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1. Introduction

The interest of the theory of monotone operators is propelled by the number of
applications, in particular for variational inequalities and partial differential equa-
tions (see [1, 3, 9, 23]). Several approaches have established links between maximal
monotone operators and convex functions (see [5, 6, 8, 10, 12, 13, 15, 21, 22]). The
richness of the theory of monotone operators which has given rise to a great number
of works justifies an interest in these links. Recently many authors have explored
the use of convex representative functions in the study of monotone operators, e.g.,
[5, 6, 8, 12, 13, 15]. Roughly speaking the study of monotone operators is reduced
to the study of the convexification of the coupling function, restricted to the mono-
tone set. However, the bilinearity of the coupling function is sometimes a restrictive
assumption, and therefore the problem arises how to extend the theory of monotone
operators outside this context. Generalization of this assertion is in the framework
of abstract convexity.
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Abstract convexity has found many applications in the study of problem of mathe-
matical analysis and optimization. Also, it has found interesting applications to
the theory of inequalities (see [17, 18, 19, 20]). However, the development of abstract
convex analysis was mainly driven by applications to optimization (see [17]). The aim
of the present paper is to develop a theory of monotone operators in the framework
of abstract convexity. In fact, we give an abstract convex representation for maximal
abstract monotone operators, which extends the results of [8, 13].

The structure of the paper is as follows: In Section 2, we provide some preliminary
definitions and results related to abstract convexity. Definitions and properties of
abstract monotone operators and also some examples of maximal abstract monotone
operators are given in Section 3. In Section 4, we give an abstract convex represen-
tation for maximal abstract monotone operators.

2. Preliminaries

Let X and Y be two sets. Recall (see [2]) that a set valued mapping (multifunction)
from X to Y is a mapping F : X — 2Y, where 2¥ represents the collection of all
subsets of Y. We define the domain and graph of F' by

dom F := {z € X : F(z) # 0},
and
GF)={(z,y) e X xY 1y € F(x)},

respectively.

Let X be a set and L be a set of real valued functions [ : X — R, which will be
called abstract linear. For each | € L and ¢ € R, consider the shift #;. of [ on the
constant ¢

hie(z) :=1l(z)—¢c, (zeX).

The function Ay is called L-affine. Recall (see [17]) that the set L is called a set of
abstract linear functions if k. ¢ L for all [ € L and all ¢ € R\ {0}. The set of all
L-affine functions will be denoted by Hy. If L is a set of abstract linear functions,
then h;. = hy, ., if and only if [ =y and ¢ = ¢.

If L is a set of abstract linear functions, then the mapping (I,¢) — h;. is a one-
to-one correspondence. In this case, we identify h;. with (I,c), in other words, we
consider an element (I,¢) € L x R as a function defined on X by x — [(z) — ¢
(x € X).

A function f : X — (—o00, +00] is called proper if dom f # (), where dom f is defined
by

dom f:={z € X : f(z) < +o0}.

Let F(X) be the set of all functions f : X — (—o0, +00] and the function —oo.
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Recall (see [17]) that a function f € F(X) is called H-convex (H = L, or H = H)
if

f(z) =sup{h(x): hesupp (f,H)}, VzelX,
where
supp (f,H) :=={h € H:h < f}

is called the support set of the function f, and h < f if and only if h(z) < f(x) for
all z € X.

Example 2.1. Let X be a locally convex Hausdorff topological vector space. Let
L be the set of all real valued continuous linear functionals defined on X. Then,
f: X — (—o00,+00] is an L-convex function if and only if f is lower semi-continuous
and sublinear. Also, f is an Hp-convex function if and only if f is lower semi-
continuous and convex.

Now, we consider the coupling function (.,.) : X x L — R is defined by (z,1) := I(z)
for all x € X and all [ € L. For a function f € F(X), define the Fenchel-Moreau
L-conjugate f; of f (see [17]) by

fr(l) = sup(l(x) — f(x)), €L

zeX

The function "y := (f7)% is called the second conjugate (or biconjugate) of f, and
by definition we have

ix (@) = sup(l(z) — f*(1), = e€X.

lel

The following property of the conjugate function follows directly from the definition.

Fenchel-Young’s inequality: for a proper function f € F(X), one has

flx)+ f1() >1l(z), YeeX; Ve L.

Let f: X — (—o00,+00| be a function and zy € dom f. Recall (see [17]) that an
element [ € L is called an L-subgradient of f at xq if

f(x) > f(xo) + U(x) — l(xg), VxelX.

The set dr, f(zo) of all L-subgradients of f at xq is called L-subdifferential of f at x.
The subdifferential d, f(xo) is non-empty (see [17]) if and only if 29 € dom f and

f(o) = max{h(zo) : h € supp (f, Hr)}.

In the following, we gather some results which will be used later.

Lemma 2.2 ([17], Theorem 7.1). Let f € F(X). Then, f = fi*y if and only if f
18 an Hp-convex function.
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Lemma 2.3 ([17], Proposition 7.7). Letxq € X, f € F(X) and ly € L. Then the
following assertions are equivalent:

(1) f(xo) + fi(lo) = lo(xo) (Fenchel-Young’s equality).

(i) o € Orf (o).

In the sequel, let X be a topological vector space. We assume that X is equipped
with a closed convex pointed cone S C X (the latter means that S N (—=S) = {0}).
Wesay r <yory>zifand onlyify —x € S.

An extended real valued function f : X — [—o00, +00] is called positively homoge-
neous (of degree one) if f(Az) = Af(z) for all z € X and all A > 0. The function f
is called increasing if x >y = f(z) > f(y).

Now, consider the function [ : X x X — [0, +oc] defined by
I(e,y) = max{A > 0: \y <2}, (x, y € X).

(with the convention max () := 0).

The function [ has the following properties (see [7, 14]). In fact, for every z, y, 2/, /' €
X and every v > 0, one has

l(yz,y) =~l(z,y), (1
(2, vy) = %Mx,y), (2

l(z,y) =400 = y € =S5,
l(x,2) =1 <= x & -85,
reS ye—-5 = l(x,y) = +o0,
<z = l(z,y) <, y),
y<y = lz,y) = l(z,y).

(= =S
—_ — Y — ~ ~—

e T N T
(@

Define Lg := {l, : y € X\ (=95)}, where () := [(x,y) for all z € X and all
y € X. Note that [, is an increasing positively homogeneous (IPH) function for each

y € X. Therefore, Lg is a set of non-negative increasing positively homogeneous
(IPH) functions defined on X.

The following results for non-negative IPH functions have been proved in [7, 14].

Lemma 2.4. Let f : X — [0,+00] be a function. Then the following assertions
are equivalent:

(i) f is IPH.
(i4)  f(z) > Af(y) for allz, y € X and all A > 0 such that \y < x.
(71) f(x) > l,(x)f(y) for all x, y € X with the convention (+00) x 0 = 0.

Lemma 2.5. Let f : X — [0,400] be an IPH function and f(x) # 0,+00. Then

Osf(x) ={ly € Ls : ly(x) = f(z), fly) =1}
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3. Abstract Monotone Operators

Assume that X is a set and L is a set of real valued functions [ : X — R, which
is called abstract linear with the coupling function (.,.) : X x L — R defined by
(x,1) :=I(x) for all z € X and all I € L. In the following, we present some definitions
and properties of abstract monotone operators (see [4, 11, 16]).

Definition 3.1. A set valued mapping T': X — 2% is called L-monotone operator
(or, abstract monotone operator) if

l(z) — I(2') — U'(z) + I'(z') > 0 (8)

foralll € Tz, ' € T2’ and all z, 2’ € X.

If X is a Banach space with the dual space X* and L := X*. Then, T is called
monotone operator in the classical case.

Definition 3.2. A set valued mapping T : X — 2% is called maximal L-monotone
operator (or, maximal abstract monotone operator) if T is L-monotone and 7' = T"
for any L-monotone operator T’ : X — 2% such that G(T) C G(T").

Definition 3.3. A subset S of X x L is called L-monotone (or, abstract monotone)
if

l(z) =1y =U(x)+ U (2") >0, V(z,0), («,1') €85.

Definition 3.4. A subset S of X x L is called maximal L-monotone (or, maximal
abstract monotone) if S is L-monotone and S = S’ for any L-monotone set S’ such
that S C 5.

Definition 3.5. Let T : X — 2F be a set valued mapping. Correspondence to
the mapping 7' define the L-Fitzpatrick function (or, abstract Fitzpatrick function)
or: X x L — R by

or(z,l):=  sup [l(z")+1'(x) = U'(2") = l(2)] + () 9)

VeTa!, 2'eX
forall z € X and all [ € L.
Lemma 3.6. Let T : X — 2L be a mazimal L-monotone operator. Then
or(x,l) >1(x), YeeX; VIeL, (10)
with equality holds if and only if | € Tx.

Proof. Since T is a maximal L-monotone operator, it follows that

sup [I(a) + () = I'(2") = U(z)] = 0 (11)

VeTx', 2’eX
for all z € X and all [ € L. In view of (9), we obtain

or(z,l) >1(z), Yee X; VIe L. (12)
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Since T' is maximal L-monotone, it follows from (8) and (11) that

sup  [l(z") +U'(z) = U'(2") = l(x)] =0

VeTz', x’'eX

if and only if [ € Tz. This, together with (9) implies that pr(z,1) = () if and only
if [ € Tz, and hence the proof is complete. O

In the following, we give an example of a maximal L-monotone operator. We show
that Lg-subdifferential of an IPH function is a maximal Lg-monotone operator, where
Lg defined in Section 2.

Theorem 3.7. Let f: X — [0,+00] be an IPH function and f(x) # 0,+o0cc. Then,
Ors f s a maximal Lg-monotone operator.

Proof. First, we show that J; f is an Lg-monotone operator. To do this, let z, x, €
X, l, € 0 f(x)and Iy, € g f(xo) (y, yo € X\ (—S5)) be arbitrary. Then, by Lemma
2.5, we have

by(r) = f(x), fly) =1 and Iy (x0) = f(zo), f(yo) = 1. (13)

In view of Lemma 2.4, we conclude that

L Sfy) < ft), VieX,

and

L) f(wo) < f(t), VteX.

This, together with (13) implies that [, (t) < f(t) and [,,(¢) < f(¢) for all ¢t € X, and
hence
Ly(xo) < f(xo) and 1y, (z) < f(2). (14)

Now, it follows from (13) and (14) that

by(x) = Iy(20) = Ly () + lyy (w0) = [f (&) — by (2)] + [f (x0) = ly(20)] = 0.

Hence, 01, f is an Lg-monotone operator.

Now, we show that dr,f is maximal. To this end, let T : X — 2L be any Lg-
monotone operator such that G(Jy,f) € G(T'). We show that T = 0 f. It suffices
to prove that if (zo,l,,) € G(T), then (xo,l,,) € G(Or,f); that is, I, (zo) = f(z0)
and f(yo) = 1. Assume that (zo,l,,) € G(T) (xo € X, yo € X \ (—5)) be arbitrary.
Since T' is Lg-monotone and G(Jy, f) C G(T), it follows that

Ly(z) — ly(x0) — lyy(x) + lyy(20) >0, VI, €0rsf(x); VaeX. (15)
Let A > 1 and = Azp. Then, in view of (15), we conclude that

lyo (20) < 1y(20). (16)
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Also, for 0 < A < 1 and & = Axy, it follows from (15) that

Ly(20) < lyy (o). (17)
Therefore, (16) and (17) imply that
lyo(xo) = ly(x0)7 v ly € aLsf(xU)‘ (18)

Since I, (x¢) = f(xo) for each l, € 014 f(xo), we deduce from (18) that I, (zo) = f(z0).

On the other hand, let z € X be arbitrary and replace x by Az (A > 0) in (15).
Then, one has

Ly (z0) — lyy(x0)], Vi, €0rsf(x); Ve eX; VA>O.

>| =

[ly(2) = Ly (2)] =

(Note that dr, f(Ax) = Or¢ f(x) for all x € X and all A > 0.) Therefore, as A — +o0,
we conclude that

Ly(x) <ly(x), Vi, €0r,f(z); VoeX.

Since for each x € X and each [, € dp,f(z) we have [,(z) = f(z), then it follows
that
n(e) < (2), Vo€ X, (19)

This implies that yo ¢ —S. Because if yo € —S5, then in view of (5) we obtain
+00 =1,,(0) < f(0) =0, and this is a contradiction. Thus, by (4) and (19) we have

1 =1y () < f(yo)- (20)

Since Iy, (o) = f(z0), it follows from the definition of [, that f(zo)yo = ly,(x0)yo <
xo. This implies that f(zo)f(vo) < f(x) because f is increasing. Since 0 < f(zg) <
+o0, then we have f(yo) < 1, and hence by (20) we get f(yo) = 1. Consequently,
(20,1y,) € G(OLsf), and the proof is complete. O

From now on, let X be a set and L be a set of real valued abstract linear functions
[ : X — R defined on X. Assume that 0 € L. We consider the coupling function
(.,.) : X x L — R defined by (z,l) :=[(z) for all z € X and all [ € L. Let

K:=XxL and L":=LxX. (21)
Define the coupling function (.,.), : K x L* — R by
("0, (Lx)) = 1U")+U(z), V(I')e K; ¥V (l,x) € L". (22)
We can consider an element (I, z) € L* as a function defined on K by
(L) (@, 1) = (@, 1), (L 2))e, ¥ (2',0) € K,
and an element (z,1) € K as a function is defined on L* by

(x,)(I';2") == ((z, 1), (I',2"))s, ¥V (I',2") e L".
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Note that the coupling function (.,.). is symmetric, that is

(2,1, (L, 2)) = (I, x), (2", 1"))s, forall (z/,I') € K, and all (I,z) € L*.

It is easy to check that L* and K are sets of abstract linear functions. Indeed, if
there exist (ly, ) € L* and ¢g € R\ {0} such that h,zg),c € L*, where hgq z0),co :=
(lo, x0) — co, then hyy 20, = (I, ) for some (I, x) € L*. It follows that

(@) +1'(x0) —co=1(a") +1'(x), V(1) € K. (23)
Since 0 € L, put I’ =0 in (23). Thus, we have
(') —cy=1(2"), Va'eX,

and so lp— ¢y = [ on X. Since L is a set of abstract linear functions, we conclude that
lo =1 and ¢y = 0. This is a contradiction, because ¢y # 0. Hence, h( ). ¢ L* for all
(I,z) € L* and all ¢ € R\ {0}. Therefore, L* is a set of abstract linear functions. By
a similar argument, K is also a set of abstract linear functions.

In the following, we give an example of an Hj+-convex function such that its subdif-
ferential is a maximal L*- monotone operator.

Let X be a conic set and L be a conic set of positively homogeneous functions
[: X — (—00,+00] defined on X. (A set C'is called conic if A\C' C C for all A > 0.)
Let K := X x L, and L* := L x X. Define the coupling function (.,.), on K x L* as
in (22). It is worth noting that each element of L* as a function defined on K is a
positively homogeneous function. Moreover, L* is a set of abstract linear functions.

It is easy to check that if a function h : K — (—o00, +00] is an L*-convex function,
then h is a positively homogeneous function. Also, by [17], Proposition 7.15], a
positively homogeneous function h : K — (—00,400] is L*-convex if and only if it
is Hp«-convex.

Theorem 3.8. Let h: K — (—o00,+00] be an L*-convex function. Then, for each
p € K, we have

Op-h(p) ={I" € L™ = h(p) = (p,1")s; (¢, 1")s < h(q), Vq € K}.
Proof. By definition we have
Op-h(p) ={I" € L : {¢,1") — (p,1")« < h(q) — h(p), Vg € K} (p € K).
Therefore, for each I* € d+h(p), we have
(@, 1)« = (0, ")+ < hlq) = h(p), VqeK. (24)

Let A > 1 and ¢ = Ap. Then by (24) and positive homogeneity of h and [* we
obtain h(p) > (p,l*).. By a similar argument, for 0 < A < 1 and ¢ = Ap, we get
h(p) < (p,1*)., and so we have h(p) = (p,!*).. Thus, the result follows. O

Theorem 3.9. Let h : K — (—o0,+00] be an L*-convex function. Then, Or<h is
a mazimal L*-monotone operator.
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Proof. Let p, ¢ € K, I* € O;+h(p) and ly" € Jp+h(q) be arbitrary. Then we have
(p, ") = h(p), (r,l"). <h(r), Vrek, (25)

and
(q,10")« = h(q), (r,lo"). <h(r), VrekK. (26)

(
It follows from (25) and (26) that [h ( )— {(q,1*)] > 0and [h(p) — (p,lo").] > 0. This,
together with (p,*), = h(p) and (q,1y"). = h(q) implies that

< > < > <p7 lO >* + <q7 l0*>*
= [h(p) = (P, lo")<] + [Mlq) — (g, 1").]
0,

Vv

and hence dp+h is an L*-monotone operator.

Now, we show that O;-h is maximal. To this end, let T : K — 2" be any L*-
monotone operator such that G(9r+h) C G(T'). We show that T' = Or+h. It suffices
to prove that if (pg,lo") € G(T'), then (po,lo") € G(Or+h); that is, (po,lo™)« = h(po)
and (q, ")« < h(q) for all ¢ € K. Assume that (po,lp*) € G(T) be arbitrary. Since T
is L*-monotone and G(9r+h) C G(T), it follows that

Let A > 1 and ¢ = Apg. Then, in view of (27), we conclude that

(Po; 10" )+ < (po, ") (28)
Also, for 0 < A < 1 and g = Apy, it follows from (27) that
(Po; 10" )+ = (po, ") (29)
Therefore, (28) and (29) imply that
(Po, lo" )« = (po, [")s, V1" € Op-h(po). (30)

Since (pg, *). = h(po) for each I* € Op-h(py), we deduce from (30) that (pg,ly™) =
h(po)-

On the other hand, let ¢ € K be arbitrary and replace ¢ by Ag (A > 0) in (27). Then,
one has

[<Q7 l*>* - <q7 l0*>*]

(Note that dr«h(Aq) = Or+h(q) for all ¢ € K and all A > 0.) Therefore, as A\ — +o0
in (31), we conclude that

[(Po, 1)« — (Do, lo™)4], V1" € 0r-h(q); Vqge K; YA>0. (31)

>/IH

(@ 10"). < {q,1"),, V1" €0r-h(q); ¥q€K. (32)

Since for each ¢ € K and each [* € dp-h(q) we have (q,1*). = h(q), then it follows
from (32) that (q,lo"). < h(q) for all ¢ € K, and hence (po,ly*) € G(Ir+h), which
completes the proof. ]



268 H. Mohebi, A. C. Eberhard / An Abstract Convex Representation of ...

4. Maximal Abstract Monotone Operators

In this section, we give a representation for maximal abstract monotone operators by
abstract convex functions, which extends the results of [8, 13]. Let K, L* and the
coupling function (.,.). be as defined by (21) and (22), respectively. Denote by

P(Hp-):={h: K — (—00,400| : h is a proper H+-convex function}
the set of all proper H«-convex functions defined on K. For each h € P(Hy~), define
T(h):={(z,l) € K : h(x,1) <I(z)},
and denote by () the indicator function of T'(h) which is defined on K as follows

0, if (x,1) € T'(h)
400, otherwise,

(ST(h)(x’ l) = {

for each (z,l) € K. Define the transpose operator ¢ : K — L* by t(z,l) := (I, x) for
all (z,1) € K.

Now, let H(K') be defined as follows
H(K) :={h € P(Hr) : h(z,l) =[((.,.) + ora))1- o t|(x,1), V (z,1) € K}.  (33)
Note that for each h € H(K), we have T'(h) # 0. Indeed, if T'(h) = 0, then (.,.) +

dr(n) = 00 on K, and hence h = —oo on K.

Remark 4.1. Let S be any non-empty subset of K. Then the L-Fitzpatrick function
g associated with S is an Hp.-convex function on K. Indeed, by Definition 3.5, we
have

g05($, l)

= sup [l(l‘,) + l/(l‘) - l/(l‘/)]
(@' 1)eS

= sup [{(«,0), (I, 2")), —I'()]
(z',1")esS

= Sup{((x, l)a (lla $/)>* —C: ((lla iL‘/), C) € supp ((1057 HL*)}
for all (z,1) € K, and hence the result follows.

Definition 4.2. We say that an Hj--convex function (or, abstract convex function)
h:X x L — (—o00, +00] represents an L-monotone operator T': X — 2L if

h(z,l) > l(z), YzeX;VIelL,

with equality holds when [ € T'z.

In view of Lemma 3.6 and Remark 4.1, we see that if 7 : X — 2" is a maximal L-

monotone operator, then o, the L-Fitzpatrick function associated with T, represents
T.
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Remark 4.3. Let h € P(Hy-) and cppy = (.,.) + dr@). Then, (crp))i- ot is an
Hp+-convex function and (crp))j- ot = @rn). Indeed, we have

[(CT(h))Z* ot](w,1)
= (er(n)) 1+ (1, 2)
= Ssup [<(£C/, l/)v (lv SL’)>* - l/(SL’/) - 5T(h)(xl7 ll>]

(z' ") eK

= sup [I(2)+0U(z) =1 (2)]
(' 1) eT(h)

= P7(h) (IL‘, l)7

for all (x,1) € K. This, together with Remark 4.1 implies that (cppy)j. ot is an
Hj«-convex function and (crp))i- 0t = @rn).

Lemma 4.4. Let S : X — 2L be a mazimal L-monotone operator and pg be the
L-Fitzpatrick function associated with S. Then, ps € H(K).

Proof. Since S is an L-monotone operator, it follows that
es(x,l) =1U(z), VY (z,1) € G(S).
Also, because of S is maximal, we have
ws(z,l) > U(z), ¥ (x,1)e K\G(Y),
and hence G(S) = T'(ps). Therefore, we have

@S(x’l)
= sup [I(2) +1'(x) = U'(2')]
(z' IE€G(S)

= sup [l(l’,) + l/(l’) - l/(I/)]

(@ 1eT (ps)

= sup [I(a") + (@) = () + Oree) (@, 1)]

(z' I eK

sup [((z', 1), (I, )« = (( ) + Orpg)) (2, )]

(/I eK

= ((+) + 0r(ps))1- (I, @)
= [((7 > + 5T(<PS))2* Ot](I,Z), v (I,l) € K.

This, together with Remark 4.1 implies that @5 € H(K). O

Proposition 4.5. We have

(1) h(x,0)>1(z) for all (z,]) € K and all h € H(K).
(2) hi.(l,z) > U(z) for all (z,1) € K and all h € H(K).

Proof. Suppose that h € H(K) and (z,1) € K are arbitrary.
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(1). It is clear that if (x,l) ¢ T'(h), then (1) holds. Assume that (x,l) € T'(h).
Therefore, by Fenchel-Young’s inequality and h € H(K), we have
2h(z,1)
= h(z,1) + h(z, 1)
= (h+orw) (@, 1) + (., -) + 0rm)) 1+ (I, )
> ((2,1), (I, 2))-
= 2l(x).

(2). By (1) and h € H(K), we have

hi(l, )
= sup [((2,1), (I,z)). — h(z,1')]

(z' I eK

> sup [, 1), (I, 2))s = h(a' 1))

(z',I")eT'(h)

> sup  [((«,1), ([, x))e = U'(2")]

(', 1)eT(h)

= Ssup [<(Z‘/, l/)7 (l7 x)>* - ((7 > + 5T(h))(‘r/’ l/)]

(z’,l/)GK

= () + o)1+ (1, @)

= h(z,l)

> (),
which completes the proof. O
Theorem 4.6. Let h € H(K). Define

S:={(z,l) € K:h(z,l) =1(z)}.

Then, we have

(1) S={(z,l) e K:h*p-(l,z) =l(z)}.

(2) S is a mazimal L-monotone subset of K.

(3) Let g be the L-Fitzpatrick function associated with S. Then
(1)  ws(z,l) > 1U(x) for all (z,]) € K.
(17) (@s)i(l,x) > U(z) for all (x,1) € K.
(i13) (ps)i(l,x) =1U(z) if and only if (z,1) € S.

Proof. (7). Let (z,l) € S be fixed and arbitrary. Then h(z,l) = I(z), and so
(x,1) € T(h). We have also (I,z) € L*, and so ((«',1'),(l,z)). = l'(x) 4+ I(2') for all
(',l') € K. Now, define the function g on K by

g2, U) = (2", 1), ([, 2))s — {(z,0), (I, 2))s + h(z,1), V(2,I') € K. (34)
It follows that

= (", 1), (I, x)) — U(x)
l(2) +1U'(z) = l(z), V(') € K.
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Since (z,1) € T'(h), it follows from the definition of T'(h) and h € H(K) that

= l(2") +U'(x) — l(x)
< sup [l(z")+1'(z) —(x)]

(z,l)ET (h)
— (zszl)ng[l(x/) +U'(z) — ((.,-) + o7y (,1)]
= ( SZI)IEKK(I? l)’ (l/’ :L‘/)>* - (<7 > + 5T(h))(‘r7 l)]

= ({) + rw)1- (I, 2)
= h(z",l), V(') e K.

This implies that ¢ < h on K. In view of (34) we get (I,x) € Or<h(x,[). Therefore,
by Lemma 2.3, we have

h(z,l) + hi(l,z) = ((x,1), (I, 2)) = 2l(x),

and hence hj.(l,z) = l(x).

Conversely, suppose that (z,1) € K and h}.(l,z) = [(z). Then, by Proposition 4.5(1)
and the proof of Proposition 4.5(2), we conclude that

I(x)
= h}.(l,x)
> ((o ) + 0rmy) -1, x)
= h(x,1)
> [(z).

It follows that h(z,l) = I(z). This completes the proof of (1).

(2). For L-monotonicity of S, suppose that (x,l), («',l') € S are arbitrary. Then,
h(z,l) = l(x) and h(z',l") = I'(2’), and so (z,l), (2/,I') € T(h). Thus, by Fenchel-

Young’s inequality we have

l(x) = 1(z") = U'(z) + 1'(2")
() + h(2' 1) = U(2) = U'(z)
)+ (o) + 0rwy) - (U 2") = 1) = U'(x)

I
—~ =
—~
~
_|_
(o2
=
Z
~—
—~
8
o~

and hence S is L-monotone.

Now, we show that S is maximal L-monotone. Let (z,l) € K be arbitrary and

l(z) = U(z") = U(x)+U'(a") >0, V(2,I') €S.
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This, together with Proposition 4.5(1) implies that
[(x) (35)
> sup [I(a) +1(z) = I'(2")]
(z',1"es
= sup  [U(@") +1(z) = I'(2])]
h(z! )=l (z)
= sup )+ (@)~ ()
h(z 1)<V (z')
= sup i) + 1 (z) = I'()]
(2 )T (h)

= sup [I(a") +1'(2) = ((.) + Orgy) (@', 1))

(' 1eK

= s {0, (). = () + ) D)
= (<= > + 5T(h))2* (l,&?)

= h(z,l)

> [(x).

Thus, we have h(x,l) = l(z), and hence (x,l) € S. This proves that S is maximal
L-monotone, and completes the proof of (2).

(3). By (2), we have S is a maximal L-monotone subset of K. Therefore, it follows
from Lemma 4.4 that ¢g € H(K). Hence, by Proposition 4.5, we conclude that (7)
and (i¢) hold. Now, we prove (ii7). By maximality of S, it follows from Lemma 3.6
that

ps(z,l) =l(z) <= (x,1) € S. (36)
Then, for arbitrary (z,l) € K, we have
SOS($7 l)
= sup [I(z) +1'(z) — U'(2])]
(z')eS
= sup [I(2') +1'(z) — ps(a’,1)]
(' 1)eS
< sup [I(2') + U (2) — ps(2,1)]
(2! 1) eK

= sup [{((«,1),(l,2)) — ps(z’, )]

(a1 EK
This, together with (¢) implies that
(ps)1-(Lx) = ps(x,l) =2 U(z), V(z,0) € K. (37)
Further, if (z,1) € S, then the definition of ¢g yields
905(33/7 l,)
> (") +1U'(x) = I(x)
= ((«, 1), (l,x)). — l(z), V (2, € K.



H. Mohebi, A. C. Eberhard / An Abstract Convexr Representation of ... 273

This implies that

()

> sup [((,01), (I, ) — ws(2, )]
(z'eK

= (ps)i(l,x), ¥V (z,1)€S.
This, together with (36) and (37) implies that
(ps)p- (L) = l(z) < (2,]) €5,
which completes the proof. ]

Theorem 4.7. Let S : X — 2% be a mazimal L-monotone operator. Then there
exists h € H(K) such that

G(S) = {(z,1) € K : h(z,1) = I(x)}.

Proof. Since S is a maximal L-monotone operator, it follows from Lemma 4.4 and
the proof of Lemma 4.4 that 93 € H(K) and G(S) = T'(pg), where pg is the L-
Fitzpatrick function associated with S. Let h := ¢g. Thus, in view of Proposition
4.5, we have

{(z,l) € K : h(z,l) =(z)}
={(z,l) € K : pg(z,l) =1(z)}
— (@) € K : g5l 1) < U(x))
={(z,1) e K : (x,]) € T(ps)}
={(z,l) e K : (z,]) € G(S)}
= G(5),
which completes the proof. O

Corollary 4.8. Let S : X — 2F be a set valued mapping. Then S is mazimal
L-monotone if and only if there exists h € H(K) such that

G(S) ={(z,l) € K : h(x,l) = l(z)}.

Proof. This is an immediate consequence of Theorem 4.6 and Theorem 4.7. ]

Remark 4.9. Let X be a Banach space with the dual space X* and the duality
product (.,.) : X x X* — R is defined by

(x,2") :==a"(x), Ve e X; Vo e X"
We indentify the dual space of X x X* with X* x X, under the pairing
(2, 27), (", 9))s = (@, 9") + (y, 27),

for all (z,2*) € X x X* and all (y*,y) € X* x X.
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Let K : =X x X" and L* := X* x X. Let
Hp={((l,x),c): (l,x) € L*, c € R}

be the set of all continuous affine functions defined on K. Therefore, we have every
function h € P(Hp+) is proper, lower semi-continuous and convex (see [17]). More-
over, Theorem 4.6 and Theorem 4.7 remain valid. Consequently, Corollary 4.8 gives
us a convex representation for maximal monotone operators which was obtained in
[8, 13] in the classical setting.

Acknowledgements. We thank the anonymous referee for his comments which improved
the presentation of the paper significantly.
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