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Let 9) be the space of all nonempty compact subsets of R? and let () be the space of all nonempty
compact subsets of §). For a random set with values in K(2)), after defining the expectation, we
establish a version of the strong law of large numbers. Some related results concerning the case of
nonempty compact convex subsets of a Banach space E are included.

1. Introduction

It is known that random sets have a theoretical and practical interest, since they
generalize random variables and random vectors and, on the other hand, they occur
in certain models of growth.

The study of the strong law of large numbers for random sets was initiated by Artstein
and Vitale with their seminal 1975 paper [2]. Ever since, important extensions have
been obtained by several authors, including Cressie [5], Puri and Radulescu [16, 17],
Hess [8, 9], Artstein and Hansen [1], Hiai [10], Teran and Molchanov [20]. For a
systematic presentation of the status of the theory of random sets, see the recent
monograph of Molchanov [14]. Additional results concerning the general theory of
set-valued maps and their applications can be found in Castaing and Valadier [4], Hu
and Papageorgiou [13] and Rockafellar and Wets [19].

Denote by 9) the space of all nonempty compact subsets of R%. This space, equipped
with the usual operations of addition and multiplication by non-negative scalars, has
an algebraic structure in which the distributive property (A+pu)A = AA+ A, for any
A e and A\, u > 0, does not hold. Consequently one cannot have for ) a Radstrom
type embedding into a cone of some Banach space, as in the case of X, the space of
all nonempty compact convex subsets of R? [18].

The aim of this paper is to investigate the law of large numbers for compact-valued
random sets whose values are nonempty compact subsets of ). For these random
sets we define the expectation and then we establish a version of the strong law of
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large numbers (Theorem 6.2). Our approach is based on a convexification result in
the limit (Theorem 5.2) and on the strong law of large numbers for compact-valued
random sets whose values are the nonempty compact subsets of X (Theorem 6.1).

It is worth noting that Terdn and Molchanov [20] have obtained similar results by
using a different approach. We wish to thank Prof. P. Teran for having kindly drawn
our attention, while our paer was in print, to the results of [20].

2. Notation and preliminaries

Let (M,d) be a metric space. If X C M we denote by X the closure of X. For X a
nonempty subset of M, w € M and r > 0 set

distg(u, X) = in}f< d(u, ), N[X,r]={z € M : disty(z, X) <r}.
e
The subscript d will be useful in the sequel to emphasize the specific distance of
the underlying metric space. Furthermore let P(M) denote the set of all nonempty
subsets of M. For any map f: M — N and a nonempty subset A of M we put

fIA = {f(x) : x € A}.

Let E be a real Banach space and B its closed unit ball centered at zero. Moreover,
set
Ve = {A C E: A compact nonempty},

Xg = {A C E: A compact convex nonempty}.
Clearly Xg C Ygr. These spaces are equipped with the Pompeiu-Hausdorff distance

€A yeB

h(A, B) = max {sup disty(z, B), sup dist4(y, A)}

under which each one of them is complete. The spaces X and g, endowed with the

usual operations of addition A + B and multiplication AA by a scalar A > 0, have

the following properties:

(a) For A,B,C € Yg and A\, > 0 we have: (i) A+ {0} = A4; (ii)) A+ B =B+ A;
(iii) A+ (B+C) = (A+ B)+ C; (iv) 1A = A; (v) MpA) = (A\n)A; (vi)
MA+ B) =AA+AB; (vil) ( A+ p)A CAA+ pA. If A, B,C € X then (i)—(vi)
are valid and instead of (vii) we have: (vii’) (A + u)A = AA + pA.

(b) For A, A’ B, B’ € Y and A > 0 we have:

WA+ A, B+ B)<h(A, B)+h(A,B),  h(AA,A\B) = \h(A, B).

A set A C X is said convex if A, B € Aand 0 < A < 1imply (1 - AN)A+ AB € A.
Set
K(Qr) = {A C Dg : A compact nonempty},

K(Xg) = {A C Xg : A compact nonempty},
C(Xg) = {A C Xg : A compact convex nonempty}.
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Evidently, C(Xg) C K(Xg) C K(Yr). These spaces are equipped with the Pompeiu-
Hausdorff metric

H(A,B) = max {sup disty, (A, B), sup disty(B, A)}

AeA BeB

under which each one of them is complete.

It is worth noting that for A, B € Yr and A, B € K(Qr) we have

hA,B)=inf{r >0 : AC B+rBg, BC A+rBg},
H(A,B)=if{r >0 : AC N[B,r|, BC N[A,r]}.

Furthermore, each one of the spaces Xg, Yg, C(Xg), K(Xg), K(Yr) is separable, if
the underlying Banach space E is so.

For A, B € K(g) the operations of addition A+ B and multiplication AA by a scalar
A > 0 are defined as follows:

A+B={A+B: A€ A BEe€ B}, M={\A:Aec A}

Under these operations the space K(Qg) (and similarly (Xg) and C(Xg)) is stable,
ie. A+ B e K(Qr) and MM € K(Dg), if A, B € K(Yg) and A > 0.
Whenever E = R? we omit the subscript R? and thus we write X, 2), K(X), £(9),

C(@) instead of %Rda QJRd7 K(%Rd), K(@Rd), C(@Rd)

The proof of the following proposition is easy and thus it is omitted.

Proposition 2.1. For A,B,D € K(Yr) and A\, u > 0 we have: (i) A+ {{0}} = A;
(it) A+B = B+ A; (iii) A+(B+D) = (A+B)+D; (iv) 1A = A; (v) A(pnA) = (M) A;
(vi) M(A+B) = M+ \B. If A,B,D € K(Xg) (resp. C(Xg)) and X\, ju > 0, then
(i)—~(vi) are valid and moreover we have: (vii) (A + p)A C MNA+ uA (resp. (vii')
A+ p) A= A+ pA).

Proposition 2.2. For A, A", B,B" € K(Yg) and A > 0 we have:

H(A+ A B+ B)<H(AB)+ H(A, B), (1)
HO\A,A\B) = MH (A, B). 2)

Proof. Let us prove (1). Let A € A and A" € A’ be arbitrary. Let B € B and
B’ € B’ be such that h(A, B) = dist, (A, B) and h(A’, B') = dist,,(A’, B"). We have

disthn(A+ A, B+ B') <h(A+ A", B+ B

h(A, B) + h(A', B') = dist,(A, B) + dist, (4, B)

sup dist, (X, B) + sup disty(X,B) < H(A,B) + H(A', B')
XeA Xed

and thus
sup distp(A+ A, B+B)<H(AB)+ HA,B).
AcA ANl
From this and the analogous inequality obtained by interchanging the roles of A, A’
and B, B’ we obtain (1). The proof of (2) is immediate. O
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The convex hull cox, A of a nonempty set A C X is defined as

i=1 =1

cox, A = {XE%E:X:Z)\iAi for some A; € A, \; EO,ZAi:1},

The closure of cox, A is denoted by ¢ox,.A. The sets cox,.A and tox,.A are convex.
Moreover, in view of [6, Prop. 3], it follows that ¢ox,.A € C(Xg) whenever A € K(Xg).

Let v : Yr — Xg be the map given by v(A) = oA, A € Yg. Evidently, v(A) € Xg
by Mazur’s theorem [7, Vol. I, p. 416]. Define now I' : P(Yr) — P(XE) by

['(A) =[A]l, A€ P(Dg)

Since h(¢6A,coB) < h(A, B), A, B € Xg, one can conclude that A € () implies
~v[A] € K(XEg). Thus the restriction of T to (k) takes values in K(Xg), i.e.,

I':KQr) — L(Xg).
Proposition 2.3. For A, A" € K(Yr) we have H(I'(A),I'(A")) < H(A, A').

Proof. Let X € I'(A), i.e., X = v(A) for some A € A. Let A’ € A’ be such that
h(A, A") = disty (A, A"). Setting X' = v(A’), we have

h(X, X') < h(A, A") =dist, (4, A) < H(A,A).
Hence dist,(X,I'(A")) < H(A, A’) and thus
sup disty(A,T(A)) < H(AA).

Xel'(A)
The statement follows from the latter inequality and the analogous one obtained by
interchanging the role of A and A’. O
3. Radstrom type embedding

In this section we prove a Radstrom type embedding for the space C(Xg). We start
with the following

Proposition 3.1 (Algebraic cancellation law). Let A, B,U be nonempty subsets
of Xg and suppose that B is convex and closed and U is bounded. Then A+U C B+U
implies A C B. Furthermore, if A, B,U € C(Xg) we have:

A+U=B+U iff A=B.

Proof. As in [18]. O

Proposition 3.2 (Metric cancellation law). Let A, B,U be nonempty subsets of
Xg and suppose that B is convex and U is bounded. Then, for r > 0,

A+UC N[B+U,r| implies A C N[B,r]. (3)
Moreover, if A, B,U € C(Xg) we have
HA+U,B+U)=H(A,DB). (4)
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Proof. Let us prove (3). Let A € A be arbitrary. Let ¢ > 0 and set ¢, = 1/2F. Fix
any Uy € U. Evidently

A+Uye A+U CN[B+U,r| ={X € Xg : dist, (X, B+ U) <r}

and thus there exist By € B and U; € U such that h(A+ Uy, By +U;) < r+¢€;. Then
by induction one can construct By € B and U, € U such that

h(A—l—Uk_l,Bk—i-Uk) <r+e, k=1,2,---
We have

h (Z(A+Uk1), (Bk—i-Uk)) < h(A—l—Uk_l,Bk—i-Uk) < nT—l—ZGk. (5)
k=1

k=1 k=1 k=1 =

On the other hand

n n

WY (A+Ui), > (B + Uk)>
k=1 k=1

n

n n—1
= h|nA+U,+ Uk_l,ZBk+ZUk+Un>
k=1 k=1

k=2

" Uy 1 < U,
=h nA—{—UO,ZBk—I-Un>Znh(A+70,ﬁZBk+7>-
k=1

k=1

The latter and (5) imply

Up 1 U, 1 < 1
hlA+—, — B, + — — —.
< +n’nz k+n)<r+n26k<r+n
k=1 k=1
Thus for n sufficiently large, say n > ng, we have
h|A 1Zn:B <r+
— r+ €.
7nk:1 k

Since (1/n)> ;_, Bi € B, for B is convex, it follows that dist,(A,B) < r. Conse-
quently A C N[B,r] and (3) is proved.

Suppose now that A, B,U € C(Xg) and let r > H(A+U, B+U) be arbitrary. Clearly
A+UCN[B+U,r] and B+U C N[A+U,r]|

and thus by (3)
ACN[B,r] and B C N[A,r],

which imply H(A,B) <r. Asr > H(A+U,B+U) is arbitrary it follows that
H(A,B) < HA+U,B+U).
Since on the other hand H(A+U,B+U) < H(A, B), then (4) holds. O
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We are now ready to prove the following

Theorem 3.3 (Generalized Radstrom embedding). Let Xg be the space of all
nonempty compact and convex sets contained in a real Banach space E. Then there
exists a Banach space (F, || -||) and a map J : C(Xg) — V, where V = J[C(Xg)], such
that:

(1)  JAA+pB) =AJ(A) + uJ(B) for A,B € C(Xg) and A\, u > 0;

(#) |[J(A) = J(B)|| = H(A, B) for A,B &€ C(Xg);

(71) 'V is a convex cone contained in F, complete under the metric induced by the
norm of IF.

Proof. The space (C(Xg), H) has the properties stated in Propositions 2.1, 2.2 and
in addition it satisfies the algebraic and metric cancellation laws of Propositions
3.1, 3.2. By Radstrém theorem [18], there exists a normed space Fy and a map
Jo : C(Xg) — Vy, where Vy = Jo[C(Xg)] is a convex cone in Fy, satisfying (i) and (7).
Denote by F the Banach space obtained by completion of FFy with the corresponding
linear isometric map u : Fg — F having dense image u[Fo| = F. Define J : C(Xg) — F
by J(A) = (uoJy)(A), A € C(Xg), and set V = (uo Jy)[C(Xg)]. It is easily seen that
J satisfies (i) and (i) and that V is a convex cone in F. Furthermore V is complete
because C(Xg) is so and J is an isometry. ]

Consider the space Xg of all nonempty compact convex subsets of a real Banach
space E. By Radstrém’s embedding theorem [18], [16] there exists a real Banach
space (F,|| - ||) and a map i : Xg — W, where W = i[Xg| C F, such that:

(i) i(AMA+ puB) = Xi(A) + pi(B) for A, B € Xg and A\, u > 0;

(i) |li(A) —i(B)|| = h(A, B) for A, B € Xg;

(iii) W is a convex cone contained in F, complete under the metric induced by the
norm of F.

Set
K(W)={® C W : & is compact nonempty},

C(W) ={® C W: & is compact convex nonempty}.

Each of these spaces is complete under the Pompeiu-Hausdorff metric H.

Define I : P(Xg) — P(W) by
I(A) =i[A], AecP(Xg)

and observe that I is one-to-one and onto. Moreover, A € K(Xg) (resp. A € C(Xg))
implies 1(A) € K(W) (resp. I(A) € C(W)) and thus each one of the following maps

[:K(Xs) — KW),  1:C(Xg) — C(W)

is one-to-one and onto.

The proofs of the following Propositions 3.4 and 3.5 are easy and thus they are
omitted.
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Proposition 3.4. For all A, B € K(Xg) and A\, u > 0 we have:
(i) IAA+ pB) =M (A) + pl(B)
(i) H(I(A),I(B)) = H(A,B).
Proposition 3.5. For each A € K(Xg) we have
copl (A) = I(cox, A), copl(A) = I(cox, A).

Proposition 3.6. Let {U,} be a sequence of compact sets U, € K(Xg) and suppose
that, for some set A € C(Xg),

. I~
nh_)n;(j]—] <ﬁ El coxE?/li,A> = 0.
Then

. 1«
lim H (E;Ui,/\> = 0. (6)

Proof. Consider the corresponding sequences {I(U,)} C (W) and {I(cox,U,)} C
C(W). We have

1 < 1 < 1
H—E_I‘[ :HI—E_'I :H—E_‘
(n — COf (uz)a (A)> ( (n - CO%m“z) ) (A)> (n - CO%JEZ/{MA)
and thus
. I~
lim H (5 El COFI<Ui),I(A)) =0.
By virtue of Artstein and Hansen’s lemma [1], it follows that
1 n
lim H| - IU),1 =0.
Jim, (n > 14), <A>> 0
From this we obtain (6), for
1 o 1 1
il . — = T —H|(= . _
(o) o (15e) r) - (130)

This completes the proof. ]
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4. Expectation of random sets

Throughout the rest of the paper (€, P) is a complete probability space without
atoms. Let B be any one of the spaces C(Xg), K(Xg), K(Qr), where the underlying
Banach space E is separable. By a random set we mean a map U € L'(Q,]3), that is
a map U :  — P which is measurable [4] (weakly measurable with the terminology
of [12]) and integrably bounded, i.e., w — H(U(w), {{0}}) is integrable.

By using the Aumann integral [3] we now introduce the expectation of a random set
in the following

Definition 4.1. For U € L'(Q, K(Dg)), put

/Z/{dP = {/ SdP : S :Q — g is a measurable selector on/{} )
Q Q

Then the set

EU:/Z/IdP
Q

is called the expectation of U.

The expectation EU of a random set U € LY(Q,K(Xg)) or U € L'(Q,C(Xg)) is
defined analogously.

The following theorem shows that the expectation EU of any random set U €
LY(Q,B) is a nonempty closed subset of Xg. With the notation of Section 2, we
recall that I' : K(9gr) — K(Xg) denotes the map defined by

['(A) =[A], A€ K(De),

where v : Qg — Xg is the map given by v(A) =0A, A € Y.
Theorem 4.2. For any random set U € L' (2, K(Yg)) we have

EU = ET olU. (7)

Proof. It suffices to show that

/Q UdP = /Q T oUdP. (8)

Let A be an element of the set on the left-hand side of (8). Then, for some measurable
selector S : 2 — Qg of U, we have

A= /Q SdP. (9)

Since yo0 S is a measurable selector of I'olf and, by virtue of [13, Vol. 1, p. 201, Prop.

5.11]
/SdP:/fyoSdP
Q Q
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it follows that A is in the set on the right-hand side of (8). Hence
EU C EToU. (10)

Conversely, let A be an element of the set on the right hand side of (8). Then (9)
holds for some measurable selector S : 2 — Xg of ol : Q — K(Xg). We will show
that there exists a measurable selector ¥ : Q@ — Qg of U : Q@ — K(Xg) such that
S =~ oX. To this end, consider the map f : 2 x Pr — R given by

f(waX) = h(S(w)vv(X))’ (W>X) €N XYg

and observe that f(w,X) is measurable in w and continuous in X. Clearly S(w) €
~[U(w)] and thus for each w € Q) there exists some X € U(w) such that S(w) = v(X),
which implies that the closed set {X € Qg : f(w, X) = 0} is nonempty. On the other
hand (€2, P) is complete and hence by [12, Theorem 6.4] the map

w—={XeYr: flw,X)=0}, we
is measurable. Consequently also the map
w—={XeYr: f(w,X)=0}NUW), we

whose values are nonempty compact subsets Qg is measurable and hence, by the
Kuratowski and Ryll-Nardzewski theorem, it admits a measurable selector > : 2 —
Y. Evidently ¥ is a measurable selector of U satisfying f(w,>(w)) = 0 for each
we N As f(w,X(w)) = h(S(w),7(X(w))), it follows that S(w) = y(X(w)), for each
w € ), and thus S = v o0 X. Since

A:/SdP—/fondP—/ZdP,
Q Q Q

we conclude that A is an element of the set on the left hand side of (8) and thus
ET ol C EU. This and (10) imply (7), completing the proof. O

Theorem 4.3. For any random set U € L*(Q, K(Xg)) we have

EU = Eox,U. (11)

Proof. It suffices to show that, given A € fQ cox,UdP and € > 0, there exists
B € [,UdP such that h(B,A) < e. For some measurable S : Q — Xg satisfying
S(w) € cox,U(w), w € Q, we have

A= /Q SdP. (12)

With the notation of Section 3, let 7 : Xg — W be the map occurring in the Radstrém
embedding, where W = i[Xg] C F, and let I : K(Xg) — (W) be given by I(A) =
i[A], A € K(Xg). Since io S : Q — W is measurable and i(S(w)) € i[cox,U(w)] =
copi|U (w)] = €opl o U(w), we have

/z'OSdPe/@Joucch/JouczP. (13)
Q Q Q
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Here the inclusion holds by virtue of [11, Corollary 4.3], for the probability space is
without atoms. From (13) it follows that, for some measurable ¥ : Q@ — W satisfying
Y(w) € lolU(w) =ilU(w)], w € 2, we have

/EdP—/ioSdP
Q Q

Put S =i'oX. Clearly S : Q — X is a measurable selector of ¢ and thus

/ SdP ¢ / UdP.
Q Q

B:/QS‘dP, (15)

in view of (12), (15) and (14) we have
/EdP — /z'oSdP
Q Q

(fser) =+ ()] -

Then (11) holds and the proof is complete. O

< €. (14)

Setting

h(B,A) = <€

From Theorems 4.2 and 4.3 it follows that for any random set U € L'(Q2, K(Dg)) we
have
EU = ET ol = Ecor, T oU (16)

and thus in particular EU € C(Xg).

5. Convexification in the limit

The following proposition is an immediate consequence of the Shapley-Folkmann-
Starr theorem [14, p. 407].

Proposition 5.1. Let A be a nonempty compact subset of R:. Then, for each o > 0
there exists n® = n°(A, o) such that

m—times
———
A+--+A m

h| ———, —coA | <o, mneN, n>n’
n n

Proof. By virtue of the Shapley-Folkmann-Starr theorem, for arbitrary m,n € N we

have
541—;51\111687 1 mfﬂmes mfﬁi\mes 1
h(i,@coA) = h(A+-+Aco(A+- -+ A) < =Vd-||A|
n n n n

from which the statement follows. O]
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With the notation of Section 2, for r > 0 set
D, ={AeYIn(A{0}) <r}, X, ={AecX[h(A{0}) <r}

K@)r ={Ac LQ)H(A {{0}}) <r},  K(X), ={Aec KEX)H(A {{0}}) <7}

and

C(X), = {A e K(X)[H(A {{0}}) <r}.
Moreover, we denote by B the closed unit ball in R? centered at zero.

Theorem 5.2. Let {U,} be a sequence of sets U, € K()), and let {I'(U,)} corre-
spond, where T'(U,) € K(X),, n € N. Suppose that for some A € C(X),,

. 1
7}1_)1{)10}[ (E El coxF(Ui),A> = 0. (17)
Then

1 n
lim H |- U, A|=0. 18
e (33504 "

Proof. From (17) by virtue of Proposition 3.6 we have

. 1
lim H (Z ;F(ui),fl> =0.

To show that (18) holds it is sufficient to prove the following
Claim 1. We have

lim H (% Z%%ZN%)) = 0. (19)

Let € > 0. Since ), is compact it admits a finite e-net, say N' = {Ay, As, ..., Ay}
with Ay € 9,, k = 1,...,N. Moreover, let 0 < ¢ < ¢/N. By Proposition 5.1, for
each k= 1,..., N there exists n) = n°(o, A;,) such that

m—times
——
Ae+-+ A, m
h(M, —COAk) < o, foreachn >nf, meN. (20)
n n
Let n = max{n{,nd,...,n%}. Since N is an e-net of 9,, the set P of all nonempty

subsets of N, say P = {Vi,V,,...,Vy}, is a finite e-net of K(2),).

Let us associate to the given sequence {U, } another sequence, say {V/ }, where V! € P
satisfies H(V!,U,) < € for every n € N. Evidently,

1 & 1 &
H(E;V{,E;Mi><e, neN (21)
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and
- 1 &
AN %A = N7
H(n ;_1 (m),n;_1 (w)) <e neN (22)

where the latter holds, for H(I'(V)),I'(U;)) < H(V.,U;).

Claim 2. For every n > n we have

n (13w iyro) < 2

In view of Claim 2 (the proof of which is postponed) it is readily seen that Claim 1
is valid. In fact

1, 1¢ 1 ~,, 1, T~ , I &,
H <ﬁ;ui,ﬁgr(ui>> <H (aguﬁg;m) +H <Egv%;r<vi))
( ZF Vi), Zr )
and thus, by virtue of (21)-(23), one has

1, Iv _

Hence (19) holds and Claim 1 is valid.

In order to prove Claim 2 we first show that

1 1 —
— "C N |= rw. > n. 24
n;ﬂ V! C ni; V),el, n>n (24)

Let V! be arbitrary. Thus for some A, € V!, i = 1,...,n, we have

%Zz 1
_, Al Set
1 n
_ 2 Al 25
2o (25)

and observe that Y € 3"  T'(V/). For the validity of (24) it suffices to show that
hMX,Y)<e

Indeed, for eachi=1,...,n we have A, € V! C N, which implies that { A}, A}, ... A"}
C {Ay, Ay, ..., Ax}. Let us divide the set {A}, A5, ..., Al } into N subsets, some of
which are possibly empty, in such a way that for each k = 1,2,..., N, the k*"-set
consists of the my, elements A, which are equal to A;. Thus

m1—times mo—times mp —times
] —— e N ~ % ~
Xo= —[(Art -+ A+ (Aot Ay) oo (An -+ Av)] - (26)
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where my +---+my =n, 0 < my < n. Since n > n, where 7 is given just after (20),
it follows that (20) holds with 7 in the place of nY. Therefore we have:

my—times

1 —————
—(Ap+ -+ Ap) C %coAk +o0B,

m—times
m 1 —mm"~—
—kCOAk C —(Ak+ +Ak) +o0oB
n n

for each n > n and k =1,...,N. From (26), in view of (27) it follows that

X C @COA1+---+@00AN+O‘NB
n n

m1—times m —times
" N

1 ' N 7 N,
= ;[(CoAl + -4 coAy)+ -+ (c0OAN + -+ coAy)] + oNB (28)

1
= —(coA| + -+ coA))+oNB
n

CY +eB,

for o N < e. Similarly from (25), in view of (27), we have

Y = —(coA] + -+ coA))

S

m1—times m —times
N\ 7\

1 7 N\ 7 Y
= ﬁ[(COAl + -4 coAy)+ -+ (c0AN + -+ - + cOAp)]

IECOAl‘i_"'_‘_@COAN (29)
n n

m1—times mpy —times
—_———— 7\ ~
(Ay+-+A)+ -+ (Av+--+Ay)|+oNB

(Aj+---+A)+0oNBC X +e¢eB.

S 3=

Now (28) and (29) imply h(X,Y) < ¢ and thus (24) is valid.

By an analogous argument one can show that

%ir(vgczvl%ivg,g

which, combined with (24), yields (23) and thus Claim 2 is proved. This completes
the proof. ]

n>n

6. Strong law of large numbers

In this section we prove two theorems on the strong law of large numbers, the
first one dealing with independent identically distributed (i.i.d.) random sets U,, €
LY (9, K(Xg)), the second one with i.i.d. random sets U,, € L' (22, K(Q)).
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Theorem 6.1. Let Xg be the space of all nonempty compact convex subsets of a sepa-
rable real Banach space E. If {U,} is a sequence of i.i.d. random sets in L*(Q, K(Xg)),
then we have

n—oo

. 1
lim H (E;L{Z-(w),ELﬁ) =0, as. (30)

Proof. The map I : K(Xg) — K(W) introduced in Section 3 is a positively homoge-
neous isometry. Clearly {I oU,} is a sequence of i.i.d. random sets in L!(Q, (W))
and hence the strong law of large numbers of Artstein and Hansen [1] (see also [10])
yields

1 n
lim H = Toli(w),EIolU | =0, as. 31
J (nZ oUw), Bl o ) as (31)

Furthermore, in view of Proposition 3.4,

1 & 1 &
! <ﬁ§ :Ioui(w)> = - § U (w), I"YEIolU,) = El,
i=1 =1

and thus
H (%Zui(w),Eul) =H (I_l <%i[oui(w)> ,Il(EIoU1)>
= H (%zn:[oui(w),E]oLﬁ) .

From this and (31) we obtain (30), completing the proof. O

Theorem 6.2. Let Q) be the space of all nonempty compact subsets of R?. Suppose
that {U,} is a sequence of i.4.d. random sets in L*(Q, K()) satisfying H(U,(w),{{0}})
< ¢(w) for some ¢ € L'(Q,R). Then we have

. RS
lim H (E ;L{i(w),Ebﬁ> =0, as. (32)

n—oo

Proof. Clearly {coxI' oU,} is a sequence of i.i.d. random sets in L'(2,C(X)). Let
{&.}, where &, = J ocoxl o U, correspond according to Theorem 3.3. Now {&,} is
a sequence of i.i.d. random elements taking their values in V, a convex and complete
cone of a Banach space, and so the strong law of large numbers for random elements
in Banach spaces [15] yields

lim

n—oo

=0, as. (33)

2 D6l — B

Since J is an isometry and

J (%;@xrobﬁ(w>> = %;fz(w), J(Ecoxl olhy) = E&
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then from (33) we deduce that

. o _

lim H (ﬁ Zcoxl“ oU;(w), Ecoxl’ oL{1> =0, as.
Moreover, H(U,,(w), {{0}}) < ¢(w) and thus by Theorem 5.2 one has

1 n
lim H (- > Ui(w), EcoxD oul) =0, as.

n—o00 n
i=1

Consequently (32) holds, since Ecoxl’ o Uy = EU; by (16). This completes the
proof. ]
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