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We solve the problem of evolution for some classes of pentahedra (pyramids) in the three dimensional
Euclidean space by applying the inverse weighted Fermat-Torricelli problem of 5 rays that meet at the
weighted Fermat-Torricelli point Ay and the invariance property of the weighted Fermat-Torricelli
point. The main result is the three dimensional property of plasticity which states that: If we
decrease the weights that correspond to the first, third and fourth ray which passes from the apex
of the pyramid, then the weights that correspond to the second and fifth ray increase. Finally, we
introduce the notion of the generalized plasticity for weighted pyramids via a specific discretization
of the five weights along the five given prescribed rays.
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1. Introduction

An evolutionary structure of convex quadrilaterals in R? has been studied in [4] and
an evolutionary structure of tetrahedra in R? has been studied in [5].

In this paper, we derive an evolutionary structure of some classes of pentahedra
(pyramids) A;A;Az3A4As in R3. We apply the following ideas:

(1) Obtain a method of cyclical differentiation with respect to some specific angles
by calculating the weighted Fermat-Torricelli point for pyramids.

(2) Apply the invariance property of the weighted Fermat-Torricelli point and the
inverse weighted Fermat-Torricelli problem of five rays that meet at the weighted
Fermat-Torricelli point at Ajg.

(3) Derive some evolutionary equations that point out the plasticity of the weighted
pyramids by viewing them as a dynamical system of the weights in R? by using
specific symbolic computations that deal with the decomposition of weights of
pyramid to some specific weighted tetrahedra.

The main result of this paper is the derivation of a plasticity property of pyramids.
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Furthermore, we introduce the notion of generalized plasticity for pyramids via an
evolution due to the discretization of the weights that correspond to the weighted
Fermat-Torricelli point along the five given prescribed rays where the floating case
occurs.

At the appendix, we mention an elementary proof of the invariance property of the
weighted Fermat-Torricelli point in R? and all the necessary results (floating case,
absorbed case, existence uniqueness) that we need to complete our study.

2. The weighted “Fermat-Torricelli” problem for pyramids
We start by stating the problem for a pyramid A; A; A3 A4 A5 in R3.

Problem 2.1. Let A1A3A3A4As be a pyramid and A1 A3A3As be the base of the
pyramid. Suppose that a non-negative number (weight) B;, corresponds to each vertex
A; fori =1,2,3,4,5, respectively. Find the weighted Fermat-Torricelli point Ay of
A1 Ay A3 Ay As which minimizes the sum of the lengths of the line segments a; that
connect every vertex with Ay multiplied by the positive weight B;:

Biay + Bsay + Bsas + Byay + Bsas = minimum. (1)

Solution of Problem 2.1. The independent variables a;, as, o will be used, in
order to find Ay, where « is the dihedral angle between the planes AgA;As and
A3A; Ay (see Figure 2.1). The variables ag, a4, as can be expressed as functions of
ai, as and a:

as = as(ay, as, a), ag = ag(ay, as, a), as = as(ay, as, a). (2)
From (1) and (2) the following equation is obtained:
Biay 4+ Boag + Bsas(ay, as, ) + Byay(ay, az, ) + Bsas(aq, ag, ) = minimum. (3)
By differentiation of (3) with respect to the variables a;, as and o we get

(93 3a4 8(15
B B + B + B = 4
1+ 3al 4(91 Py 0, (4)

das Oay das
By + B + B + B =
2+ 382 482 56’@2 0, (5)
8a3 8 8a5 .
Bs—= Ta + Byj— 9n 14 By—2 5o = 0. (6)

We proceed by calculating equation (6).

We express a3 as a function of a1, as and « by using the following equations:

2 2 2
ajy + a; — ajy

cos(g2) = Y
102

o = @1z sin(a100) (8)

a12
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Figure 2.1.

ho123 = ho12sin(a),

2 9 2
Ty =Gy — ho,1237

h
sin(agy) = 2012 AT cos(oz))
o)

2_ 2., 92 /
x5 = T35 + a35 — 2T20a93, 08123 — ),
2 _ 2 12
az = 3 + hg 193,

or

a3 = a3 + aj; — 2ay3 [, [ a3 — h§ 15 cos(aias) 4 ho,12 sin(aies) cos(a) |,

835

(14)

where hg 12 is the height of the triangle VAyA; A from Ay to A1 Ay and hg 123 is the
distance from Ag to the plane A; A5 Az (see Figure 2.1).  We express a4 as a function

of a1, as and a by using the following equations:

h0,124 = h0,12 Siﬂ(ag - Oé)a

2 2 2
Ty = Qg — h0,1247

ho,12 cos(ag — )

/ 7
Lo

sin(ay) =

2 2 2 / "
xy = x5 + a3, — 2w5a94 cOS(Q2g — Q)

2 2 12
ay =y + hg 194,

or

ai = a3 + a3, — 2094 [@ [a3 — h§ 1 cos(aias) + ho2sin(aizs) cos(ay — a) |,

(15)

(16)
(17)

(18)
(19)

(20)
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Figure 2.2.

where ay is the given dihedral angle between the planes A3A; A3 A5 and A4A; Ay and
ho 124 is the distance from Ay to the plane A; A2 Ay (see Figure 2.2).
We express a5 as a function of a1, a; and a by using the following equations:

a?, = 955% + h(2),123 (21)
x? = 22 + als — 2w9a95 cos(aygs — ), (22)
a2 = a3 + als — 272055 cos(ayos — ) (23)

or

a2 = a3 + aj; — 2ass [@ a3 — hg’m cos(auas) + ho 12 sin(aqas) cos(a)| | (24)

We differentiate (14), (20), (24) with respect to a and we obtain (25), (26) and (27),
respectively.
aag

aga = —|—a23h0,12 Sin(@lgg) SiH(Oé), (25)
8a4 . .
Uag = —agqho 12 sin(ai24) sin(ay — @), (26)
8a5 . .
a5% = ag5hp 12 sin(a25) sin(a). (27)

By replacing (25), (26), (27) in (6) and by multiplying both members of (6) by $ai2,
we get:

B B B
BVOL(AgALAsAs) — —2VOL(AgA1AsAy) + —VOL(AgA A3 A5) =0 (28)

as Qg as

or

%CLZLVOL(AoAlAQAg) %CL4VOL(A0A1A2A5) —1 (29)
B4 CL3VOL(AOA1A2A4) B4 CL5VOL(A0141A2A4) -
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Figure 2.3.

The volume formula for AgA;As Ay, AgA1AxAs, AgA1As A5 are used by applying the
orthogonal projection of a3, ay, and a5 on the plane AgA; Ay (see Figure 2.3):

1 ) .
VOL<AOA1A2A4) = 6&1&2@4 s1n(a102) SlIl(Oé4)102),

1 ) .
VOL(A()AlAQAg) = 6&1&2@3 Sln(Ozl()Q) SlIl(Oég}log),

1 . .
VOL(AOA1A2A5) = 6&1&2&5 Sln(Ozlog) SlIl(Oz57102).
and we place them into (29), which gives

Bssin(asi02) B sin(as 102)

~1. (30)

B, sin (g 102) B, sin(ay,102)

We denote by «; jor the angle that is formulated by the line segment that connects
Ap with the trace of the orthogonal projection of A; to the plane A;AyA; with a;, for
6,7,k 1=1,2,3,4,5, 1 # ] # k #1i.

Similarly, by differentiating cyclically with respect to as, as, o', where o' is the
dihedral angle between the base of the pyramid which is A; A3 A3As and the plane
AgAy Az, we obtain the following equation:

B B B
“LVOL(AgA1 A As) — a—4VOL(A0A2A3A4) + a—5VOL(A0A2A3A5) =0 (31
4 5

a1

or

Bl CZ4VOL(AOA1A2A3) B5 CL4VOL(AOA2A3A5)

ECL1VOL(AOA2A3A4) EG5VOL(AOA2A3A4) B
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or

By si Bs si
1Sln(al,2o3) i 5Slﬂ(a5,203) —1 (32)

B, sin (o 203) By sin (o 203)

Similarly, by differentiating cyclically with respect to as, as, o, where o is the
dihedral angle between the base of the pyramid which is A; A; A3As and the plane
AgAsAs, we derive the following equation:

B B B
“LVOL(AgA A3 As) + a—QVOL(A0A2A3A5) - a—4VOL(A0A3A4A5) =0 (33)
2 4

a1
or
EG4VOL(AOA1A3A5) &CL4VOL(AOA2A3A5) —1
B4 a1VOL(A0A3A4A5) B4 CL2VOL(AOA3A4A5) N
or
&Sil’l(al’gogg) 1 %Sin(ag’gogj) _1 (34)

B4 SiH(Oé4’305) B4 Sin(Oé4’305)
Similarly, by differentiating cyclically with respect to ai, as, o, where /" is the
dihedral angle between the base of the pyramid which is A;A;A3As and the plane
ApAiAs, we get the following equation:

By By B,

a—VOL(AQAlAQA5) + a—VOL(AQAlAgAE,) - a—VOL(A0A1A4A5) == 0 (35)
2 3 4
or
%G;LVOL(A[)AlAQAg,) i %CL4VOL(AOA1A3A5) 1
B4 (12VOL(A0A1A4A5) B4 CL3VOL(A0141A4A5) N
or
Bg sin(a27105) X Bg Sin((l/37105) —1 (36)

B, sin(auy,105) By sin(ou,105)
By adding (28), (31), (33), (35), we obtain:

B B B B B B

Qy a1 a2 a3 Qy as

or

B, [ H B B B B
a_4< 4,1235_1):_1+_2+_3+—5, (38)
4

h0,1235 a a2 as Qs

where Hj 1235 is the distance from the vertex A, to the plane A; A2 A3As and hg 1235 =
ho123. We continue with the calculation of A, which is clarified by a1, as, . We
replace a3 = as(ay, az, @), ay = ay(ay, as, ), as = as(ay, az, ) by (14), (20), (24) in
(38) and square both parts, in order to obtain:

( B, ( Hy 1935 1))2 (31 By Bs Bs )2
. — = —+—+ + .
a4(a1, a2, Oé) h0,12 sm(a) (451 a2 ag(al, az, Oé) as(al, az, Oé)
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By replacing (14), (20), (24) in (28), we get:

Bs Bs By sin(ay, — @)
—h — 2 hr g = 40
az(ay, asz, @) 312+ as(ay, asz, @) 512 as(ay, az, @) 412 sin(a) (40)
or

Bs Bs 2 B, ? [sin(a, —a)\?
—hgiot+ ————<hs12| = —F——<ha12 — 0|,
as(ay, ag, o) as(ay, as, a) as(ay, as, a) sin(a)

(41)

where h; 12 is the distance from the vertex A; to the line defined by the vertices Aj,
AQ, for ¢ = 3, 4, 5.

Two equations (39), (41) are derived with the independent variables a;, as, o and

EZ;} third equation will be found from (4) . We continue by replacing g%:i’, %’ % in

(i) n (%> {% cos(azs) — sin(angs) cos(a) —y 2 (—a2 + +a?2)}

2
a1 as 12 2a12h0,12

By |a . a
+ a—4 [14 cos(aq24) — sin(aiaq) cos(ay — @) =
4

2 2 2
—ai + a5+ a 42
1o 20%2%,12( 1 2 12)} (42)

B5 ags . Qg5 2 2 2
+ [ 22) |22 cos(aas) — sin(a a)—2(—a®+a’+ =0.
( . > |:a12 COS( 125) sm( 125) COS( )20J%2h0712 ( a;y ay CL12)

By replacing az = as(a1, a2, @), as = as(ar, a2, ), a5 = as(ar, a2, @) by (14), (20),
(24) in (42) and by taking into account that hg 2 is a function with respect to a1, ay
(replace (7) in (8)), we derive the third equation that depends on ay, as, a.

The three equations (39), (41), (42) depend on a;, as and « and can be solved
numerically. N

Remark 2.2. We assumed that the weighted Fermat-Torricelli point Ay is an interior
point of A;AsA3A4As (Floating Case of (I) at Appendix A) and the corresponding
weights satisfy some weighted inequalities. For extreme cases, we refer at Appendix
A (Absorbed Case of (I) of Appendix A).

Example 2.3. Given a pyramid A;A;A3A;As with vertices A; = (—2,0,0), Ay =
(0,—2,0), A3 = (3,0,0), Ay = (0,0,5), A5 = (0,3,0) which gives a1 = 2v/2, ag3 =

\/ﬁ, Qg4 = \/E, azs = 5, COS(Oé123) = —\/%75, COS(OK124) = \/%7 COS(Oé125) = \%,
ag = 1.29515 rad, hg1o = 3.53553, hsi12 = 3.53553, hyi2 = 5.19653, Hyi235 = 5
and weights that correspond to the vertices By = 1, By = 0.7, B3 = 0.5, By = 1.5,
Bs; = 0.3, respectively, which gives Zle B; = 4. By taking into consideration the
three equations (39), (41), (42) which depend on a;, a2, a and by choosing three
starting values for instance a = 0.9, a5 = 2.9 and a = 0.6 rad, the Newton method
gives ay; = 2.30471, ay = 2.38021 and o = 1.00316 rad which gives the coordinates
of Ag(—0.33452, —0.24607,1.57396). This result coincides with the result derived by
the Weiszfeld algorithm ([3]) that approximates Ay = (—0.33452, —0.24607, 1.57396)
with 5-digit precision.
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3. The plasticity property for pyramids in the three-dimensional Eu-
clidean Space.

Problem 3.1. Given the Fermat-Torricelli point Ay for some classes of hexahedra
with their vertices lie on five prescribed rays that meet at Ag, find the ratios between

the non negative weights %’_, 1,7 =1,2,3,4,5, such that:

5
Z B; = constant. (43)

i=1

Solution of the inverse weighted Fermat-Torricelli problem: The invariance
property of the weighted Fermat-Torricelli point Ay (see Appendix A) gives us the
possibility to consider a pyramid A;As A3A4As as a subset of a closed hexahedron
with the vertices lying on five prescribed rays that meet at Ag. From the calculation
of Ay (see solution of Problem 2.1) the equations (30), (32), (34), (36) and (43) give
a solution to the inverse weighted Fermat-Torricelli problem. [

We show that the solution of the inverse weighted Fermat-Torricelli problem for
hexahedra is obtained by (30), (32), (34), (36) which have been derived from the
calculation of the weighted Fermat-Torricelli point of pyramids because these equa-
tions depend only on the angles a;o; (see Figure 3.1), for 7,5 = 1,2,3,4,5, ¢ # j
and not on the shape of the pyramids and by considering the invariance property
of the weighted Fermat-Torricelli point (see Appendix A) we derive an evolutionary
structure for some classes of closed hexahedra in R3.

Proposition 3.2. The following equations point out the plasticity of weighted pyra-
mids with respect to the non-negative variable weights (B;)12345 i1 R3:

B B B B

(&)~ (3), (- (&), (7)) @
B, 12345 By 1234 4/ 12345 Bs 1245

B B B B

() (3), (- (&), (R),.) @
By 12345 By 1234 By 12345 Bs 2345

&) (), 0+ (3)..(3),) W
By 12345 By 1234 By 12345 Bs 1345 7

where the weight (B;)12345 corresponds to the vertex that lies in the ray AgA;, for
i = 1,2,3,4,5, and the weight (B;);kim corresponds to the vertex A; that lies in
the ray ApA; regarding the tetrahedron A;AyAiAn,, for j,k,l,m = 1,2,3,4,5 and
j#Ek#£L#m.

Proof of Proposition 3.2. By taking into consideration (30), we obtain:

(%) _ Sin(Oé4,102) (1 _ (%) Siﬂ(@5,102)) (47)
By 15545 sin(az o) By ) 19345 sin(a102) .
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We make use of the solution of the inverse weighted Fermat-Torricelli problem for
the tetrahedra A; AsA3A4 and A; Ay AgAs (see [5]):

(%) _ sin(oz47102) (48)
B4 1234 SiH(OégJog)

(B4> - sin (o 102) (49)

Bs N sin(a 102)

By replacing (48), (49) in (47), we obtain (44).
Similarly, by taking into consideration (32), we obtain:

(&) _ sin(oz47203) (1 o (%) sin(a57203)) (50)
B4 19345 Sin((l/LQ()g) B4 12345 sin(a47203) '

We make use of the solution of the inverse weighted Fermat-Torricelli problem for
the tetrahedra A1A2A3A4 and A2A3A4A5 (see [5])

(&) _ sin(a47203) (51)
B4 1934 Sin(OéLgog)

(B4> _ sin(as,203) (52)

E5 2345 B sin(a47203)'

By replacing (51), (52) in (50), we obtain (45).
We proceed by differentiating (1) with respect to a1, az, " where o is the dihedral
angle between the base of the pyramid which is A;A;A3A5 and the plane AygA; Az

and one of the derived equations we obtain with respect to o is:

and

and

B B B
Z2VOL(AgA1 Ay As) — a—4VOL(A0A1A3A4) — a—5VOL(AOA1A3A5) =0 (53)
4 5

5)
or
(@) G4VOL(AOA1A3A2) _ (%) G,4VOL(AOA1A3A5) —1
Bi/ 12345 2V OL(Ag A1 A3 Ay) By ) 19305 a5V OL(Ag A1 A3Ay)
or
(%) SiIl(Oég}log) _ (%) Sin(Oé5’103) 1
Bi ) 19345 Sin(@u,103) Bi ) 19345 sin(aa,103)
or

(B) sblow) ( (B) o)
Bi) 19315 sin(@z,103) By ) 19345 sin(aa,103)

We make use of the solution of the inverse weighted Fermat-Torricelli problem for
the tetrahedra A; Ao A3Ay, A1A3A4 A5, we get, respectively (see [5]):

(Bz> _ sin(au,103) (55)

E 1234 a sin(a27103)’
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B .
(_4> _ sin(@5.10) (56)
Bs /1505 sin(@a,08)
By replacing (55) and (56) in (54), we derive (46).

Given the angles «;o; that are formulated between the rays AgA; and AgA; (see Figure
3.1) of the weighted Fermat-Torricelli point Ay, we will calculate the angles a; jox, for
i,5,k=1,2,3,4,5,1 # j # k # i. We express the unit vectors a; for i = 1,2,3,4,5 in
a parametric form:

a; = (1,0,0), (57)
ay = (cos(aunz), sin(aig2), 0), (58)
az = (cos(as102) cos(ws 102), cos(a 102) sin(ws 102), sin(as 102)), (59)
ay = (cos(y,102) cos(wy 102), cos(au 102) Sin(wa 102), sin(aa102)), (60)
as = (cos(as102) cos(ws 102), cos(as 102) Sin(ws 102), sin(as102)), (61)
such that: |a;| = 1. The inner product of a;, d; is:
a; - a; = cos(; ). (62)

We take into consideration (62), for i,j = 1,2,3,4,5, in order to find the angles
a3102, (4102, 05102- The angles o, jor, can be derived by working cyclically with a;
and choosing similar parametrization with respect to (57)—(61), regarding the plane

AjAcAL for i, 5,k =1,2,3,4,5, 1 # j#k #i.

We consider the following inner products:

Cl_i . (]J_é = COS(Oél()g) = COS(O&37102> COS(u)g,log), (63)

ay - a3 = cos(agog) (64)

= COS(CYlOQ) COS(OZ37102) COS(W37102) + SiIl(Oél[)Q) COS(O{37102) Sil’l(w:g,log).

From (63), we replace cos(ws 102) and sin(ws192) in (64) and obtain the equation:

cos®(au3) + cos?(ap3) — 2 cos(aags) cos(aos) cos(aos)

COSQ(O{37102) = D) (65)
Sin (06102)
Similarly, we obtain the equation for ay j92:
COSQ(O,/47102) _ COSQ(OQ(M) —+ COSQ(a104) — 22COS(C(204) COS(O&104) COS(Oélog) ‘ (66)
sin”(ayg2)
Similarly, we obtain the equation for as j92:
co? (a5 100) = cos?(aups) + cos?(aes) — 2 cos(angs) cos(aggs) COS(Oéloz)‘ (67)

sin2 (Ozl[)g)
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The ratio (%)Ukm, referring to the tetrahedron A;A;AA,, is given by the relation

(see also in [5]):

(Bj>2 B sin?(Qrom) — €082 (Qmoi) — co82(ro;) + 2 coS(umo; ) os(ukoi) cos(Qrom )
B; ) iitm sin®(Qrom) — €082(QUmo;) — €0s2(auko;) + 2 €o8(umo; ) cos(ako) cOS(Qom)
(68)

The ratio (%)ijkm depends on five given angles ay, for I,n € {i,j, k,m},

I # n,{i,5,k,m} € {1,2,3,4,5} and from this result it can be derived that the
ratios <%)123 45 of the pyramid A1 Ay A3 A4 A5 depend on seven given angles ayg, for
n,p € {1,2,3,4,5} and n # p.

By replacing (44), (45), (46) in (43) we obtain a linear dynamical system with respect
to (Bi>12345 that depends on (B5)12345 for ¢ = 1, 2, 37 4.

The equation (43) is used to decrease the independent variables of the initial dynami-
cal system with respect to (B;)12345 for ¢ = 1,2, 3, 4,5 from two independent variables
to one independent variable, for instance (Bs)12345- O

The following corollary shows the decomposition of the weights (B;)12345 to the
weights B,jr4 that correspond to evolutionary tetrahedra A;A;A;A4, for 4,7,k =
1,2,3,4,5, i # j # k and deduces the qualitative behavior of the dynamical system
in R3 with respect to the variable weights (B;)12345-

Corollary 3.3. Set 315545 B := (Ba)1234s (34 + gj +3 4 +1+ 4) tosass LD 10345 B
Yoo B =210 B= 22345 B then

(Bi)12345 = iUi(B5)12345 + (Bi)12347 1=1,2,3,4:

() (5 (5)
' ! 1234 Bs 2345 B, 1234
5) e ()
To =Ty + |\ 5 -
? ( )1234 <B5 1345 B, 1234
(), (), () L
’ ! 1234 Bs 1245 By 1234
x4:(g§)2345(§‘1‘)1234 ( )1245(%2)1234 (%)1345( )1234 1'
1+ ( )1234 + (%)1234 (2_4)1234

Proof of Corollary 3.3. From the assumption of the corollary we get:

By By Bs Bs
B := (By) 4=
Z 4 12340 (34 By - By o B4) 12345

B, B, Bs )
= (B + 2424
(Ba)12ss (B B, ' B, .
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By replacing to the above relation (44), (45) and (46), we derive:

(Ba)12345 (69)

o (%)2345(5411)1234 + (%)1245(%2)1234 (
By
By

_ p

oo
=

UJCU|

)1345(?)1234 —1
: (Bs)12345 + (Ba)1234

5
)
1234

5

) 1234

or
(B4)12345 = ZE4(B5)12345 + (B4)1234-

By replacing (69) in (44), (45) and (46), respectively, we get three relations:

) (5)..(5
1234 Bs ] 9345 \ Bs
B
> ( ) (52) ) (Bs)12345 + (B2) 1234, (71)
1234 5/ 1345 4/ 1234
B-
) ( 4) (ES) ) (Bs)12345 + (B3)1234- (72)
1234 5/ 1245 4/ 1234
Example 3.4. Given the weighted Fermat-Torricelli point Ag at time ¢ = 0 with the
vertices lie on five prescribed rays and suppose that we can select one vertex at each
ray such that four vertices form the base of a pyramid with given exactly seven angles,
102 — 7425490, Qg3 — 6893750, 105 — 7099640, Q204 — 1340570, 103 — 11073GO,
104 — ].377660, 05 — 111.097° <05304, Ql405, (305 are calculated by (62)) of the

weighted Fermat-Torricelli problem for a given pyramid and the assumption that

Yotozas B =D 193a B = D 135 B = D 935 B = 4, we calculate the weights for the
tetrahedra A; As A3Ay, AsA3A A5, AjA3AL A5 and A1 Ay Ay Ay according to (68):

Bl 1234 Xy

SR

) 1234) (Bs)iasas + (Bi)izsa,  (70)

|m w|,sa

B3 1234 Xyq

/N 7/ N 7/ N

SIS

-
(

Sy

Tetrahedron : <A1A2A3A4) : (Bl>1234 = 128735, (BQ)1234 = 040473,

(33)1234 == 0806684, (B4)1234 = 150127,

Tetrahedron : (A2A3A4A5) . (BQ)2345 = 13459, (33)2345 = 0441947,
(B4)2345 = 116511, (B5)2345 = 104704,

> B=4

2345
Tetrahedron : (A1A3A4A5) : (B1)1345 = 139673, (33)1345 = 101689,
(B4)1345 == 124564, (B5)1345 == 0340745,

> B=4

1345
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Tetrahedron : (A1A2A4A5) : (81)1245 = 0531531, (82)1245 = 118143,
(B4)1245 — 149794, (B5)1245 — 07891,

The equations of the initial system with respect to the weights (B;)12345 are:
(B1)12345 = 0.857506(By) 12345 — 0.954195(B5) 12345,

(Ba) o315 = 0.269574(Ba) 19345 + 0.985461(Bs ) 12315,
(B3)12345 - 0.537336(B4)12345 - 1.02001(35)12345.
From Proposition 3.2 and Corollary 3.3 the following results are derived:
(By)12345 — (By)1234 = —0.00422457(B5) 12345, (73)
(B1)12345 — (B1)1234 = —0.957818(Bs5) 12345, (74)
(B2)12345 — (B2)1234 = 0.984322(Bs)12345, (75)
(B3)12345 — (B3)1234 = —1.02228(B5)12345, (76)

or
(B1)12315 = 1.28735 — 0.957818(Bs ) 12345,

(32)12345 = (0.404703 + 0.984322(35)12345,
(33)12345 = 0806685 - 1.02228(85)12345,
(By)12345 = 1.50127 — 0.00422457(Bs ) 12345,

and 212345 B = 4. The range of (35)123457 (B4)12345, (31)12345, (32)12345, (33)12345 Is:
0 < (Bs)12345 < 0.789104,
1.28735 > (Bj)12345 = 0.78104,
0.404703 < (B2)12345 < 1.18144,
0.806685 > (B3)12345 = 0,
1.50127 > (By)19345 = 1.49794.
For instance, for (Bs)i2345 = 0.3, we get:
(Bi)i2zas = 1, (B2)i2zas = 0.7, (Bs)i2sas = 0.5, (Ba)123as = 1.5,
for (Bj)i12345 = 0.4, we get:
(B1)12345 = 0.904218,  (Bs)12345 = 0.798431,
(B3)12345 = 0.397773,  (By)12345 = 1.49958,
and for (Bs)12345 = 0.7, we obtain:

(Bl>12345 == 0616873, (82)12345 = 109373,
(33)12345 = 00910888, (B4)12345 = 149831
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ST

W D4
0
104 plane Ay Ay A3As
103

Figure 3.1.

Remark 3.5. By taking into consideration Figure 3.1, the weights By, B3, B, de-
crease and the weights By, Bj increase (see equations (73), (74), (75) and (76)). This
result indicates the plasticity property of the evolution of pyramids.

Remark 3.6. For values of By, By, B3, By, which depend on Bj; according to Corol-
lary 3.3 and for any value of the vertex A; which lies in the line AgA; such that the
inequalities of the weighted floating case are satisfied (see Appendix A), the weighted
Fermat-Torricelli point Ag remains invariant.

Figure 3.2.

Example 3.7. Let A;A3A3A4A5 be the given pyramid as Example 3.4 with a; =
2.30471, ay = 2.38023, a3 = 3.69554, a4 = 3.45112, a5 = 3.62302, a19p = 74.2549°,
Qra03 = 68.9375°, arzo4 = 109.305°, crgps = 111.004°, cvip5 = 70.9964°, g4 = 134.057°,
a3 = 110.736°, aqos = 137.766°, agos = 111.097° and weights taken from the
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By = 1.49958
Ag
as = 345112
Bs = 0/4~~_ !5 Az ____- Bs = 0.397773
-~

-

a5 = 3.62302 a5 = 3.69554
plane A; As A3 As

a1 = 2.30471
az = 2.38023

\ By = 0.794831
Figure 3.3.
plasticity equations of Example 3.4 for (Bs)i2345 = 0.3:

(B1)i2sas = 1, (Ba)12345 = 0.7,

(B3)i2345 = 0.5,  (Ba)12345 = 1.5.

By = 1.49958

\/

\
‘ By = 0.794831

Figure 3.4.

The weighted Fermat-Torricelli point of the pyramid A; Ay A3A4A5 is Ag (see Figure
3.2). The pyramid A;AyA3A4A5 of Figure 3.2 has the same angles a;p; and line
segments a;, i, = 1,2,3,4,5,1 # j like in Figure 3.3 with weights

(B1)12345 - 0904218, (32)12345 - 0798431,

(33)12345 — 0397773, (B4)12345 - 149958, (B5)12345 - 04
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taken from the plasticity equations of Example 3.4. By comparing the Figure 3.2 with
Figure 3.3, the weighted Fermat-Torricelli point remains the same. Let A; Ay A5 A, AL
be a pyramid such that A; A, AL AL be the base of the pyramid and A] is the vertex
that exist at the line that connects the point Ay of A; A3 A5 AL AL with A; for i = 3,5,
such that af = 4.43464, aj = 4.34763 with the angles «;o; with the other line segments
and weights B;, for + = 1,2,3,4,5, to be the same as in Figure 3.4. The weighted
Fermat-Torricelli point Ay of Figure 3.3 and Figure 3.4 remains also the same. We
call the plane A; A; A} A4 AL defined by the base of the pyramid A; A; A} A4 AL evolu-
tionary plane. Let A; Ay A5 A4 AL be a pyramid with weights taken from the plasticity
equations of Example 3.4 (see Figure 3.5)

(B1)12345 = 0.616873,  (Bs)12345 = 1.09373,

(Bg)12345 - 00910888, (34)12345 - 149831, (35)12345 - 07

By = 1.49831

plane A; A A/,

plane A1 A2 A3As

T

AY
‘' By = 1.09373

Figure 3.5.

The weighted Fermat-Torricelli point Ay of Figure 3.4 and Figure 3.5 remains also
invariant.

4. The generalized plasticity of pyramids in the three dimensional Eu-
clidean Space

Proposition 4.1. Let A; Ay A3 A4 As be a pyramid with the base Ay Ay AsAs in R and
with non-negative weights B; that correspond to each vertex A;, respectively, which
satisfy the weighted inequalities of the floating case (Appendixz A.1) and Aqy is the
corresponding generalized Fermat-Torricelli point. Assume that every non-negative
weight B; is split into n; non-negative weights Byy:

i Bix = B;,
k=1
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fori=1,2,3,4,5. The weight B, ), corresponds to every vertex A; which belongs to
the line segment AgA,;, for every k # n; and the weight B; ,,, corresponds to the vertex
A; = A, Then the generalized Fermat-Torricelli point of {A;x} coincides with the
generalized Fermat-Torricelli point of {A1As... A, }.

Proof of Proposition 4.1. We will prove that the minimum of g(X) is attained at
X = Ap.

ng

9(X) =" Bl Ak — Xl (77)

i=1 k=1

where ||| is the Euclidean norm in R3. The gradient of g(X) gives:

grad(g(X)) = 33 Boii(X, A,p). (78)

i=1 k=1
X e R3/{A;x}, fori=1,2,...n, k=1,2,...,n;. We make use of the following result
(see [1], page 238):

(1) If X € R®/{A;}, then X is the minimum point of g(X) if and only if the sum
of the 337 n; from X to {A;;} is zero. By replacing X = A, in (78) we have:

5 n; 5
grad(g(Ao)) = > Y Biyii(Ag, Aii) = Y _ Biii(Ag, A;) = 0.
=1 k=1 =1

This result follows from the parallel translation of the unit vectors (Ao, A; ) along
the ray AgA; to A;, the uniqueness property of the generalized Fermat-Torricelli point
AO of {A1A2A3A4A5}.

The uniqueness property of the generalized Fermat-Torricelli point Ay of {A;x}, is
deduced by the strict convexity of the Euclidean norm in R3. ]

Example 4.2. Evolution of the weighted Fermat-Torricelli point due to the dis-
cretization of the weights along the five prescribed rays in the three-dimensional
Euclidean Space.

Let A;AsALALAL be the same pyramid with the base A;A;ALAL and Ap is the
weighted Fermat-Torricelli point with the weights (B;)12345 for i = 1,2,3,4,5 given
from the plasticity equations from Example 3.4 for (Bs)iasss = 0.7 (see Figure
3.5). Let A;; be points that lie on the prescribed ray ApA; for i = 1,2,3,4,5,
j=1,2,3,i# jand for i = j A;; = A;, with corresponding weights B; ; (see Figure
4.1):

3
Bi1 =01, Biy=01, By3=0416873, Y By;=06168673,

j=1

3
By1 =01, Byy=01, By3=089373, Y B,;=109373,

j=1
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Figure 4.1.

3
Bsy =001, Bsp =002, Bsz=00610888, Y Bs;=0.0910888,

J=1

3
By; =001, B;;=001, Byz=147831, » By;=1.49831,

j=1
3
B571 = 01, B5’2 == 01, B573 - 05, Z B57j == 07,
7=1

5 3

> Bii=4

i=1 j=1

and

3
Z B; ;= (Bi)12345,
j=1

fori =1,2,3,4,5. By using the Weiszfeld algorithm we calculate the weighted Fermat-
Torricelli point Ay of the pyramid A;A; A{A4 AL with corresponding weights taken
from Example 3.12 (see Figure 3.5). By using the Weiszfeld algorithm we calculate
the weighted Fermat-Torricelli point Af, of A;; with corresponding weights B; ; (see

Figure 4.1). We obtain that: A, = Aj.

We conclude with the following evolutionary scheme:

(1) Invariance of Ay with respect to the variable discretization of the "weights"
By located on the corresponding i-th ray in space (variable lengths AgA;;) and

quantum, under the condition:

i B, = B;.
k=1
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(2) Invariance of Ay with respect to the variable B; which fulfill the four equations
of Proposition 3.2 (plasticity) for i« = 1,2,3,4,5 of 5 prescribed rays that meet
at Ag (at least seven angles must be given):

(BE2) o ()., ()L (),

Zkil By, 12345 B, 1234 Zkzil Buy, 12345 Bs 1245

( e Blk) _ (&) (1 B ( i B5k> (%) > (80)
224:1 By 12345 B, 1234 ZZ; Buyy, 12345 Bs 2345 ’

"2 B B " B B
(B),.~ (). (), (8. o
k=1 Buy, 12345 B, 1234 k=1 By, 12345 Bs 1345

and
5
Z Bz == B(].
=1

We call this variation of B;; and B; in space and quantum "generalized plastici-
ty".

By using "Steiner" trees as a consequence of Fermat-Torricelli points this plas-
ticity will be reduced.

A. Appendix
We need the following results given in [1], Theorem 18.37, page 250, (see also [2]):

(I) The weighted Fermat-Torricelli point Ay of the pyramid A; Ay A3 A4 A5 exists and
is unique.

(i) If

> Bjii(Ai, Aj)
j=1

for i,7 = 1,2,3,4,5, then the weighted Fermat-Torricelli point is an interior
point of the pyramid A;A;A3A, (Floating Case).
(ii) If there is some i with

> Bjii(Ai, Ay)
=1

for i,5 = 1,2,3,4,5, then the weighted Fermat-Torricelli point is the vertex

A; (Absorbed Case).
(IT) Suppose that there is a closed polyhedron A;As ... A, in R® and each vertex A;
has a non-negative weight B; for i = 1,2,...,n. Assume that the floating case

of the generalized weighted Fermat-Torricelli point Ay point is valid:
for each A; € {Ay,..., A}

> Bjii(Ai, Aj)
j=1
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If Ay is connected with every vertex A; for i = 1,2,...,n and a point A} is
selected with a non-negative weight B; of the line that is defined by the line
segment AgA; and the n-convex polyhedron A} Aj...A! is constructed such that:

ZBUA' AY)

Then the generalized weighted Fermat-Torricelli point Aj is identical with Ay
(invariance property).

Proof of (II). The existence and uniqueness of the generalized weighted Fermat-
Torricelli point given n non-collinear points A;, ...A,, € R? has been established (see
[1], Theorem 18.37, page 250). Furthermore, if for each point A; € {Ay,..., A,}

> Bjii(A;, A;)
j=1

holds, then

(a)
(b)

the weighted minimum point Ay does not belong to A; € {Ay,..., A}

> Bili(Ag, Ai) =0, i #
i=1

(weighted floating case).

We consider the particular case for d = 3, regarding the n-convex polyhedron A;(x1,
Y1, 21)s « - ATy Yn, 2n). Let Ao(xo, Yo, 20) be the coordinates of the weighted Fermat
Torricelli point (critical).

The minimum conditions are:

of n (x — ;)

9 S B, 0,
Ox Zzzl: \/({E - 1:1)2 + (?J - yz)2 + (Z - 22)2

of - (y yz)

- = B; =0,
dy ; Ve =22+ (y—u)?+ (2 — 2)?

(y — ?Jz‘)2 + (2 — 2)?

We use the following transformation in spherical coordinates:

x — x; = R; cos(6;) cos(ip;),

y — y; = R; cos(0;) sin(y;),
Z— 2 = Rz sm(ﬁz)
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The minimum conditions of the objective function f(x,y,z) takes the form:

5 = Z B; cos(6;) cos(ip;) = 0,

ay i=1
of &
3, ZB,» sin(6;) =0
i=1
O
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