0

Let V' € Dom (®) and A €0, 1[ be arbitrary. Since Dom (®) is a convex set, we can
replace U by (1 — \) X + AV. It follows

T
/\E/ (Vo= X0 Fls, X+ MVe — X))ds +dL) +2(X)
0
<P((1=NX+AV) < (1=A)B(X)+ A\ (V),
which is equivalent to

T
0

for all V' € Dom (®). By the continuity of x — F(¢,z) and assumption (32) we can
pass to limit under the last integral, and it follows that L 4 [ F(s, X,)ds € 0®(X).
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Conversely, using (31), we have

Ju(6, X, L,G(-, X))

T
_ —IE/ G(s, X,) — G (s,U,) |%ds +E/ <Us X, F(s,U,) — F(s,f(s)ds>
0
+ ]E/ <US X,, F(s, X,)ds + dﬁs> +O(X) - d(U) <0
0

and, consequently, j(g,f(, L, G(,X)) =0.

(¢) The second part of this point is easy to observe, and, therefore, (X, L+ JoF (s, X,)ds)
is a solution of the SVI (23).

It remains to prove the convexity of J on L. By the Energy Equality we have
1 2 4 1o 1 (T
SEIXr["+E [ (X, dL) = SE[n]"+SE [ |g["ds
2 0 2 2 Jo
and, using it in the formula (34), the functional Ji (n, X, L, g) becomes
Ju (777 X’ La g)

1 T 1 ("
— 5Bl =€ B[ (U~ X F (s, U)ds)+ 5B [ 1.~ Gls. U ds
0 0
T 1 1 (" 1
2 2 2
t8 [ Wtz - GENF - 38 [P s+ JEIXE| 4000 - 20
0 0
1 T T
_ _E<n,£>+§E15\2+E/ (US—XS,F(S,US)ds>+E/ (U, dL,)
0 0

T T
+ %E X2 + %E/ G (s, U, ds — IE/ (06, G (5,U)) ds +® (X) — @ (U)
0 0

It clearly follows that Ji is convex and lower semicontinuous for VU € Dom (@) . Con-
SequentIYa the mapplng (777 X7 L7 g) —J (777 Xa L7 g) = SupUGDom(@) JU (777 Xa La g)
has the same properties.

The proof is now complete. ]

3.2. Backward stochastic variational inequality

In this section we suppose that the filtration {F; : ¢ > 0} is the natural filtration of
the k—dimensional Brownian motion {B; : t > 0}, i.e., for all t > 0,

Fi=FP =c({Bs:0<5<t}) VN

3.2.1. Known results

Consider the backward stochastic variational inequality (for short BSVI)

{—dYt +0p(Y,)dt > F(L,Y,, Z)dt — Z,dB,, 0 <t <T, (35)

YT:5>



A. Rascanu, E. Rotenstein / The Fitzpatrick Function - A Bridge between ... 133

or, equivalently,

T T

Yt+/ Hsds:§+/ F(s,Ys, Z)ds — [T ZdB,, t €[0,T], P-as,
t t

Hi (w) € 0p (Y; (w)), dP® dt-a.e.

We assume

(He): €:Q — R?is a Fr-measurable random vector,

(H,): Oy is the subdifferential of the proper convex ls.c. function ¢ : R? —]—
00, +00,

(Hp): F:Qx[0,00] x R x R™>** — RY satisfies

o the function F (-,-,y,2) : Q x [0,T] — R? is a progressively measurable
stochastic process for every (y, z) € R? x R¥k,

o there exist some deterministic functions u € L' (0, T;R) and ¢ € L* (0, T; R),
such that,

((i) forally,y € RY 2 2/ € R dP ® dt-ae.:
Continuity:

(Cy): y— F(ty,2): R? — R?is continuous,
Monotonicity condition:

(M) s (Y =y, F(ty',2) = F(ty,2)) S p@)ly' =yl (36
Lipschitz condition:

(L) : [Pty #) — Flt,y,2)] < ()] — 4,

(i) Boundedness condition:

T
(Br) / Fi (t)dt < oo, P-as., VR >0,
0

where
F (t) = sup {|F(t,y,0)| : [y| < R}.

Definition 3.8. A pair (Y,Z) € SY[0,T] x AY,, (0,T) of stochastic processes is
a solution of the backward stochastic variational inequality (35) if there exists a
progressively measurable stochastic process H such that, P-a.s.,

T T
@ [ il [ 1F@ Yz < o
0 0
(b) (Vi (w),H;(w)) € Op, ae. tel0,T]
and, for all ¢ € [0, 7],

T T T
Yt+/ Hsds:77+/ F(s,Ys,Zs)ds—/ Z.dB,. (37)
t t t

(Without confusion, the uniqueness of the stochastic process H will permit to call
the triplet (Y, Z, H) a solution of Eq. (35).)
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We introduce now a supplementary assumption

(A) : There exist p > 2, a positive stochastic process 3 € L' (€2 x |0, T[), a positive
function b € L' (0, T) and a real number x > 0, such that for all (u, @) € dp and
2z € RI*F

(4, F (t,u,z)) < |u| + B+ b ) |[uff + k& |z[*, dP® dt-a.e.

=2
Theorem 3.9. Let assumptions (He), (Hy,), (Hp) and (A) be satisfied. If there
exists ug € Dom (Op) such that

E|§V’+E|¢<s>r+1@(/OT\F<s,uo,o>|ds)p<oo, (39)

then the BSVI (35) has a unique solution (Y, Z) € SY[0,T] x AL, (0,T). Moreover,
uniqueness holds in Sy [0, T] x A9, , (0,T), where

Si+10,77] - USPOT

p>1
(For the proof see Pardoux & Régcanu [14], Theorem 5.13.)

3.2.2. Fitzpatrick approach

In this subsection the assumptions (Hp) are replaced by

(i) the function F (-, -,y,2) : Qx[0, 400 — R%is a progressively measurable stochas-
tic processes for every (y, z) € R x R4k,

(i) (y,2) — F(t,y,2): R? x R™** — R4 is continuous dP ® dt-a.e.,

(iii) for all y,9 € R? and 2, 2’ € R%**

<y - yla F(t7 Y, Z) - F(t7 y,7 Zl)) |Z -z | dP ® dt-a'e'a (39)

l\DI»—t

iv) there exists b > 0 such that, for all y € R,
(iv) y
|F(t,y,2) <b(1+ |y +z]), dP® dt-ae.
Remark that, if
1
w(t) + 562 (t) <0, ae. t>0,

then the assumptions (Hp) implies (i)—(iii).

Denote by ® : 52 [0,T] —]—o00, +00] the proper convex lower semicontinuous function
defined by

E / Co(X)dt, if o (X) € LNQx]0.T]),

~+00, otherwise

O(X) =
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For each
(U,V) € D :=Dom (®) x L* (2 x [0,T]; R?)

we introduce the function

Jovy S = L*Q, Fr,P,RY) x AZ(0,T) x S5(0,T) x A%, (0,T) = R

1 T
J(U,V)(na G.Y, Z) = §E |77 - f|2 +]E/ <Ut - Yt7F(t, Ut,Vt) - Gt> dt
0

1 T
_§E/ \Z, — Vi|?dt + @ (V) — @ (U)
0

and consider the functional .J : S —] — 0o, +00],

~

J<777 Ga Y> Z) ‘= Sup '](U,V) (777 Ga Y> Z)
(U,V)eD

Remark 3.10. J: S —] — 0o, +00] is a lower semicontinuous function as supremum
of lower semicontinuous functions.

We now have
Proposition 3.11. The mapping J has the following properties:
(a) Jn,G,Y,Z)>0, Y(n,G,Y,Z) €S and J is not identical +oc.
(b) Let (n,G,Y,Z)€S. Then
J0.G.Y,Z)=0 iffi=¢ F(Y,Z)— G € (Y.

(¢)  The restriction of J to the closed conver set

T T
K:{(n,G,Y,Z)ES: Yt=n+/ Gsds—/ Z.dB,, Vte[O,T]}
t

t

A~

is a convex lower semicontinuous function. If (1, G’,Y, Z) € K, then

~

JH,G.Y,Z)=0 iff i =€ and (Y, Z, H), with H=F(Y,Z) -G
is a solution of the BSVI (35).

Proof. (a) If Y ¢ Dom (®) then Jyvy(n,G,Y,Z) = 400 and if Y € Dom (®), we

have j(n, G,Y.Z) > Jy,z(n,G,Y,Z) > 0. Moreover, J is a proper function since for
vo € A (up) and n° = &, YL = ug, Z =0, GY = F (t,up,0) — vg we have (using the
assumption (39)) that

Jovy (", G°, Y, Z°%) <0, forall (U, V)eD.
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(b) If J(5, G, Y, Z) = 0 then
Jawvy (1, G,Y, Z) <0, YU € Dom (®), YV € L? (Q % [0, 7] ;Rd) .

So, for all (U,V) € D,

1 .. 9 T N .
SEl =€ +E [ (U= i PU ) - G
0

1 (T . .
—51[4:/ 12, — Vil2dt + (V) — ® (U) < 0,
0

which yields Y € Dom (®); taking in particular U = Y and V = Z, we infer
n=2¢, P-as.

Hence, for all (U, V) € D,
T ) ) R 1 T
E/ (U~ Y0 (U V)~ Gy di + 8(7) < EE/ 2~ ViPdt +®(U).  (40)
0 0

Since D is a convex set, we can replace (U, V) by (1 =AY + AU, (1 —X) Z + \V),
where X\ € (0,1). The convexity of ® leads to the following inequality

T
E/ (U =Y (L= N Y 4 AU (1= X) 2,4 ) — Gy ) i
0

AT -

< 51@/ | Z, — Vi*dt + @ (U) — ®(Y).

0
Passing to liminf)_.o, we deduce

T A A A A A
IE/ <Ut Y F(Vi, Z) — Gt> dt + (V) < & (U), YU € Dom (),
0
that is o A R
F(Y,Z)—Geod(Y).

Conversely, using assumption (39) we have

J(U,V) (57 é7 Y7 Z)

T N . 1 T R R
—E [ (U= VP ) - G- 38 [ |Z-ViPat+ 7) - 8 )
0 0
T R o 1 T
<E [ (U= Vi FOV) - PV 2))di = 3B [ 12— Vifa
0 0
T A A A A A
+IE/ <Ut—Yt,F(Yt,Zt)—Gt>dt+<I>(Y)—¢>(U)gO
0

and, consequently, J(7,G,Y,Z) = 0.
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(¢) If, moreover, (7, GY, Z) € K, then

~ A

T T T
Y;+/ (F(K,ZS)—Gs)ds:ﬁ+/ Py, s)ds—/ Z.dB,
t t t

and o ) )
F(Y,Z)—-G e od(Y),
that is, (Y, Z, F(Y,Z) — Q) is solution of the SVI (35).
The convexity of J on K is obtained as follows: by the Energy Equality we have

T T
Y| +E/ Z,|>ds =E |n|* + 2E/ (Y,, G,) ds
0 0

and Juvy(n, G, Y, Z) becomes

J(U,V) (777 G) Y7 Z)

1 T T
~ SEl—¢F+E [ (U-Yorwv)a-E[ .G
0 0
T 1 T
+E/ (Yt,Gt>dt—§E/ Z, = Vi[?dt + @ (V) — ® (U)
0 0
1 ) T T
= JE|f ~E(n¢) +E / (U, — i, F(U,, V) dt — E / (U, Gy dt
0 0
T 1. (T 1
+E/ <zt,v;>dt—§E/ Vil di + SB[V + @ (V) ~ 8 (0).
0 0

Hence J is a convex l.s.c. function as supremum of convex l.s.c. functions.

The proof is now complete. O
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