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We consider the Marcinkiewicz function space My, and its subspace of order continuous elements
My, We provide criteria for a function in the unit ball of My, or M}, to be a smooth point.

The description of smooth points in specific spaces have been of interest to many
authors since the Banach spaces were born [1]. It is a part of basic knowledge of the
isometric structure of Banach spaces with many applications to best approximation,
isometries, optimization, projections or local geometry [4, 8, 10, 14, 15]. Let us
mention for instance that characterization of smooth points in Lorentz spaces have
been done in [4], in Orlicz spaces in [5], in Musielak-Orlicz spaces in [3], in Orlicz-
Lorentz spaces in [13], or in the Lorentz spaces I',,, in [6]. The smooth points in
both Lorentz and Marcinkiewicz sequence spaces with decreasing weight have been
studied in [10].

In this note, our goal is to characterize the smooth points of the unit ball in Marcinkie-
wicz function spaces. We will consider here only the case of a decreasing weight
function.

Marcinkiewicz and Lorentz spaces play an important role in the theory of Banach
spaces. They are key objects in the interpolation theory of linear operators [2, 12].
Marcinkiewicz spaces go back to the theorem on weak type operators [14, Th. 2.b.15]
originally due to J. Marcinkiewicz in the 1930-ties.

We will start by agreeing on some notations. Let L° be the set of all real-valued
| - |-measurable functions defined on (0,00), where | - | is the Lebesgue measure on
R. The distribution function d; of a function f € L% is given by d¢(\) = |{t > 0 :
|f(t)] > A}, for all A > 0. For f € LY we define its decreasing rearrangement as
f*(t) =1inf{s > 0 : ds(s) < t}, t > 0. The functions d; and f* are right-continuous
on (0,00). As usual by f A g we denote the essential minimum of f,g € L°.

A positive decreasing function w € L° is called the weight function whenever
limy o+ w(t) = oo, liny_ w(t) =0, W(t) = fotw < oo for all t > 0, and W(o0) =

fooow = OQ.
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The Marcinkiewicz space My 9, 12] is the space of all functions f € L satisfying

fot f*(s)ds
W(t)

[fllw = sup < o0.
t>0

We also define

My, =< f€My: lim fotf*:o
w W0t W) '

The space My equipped with the norm || - ||y is a Banach space. The subspace My,
is closed in My, and it is the subspace of all order continuous elements of My, which
also coincides with the closure of all bounded functions of finite measure supports [9,
Theorem 2.3]. It is also well known that Mj}, is an M-ideal in My, [9, Theorem 2.4].

Recall that the Lorentz space A ,, is a subset of L? such that

1l = / P = / POt < oo

The space (A1, || - |l1.w) is isomorphically isometric to the dual of My, [12, Theorem
5.4]. The functionals on My induced by elements from A, ,, are called regular, while
the functionals that vanish on M), are called singular. By the M-ideal property of
M, in My, every functional ¢ € (My,)* has a unique representation ¢ = v + &,
where ¢ € Ay, € is singular, and ||¢|| = ||¥||1.w + |€]]-

Given a Banach space (X, || - ||), we will denote by Sx and Bx respectively, the unit
sphere and the unit ball of the space. Recall that x € By is a smooth point of the
ball Bx if  has a unique norm-one supporting functional, that is there is a unique
¢ € X* such that ¢(z) = ||z|| or alternately ||¢| = ¢(x) = 1.

The next two theorems are our main results characterizing smooth points in Marcin-
kiewicz spaces My}, and My, .

Theorem 1. Let f € Syp . Then f is a smooth point in M, if and only if there
exists a unique 0 < a < oo such that

Jo I
Wi(a)

L= |fllw = (1)

Theorem 2. A function f € Sy, ts a smooth point in My if and only if

. [ . [
1 0 1 d 1 0
P W S Sy

<1,

and there ezists a unique a € (0,00) such that

Jo I*

W(a) L

In order to prove these theorems we need several lemmas and propositions.
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Lemma 3. Let f € Sy, . If

. I . Iy
limsup“2— =1 or limsup 22— =
oD W () oo LW (1)

then there exists a decomposition f = f1 + fo such that |fi| A |f2] =0 and ||fi||lw =
I follw = 1.

tn rx
Proof. Case 1. Assume that t, — oo and limn_,oo% = 1. Without loss of

generality we can assume that (¢,) is an increasing sequence.

We claim that there exist a sequence of sets (F},) and a sequence of positive numbers
(sn) such that F; N F; =0, for all ¢ # j, |F,| < s, and for all n € N,

Je, 1] 1
Wis) = an

By [2, Lemma 2.5], we can find a sequence of sets (E,,) such that £, C E,..1, |E,| =t,
and [;" f* = [ |f|. By the assumption, there exists n; > 1 such that

fEnl |/ fm1 f* 1
Wih) W)~ 2

Set 1 = E,, and s; =t,,. Then, for n > ny,

fon f* B fEnl |f| + fEn\Enl |f| _ fEnl |f| fEn\Em |f|

W(tn) W(tn) W(tn) Wi(tn)

so in view of W (t,) — oo we have

W W(ty)  niee W(tn)

Therefore there exists ny > n; such that

fEnz\F1 |/ >1_ 1
Witn,) — 22

Let now Fy = E,,, \ E,, and s3 = t,,. So Fy N F} =),

Proceeding further by induction we shall find a subsequence (ny) € N such that

fE \E. |f| 1
MR VR > 1 - — . keN.
Wtn) = 20 FS



382 A. Kaminska, A. M. Parrish / Smooth Points in Marcinkiewicz Function ...

Setting I}, = E,, \ E,, and s = t,, we get the claim.
Now define the sets

G1 = (G an_1> U <R+\ [j Fn> and G2 = [j FQn.
n=1 n=1 n=1

Set fi = fxg, and fy = fxg,. Then for all n € N, in view of the claim and the
Hardy-Littlewood inequality,

|F'n7| Son— Son—
1 < fFanl |f‘ — fo ’ ' fik < 02 1fik < f[)2 lf*

1_ <1,
2201 = Wisgp—1)  Wi(san—1) = Wi(san-1) =~ W(san-1) —
SO I
S2n—1
, I
1= > lim 20— =1,
”f”W*—nﬂmIV(&WJ)

Hence || f1||w = 1. Similarly || fo|lw = 1 and the first case is complete since f = fi+ fo.

tn px
Case 2. Assume that ¢, — 0 and lim,,_, % = 1. Without loss of generality we

can assume that (t,) is a decreasing sequence.

We will show by induction that we can find a sequence Fj, C (0, 00) of disjoint sets,
(si) C (0,00) and (ng) C N, ny — oo such that for all £ € N, |Fj| < s; and

Jn 11 |
W(Sk) - Qmk—1—1

where ng = 1. As in case 1, we can find a sequence of sets (£,,) such that £, D E, 1,
|E,| = t, and [;" f* = [ 5. [f]. Without loss of generality assume that for all n € N,

1>

e S IS 1
L2 ey T W S ®

We can write

Je \FL - Jenp 1L [ 1f]

= + 3
W)~ W) W) ®)
SO I
|f]
lim “Ln =0
n—oo W(t1)
Choose n; > 1 such that
Jo 1fl 1
P © 0 = (4)
Wi(ty) 22
Hence from (2), (3) and (4),
f
AL O U N

- 1— =
Wi(t,) — 5 2 22 22
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Let Fy = Ey \ By, and s; = t;. Then |F}| < s; and

Il falfl

L2 Wy w2

In view of (2), for n > ny,

fEnl\En|f| :fEn1|f|_ fEn’f| > 1 L fEn‘ﬂ

W (tn,) Wit) W(tw) —  2m Wi(ts)

Note that lim,, . ‘ﬁf&lﬂ) = 0, so there exists ny > ny such that

fEn2 /] 1
< .

Wi(t,,) 22m

Hence

1>fE,L1 N Je, 1 I, flo, v v 2me2 1
T Wtn,) T Wits,) Wity ~ om  22m — 221 T Qm—l’

Letting Fy = E,, \ E,, and sy = t,,,, we get that |F,| < so, F1 N Fy = ) and

Jelfl 1
W(Sg) - 2n1—1

Proceeding further by induction we prove the claim.

Define now the sets G, G5 and the functions f1, f> like in the first case. By the claim
and the Hardy-Littlewood inequality, for all £ € N,

_ < 1.
ong—1—1 — W(Sk) - W(Sk> o

Hence
i
1= > lim 2 —— =1,
||f||W vl W(SQk—l)
and so || f1||w = 1. Similarly, || f2|lw = 1 and the proof is complete. O

It is well known that My, contains an isomorphic copy of I, and M}, contains an
isomorphic copy of ¢p. In fact My, is not order continuous since f, = wx(o,1/n) | 0,
but || fu|lw = 1 and so by [11, Theorem 4, page 295], My, contains an isomorphic copy
of l.. Applying now [11, Theorem 9, page 298|, My}, contains an isomorphic copy of
co since it does not satisfy the Fatou property in view of f, = wx(o.n) T X(0,00) & My} -
Using Lemma 3, we can now prove something more.

Corollary 4. My contains an isomorphic and isometric copy of l.
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Proof. Let f = w. By Lemma 3, there exist wq,ws > 0 such that w = w; + wo,
w; Awy = 0 and ||wq|lw = ||wa|]lw = 1. By induction, there exists a sequence (wy,)
such that w; Aw; =0 for all i # j, w=>""", w; and ||w,|lw =1, for all n € N.

We claim that the closed linear span of (w,) in My, is isometric to lo. Indeed, let
m € N and (A,)>2; C R. Then

= aX1<p<m | An wy,)" n
Z)\nwn §supf0(m X1<n< | ’Z =1 ) — max \)\|Supf0 lw
— - t>0 W(t) 1<n<m t>0 W(t)
< max el < 100
Also for alln =1,--- ,m, and any m € N,
n=1 w
Hence
Z)‘ Wn, > [[(An) lloo>
w
and the proof is complete. [
Proposition 5. Let f € Sy, . If
N Jo I
limsup 22>— =1 or limsup =2 =
2P W SR W) T

then there exist two different norm-one supporting functionals at f.

Proof. By Lemma 3, there is a decomposition of f = f; + f such that |fi| A |fe| =
0 and ||fillw = ||f2]lw = 1. The two-dimensional subspace spanned by {fi, fo}
is isometric to the two-dimensional space [2, with supremum norm. In fact, this
isometry is given by T'f; = e;, i = 1,2, where e; = (1,0) and e; = (0,1). Thus
Tf = T(fi + fo) = (1,1). The point (1,1) is not smooth in [%, and so by the
Hahn-Banach theorem, f is not smooth in My, . [

Lemma 6. Let f € Sy, (or f € SMSV)‘ If there exist 0 < a < b < oo such that

b
Wl = oLt

W(a)  W(b)’

then there exist two different regular norm-one supporting functionals at f.

Proof. By [2, Theorem 2.5], choose the sets E(a), E(b) C (0,00) such that |E(a)| =
a, |E(b)] =b, E(a) C E(b) and

/Oaf*z/E(a)!fL /Obf*:/E(b)!f!
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Define
00 = gy [ ) 0wt outo) = g [ )

Then we have that ¢1(f) = ¢o(f) = 1. It follows that ||¢;|| = 1, since

1 1 [,
Oy ey e

Similarly [|¢s]| = 1, so ¢; and ¢ are norm-one supporting functionals at f. Now
consider g = X sign f. Then 61(g) # éa(g), 50 61 # o 0
Lemma 7. Let f € Sy, (or f € SMQV) and ¢ be a supporting reqular functional at

[ induced by h € Ay If for some ty > 0, fgo fr< foto w, then there exists s > 0
such that h*(to) = h*(to + s), that is h* is constant on some right neighborhood of tg.

Proof. Assume for a contrary that for all s > 0, h*(tg) > h*(to + s). We will show

that N N
/ B < / hw, (5)
0 0

which is a contradiction since then

16l = 6(f) = / hy < / W < / Brw = [l = 9]

Note that since || f||w = sup,-q {V() = 1, we have that for all ¢ > 0, [} f* <[5 w.
Therefore by Hardy’s Lemma, [;°h*f* < [;° h*w

To prove (5), notice that by the integration by parts formula,

/OOO W) F (8 dt = /OOO W (£)d (/Ot f*(s)ds)
—e [l [T [ o) aonw. o

The measure p defined on (0,00) as d(—h*(t)) = du(t) is positive on any (to,to + s),
s > 0, by the assumption h*(tg) > h*(ty + s) and right-continuity of h*. Also the
assumption foto f* < foto w implies that the inequality fg < fg w must be satisfied

on some interval (to,to + s). Since also fo < fo w for every t > 0, we must have

that r (/f ) acwi < [ (/Otw@) ds) d(-1(0)

Notice also that

0 [ re
— lim 11 / F(s) ds < lim (1 )/Otw(s) ds = h*(¢) /Otw(s) ds

Combining the above two inequalities we get the claim. ]

o0

o .
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Lemma 8. Let f € Sy, (or f € SM&/). If there exists a unique number 0 < a < 0o
such that .
Jo I”

Wi(a)’

then f has a unique reqular norm-one supporting functional.

L= |fllw =

Proof. Let ¢, induced by h € A, ., be a norm-one supporting functional of f. Then

— [ th=1=Jol = bl = [ nw
0 0

We have that fot fr< fgw, for all 0 < ¢ < a. So by Lemma 7, h* is constant on
some right neighborhood of ¢, for all 0 < ¢t < a, so h*(t) = «, for all 0 < ¢t < a.
We apply the same lemma for ¢t > a, so h*(t) = 3, for all t > a. But h € Ay, so
limy .o h*(t) = 0, therefore 5 = 0. It follows that h*(t) = ax(0,e), hence h(t) is given
by
h(t) = alt)xa(t),

where A is some set with |A| = a and «(t) is a measurable function such that
lat)] = o

Since ¢ is a supporting functional, so

1= (6]l = 1Bl = 6(f) = / W< / B e

:/Ozf*:@/w:/ O‘X(o,a)w:/ hw = ||hf[1w =1
0 0 0 0

,fooohf:foooh*f* SO

| = [ et di= [ arxon() d
—a /E = / ol F (B Xz (1) dt,

where E(a) is the set such that [E(a)| = a and [ f* = fE(a) |f|. So we have that

1
Therefore o = W@

| as@nata = [ el ™)

0

We want to show now that A = F(a) a.e.. We show first that

Jon=for= g

Since |a(t)] = «, we obtain that a(t) = asign a(t), therefore we have

1:/ hf = / () dt = /Oooasigna(t)XA(t)f(t)dt.
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Hence

l—/oos1gna<t) AO)f dt</|f |dt<sup{/|f )| dt - |B|—a}
- [ rwa-we -

So we got that

a i B B l
Jusona= [ roa= [ iora=C 0

We show now that for all ¢ > a, we have that
F(a) = lim f5(s) > F(0) )

Let first 0 < ¢ < a. Then by the assumption

foa f* fa—c f* fa fa Cf Oa—cw faa Cf*
1= = + + )
Jow ‘w fyw Jo w fo Jow

a a
/ w < / fr.
a—c a—c

We have then that for all 0 < ¢ < a,

fa ST _Ila—cda _ fla—o)

fa Cw_ w(a)a — w(a)

that is

9

therefore w(a) < f*(a —¢), for all 0 < ¢ < a, and it follows that

f2(a) = lim f*(s) > w(a). (10)

s—a~

Now let ¢ > a. Since foa fr= foaw and fot fr< fotw, then for all ¢ > a, fat fr< fatw
Now by the inequality (10),

)(t —a) /f </w</ a)(t —a) < f*(a)(t — a),

and (9) is proven. So by (8) and (9), we have that A = E(a) a.e.. Therefore by (7),

| et ® dt = [ alr@)e d
0 0
We also have that, for a.a.t,

a(t) f(t)Xe@(t) < alf(t)Ixew®),

so from both we get that «(t)f(t) = «|f(t)] a.e. on E(a). Therefore signa(t) =
sign f(t) a.e. on E(a), and since A = E(a) a.e. and a = it follows that h(t) =

m sign f(t)Xg(a)(t), and ¢ is uniquely determined by h.

1
W(a)?’

O
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Remark 9. Let 0 < G(t) < F(t) for all t € (t1,t3), where 0 < t; < t3 < co. Assume
that F, G : (0,00) — [0, 00) are continuous and there exists a € (¢1,%2) such that

max F(t) = F(a) =1,

tE[tl,tQ]
and for all t # a, F(t) < F(a). Then

max G(t) < L.

teft,to]

Proof. If G assumes maximum on [t, ts] at z € [t1, 5], then for all t € (¢1,12), G(t) <
G(z) < F(z) < F(a) = 1. By continuity of G, for all t € [t1,t5], G(t) < F(2) < 1, so
maXep, 1) G(t) < 1. If G assumes maximum at ¢; or ¢y, say at ¢;, then by continuity
of G and F, for all ¢t € [t1,t5], G(t) < G(t1) < F(t;) < F(a) = 1. O

Now we are ready to prove Theorems 1 and 2.

Proof of Theorem 1. Let (1) be satisfied. The space M}, contains all order con-
tinuous elements of My, so the dual of MJ}, coincides with the space of regular
functionals, and by Lemma 8, f has a unique supporting functional.

Now let f be a smooth point. If (1) is not satisfied, since f € M, there exist
0 < a < b < oo such that ,
Jo I° :fof* =1.

W(a) W)

By Lemma 6 there are more than one norm-one supporting functionals at f, so f is
not a smooth point. O

Proof of Theorem 2. If f is a smooth point in My, the result follows from Lemma
6 and Proposition 5.
Let now ,

sup fO f — fO f — 1’

>0 W(t)  W(a)
for some unique a € (0,00). Let € > 0. Then there exist 0 < t; < a < t3 < oo such
that for all 0 < ¢ < t; and for all t > t,,

Jo I?
W) =

1—e.

Let
s =1inf{t: f*(t) = f*(a)} and sy =sup{t: f*(t) = f"(a)}.
We have sy < 00 since lim;_.o, f*(t) = 0.

We shall consider two cases. First, suppose s; = 0. We observe that W (t)/t is a
strictly decreasing function on (0,00). Then for all 0 <t < a, f*(t) = f*(a) and

B o tf(a)  af(a)
L= S W O W T W)
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It follows that f*(t) < f*(a), for all ¢ > a. Indeed, if not, then f*(t) = f*(a), for
€ (0,b), for some b > a. Then

JoI” _ f@pb _ frla)a _
1>$%m> W) T W)

which is a contradiction. Let E(t;) C (0,00), ¢ = 1,2, be such that |[E(t;)] = t;,
fo ff= fE(t)|f| and E(t ) E(ty). Let’s define g(t) = f(t)XE@)uEt)e- Denote by

P(t) = 55 and G(t) = £2. Then
ey )T, if t € (0,1);
g0 = {f*(t+t2—t1), if t € [ty,00).

Notice that ¢g*(¢) < f*(t), for all ¢ > 0, and g*(t) < f*(t), for all t € (¢1,t3). Hence
G(t) < F(t), for all t € (t1,t2), so by the previous remark, max,c, +,) G(t) < 1. We
also have for 0 <t < tq,

e L
W S we ST

and for t > to,

t oy t s
——fog <—fof <l-—e.

(t) = W) ~ W(t) —
Therefore ||g|lw < 1.

Now let 0 < 1 < a < sy < 00. Let z; = min{sy, ¢} and 2 = max{ss,t2}. In this
case, define g(t) = f( )XE(:1)UE(z0)e, Where E(z;) C (0,00), ¢ = 1,2, are such that
|E(2)| =z and [ f = Jp( |f|- Then

g*<t): f*(t)v ifte (O7Zl>;
[*t+ 22— z1), ift € [z1,00).
Then g*(t) < f*(t) for all t > 0 and ¢g*(t) < f*(¢) for all t € [z1, 23]. So G(t) < F(t)
on [21, 2] and by the previous remark, maxyc(., ., G(t) < 1. It follows analogously as
in the previous case that [|g||w < 1.

In both cases, ||g|lw < 1 and f — g has support with finite measure and it is bounded.
Thus f — g € My,

Consider ¢ € (M )* a norm-one supporting functional at f. Then ¢ has a unique
representation ¢ = ¢ + £, where ¢ € Ay, and £ is singular, that is ¢ (g fo gh,
for all g € My, and some unique h € Ay, and {(g) =0, for all g € M0 9]. ¢is a
supporting functional, so by the M-ideal property of M}, in My, we have

[l = [lvll + €]l = »(f) + &) = o(f) = llol],
therefore ¢ and ¢ are supporting functionals. Then {(f — ¢g) = 0, and so

€1l = &(f) = &(g) +&(f —9) = &(g) < lI€ll - lgll < lI€]
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Hence ¢ = 0 and ¢ is a regular functional. By Lemma 8, ¢ is unique and f is a
smooth point. O

We finish with the result in sequence spaces that can be proved analogously as Theo-

rem 1. It completes the earlier result on smooth points in Marcinkiewicz sequence

spaces in [10]. Let mY, = d.(w,1) be a subspace of order continuous elements in

Marcinkiewicz sequence spaces my = d*(w, 1) [10].

Theorem 10. An element x € S,,0 is a smooth point in m%, if and only if there
w

exists ig € N such that

> i () 217 (4)

> sup

WG T T
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