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The yield set of a polycrystal is characterized by means of a variational principle in L°° obtained
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1. Introduction

The problem of characterizing the effective yield set of a polycrystal has received
considerable attention in recent years. In particular, the issue of the optimality of
the classical Sachs and Bishop-Hill-Taylor bounds [1], [16], [19], which provide natural
inner and outer estimates for the effective yield set, has been recently studied by many
authors (see, e.g., Garroni & Kohn [10], Goldsztein [12], [13], Kohn & Little [14]).
A new approach for this type of problems has been proposed by Garroni, Nesi, &
Ponsiglione in [11], where an efficient mathematical derivation of the (first-failure)
dielectric breakdown model as a limiting case of the power-law model via De Giorgi’s
['-convergence is provided, leading to a new variational principle for the effective
yield set (in the context of dielectric breakdown) which is less degenerate than the
traditional one. The I'-convergence results in [11], which concern power-law type
functionals acting on gradients, have been recently generalized by Bocea & Nesi [2]
to more general linear PDE constraints on the underlying fields in the framework of
A-quasiconvexity. In particular, this leads to variational characterizations of the yield
(strength) set in the setting of electrical resistivity (where the underlying fields are
divergence-free). The aim of this paper is to extend the results in [2] to a framework
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which is relevant to treating models of Polycrystal Plasticity, where the underlying
fields take values in stress space ngxn?;, are divergence free and, as described below,
not just one, but several (depending on the number of slip systems present in the
basic crystal) distinct pointwise constraints need to be simultaneously verified. In
what follows we provide, for the convenience of the reader, a brief description of the
physical context. More details can be found for example in [10], [11], [12], [14], and

references therein.

A polycrystal is a collection of grains, or single crystals, which are bonded together
in different orientations. The yield of a single crystal is determined by a closed
convex subset K of the space of symmetric 3 x 3 real matrices ngxn?; The shapes and
orientations of the grains in a polycrystal (this is called the texture of the polycrystal)
are described by a piecewise constant rotation-valued function R : Q@ — SO(3), where
R(x) is constant in each grain and indicates the orientation of the grain which contains
the point x € . If the yield set of the basic crystal is K, the stress in the polycrystal
occupying the region  C R? must satisfy the constraint

o(r) € R(x)KR" (z), = €. (1)

The set of all average stresses o := f,0(x)dz, where o satisfies the pointwise con-
straint (1) and the equilibrium equation

Diveo =0 in Q, (2)

is called the effective yield set of the polycrystal. It is given by

Kep = {5 = ][Qa(m)d$ . (1) and (2) hold }

Yield in a crystalline solid is associated with a finite number of slip systems which
depend on the atomic lattice, each being determined by a pair (ng, my) of orthogonal
vectors, where ny, is the normal to the slip plane, and m, is the direction of slip. In
this case, we have
critical
K:{AGMS;IE: <A7/’Lk>§7—kt ’kzlj-..’s}’

where s stands for the number of slip systems, rgtitical

the k-th slip system, and py, defined by

is the critical shear stress for

1
HE = §(mk®nk+nk®mk),
is the k-th slip tensor. Describing the yield set K.g, given K and some information
on the texture of the polycrystal, is the main goal of Polycrystal Plasticity.

The plan of the paper is as follows. In Section 2 we give the necessary background on
A-quasiconvexity and I'-convergence needed in the sequel. In Section 3 we state and
prove a ['-convergence result for a general class of power-law functionals. Section 4 of
the paper is devoted to the characterization of the effective yield set of a polycrystal
in terms of a variational principle in L*°. In addition, we show that our results apply
in the model settings of antiplane shear and plane stress polycrystal plasticity.
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2. A-quasiconvexity and I'-convergence

Let N,d,l € N be given, 2 C R" open and bounded, 1 < p < oo, and let
p := p/(p — 1) be the Holder conjugate exponent of p. Consider a family of lin-
ear operators A, A@) ... AN ¢ Lin(R%: RY), and define the differential operator
A LP(Q;RY) — W-LP(Q; RY) by

5 Ov
— ()
Av : ;A o (3)
Precisely,
N
Lp' !
(Av, u) <ZA > Z/A (9xzdx for all w € Wy ((;RY).  (4)
Q

Here W~1#(Q; R!) stands for the dual of W, # (€; R!): it is well known that F belongs
to W=EP(€; RY) if and only if there exist fi, fa,-- -, fx € LP(£;R!) such that

N
(Fiu) = Z/fzaa—xudx for all u € Wol’p/(Q;Rl).
i=1 ¢ ¢

We assume that the operator A satisfies the following constant rank property:
there exists r € N such that rank(A(w)) =7 for all w = (wy, -+ ,wy) € S¥71, (5)

where

N
Alw) = ZwiA(i) € Lin(R% RY).

i=1
The constant rank property plays an important role in the theory of compensated

compactness developed by Murat and Tartar (see, e.g., [15], [17], and [18]). Let
Q = (0,1)" be the unit cube in R,

Definition 2.1. A function ¢ : R? — R is said to be A-quasiconvex if

9(4) < / 9(A + w(z))dz

Q

for all A € RY, and all Q-periodic w € C*(Q; R?) such that Aw = 0 and f@ x)dr =
0.

The notion of A-quasiconvexity (without the periodicity assumption on the test func-
tions) has been first investigated by Dacorogna [5]. Fonseca & Miiller have shown in
[9] that if A satisfies constant rank property (5), 2 C R” is an open, bounded set,
(u,v) : @ — R™ x R is measurable, and g : Q@ x R™ x R? — R is a normal integrand
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then, under suitable growth assumptions, A-quasiconvexity of g(z, u, -) is a necessary
and sufficient condition for the sequential lower semicontinuity of integral functionals
of the form

(u,v) — /g(x,u(x),v(x))dx

along sequences such that u,, — u in measure, v, — v in LP, and Av,, — 0 in W12,
In particular, we have the following

Proposition 2.2 (see [9, Theorem 3.7]). Let 1 < p < +oo and suppose that
g : QxR™ xR — [0,400) is a normal integrand such that z — g(x,u,z) is
A-quasiconvex and continuous for LN-a.e. x € Q, and all u € R If1 < p < 400,
assume further that there exists a locally bounded function a : Q x R — [0, +00) such
that

0 < gl u,v) < ale,u)(1 + o),
for LN -a.e. x € Q, and all (u,v) € R™ x Re. If

U, — U 1N measure,

v, = v in LP(Q;RY), (6)
and
Av, — 0 in WP(Q; RY (7)
then
[ st uta).ow)de < timint [ g, (o). 0n(e)) (8)
Q Q

If p = +o0, then (8) still holds provided that in (6) the weak convergence of v, to v
in LP(S; RY) is replaced by the weak™ convergence in L>°(S;RY), and in (7) Av, — 0
in W=LP(Q;RY) is replaced by Av,, = 0.

Next we recall the definition of De Giorgi’s I'-convergence (see [7], [8]) in metric
spaces. For a comprehensive introduction to the subject we refer to [6]. See also [3],
and [4].

Definition 2.3. Let X be a metric space. A sequence {I,} of functionals I, : X —
R := RU{+o0} is said to I'(X)-converge to I : X — R (we write I'(X) —lim,, o, [, =
I)if

(i) for every u € X and {u,} C X such that u, — w in X, we have

I(u) < liminfl,(u,);
p—o0

(ii) for every u € X there exists a sequence {u,} C X such that u, — u in X, and

I(u) = lim I,(u,).
p—o0
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3. TI'-convergence of power-law functionals

Let m € N be a positive integer, Q an open, bounded domain in R¥(N > 1) and, for
i=1,2,---,m, consider Carathéodory integrands f; : Q x R? — [0, +00) such that

fi(x,-) is A—quasiconvex for LY —a.e. v € Q,i € {1,2,--- ,m}. 9)
Assume that there exists a constant C' > 0 such that for every ¢ € {1,2,--- ,m} we
have

filz,v) <C (A +v]) for LN —ae. 2 €Q, and all v € R?. (10)

Moreover, we assume that

Zfi(x,v) > clv| for LN —ae. z € Q, and all v € RY, (11)
i=1
where ¢ > 0 is a positive constant.

Theorem 3.1. Let Q be an open, bounded domain in RN(N > 1) and, for i =
1,2,---,m, let f; : Q@ x RT — [0,4+00) be Carathéodory integrands satisfying (9),
(10), and (11). Define Jyp, Jm.oo : L' (;RY) — [0, +00] by

1/p

T p(W0) = / (Z fi<w7w(w))p) dx if we LP(Q;RY) and Aw =0

400 otherwise,

and

max _esssup fi(x,w(x)) if we L®(Q;R?) and Aw = 0
Imo(w) = ¢ €Lmb zeq
400 otherwise,

respectively. Then

(1) for every w € LY(Q;R?), and {w,} C L'(4RY) such that w, — w weakly in
LY(Q;RY), we have

Im,co(w) < liminf J,, ,(wp). (12)

p—0o0

(it)  for every w € LY(S4RY), there exists a sequence {w,} C LY(;RY) such that
w, — w strongly in L'(Q;RY), and

lim sup Jp, p(wp) < Jpp oo (w). (13)

p—00
In particular,

D(LY (4 RY) — lim Jpp = oo

p—00
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Proof. Let {w,} C LY(Q;R?) be such that w, — w weakly in L*(Q;R?). We need
to show that (12) holds. After eventually passing to a subsequence we may assume,
without loss of generality, that

w, € LP(Q;RY),  Aw, =0, (14)
and
liminf J,, ,(w,) = im Jp, ,(w,) < +00. (15)
p—00 p—00
In view of (9) and Jensen’s inequality, for any ¢ € {1,--- ;m} and ¢ > 1, fi(z,-)?is

A-quasiconvex for LV-a.e. x € Q. In addition, by (10),
filz,0)? <2771C9 (14 |v]?), (16)

fori e {1,--- ,m}, LN-a.e. 2 € Q, and all v € R. For any p > ¢ > 1, we have, by
Holder’s inequality,

PrP—q
|lwp || Lagaray < [|wpll Le(ira) (ﬁN(Q)) P

In addition, the coercivity condition (11) yields

1
p P

1 1 p=1

|wpl| Lr ey < - / (Zfz x, wy(z > dx < E(]m7p(wp)m P

We deduce that

(LX) ™ o

pr”LQ(Q;Rd) < m v Jpp(wp) < Cdpp(wy),

where C' > 0 is a constant which only depends on m and £V (Q) (one may take, for
example, C' := Zmax{L"(Q),1}). Thus, by (15), {w,} is bounded in LI(Q;R%).
Since ¢ > 1 we can extract a subsequence (not relabelled) such that w, — w weakly
in LY(Q;R?), as p — oo. Taking (14) and (16) into account, and in view of the
A-quasiconvexity and continuity of each fi(x,-)? for LY —a.e. x € Q, we are in the
position to apply Proposition 2.2. We obtain that

/fZ z,w(z))ldr < hmlnf/fi(:zz,wp(w))qu, (17)

p—00

for every i € {1,--- ,;m}. On the other hand, for i € {1,--- ,m}, we have that

" 1/q 1/q

lirginf/Zfi(w,wp(:c))qd:v < lim sup /ifi(x,wp(x))qu . (18)
; o =1

o i=1 p—00
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Thus, in view of (17) and (18), we deduce that

Q[

i=1 p=00

Im.q(w) < Zlipn_l)ioglf/fi(x,wp(x))qu < limsup J,, (wp)
Q

for all ¢ > 1. Next, for ¢ < p, we have

1
q

Jm,q(wp) < ((EN(Q))I_Z Z Hfi('awp('))Hqu(Q)>

Putting a; := || fi(-, wp(-))Hip(Q), i=1,---,m, in the inequality

1 1
m q q - m P
=1 =1

which is valid for all a4, --- ,a,, > 0, we obtain that

B =

409

(19)

(20)

(Z (- wp<~>>u%p<m> C<mih (Z ||fi<',wp<->>|rip(m) = M (). (21)

Combining (20) and (21) we deduce that

Q=
=

Im.g(wp) < (mﬁN(Q» Tinp (W)

Thus, passing to limsup as p — 0o, we have

lim sup J,, 4(wp) < (mﬁN(Q))é lim Jy, (wy)
p—00

p—00

which, together with (19), gives

(W) < (mLN(Q))* liminf J,, ,(w,).

p—0o0

Thus,

1f o w(-) oy < (ML (92))* liminf J,,,(w,)

p—0o0

(22)

(23)

for every ¢ € {1,---,m}. We now claim that f;(-,w(-)) € L>*(Q) for every ¢ €
{1,---,m}. Indeed, let = € Q be a Lebesgue point for f;(-,w(-)) € L'(Q). For any

ball B(z,r) C 2, and for p > 1 sufficiently large, we have
1/p

/ﬁ(y,wp(y))dyg / (Filyswp))dy | (LY (B(a,r)) "
B(z,r)

Q

< Jp(wy) (LN (B(a,r)) "7,

(24)
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where we have used Holder’s inequality. Letting p — oo, we obtain

lim sup / fily, wy(y))dy < plgrolo I p(wp) LN (B(z,7)). (25)

p—0Q

Applying Proposition 2.2 again, we deduce that

/fi(y,w(y) y<hm1nf / fily, wy(y
B(z,r)

Combining this with (25), we have that

/ fily,w(y))dy < hm Jmp(wp)
B(:p r)

Since LV -almost every x € € is a Lebesgue point for f;(-,w(-)), passing to the limit
r — 07 in the above inequality yields

filz,w(z)) < lim Jpp(wy), LY —ae z€ Q.

p—00

Since i € {1,---,m} was arbitrary, and taking into account (15), it follows that
fi(-,w(+)) € L*(Q) for every i € {1,--- ,m}, as claimed.

Letting ¢ — oo in (23) we obtain that

£ w( )|y < liminf T p(wp),

for all i € {1,--- ,m}. Hence

e i) oy < Timin (0,

Finally, since f;(-,w(-)) € L®(Q) for all i € {1,---,m}, (11) gives w € L>®(;R?).
Moreover, since w, € L'(Q;R?), Aw, = 0, and w, — w weakly in L'(Q;R), it
follows that Aw = 0. We conclude that (12) holds.

Let w € L'(;RY), and consider the constant sequence {w,} C L'(;RY), w, = w
for all p € N. To verify that (13) holds, we assume without loss of generality that
Jm.co(w) < +00. This implies that w € L>*(Q;R?) and Aw = 0. Using the fact that
for each i € {1,---,m} we have f;(z,w(z)) < ||fi(-,w())|| =) for LY-ae. z € Q,
we obtain that

1

/Zfzxw ) (ZHL N )

’U
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Hence

SN

Twy) = ) < (£ (€))7 (Z Hfz-(»w(-))Hioo(m)

S =

< (Y @)? (m- _max w0

ie{l,,m

S
B =

= (mLY(Q)r max | fi(-,w())llze) = (ML (Q))

I oo (W).
i€{1,-,m} ' (w)

Passing to the limit supremum as p — oo we obtain

lim sup Jo, p(wp) < Jpoo(w),

p—00

and this concludes the proof. ]

4. Variational characterization of the yield set of a polycrystal: two
model cases

In this section we specialize to the case where given a function B € L” (Q; MNVXN )
the differential operator A is given by

divB®W

divB®
AB := DivB = ]
divBW)
where, for i = 1,--- | N, B9(z) := (By(z), Bia(z),-- - , Bin(x)) stands for the i-th

row of the matrix B(x), z € Q. Thus, taking d = N2, and [ = N, the differential
constraint AB = 0 can be written in the form

N
}:mméﬁzo
1 8[Ek

provided that we define, for i,k =1,--- N and j =1,--- , N?

ij

40 _ JOiG-ge-nmy A (R=1N+1<j < kN
0 else,

where the symbol §;; stands for the Kronecker’s delta. We note that the constant
rank condition (5) is satisfied since for every w € S¥~1 we have

ker(A(w)) = {V e MMV wV =0},
and thus dim(ker A(w)) = N? — N.

We assume in what follows that the pointwise constraint (1) on the stress may be
written in the form

o(x) € {T]GMNXN : file,n) <lforalli=1,--- ,m}, (26)

Sym
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where f; : ) XMg;N — R (i =1,--+,m) are Carathéodory integrands satisfying our

hypotheses (9), (10), and (11). In this case the yield set of the polycrystal becomes

Keg = {77 e MYXY 3o e L™ (Q;MLYL") such that n = /o(az)das, Div o =0,

Sym sym
Q
filz,o(x)) <1 LN-ae2zeQ,i=1,-- ,m},
or, equivalently,

sym Sym

Keﬂc:{neMNXN : 3o e L™ (Q;ML<Y) such that /O'(ZE)CZI:O, Div o =0,
Q

filv,o(x)+n) <1 LV—ae rx€Q,i=1,--- ,m}. (27)

For nn € M we consider the variational principle

1/p

jverff,p(n) = inf / (Z fi(z, B(x) +77)p> dx . Bel? (Q;MS]\;;N) ’
5 \i=l
/Bda::O,DiVB:0 ) (28)
Q

In view of our Theorem 3.1, well-known arguments in the theory of I'-convergence
(see, e.g., [4] and [6]) imply, in particular, that for any n € MIXN, jof () converges,

sym

as p — 00, to jo (1) given by

) :=mf{ max esssup fi(r, Be) +n) B e L QM)
SISm €@

/B(x) dx =0, DivB:O}. (29)

Q

The effective yield set K. can now be characterized in terms of the limiting varia-

tional principle j’rc;iz;f,oo‘

Theorem 4.1.

Keg = {ne MM : j _(n) <1}. (30)

sym jm,oo

Proof. Let ) € Keg. By (27), there exists o € L™ (Q; MYX") such that [, o(z)dx =

sym

0, Div o =0, and fi(z,0(z) +n) <1 for LN—ae. 2 € Q, i =1,--- ,m. We have
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NxN
sym be

Jel () < maxi<icpm esssup,eq fi(x,0(x) +n) < 1. Conversely, let n € M
such that

Jrmeo(n) < 1. (31)
Consider a sequence {0, } C L* (Q;MgﬁlN) such that Div o, = 0, fQ on(x)dr =0
for any n € N, and
i (s esssup (2., + 1)) = ), (3)
n—oo \ 1<i<m zEQ ’

The coercivity condition (11) implies that the sequence {o,} is bounded in L*(Q;
MYxN). Thus, we may extract a subsequence of {o,} (not relabelled) such that

o, — o weakly* in L™ (Q;MNXN) , with Div ¢ = 0, and fQ o(x)dr = 0. Let z € Q

sym
be a Lebesgue point for each of the f;(-,0(-) +mn), ¢ =1,--- ,m. By Proposition 2.2
we deduce that

| ttwot) - miy < timint [ fou)+ iy =1
B(z,r) B(z,r)

for sufficiently small » > 0. Thus, (32) yields

fl<y7 O<y) + n)dy S Jfrgoo(n)
B(z,r)

Letting » — 07, since almost every point x € @ is a Lebesgue point for all f;(-,o(-) +
1), @ = 1,---,m, we have that f;(z,0(z) +n) < ji& (n) for LN-ae. z € Q, i =
1,---,m. Taking (31) into account, we deduce that n € K. Thus, (30) holds. O

We now consider two well-known models (see, e.g., Kohn & Little [14], whose pre-
sentation we follow) for which our results are relevant.

4.1. Plane stress

We consider stresses given by

011(1’) 0'12(1’) 0
o(x) = | o) own) 0 |, reQcCRL (33)
0 0 0
In plane stress the slip tensor is given by p = %(m ®n+n ® m), where m L

n, 13 = pog = p3z = 0. The slip tensor belongs to the space spanned by the tensors

m® = (1,0,0), 2V = (0,1,0), m® = (&, £.0), and m® = (L, ~L,0). In
what follows we identify the stress with the 2 x 2 upper-left corner of the 3 x 3 matrix
in (33). The yield set of the basic crystal has the form

sym

K = Ky,n, :== {U = (0y;) € M2X2 o] < My, o — 09| <2, |o11 + 09| < N1}~
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If the rotation describing the orientations of the grain containing the point z €  is
given by
[ cosf(z) —sinf(z)
R(x) = ( sinf(z) cosf(x) (34)

then the pointwise constraint (1) becomes

RY(z)o(x)R(z) € Ky, (35)
or, equivalently,
011 €082 0 + 015 8in 20 + 099 sin? 012 €08 20 — L5222 sin 20
( 012 cos 20 — T2 sin 20) 0118102 0(z) — 019 8in 20 + 095 cos? 0 ) ()
€ Ky n,-

Taking N = 2, m = 3, this can be written in the form (26), where the functions
fi(i € {1,2,3}) are defined by

flavn) = 5 ma cos(20(z)) = 51 = 1a) sin(20(a)

9

Falir. ) = 5 o = ) c8(26(2)) + 2 sin(26(2)

and
f( ) = _1 | |
x : + .
3\, 1 N, i + 722

With these choices our results apply. Indeed, it is easy to check that the functions
defined above satisfy our A-quasiconvexity condition (9) (fi(z,-) is, in fact, convex
for all i € {1,2,3}), and the growth condition (10). It remains to show that the
coercivity condition (11) holds as well. To this aim first note that for all € Q and
n = (nij)z}j:lz € M2*2 we have

sym

el < Myfi(e,n) + fa(w,n), I+ 12| < Nafs(a,n),
and

1 — ne2| < 2fa(w,m) + 2M, fi(2, 7).
This gives
Ny
il < = fala,n) + folz,m) + My fi(z,m),

and

N
[722] < 71f3($777) + fa(z,m) + My fi(z,n)

for all z € Q and n € M2%2. Tt follows that

sym*

[l M2+ V2)filwn) + 2+ V2) folw,n) + Nifa(a, ),
for all z € Q and n € M2

sym

which yields (11), with ¢ = (max{Ny,2 + v2, (2+ V2)M;}) .
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4.2. Antiplane shear
In antiplane shear the stress is given by
0 0 013 .’17)

(
o(x) = 0 0  oxn(®) |, 2€QCR?
0'31(1‘) 0'32(.%‘) O

which corresponds to slip tensors p = %(m ®@n+n®@m), with g1; = o = gz =
12 = 0, belonging to the two-dimensional space spanned by pu(!) = %(61 ®ez+ez®eq)
and u(Q) = %(62 ® e3 + e3 ® eg), where eq, e5, and e are the vectors in the canonical
basis of R3. Assume that we are dealing with a crystal with a deficient supply of slip
systems, which in this case means that there are just four basic slip systems with slip
tensors +u™M, 43 and critical stresses =M, 1. After identifying the stress with a
vector field in the plane, the yield set of our basic crystal is

K=Ky = {0:(01,02)€R2 Doy < M, |02\§1}.

For consistency, the rotations in (1) are taken such that they keep the z3-axis fixed,
and thus we may identify them with rotations of the xjxs-plane. The constraint (1)
then reads

RY(z)o(z) € Ky, ©€QCRA

With R : Q — SO(2) given by (34) and ¢ : Q — R? o(z) = (01(x),02(z))?, this

means that we must have

|o1(z) cos O(x) + o9(x) sinf(x)| < M,
and

|oo(z) cosO(x) — o1(x) sinf(z)| < 1,

for all z € Q. These requirements can be written in the form (26) provided that we
choose N =m = 2, and that fi, fo : 2 x R? — [0, +00) are given by

1 .
filz,n) = i |1 cos O(x) + nysinb(z)],

and
fa(z,m) = |nacos@(x) — ny sinf(x)]|.

Again, our results apply: (9) and (10) hold, and it is immediate to verify that the
coercivity condition (11) is also satisfied, with ¢ = (2max{M,1})~".
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