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1. Introduction

The target of this paper is the treatment of a single scale homogenization problem,
formulated in terms of an integral energy, occurring in the description of elastic
materials which exhibit an overall behavior depending not only on the strain but also
on the chemical composition.

Homogenization theory deals with composites whose overall behavior is established
taking into account their microstructure. Indeed such materials are characterized
by the fact that they contain two or more several mixed constituents, that in a
first approximation, can be thought to be periodically distributed, but even more
general dependences can be considered. The size of the heterogeneities is very small
compared with the dimension of the composite: the ratio between the microscopic
and the macroscopic dimensions is the ‘so called” homogenization parameter ¢.
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In detail we study the asymptotic behavior, as e — 07 of integral functionals of the
form

/Qfg (2, Vu(z), v(x)) da (1)

where f. is some oscillating integrand, € is an open bounded subset in RY and Vu
represents the deformation gradient of some field u belonging to some Sobolev space
whose fields are p-th power summable, and v is an Li-function, (not necessarily scalar
valued in our analysis), taking into account the chemical composition of the material.

This type of integrals find applications not only in the study of coherent thermochem-
ical equilibria for multiphase solids as in [29, 28], but even in the ‘directors’ theory
in Elasticity, (cf. [37] in the framework of thin structures), and, when « is a field of
Bounded Variation, the integrand can be intended as a TV model (total variation
model) for image decomposition (see [40], [43]).

For energies growing linearly without considering the chemical composition of the
material, this kind of homogenization problems has been sucessively studied in [7],
[23] and in [9] with an extra surface energy term.

To understand the asymptotic behavior of the (almost) minimizers of energies in the
form of (1), we perform a I'— convergence analysis (see [11, 22| for a detailed descrip-
tion of this subject), showing that the I'-limit still admits an integral representation.
The presence of the two vector fields with different growths lead us to the crucial no-
tion of quasiconvexity-convexity which requires an appropriate Lipschitz continuity
property (see Proposition 2.11).

Similar problems, when the integrands depend just on one field and exhibit a periodic
behavior in the spatial variable, i.e., f.(z,&,0) = f (%,5) or f (96—”, b) have been studied
by many authors with different sets of assumptions and techniques. In the first case
for energies with superlinear growth, i.e., $[£[P — C < f(2,8) < C(|¢P+1), p > 1
we refer to pioneering papers [38] and [17] (where in the scalar case f = f(y,¢)
is assumed to be convex with respect to &). The vectorial case is presented in the
independent works of [10] and [41]. A wide literature has been produced since the
present time with different methods, among the others we recall the papers [1] where
the two-scale convergence method (see [42]) has been adopted, in the scalar setting,
[18] with the approach of the unfolding method (see [19, 20]) and recently [30] where
the unfolding method has been used to deal with linear differential constraints. The
case when the function f. is periodic in the first variable and it has just dependence
on b has been treated in [39], adopting the two-scale convergence method.

For what concerns the multiple scale case, for example, f.(z,£) = f (x, L,%,8 ,) we
refer, in particular to [5, 12, 14, 36], (see also [3] in the realm of thin structures). In
details, in [5], with very mild hypotheses a characterization as ¢ — 07 of a family
of integral functionals of the type [, f (Z‘, z Vu(x)) dx where u € WhHP (Q; Rd) and
p > 1 is obtained, using ['—convergence techniques combined with techniques of
two-scale convergence. Moreover, we recall [4, 6] where the approach through Young

measures has been adopted.

Besides we provide an integral representation theorem for the I'-limit (up to a sub-
sequence) of the functionals in (1) (see Theorem 3.2), generalizing the results of
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[11, 16]. To deal with the presence of the new vector field which is in the L? space,
we use an approximation argument which allows to work with piecewise constant
functions. We emphasize that we are mainly concerned with a single scale model,
e, fo(z,&,0) = f (g,g, b), leaving to a forthcoming paper the multiple scales case.
The case p = ¢ has already been studied in [13], in the realm of A-quasiconvexity,
even if under the continuity assumption on f on all the variables. In the present
work, we consider any p,q > 1 and we only require f to be a Carathéodory integrand
satisfying

(Hy) f(-,&,b) is Q—periodic, for all (£,b) € RN x R™  (Q being the unit cube in
RY);
(Hs) there exist p, ¢ > 1 and a positive constant C' such that

1
el +1bl") = C < f(2,€,0) < C(L+ €]+ [bl),
for a.e. z €  and for every (£,b) € RN x R™,

For € > 0, we define the family of functionals F. : L?(Q; R?) x LI(€;R™) — R by

Fulu,v) = /ﬂf (5. Vu@) v@)de i (o) € WHQRY x LI(QGR™),

+00 otherwise.

(2)

We are interested in studying the asymptotic behavior of F. as ¢ — 0%, using I'-
convergence, i.e., we want to show that the following functionals

Fioluv) = inf{lim inf F.(ue, v:) : ue — w in LP(RY), v, — v in LI(Q; Rm)}

e—0t+

fzra}(u, v) = inf{lim sup F.(ue,ve) : ue — w in LP(Q;RY), v, — v in Lq(Q;Rm)}
e—0t

coincide, denoting the common value by F.}, the I'-limit of {F.}, we will provide an

integral representation for it. Indeed, cf. Theorem 1.1, we will show that it coincides

with the functional Fiom @ LP(Q;R?) x LI(Q; R™) — R, such that

Foom(u,v) := /thom(vu (z),v(x))dr if u€ WH(Q;RY) x LI(;R™),
+00

otherwise,

where the energy density fhom is defined as

on(6.0) = Jim it { e [ 064 Ve ). b))y )

T—o0

¢ W) B, e L. ) B [ nyay =0}
0,7

Using the classical techniques of I'-convergence (see [22]), integral representation

theorems, together with the local Lipschitz continuity properties of integrands (see

formula (9) below) we prove our main result.
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Theorem 1.1. Let Q C RY be a bounded open set and let f : Qx R>*N xR™ — R be
a Carathéodory function. Let {F.} be the family of functionals defined in (2). Under
the hypotheses (Hy) and (Haz), the sequence {F.} T'-converges to Fyom, as € — 0T,
1.€.,

Frey (u,0) = Foom (u,v), ¥V (u,v) € LP(Q;RY) x LI(QR™).

The proof is achieved as an application of a compactness result for I'-limits of gen-
eral families of integral functionals depending on two fields, one in WP through its
gradient, and the other in L9 (cf. Theorem 3.2). Moreover, we call the attention that
the existence of the I'-limit for the whole family in (2) deeply relies on a fundamental
estimate suited to the present context (see Remark 3.6). Finally we apply an integral
representation result proven in Theorem 3.1.

Moreover, in order to achieve Theorem 1.1 and to characterize the convexity prop-
erties of the limit energy density fiom in (3), namely its quasiconvexity-convexity in
the last two variables (see Definition 2.9) we prove the relaxation result below.

Theorem 1.2. Let1 < p < oo and 1 < ¢ < 0o and assume that f : QxRN xR™ —
R is a Carathéodory function that satisfies

1

o UEF 18" = O < f(2,6,0) < O (L+ " + [bof)

for a.e. x € Q, for every (£,b) € RN x R™ and for some C > 0.
Then for every u € W' (A;R?), v € L7 (A;R™) and A € A(Q) we have

F (u,v; A) = /AQC’f (x,Vu (z),v(x))dz,

where F (u,v; A) stands for the sequential lower semicontinuous envelope with respect
to WhP x L1 convergence, namely

Flu,v; A) = inf{lim inf /A F(a, Vup(2), vn(2))dz

n—-+0oo
Uy, — u in WP (A;RY), v, — v in Lq(A;]Rm)}, (4)

and QC'f stands for the quasiconvex-convex envelope of f with respect to the last two
variables (cf. (7)).

Remark 1.3. For what concerns the case p = 1, it is not known a prior:i that the
functional in (4) is sequentially weakly lower semicontinuous with respect to the
Wl x L topology. However the identity stated in Theorem 1.2 is also true in
this case. Indeed, the lower bound can be achieved as in the first part of the proof
of Theorem 1.2 and for the upper bound we can argue as in [13, Theorem 1.3 and
Theorem 3.6].

On the other hand, if we introduce the functional G as the sequentially weakly lower
semicontinuous envelope of

(u,v,A)H//lf(x,Vu(az),v(:c))dx
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with respect to the Wb x L¢ topology, one can get that F and G coincide. In fact,
the identity

Q(u,v,A):/AQCf(x,Vu(x),v(x))da:,

can be achieved as an application of Theorem 3.1 arguing as in the proof of Theorem
4.4.1 and Remark 4.4.5 of [15].

Theorem 1.2 provides also an extension of the relaxation theorem in [29] to the case
where f exhibits also dependence on z, (see also [44] for the homogeneous constrained
case).

The paper is organized as follows. In Section 2 we recall the notion of I'—convergence
and present standard results on this theory. A local Lipschitz property inherited by
quasiconvex-convex functions which satisfies (Hz) is derived. In Section 3 we provide
an integral representation result for functionals depending on the strain and the chem-
ical composition in the spirit of that obtained in the nonlinear elastic setting by But-
tazzo and Dal Maso in [16] to local functionals defined in W'? (Q;RY) x L4 (Q;R™).
This result is applied to obtain an integral representation for a general family of
functionals (see Theorem 3.2 below). In Section 4, Theorem 1.2 and Theorem 1.1 are
proved as an application of Theorem 3.2.

2. Preliminaries

This section is devoted to recall and prove concepts and results that will be exploited
throughout the paper.

In the following Q C RY is an open bounded set and we denote by A () the family
of all open subsets of 2. The unit cube in R¥, (—%, %)N, is denoted by ) and we set
Q (wo,€) := xo + £Q for £ > 0. We write B, () for the open ball in RY centered at

x with radius p > 0.

The constant C' may vary from line to line.

2.1. T'-convergence

First we remind De Giorgi’s notion of I'-convergence and some of its properties (see
De Giorgi and Dal Maso [24] and De Giorgi and Franzoni [25]). For a more extended
treatment of the subject we refer to the books [11] and [22].

Let (X, d) be a metric space.

Definition 2.1 (I-convergence for a sequence of functionals). Let {F,} be a
sequence of functionals defined on X with values in R. The functional F : X — R is
said to be the T' — liminf (resp. I' — limsup) of {F,,} with respect to the metric d if
for every u € X
F(u) = inf{lim inf £, (uy,) : up € X, up, — uin X} (resp. limsup).
Thus we write
F =T —liminf F,, (resp. F' =T —limsup F},).

n—0oo n—oo
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Moreover, the functional F' is said to be the '—limit of {F},} if

F=T—liminfF,, =T — limsup F,,,

n—00 n—oo

and we may write
F=T- lim F,.

n—oo

For every € > 0, let F. be a functional over X with values in R, F, : X — R.

Definition 2.2 (I'-convergence for a family of functionals). A functional F :
X — R is said to be the I-liminf (resp. T-limsup or I'-limit) of {F.} with respect to
the metric d, as € — 07, if for every sequence ¢, — 0T

F=T—liminfF,, (resp. F =T —limsupF. or F =T — lim F,),

n—00 N—00 n—00
and we write

F =T —liminf /. (resp. FF =1 —limsup F. or F' =T — lim F}).

e—0t 0+ e—0t

Next we state the Urysohn property for ['-convergence in a metric space.

Proposition 2.3. Given F: X - R and ¢, — 07, F =T —lim,_, F., if and only
if for every subsequence {e,,} = {e;} there exists a further subsequence {5n].k} = {ex}
such that {F;, } I'—converges to F.

In addition, if the metric space is also separable the following compactness property

holds.

Proposition 2.4. Each sequence €, — 0% has a subsequence {,,,} = {e;} such that
I'—lim; . Fy; exists.

Proposition 2.5. If F =T —liminf. o+ F. (or I' —limsup,_ .+ F.) then F' is lower
semicontinuous (with respect to the metric d). Clearly, if F =1T'—lim,_o+ F. then F
15 lower semicontinuous.

Definition 2.6. A family of functionals {F.} is said to be equi-coercive if for every
real number \ there exists a compact set K in X such that for each sequence &, — 0T,

{ue X : F,, (u) <A} C K, forevery n € N.

The next result states that I'-convergence is a variational convergence, in fact un-
der suitable compactness conditions, there is convergence of minimizers (or almost
minimizers) of a family of equi-coercive functionals to the minimum of the limiting
functional.

Theorem 2.7 (Fundamental Theorem of '—convergence). If {F.} is a family
of equi-coercive functionals on X and if

F=T- lim F,,

e—0t
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then the functional F' has a minimum on X and

min F' (u) = lim inf F; (u).

ueX e—0t ueX
Moreover, given e, — 0% and {u,} a converging sequence such that

lim F., (u,) = lim inf F. (u), (5)

n—o0 ueX

then its limit is a minimum point for F on X.

If (5) holds, then {u,} is said to be a sequence of almost-minimizers for F.

Now we recall the notion of I'—convergence for sequences of functionals on a suitable
rich family of sets. Let Ay (€2) be the family of all open subsets of Q0 compactly
included in Q and € (2) any class of subsets of € containing 4, (2).

Definition 2.8. We say that {F,} T'—converges to F in X if F is the inner regular
envelope of both I' — liminf,, . F,, and I" — limsup,,_, . F},, this means

n—oo

F(u; A) = sup{F —liminf F,, (u; B) : B€ £(Q2), B CC A}

= sup{F—limsupFn (;B):Be&(QQ), BCC A}

n—o0

for any A € A(Q).

2.2. Quasiconvexity-convexity and Lipschitz continuity

Following [29, 37|, see also [28] and [27], we recall the definition of quasiconvexity-
convexity.

Definition 2.9. A Borel measurable function h : RN x R™ — R is said to be
quasiconvex-convex if there exists a bounded open set D of RY such that

1
B < /D B(E + V(). b+ n(x)) da, (6)

for every (¢,0) € RN x R™, for every n € L>(D;R™), with [, n(x)dz =0 and for
every ¢ € Wy (D;RY).

If h: RN x R™ — R is any given Borel measurable function bounded from below, it
can be defined the quasiconvex-convex envelope of h, that is the largest quasiconvex-
convex function below h:

QCh(&,b) :=sup{g(&,b) : g < h, g quasiconvex-convex}.
Moreover, by Theorem 4.16 in [37]

QCh(&,b) = inf{ﬁ /D h(& 4+ Ve(x),b+ n(z)) de :

RS Wol’OO(D;]Rd),n e LOO(D;R’”),/Dn(w)dx = O} . (7)
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Remark 2.10. i) It can be easily proved that, if h is quasiconvex-convex, then, both
condition (6) and (7) hold for any bounded open set D C R,

ii) It can be also showed that if h satisfies a growth condition of the type (Hs) then
in (6) and (7) the spaces L and W,"> can be replaced by L? and W, respectively.

iii) In the remainder of the paper when we will say that a function f, possibly defined
in Q x RN x R™, is quasiconvex-convex, this property has to be understood with
respect to the last two variables.

iv) Any function quasiconvex-convex is separately convex.

Next we state and prove the local Lipschitz property inherited by a separately convex
function f which satisfies a p — ¢ growth condition. We follow along the lines the
proof of Proposition 2.32 in [21].

Proposition 2.11. Let f : RN x R™ — R be a separately convex function veri-
fying the growth condition

[F(€.0)] < c(L+ b7+ [€), ¥ (&§b) € RPN x R™ (8)

for some p, ¢ > 1, and ¢ > 0.

Then, denoting by p' and ¢, the conjugate exponent of p and q, respectively, there
exists a constant v > 0 such that

F&0) = (€0 <y (TPl + g+ 1) e =€

oy (LI W P ) -] ()

for every b,b' € R™ and for every &,& € RN,

Remark 2.12. By Remark 2.10 iv) this result applies, in particular, to quasiconvex-
convex functions satisfying the growth condition (8).

Proof. For any (&,b), (¢,V) € RN x R™ we have

‘f(f,b) - f(£/7b/)| < ’f(év b) - f<§17b)‘ + ‘f<§17b) - f(§/7b,)|

Therefore to achieve the Lipschitz condition stated in (9), it is enough to estimate
each of the two terms appearing in the right-hand side of the previous inequality.

We recall that given any convex function g : R — R, it results for every A > u > 0
and for every t € R, that

gt +p) —gt) _ gt£A) —g(t)
u - A '

We will apply these inequalities to f, for a convenient choice of A and u, when all
but one of the components of (§,b) are fixed. Let & := (&, ..., &ixn) and define for
every be R" and t e R
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Choose A := 1+ |¢] + [€/] + [b]*/? (without loss of generality it has been assumed that
& > &). In order to evaluate |g(&1) — g(&;)| we observe that

(6 — 9(61) = 961 + (&~ &) — o(6)) < (& — ) LT A 29

<l g PG + ol o+ )

e L L A L IS A

where we have used the p — ¢ growth condition (8).

Arguing in the same way, one deduce that

(&) — g(&1) = g(&1 — (€1 — &) — g(&) < CA+ P77 + &P+ €17 )|én — €1,

hence )
19(&1) — g(€D)] < CA+ B + P+ €17 )6 — &1 (10)

Consequently, since

FED) — F(€,0) = F((&1,6),b) — F((£.£),D)

dx N—2

+ Z (&L 6 Givns Eivay - Eaxvs )
=1
_f(fiv"'752751{4-1752'-1—27"-7§d><Nab)] (11)
+f<§17§é7 tt Jgélfohgdey b) - f(gla b)

Applying to each term, in the sum above, the estimate analogous to (10) one obtains
F(66) = F€.0) < C (140 +el 7 +1g1”) I — €]l (12)

Analogously, let by := (by, ..., by) and define the convex function h : R — R by
h(t) := f(&, (t,by)). Clearly, choosing A := 1+ [b] + || + |¢/|"/? (assuming b, > b))
and arguing as above it results that

[A(b1) = h(B)] < C(L+[ 07 | 6] ¢ b — V).

Finally, by splitting the difference f(&',b) — f(&',V') in m terms as in (11) one gets
&0 = €D < C (1417 0]+ g1 ) - v]. (13)

Putting together (12) and (13) and choosing suitably the constant 7 we conclude the
proof. ]

3. General results

In this section we provide sufficient conditions for which a functional defined in
WLhr(Q; RY) x L4(; R™) admits an integral representation. Next we apply this result
to represent the I'-limit of certain sequences of functionals.
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3.1. Integral representation theorem

In this subsection we prove an integral representation theorem for local functionals
defined on the product of Sobolev spaces and the space of L? functions and on open
sets, by following the proof of a classical integral representation result proved by
Buttazzo and Dal Maso (see [16] and the monograph of Buttazzo [15]) dealing with
functionals defined on Sobolev spaces and open sets.

Theorem 3.1. Letp > 1, ¢ > 1 and F : WP (Q;Rd) x L1(Q;R™) x A(Q) — R
satisfying

i) F s local on A(R), i.e.
F(u,v; A) = F (u,v; A)

whenever A € A(Q), andu =71, v =71 a.e. on A;
i) F(u,v;-) is the restriction to A () of a Radon measure;
ii1)  there exists C' > 0 such that

| (u,0; A)| < C/A(l + | Vu ()" + [v (2)[7) do

for any w € W' ((;RY), v € LT (4 R™) and A € A(Q);
w)  F is translation invariant in u, i.e., for every A € A(Q), u € WhHP (Q; Rd) , U E
L7(Q;R™), ¢ € RY,
F(u+cv;A)=F (u,v;A);

v)  for every A € A(Q), F(-,-;A) is sequentially weak lower semicontinuous in

W (Q;R?Y) x L7 (Q;R™).
Then there exists a Carathéodory function g : Q x RN x R™ — R such that

a) g (@.6.0)| < C(L+ €l + [bY) for a.e. z € Q, for any (£,b) € RN x R™:
b)  for every A € A(Q), u € WP (Q;Rd) and v € L1(Q;R™) the following
integral representation holds

F(u,v;A) = / g (z,Vu(x),v(z))d.

A

Moreover, if

F (ug, v5; B, (y)) = F (ug, vy; By (2)) (14)
for every y, z € Q, for p > 0 such that B, (y) U B, (2) C Q, and for every (£,b) €
RN x R™ where ug (x) := &x and v, = b, then g is independent of x and it is

quasiconvem— conver.

Proof. The proof follows the same argument as Theorem 4.3.2 in [15]. We start by
proving the integral representation for piecewise affine functions u in WP (Q;Rd)
and piecewise constant functions v. Then we will use a density argument to get the
full result.
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For every £ € RV and for every b € R™, we will denote by ue the affine map
ug(x) = x and by vy, the constant map v, = b.

By hypothesis i), we can assume, without loss of generality, that F* > 0. Using
hypothesis i) and 4ii), for every (£,b) € R™N x R™ we have that F (ug, v, -) is
absolutely continuous with respect to the Lebesgue measure.

For every z € €, (£,b) € RN x R™ set

F (ug, vy; By (7))

g (z,€,b) := limsup (15)
p—0t B, ()]
By Besicovitch derivation theorem g (-, £, 0) € L' () and
F (ug,vp; A) = / g(z,§,b)dx. (16)
A

Moreover, from hypothesis 7ii) it follows that g satisfies the growth condition a).

Let v € WP (Q; Rd) be a piecewise affine function and v a piecewise constant func-
tion. Precisely, let {€;},.; be a finite family of open pairwise disjoint subsets of €
such that, for some b; € R™,

ulg, is affine, v =b; on €, for each i € I (17)

and |\ U,.; | = 0.
From (16) and hypotheses i) — iii) it follows that

il

F(u,v;A):/Ag(:c,Vu(a:),v(x))dx

for every u and v verifying (17).

We claim that g (x, -, ) is separately convex for every x € €, i.e.,

§ir— 9@, &, &im1,6, Givts - - Saxn, D) (18)
is convex for every ¢ € {1,...,d x N} and

is convex.
We leave the proof of the claim to the end and proceed with the rest of the argument.

By Proposition 2.11, g satisfies the Lipschitz condition (9) which ensures ¢ is a
Carathéodory function.

By Lebesgue dominated convergence theorem

(1, v) /A g (2, Vu(z),v(2)) de (20)
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is strongly continuous in W (Q;R?) x L (Q; R™).

We will now prove the integral representation for general functions u € W1» (Q; Rd)
and v € L7 (;R™).

Let u € Whr (;RY), A € A(Q) with A cC Q and @ € W' (Q;R?) be with
compact support in 2 and such that © = © on A. We may find a sequence {u,} of
piecewise affine functions converging to @ strongly in W (Q; Rd).

Let v € L7(2;R™). Using a density argument, we obtain that, for every n € N there
exists D, € C (Q; R™) such that |7, — v||;, < 2.

n
Let
K, :=suppv,

which is included in an open subset A, of ), and let n > 0. For § > 0 let {Qf}
be a family of pairwise disjoint open cubes with side less than § and such that

P
K, CUZQ? C A, and let
Ms
5’n L ~ .~ ) L (5’71/
m; = m(sfvn = minv,, sy = E m; X s
Q @ i=1

For sufficiently small 4, it is possible to get

D =T <. (21)

Is
In fact, since v, is uniformly continuous in €2 then
VneN, Vn>0,30,>0:|r—2| <= |0,(x) =0, (2)] <n.

In particular, in each cube Q?

5 o~ -
n UHHLOO =

infv, — v,
Q?

IE <.

LOO

On the other hand, if = ¢ UM Q? then x ¢ K, and thus 9, = s = 0. Hence it
follows (21). Observe that

o= 2|10 < llo = Bull o + |80 — 52,
1
1 R q 1 1
< -+ (/ﬂ{vn(x)—Si(xﬂqu)q < EHQ';U'

Choosing 17 < < and letting n — oo we conclude that ) — v in L9 (Q;R™).

Hence

F(u,0:A) = F (@v; A) < iminf F (u, 5): A)

n—oo

n—oo

= lim inf/ 9 (2, Vu, (z), ) (z)) dz
A

- Ag(x,va(x),v(x))dxz/g(x,Vu(x),v(w))dx

A
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where we have used the fact that F' (-, -; A) is sequentially weak lower semicontinuous
and the strong continuity of (20) in W'? (€;R?) x L7 (Q; R™). Hence

F(u,v; A) < /Ag(x,Vu(:c) v (2)) do

for every u € Wh# ((;RY) and v € L7 (Q;R™).

To prove the reverse inequality, let us fix u € WP (Q; ]Rd), v € L9(Q;R™) and denote
by H : WP (Q;R?) x L1 (Q;R™) x A(Q) — R the functional defined by

H(u,v;A) == F(u+u,0+10;A), V(u,v) €W (QR?Y) x LI (Q;R™), A€ AQ).

Since H satisfies the conditions of the theorem then there exists a Carathéodory
function h satisfying the p — g growth condition a) and such that

H(H,E;A):/Ah(x,Vﬂ(x),E(x))d:v

for every u € W1? (Q; Rd) piecewise affine and v piecewise constant.
Moreover, we have proved that

H (u,7;A) < /Ah(x,VH(x),E(m))d:p

for w e Wh? (;R?), v € LI (Q;R™) and A CC Q.

Fix A € A(Q) such that A CC Q and let, as before, 7 € W'? (Q;R?) be with
compact support in {2 and such that u = u on A, {u,} a sequence of piecewise affine
functions converging to @ strongly in WP (Q; Rd), and v, € C® (Q;R™) converging
strongly to v in L7 (Q; R™).

We obtain

/h(:z:,0,0)dx:H(0,0;A):F(U,U;A)S/g(x,Vu(x),v(x))dx
A A

B /Am,vaw @) de = lim [ g(@, Vu, (2) v, (@) do

n—oo A

= lim F (up,vn; A) = lim H (u, — u, v, — v; A)

< lim [ h(z,Vu,(x)—Vu(z),v, () —v(x))de
n—oo A

= lim [ h(z,Vu,(x) — Vu(z),v, () —v(x))de

n—oo A
= / h(z,0,0)dz,
A

where we have used in the last identity the strong continuity of

(u,v)»—>/Ah(x,Vu(x),v(x))dx
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in WLP(Q;R?) x L1(Q;R™), which follows from Lebesgue dominated convergence
theorem.

Hence
F(u,v; A) = /Ag (z,Vu(z),v(x))dx (22)

for every u € WP ((;R%), v € L7(;R™) and A € A(Q) with A cC Q. By
virtue of (22) on open sets A well contained in 2 and by the inner regularity of
the integral and of F' (recall that F' is a measure as assumed in 7)), the equality
F(u,v;A) = [, 9(z,Vu(z),v (z))dz holds for every A € A(Q), u € W'?(Q;R?) and
ve LI(Q;R™).

To finish the proof it remains to prove that g (x,-,-) is separately convex.

The convexity described in (18) follows from Zig-Zag Lemma 4.3.5 in [15] (see also
Lemma 20.2 in [22]). To prove (19), we argue as in [2], Theorem 5.1. Let £ € R and
define
Vp ‘= tb1 + (1 - t) bg

for t € (0,1) and by, by € R™. To prove the convexity of g it suffices to prove

F (g, 3 B, (x)) < tF (ug, by B (2)) + (1 — ) F (g, bo; B, (x))
for every fixed z € ) and for every p > 0.
Let z € Q, A:=Q (x, ]\V/fp) and define v,(y) := bix(ny) + ba(1 — x(ny)), where x
denotes the characteristic function of A defined in the cube @ (z, p) and extended by
periodicity to R,
By Riemann-Lebesgue lemma it follows that v,, — tb; + (1 —1%)bs in the weak topology
of LI(B,(x);R™).

Let us consider the open set A, = {y € B,(x) : x(ny) = 1}. Since v, are
piecewise constants and F'(-,-; B, (x)) is sequentially weak lower semicontinuous in
W (Q;RY) x L7 (Q;R™) we obtain

F (ug,vp; B, (x)) < Uminf F (ug, vn; B, ()

Nn—00 B,(z)NAn B, (z)\An

By () By(x)

= 1 F (ug, by; B, (x)) + (1 — 1) F (ug, ba; By () -
So we conclude that ¢ is separately convex.
By (14) and (15) one has

q (y,£’ b) _ limsup F (uﬁavijBp (y)) _ limsup F (u§7 Ub; BP (Z))

p—0t P p—0t pN
Thus given (£,0) € RN x R™ we have that g (y,&,b) = g(2,£,0) for any y,z €
2. Hence g is independent of z. By Theorem 4.4 in [29] we conclude that g is
quasiconvex-convex. O

=9(2,60).
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3.2. Compactness

This subsection is devoted to prove that general families of integral functionals, essen-
tially under hypotheses (H;) and (Hz) (for p,q > 1) admit a subsequence I'(LP x L )-
converging to a functional which is still a measure and that can admit an integral
formulation.

In this subsection p,q > 1.
First we will establish a compactness result for general families of functionals H. :
LP(Q;RY) x LI(Q;R™) x A(R) — [0, 0] of the form
A) /f6 z,Vu(x),v(x))dr if (u,v) € WHP(A;R?) x LI(A;R?),
(u,v;

otherwise,
(23)
where f. : Q@ x RN x R™ — R is a family of Carathéodory functions satisfying
uniform p — ¢ growth and p — ¢ coercivity conditions as in (Hs), namely

Z (€ +1617) = C < fule,&5) < CAL+ [P + ) (24)

for some C > 0, for a.e. x € Q and for every (£,b) € RN x R™.

This compactness result will ensure the existence of I'—convergent subsequences of
H., whose I'—limit admits an integral representation in W1 (Q; Rd) X L1(Q;R™).

Let Hy, y and HE;J_} be defined in L? (Q;R?) x L9 (Q;R™) x A(Q) by

H{_gj} (u,v; A) := inf{hmmf[—] (uj,v;; A) :

J—00

w; — uin LP(A;RY), v; — v in Lq(A;Rm)},

H{tj} (u,v; A) := inf{lim sup H., (uj,v;; A) :

J—0o0

wj — win LP(A;RY), v; — v in Lq(A;Rm)}.

If HE;J_} (u,v; A) = Hi s (u,v; A) for each A € A(S), for every u € W'? (Q;R?) and
v € LT(;R™) then we denote H. y (u,v; A) := T —limj_ H.; (u,v; A).

Theorem 3.2. Let f. : Q x RN x R™ — R be a family of Carathéodory functions
satisfying (24). Let H. be the functional defined in (23). For every sequence {e,}

converging to zero there exists a subsequence {enj} = {g;} such that Hy. ) exists for
all w € WHr (;RY) , v € LI (Q;R™) and A € A(Q).

Moreover, there exists a Carathéodory function gl&it : Q x RN x R™ — R such that

Hiey (w,v;4) = /Ag{ef} (x,Vu(z),v(x))dx
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for every u € W (;R?), v € LT (;R™), A€ A(Q) and
|1t (2, &, )] < C (1 +[¢]7 + [b])

for a.e. x € Q, and for every (£,b) € RN x R™,

Let C be a countable collection of open subsets of {2 such that for any ¢ > 0 and any
A € A(Q) there exists a finite union C4 of disjoint elements of C satisfying

Ca C A,
LN (A) < LY (Cy) + 6.

We may take C as the set of open cubes with faces parallel to the axes, centered at
r € QN QY and with rational edge length. We denote by R the countable collection
of all finite unions of elements of C, i.e.,

k
R::{Ucizk:eN, ciec}.

i=1
We start by proving that the I'—limit exists for any element C' € R.

Lemma 3.3. For every sequence {e,} converging to zero there exists a subsequence
{en,} ={e;} (depending on R) such that

Hie,y (u,v;0) (25)
exists for all w € LP (O RY) | v e L9 (Q;R™) and C € RU{Q}.

Proof. Observing that the dual of LP(Q; RY) x L4(£2;R™) is a separable metric space,
by virtue of Kuratowski’s compactness theorem (see Theorem 8.5 and Corollary 8.12
in [22]) and via a diagonal argument, we may say that there exists a subsequence
{e;}, depending on R such that the I-limit of H., exists for every C' € RU {2}, and
(u,v) € LP(Q;R?Y) x LI(Q;R™), and, moreover, this T-limit is +oc0 in (LP(;RY) \
Whr(Q; RY)) x LI(Q;R™). O

In order to conclude the proof of Theorem 3.2, we prove that the I'-liminf is the trace
of a Radon measure. To this end we will invoke the following result (see [33]) which
is based on De Giorgi-Letta’s criterion (see [26]).

Lemma 3.4 (Fonseca-Maly). Let X be a locally compact Hausdorff space, let 11 :
A (X) — [0,00] be a set function and p be a finite Radon measure on X satisfying

i)  II(A) <II(B)+ 1 (A\C) for all A, B, C € A(X) such that C CC B CC 4;

ii)  gwen A€ A(X), for all e > 0 there exists A. € A(X) such that A. CC A and
II(A\AL) <&

iii) (X)) > p(X);

w) I(A) <p(A) for all Ae A(X).

Then, II = ,ULA(X)-
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We are now in position to prove that the I' — lim inf is the trace of a Radon measure.

Lemma 3.5. For each u € W' (Q;R?) and v € L7 (Q;R™), for every A € A(Q),
let {e;} be the sequence given by Lemma 3.3. Then there exists a further subsequence
{ej} = {ew} such that Hi_,(u,v,-) is the restriction to A(Q) of a finite Radon

measure.

Proof. The proof develops following by now standard techniques (see for instance
[8]). We will see that we are in conditions to apply Lemma 3.4 with II(:) :=
H_,y (u, v, ) for some sequence {e;} to be chosen.

Let A, B, C € A(X) such that C CC B CC A, fixn > 0 and find {u;} C LP(Q; R?)
and {v;} C LI(Q;R™) such that u; — u in LP(A\ C;R?), v; — v in LI(A\ C;R™)

and

lim inf fe(x, Vu; (x),v; (z))de < H,_ (u,v; A\ C) + . (26)
j—00 A\é J {57}

Moreover, up to a subsequence (not relabeled), we may assume that

lim [ f (e, Vg (@), 05 (0) do = liminf [ f. (@, Vuy (2),v; () dz. (27)
j—00 A\é J—00 A\é

Let By € R be such that C CC By CC B, in particular LY (0By) = 0. Then,
by Lemma 3.3, H{_Ej}(u, v; By) is a I-limit, and thus there exists a sequence {u}} C

WP (Q;RY) and {vj} C LYQ;R™) such that u}; — w in LP(By,R?), vj — v in
L9(By; R™) and

lim [ fe (z, Vi (2) 0] (2) do = H_,(u, v; Bo). (28)

Jj—00 Bo J

For every uw € LP (;R?) and v € L7 (€;R™) consider the functional
G,7: A) = / (1+ |Va (@) + |5 (2)]") da.
A

By virtue of the coercivity condition (24), up to a subsequence, there exists a non-
negative Radon measure v such that v;, = G(uj,,vj,;-) + G(u] v} ;-) restricted to
By\C converges weakly star in the sense of measures to v.

We claim that
H{_‘Ek} (u’ vi A) = H{_Ek} (u, v; B) ™ H{_Ek} (u’ v, A\a)

for all A, B,C € A(Q) such that C CC B CC A, for every u € WHP(Q; R?) and for
every v € LI(Q;R™).

For every t > 0, let B, := {z € By : dist(z,0B,) > t}. For 0 < § < 1 < n such
that v (0B,) = 0, define Ls := B,y s \ B,1s and take a smooth cut-off function
s € C3°(By-s;10,1]) such that ps(x) =1 on B,. As the thickness of the strip is of
order &, we have an upper bound of the type |[Vs||1=s, ;) < %
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Define
Uy = upps + (1 — @s)ug, Uk = s + (1 — @5)vg.

Clearly {7} and {v,} converge strongly to u in LP(A;R?) and weakly to v in
Li(A; R™), respectively.

By (24) it follows that

/fgk (x, VU (z), 0 (x)) dz
A

< ta@WMH@wH@M$+A fou (2, Vg (2) , vg () diz

By \ané

C
+ C(G(uy, vy,; Ls) + G(ug, vi; Ls)) + —

5 | i (@) — (@) P
6

< | fal@, Vuy(x),v, (2))de+ [ fo (2, Vg (2) 0 (7)) do
Bo A\C

/ ! C /
+ C(G(uy, vy; Ls) + G(ug, v; Ls)) + 5 luy, (7) — uy () [Pd.
Ls

Passing to the limit on k& and using (26), (27) and (28), we have
H{_E’“}<u’ vid) < H{_Ek}(u’ vi Bo) + H{_z-:k}(% v; A\ 6) +n+ CI/(L_é)
< Hp oy (w03 B) +Hi (w03 A\ C) + 1+ Cu(Ly),

where it has been used the fact that the I'-liminf of a sequence is below the lim inf
on any subsequence. Letting § — 07 we obtain

H{_gk}(u, v; A) < H{_Ek}(u, v; B) + H{_Ek}(u, v; A\ C) +n+v(By\B,).

Letting n — 0" and since v(0B,y) = 0 we have proven the subadditivity of Hiy (u,v;-).

To establish condition i7) in Lemma 3.4 let A € A(§2), € > 0 and consider A, € A ()
such that A. C A and

[ Qv @< 2 29
A\AL

where C' is the constant given by condition (24).
Due to the growth conditions (24) and (29)

H{;k} (um; A\A_E) < liminf fe (2, Vu (z) v (z)) de

k—o0o A\AZ

< C/A\A(l V@) + o (2)]9) da < <.

Hence condition #7) holds.

Up to a subsequence, there exists {e;,} such that up — u in WHP(Q;RY), v, — v
in LY(;R™) and H_ ,(u,v;Q) = limg_.o Jo fer (@, Vug (), vp () do. Let py =
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feo (@, Vug, vp) LV [ Q and let p be defined, up to a subsequence, as the limit of {suy}
in the sense of measures.

By definition, it follows that

Hi,(u,0;A) < lim inf/ foo(x, Vg, (7) vy, (7)) dz < pu(A)
A

k—oo

and we attained iv).

Finally, to establish ii7), take ' CC €. Since {ux} converges weakly star in the
sense of measures to p then

Therefore

for all ' cc Q. Hence
p(Q) <Hy (u,0:9).

As a consequence of Lemma 3.4 we conclude that
i (0,05 A) = i (A)

for all A € A(Q). O

Remark 3.6. Following the argument of Proposition 12.2 in [12] and assuming (24)
we may conclude that H. satisfies the LP x L9— fundamental estimate. Precisely, for
every U, U', V € A(Q) with U' CC U and ¢ > 0 there exist M, > 0 and £, > 0 such
that for all u, w € L? (Q;Rd), v, v € L1(R™) and € < g, there exists a cut-off
function ¢ € C§° (U, [0, 1]) such that ¢ = 1 on U’ and there exists > 0 such that
Ul ={xeU:dist (z,U’) <r} and

H. (gou + (1 —¢)u, xuv+ (1 — XU,C) v, U U V)

< (1+o0)(H:(u,v;U) + H. (u,7; V) + M, lu(z) —u(x)[Pde+ o
UNVI\U

where Xy, stands for the characteristic function of U;. By Proposition 18.3 in [22] we
conclude that for every A, B,C € A(f2) such that C CC B CC A

HE;}(U, v; A) < HE“E}(U, v; B) + H;}(u, v; A\ C). (30)

Proof of Theorem 3.2. Since the dual of WP(£; R?) x LI(); R™) is separable, by
virtue of the coercivity condition (24), we may apply Theorem 16.9 in [22], which
ensures that every sequence of increasing functionals {H.,A} admits a subsequence
{en,} = {&;}, T-converging to a functional H, namely the inner regular envelope of
H{_Ej} and Hzrsj} coincide with H for every A € A(€2). On the other hand, by virtue of

Lemma 3.5, we have that H{_a,} is a measure hence coinciding with its inner regular
J
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envelope. Moreover, arguing as in the proof of Proposition 18.6 in [22], by virtue
of (30) and the growth condition (24) we may conclude that H coincides also with
Hz;j}, thus concluding the existence of the I'- limit.

To prove that H.,; admits an integral representation we will verify that the hypothe-
ses of Theorem 3.1 hold.

Hypotheses i) and v) are consequence of the definition of the I'—limit. Hypothesis iii)
comes from (24) and iv) is easily attained. Condition #7) follows from Lemma 3.5. [

Next we prove, using the same techniques as in [8], that H{_E} is independent of

the boundary data for v constant. This result will be useful in order to achieve
Theorem 1.1.

Lemma 3.7. Let H: : Wh* (;R?) x L9 (Q;R™) x A(Q) — [0,00) be defined by
Higy (u,v; A)

= inf{lim infH, (ue,ve; A) : ue — u in LP (A;]Rd) , ve = v in LY(A;R™)

e—07t
u. = u on a neighborhood of 0A, /ve (x)dx = /v (x) d:v} .
A A

Then, under the growth condition (24),
Hiy (u,v; A) = Higy (u,vp; A)

for every A € A(Q), u e W (Q;Rd) , b € R™ where v, = b.

Contrary to the case where there is no dependence on v, we emphasize that in general
one cannot expect to have H_, (u,v; A) = Hi, (u,v; A) for every v. However, to the

achievement of the lemma it will be enough to prove Theorem 1.1, since in the proof
it will be sufficient to apply the fundamental theorem of I'" - convergence just on
constant functions v.

Proof. Clearly H{;} (u,v;A) < Hiy (u,v; A) for every u € W1» (A; Rd), ve LI(A;R™)
and A € A(Q). To prove the reverse inequality, let

Gpq (u, 0,13 4) i=/A(1+IVU(x)Ier(Iv(I)IJrT)q)dx

be defined for every u € W' (4;R?) , v € L1 (A;R™), r € RT and A € A(Q). Given
p > 0 consider u. € W'? (A;R?), v. € L7 (A;R™) such that u. — u in LP (A;R?),
ve = v in L9 (A;R™) and

My, (w0 A) + p > liminf H. (ue,ve; A).

e—0t
Due to the coercivity of H., we may extract subsequences {u., } and {v., } such that

lim iEst (Ue,ve; A) = klim H., (ue,ve;A)
e—0 —00
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and the sequence of measures v, = G,4 (Usp, Ve, 0;0) + Gpg (U, vp, 1;+) converges
weakly star in the sense of measures to some Radon measure v.

For every t > 0, let A; := {z € A : dist (z, 8A) > t}, fix n > 0 and for every 0 < 20 <
n' < n such that v (0A,;) = 0 we define L; := A, _ QJ\ZWM Consider a smooth cut-off
function @5 € C§° (Ay-s; [0, 1]) such that p; =1 on A, and [[Ves|| joeay < 5 g

Define
Ug,, 1= Ug 5 + U (1 - @5) ) Vg, 1= Ve XA, T Cey (1 - XAn)

where
C. = fA (vb () — Vg \ T ( )XA (x )) d:L‘

c Ja(1- (z)) dx
Clearly, @, — w in L? (A;Rd) and ., = u on a neighborhood of dA. Moreover,
¢, — b, U, — vy in L7 (A;R™) and

/A 7., (x) dv = /A w(@) da.

H€k (ﬂEkvﬁak; A’f]) + Hf:‘k (ﬂskaﬁak; A\Zn—d) + Hek (ﬂskaﬁaka L&)
H., (ue,,ve; Ay) + He, (u, Cerh A\An_(;)

+ C/L (1 + |V, (2) + [5., (2)|) dz

Thus
HEk (ﬂe’;‘k)@ék; A) S

< He (1,00 Ay) + o/ (1+ [Vu(@) + (Joy(@)] + 1)7) dar
A\Zn—é

e / (1+ |V, (@) + [, ()] de.
Ls
Since

/L Vu., ()" de < C/L IVu (2)|” + [Vue, ()" + [Vps (2) @ (ue, (7) —u(2))[" do
<c / Vu (@) + Ve, (@) + 5 [, (#) — () dr

and

., (2)]" do = / jon, ()| da + / eee[? da
L(S L(;ﬂAn Lé\A’r]
< / e, ()] da + / (lop()| + 1) do
Ls Ls

we have

Hsk (ﬂa‘kaﬁak)A)
< H., (uey,ve,; Ay) + Cy, (A\An 5) + Cuy (Ls) + / lue, (x) —u (z)|" du.
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Letting k — oo and § — 0" in this order one obtains

liminf He, (Ue,, Ve, A) < Hy (w, v A) + p+ Cv (A\A,)) + Cv (0Ay).

k—o00

Since v (0A,y) = 0 letting n — 07 one obtains

Higy (u,vp; A) < liminf He, (e, Ve,; A) < Hiy (w, ve; A) + p.

k—o00

Letting p go to zero we attain the claim. ]

4. Applications

In this section we apply the integral representation results and the compactness the-
orem for the I'-convergence of a family of general integral functionals obtained in the
previous section to provide an explicit integral representation result for the I'-limit
of (2).

4.1. Relaxation in WP x L4

Let f be a Carathéodory function as in the statement of Theorem 1.2 and define

F:wte (Q;Rd) x L1(Q;R™) x A(2) — R by
Fu,v; A) = /Af (2, Vu(z),0 () de.

Considering the relaxed functional defined as in (4), our goal is to find an integral
representation for F. The proof is based on blow-up techniques developed in [34].
We refer also to [32]. We also emphasize that the relaxation theorem below holds for
p>1and g > 1 (see Remark 1.3). Moreover, the presence of two fields will require in
the proof below the use of the decomposition lemma (see [35] and [13]) in two times,
first for the gradients and then for the unconstrained fields.

Proof of Theorem 1.2. We start showing that, for every u € W'? (A;R?), v €
L?(A;R™) and A € A () we have

f(u,v;A)Z/AQCf(x,Vu(x),v(x))dx

for p>1and ¢ > 1. Let u,, — u in W'"P(A;RY), v, — v in LI(A4;R™), and assume,
without loss of generality, that

lim inf/A f(z,Vu, (z),v, (z))de = im [ f(z,Vu,(x),v,(z))dr < cc.

n—oo n—oo A

By the growth condition on f, up to a subsequence, there exists a nonnegative Radon
measure j such that

f (@, Vg (2) v (2)) LY[A = o

as n — 0o, weakly star in the sense of measures.
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We claim that
dp

d,C_N (ZE()) Z ch (I’o, vu (xO) y U (ZL’())) (31)

for a.e. xg € A.

If (31) holds then the desired inequality follows immediately. Indeed, by Proposition
1.203 7) in [31] we have

lim inf/A f(x,Vu, (z),v, (z))de > p(A)

n—oo

> /AjL—MN(x)dmz/AQCf(a:,Vu(a:),'U(x))d:c.

To show (31) we apply Lusin’s theorem (see Theorem 1.94 in [31]) to obtain a compact
set K; C A with |[A\K;| < % such that f|x, : K; x R>N x R™ — R is continuous.
Let K} C A be the set of Lebesgue points of xx; and set w := U;’;l (Kj N Kj*) Then
1
|A\w| < [A\K;| < = —0 as j — oo.
J

Fix z¢ € w a Lebesgue point of u such that

dp o 1(Q (o, €))
g (o) = lim =5 < oo,
. 1
hm+ N—H/ lu () —u(xg) — Vu (x0) (x — x0)| dz = 0, (32)
e—0T & Q(z0,6)
1
lim —/ |v () — v (x0)|*dz = 0.
ot eV Q(z0.¢)

Choosing e, — 07 such that u (9Q (xg,ex)) = 0 and applying Proposition 1.203 ii7)
in [31] one has

;lE_MN(xO)_ ]}EEOM(Q(;Z\?,&«))
= lim lim LN/ f(x,Vu, (z),v, (z)) dx
k—=oomn=00 E1° JQ(z0.ex)
= lim lim /Q (@0 + ey, Vun (y) , vn (y)) dy
where
e (y) 1= ATV Z ) ) e ().

€k
Clearly wy), € W (Q;R?) and, by (32), limy_.o limy oo [[wy s — wo’lLl(Q;Rd) =0

where wy (y) := Vu(xg)y. Let {¢¥r} be a countable dense set of functions in
L7 (Q;R™). Then by (32),

lim Tim | (v (y) — 0 (20)) @ (y) dy = 0.

k—o00 n—00 Q
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By a standard diagonalization argument, we may extract subsequences wy := wy,
and Uy := vy,  such that {w;} converges to wg in L' (Q;RY), sup,ey fQ |Vwy, (y)|* dy
< 00, {v)} converges weakly to v (zg) in L? (Q;R™) and

d . ~
age ) 2 Jim [ o+ T ). T ) dy

Notice that if p = 1 the sequence {Vwy} is already p—equi-integrable. If p > 1 by
the decomposition lemma (see Lemma 1.2 in [35]), and up to a subsequence, we may
find {w;,} € W' (Q;R?) such that {|Vw,|"} is equi-integrable, W, = wy on 0Q,
Wy, — wo in W (Q;R?) and

{y € Q : wi (y) # Wi (y) or Vwg (y) # Vi (y)}| — 0.

Then, applying the decomposition lemma to {v;} in L? (see Proposition 2.3 in [13])
we may find, up to a subsequence, {v,} C L?(Q;R™) g—equi-integrable in @ such
that

Hy € Qv (y) #Vk (¥)} — 0 as k — oo,

/ Uy (y)dy = v (xg), for every k € N
Q

and U — v (zg) in L9 (Q;R™).

Hence

dp
—_ (o) > liminf / [ (o + ey, Vi (y) , Uk (y)) dy
dLN k—o0 {vp=vi and W=wy}

where we have used the fact that f > 0. Since xy € w there exists j, € N such that
xg € Kj, N K, and using the continuity of f there exists 0 < p; < 1 such that

f(-anfab) Sf(l’,é,b)ﬁ—%

for all (x,&,b) € Kj, x B?XN (0) x Bj* (0) with |z — o, |u(z) —u (z0)| < pj.
Set
Epj=A{yeQ:w(y) =wi(y), lexwr )| <p),
IV ()| < 3, v (y) =0k (y), [ ()] <5}
The sequence {w} is bounded in W' (Q;R%), {v};} is bounded in L7 (Q;R™) and

Thus

N (x0) > hjnii?fh,ﬁiﬁlf . f(xo+ery, Vg (v), 0k () dy

1 —_— J—
= liminflim inf — f (x’VEk <:L“ xo) T (.CE xo)) da
oo koo & Iy Ek €k
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where Dy, ; := x¢ + e By 5.

Hence

dp AP | o (T 5 (%o
CM—N(%)Zh}Eg“I&ng Dk,jﬂ}(jgf(x,Vwk( Ek )wk( €k ))dz

1 — — 1
> liminfliminf — f (xO,V@k <x xo) , Uk (x x0>> — —dx.
j—o0 k—o0 8k Dk,jijO €k Ek j

Using the fact that |Vwy| < j and |tx| < j in Ej; and, by the growth conditions on
f, we have that

1 — _
N f (I()vak <I xo) JEk (x xo)) dx
gk Dkvj\KjO €k €k

|Q ($0>5k) \Kjo‘ —0
v

< Ca(zo,u (20)) (1 + 7% + j9)

as k — 00, because x is a Lebesgue point of XKj, -

Consequently

du R | _(x—x0\ _ [T — 29
M—N(mo)_hjrgglfhgglfg Dk,jf(xo,Vwk< - ),vk( - ))dm

— lim infliminf f (o, Vwy (y) , Tk (y)) dy

j—oo  k—oo jor
\J

— liminf /Q f (0, Vi () , Tk (1)) dy,

k—oo

V

where we have used the growth conditions on f, the equi-integrability of {|Vw|"}
and {|7x|’} and the fact that |Q\Ey ;| — 0.

Since Wy, = wo on 0Q, [,V (z) dx = v (zo) and using (7) it follows that

dp
2o (70) = QCf (w0, Vu (o) v (20))

To prove the reverse inequality, that is

F(u,v;A) < /AQCf (z,Vu(z),v(x))de,

we assume without loss of generality that f > 0. Arguing as in the proof of Theorem
3.2 it is easily seen that (4) fullfills all the assumptions of Theorem 3.1 thus

F (u,v;A) = / g (z,Vu(z),v(z))dx

A

for some Carathéodory function g, for every u € W (Q; R?) and every v € L (Q; R™)
and A € A(Q).
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By Scorza-Dragoni theorem (see Theorem 6.35 in [31]) since f is Carathéodory, for
each j € N, there exists a compact set K; C A, with |[A\Kj| < % such that the

restriction of f to K; x RV x R™ is continuous. Let K 7 C A be the set of Lebesgue
points of xr; and set w := U2, (K;n Kj*) Then

1
|A\w| < |[A\K;| <= —0 asj — oo.
J

Moreover, since for a.e. g € A

g(x07€07bO) == hm f(UEO’UbO’Q<m0a€))

e—0t eN

where ug, (x) := oz and vy = by, it is enough to prove that

g (20,0, b0) < QC f (w0, o, bo)

for any o € w satisfying (33), any & € R and any by € R™.

Let (z0,&,bo) be such triple. Fix 6 > 0 and let w € W™ (Q;Rd) and n €
L™ (Q;R™) with fQ n (z)dx = 0 be such that

/ f (0,80 + Vw (z), b + 1 (2)) dv < QC'f (0, &o, bo) + 0.
Q
Still denoting by w and 71 the extension of these functions to RY by Q—periodicity,

let
Whe (T) = Sw (nx — xo) and 7, (x) =17 (nm — xg) .

n 9 €

Clearly, up to a subsequence, w, . — 0 in W? (Q (x0,€) ;Rd) as n — oo and by
Riemann-Lebesgue lemma (see Lemma 2.85 in [31]) 1, — 0 in L (Q (x¢,€) ; R™) as
n — oo.

Therefore, by (33) and the definition of F,

1
g (o0, &0, bo) < liminfliminf — [ (@, + Vwne (), by + e (7)) do.

e—0+ n—oo €N Q(JEO,E)

Let L :=1+1[&|+||Vw|| ;o + 00| +|7]| oo - Since g € w, there exists jo € N such that
zy € Kj, N K} and by the uniform continuity of f on Kj, x BN (0) x By (0), one
has the existence of p > 0 such that if (z,&,b), (T,&b) € Kj, x BN (0) x B (0)
such that if |(x,§,b) — (T,E, l_))| < p then !f (x,&,b) — f (E, E,Z_))‘ < 0. Therefore for
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e sufficiently small (¢ < p), and applying the growth condition assumed on f,
g (0,0, bo)

1
< liminflim inf (5N /Q( . f(x, &0+ Vwne (2) b0 4 Mg (2)) da
0, J

e—0+ n—oo
0

5 / L (6ol + V]l g )? + (Joo] + ||n|rLoo>qu)

1
< Timinflim inf (—N / £ (20, €0 + Vo (2) by + e () d +
Q(o,¢)

e—0t mn—oo g
|Q (w0, &) \Kj, |
C N J

e 1
< liminflim inf (S_N /Q(zo : [ (o, &0 + Vwne (2),bg + M () dx + 96

e—07t n—oo

C|Q (x07 8) \Kj0|)

eN

e—0t eN

:/f(xo,§o+Vw(z),b0+77(z))dz+5+lim C’| (20,€) \ K|
Q
< QCf (20,0, bo) + 20,

where we have used the periodicity of f and the fact that xg is a Lebesgue point of

| Q(zo0.0)\ |
EN

XK;, to get —0ase—0F.

Letting 6 — 0% we obtain the desired inequality. O

4.2. Homogenization
In this section we prove Theorem 1.1.

Let F. : L? (Q;R?) x L1 (Q;R™) x A(Q) — R be given by

] l,p . d q . m
F (u,0: A) /f L Vu(z),v(x)) dv if (u,v) € WP (A;R?) x LT (A;R™),
otherwise.
(34)
Our goal is to show that the I'—limit of {F.} admits an integral representation.
Precisely,

Frey (u,v; A) = /Afhom (Vu(z),v(x))dx (35)

for all w € W' (4;R?), v € L7 (A;R™) and A € A(Q), where Fy.; is the ['—limit
of {F.} and fuom is given by (3).
We start by showing that the limit in (3) is well defined. The proof is an adaptation

of Proposition 14.4 in [12] and we present it here for convenience of the reader, since
it contains more and accurate details.
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Proposition 4.1. Let f : RY x R*N x R™ — R be a Borel function satisfying (H,)
and (Hy) such that sup,cpn f (7,€,b) < 0o for every (£,b) € RN x R™. Then fuom
is well defined and satisfies (Hs).

Proof. Let (£,0) € RN x R™ be fixed and for ¢ > 0 define

L.
gt == t—Nmf{ ( )Nf(x,§+Vg0(x),b+n(x))dx:
0t

p € WoP((0,)";RY), n e LU(0,)" ;R™), / n(z)de = } -

©.)"
Let ¢, € Wy P((0,8)N:R%), n € LI((0,1)V;R™) be such that

1

1
gty =y [ P+ Ve b @) de
05"

Let s >t and I := {i = (i1,...,in) €N) : 0 < ([t] + 1) (i + 1) < s} where we de-
note by [¢] the integer part of ¢.

Let Q, := Usesi ([t] +1) + (0,[t] + 1]V and define on @, the maps ¢, and 7, as
the extension by ([t] + 1) —periodicity of ¢; and 7, respectively. Then extend by
zero these functions to (0, S)N still denoting them by ¢, and 7y, respectively. More
precisely, on (0, s)" define

w(@t:{m@—iWHﬂn ifx—i([f] +1) e (0 +1", iel,
° ' 0 elsewhere,

n@y:{m@—iWH4ﬁ itz —i(+1)e@+1" iel
R 0 elsewhere.

Notice that ¢, € W,7((0,5)N:R%), n, € LI((0, s)N; R™) and f(o o () dz = 0.

Let R, := (0,5)" \Qs, then

N S NN

Moreover, denoting by #/ the number of elements of I,

ﬂfz[m%}Ns(m%+1)Ns(§+1)N. (36)
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Using the periodicity of f, (36) and the growth conditions (Hs) we have
1

95 < x o )Nf(x,§+Vsos(x),b+ns(w))dﬂf

1
:W(Z/ f(z, &+ Vo (x),b+ns(x))de + f(iﬂ,ﬁ,b)dx)
5 iel i([t]+1)+(0,[¢]+1]Y N

IA

SLN (<§+1)N/(07t)Nf(x,§+V(pt (), b+ (z))dz
S N
7 b) dz + C'| R,
+<t +1) /(t,[t]+1}Nf(x7§’ Jder ] |>

N s N 1 1 1\" t AN
< (241 - - 4= 1—(— = .
_3N<t+> (gt+t)+c(t+s) +0< (t+1 S))

Taking the upper limit on s and then the lower limit on ¢ we get

lim sup gs < lim sup g;

§—00 t—o00

and thus the desired result.
It is easy to see that fiom satisfies (Hsy). Indeed, by taking ¢ = 0 and 7 = 0 one has

faom (€.0) <lmsup— [ fle.&b)de <CO+[EF+ 7. (37)

T—o00 (0,1)N

On the other hand, since |-|, |-|? are convex and using Jensen’s inequality
1
™ Jom~

7 o (G e To@P + o) - €)

[, 6+ Ve (2),b+n(2))de

v

q

_07

Tl 1/ (b+n(x)d
— | = n(x))dx
C TN (O,T)N

where we have used the coercivity of f. By taking the infimum over all ¢ €
Wol’p( 0, 7)Y ;RY) and over all n € L( 0,7~ ;R™) such that f(o YN n(z)dr =0,
one obtains

111
> — | == + Vo (z))dx
oz [, €+ vem)

1
foom (€,0) 2 & (€]" + o) = C. (38)
From (37) and (38) one concludes that fyom satisfies (Hy). O

Lemma 4.2. Let y, z € Q, and p > 0 such that B, (y) U B, (z) C Q. Then, for
any sequence {e} there is a subsequence {e;} such that, under assumptions (H,) and

(H2)7
-,F{;j} (Ulﬁavb§Bp (y)) :f{;j} (uiuvb; BP (Z)) (39>

holds, where ug (x) := &x and vy, = b with (£,b) € RN x R™,
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Proof. Fix p > 0, (§,b) € RN x R™. By Proposition 11.7 in [12] there exist {u} C
Wol’p (Bp (y) ;]Rd), {v,} € L*(B,(y);R™) such that u;, — 0 in LP (Bp (v) ;Rd) and
v, — 0in L7 (B, (y);R™) and

lim £,

e
k—oco 7k

(ug + g, vy + vk; By (y)) = F.y (ue, 05 B, (y) -

Following the argument of Proposition 14.3 in [12], we extend wuy and v, by 0 outside
B, (y). Let r > 1, let 7, € RN be given by

(7%); = €, [ZZ _ yi:|

€Jk

and let

Ug () = v (x — 73) .

Uy () := uy, (x — 78)

Note that 7, — z—y and 7 is a period for & — f (— ¢, b) for all (€,b) € RN xR™.
Ik
Thus

r (ue + Ug, vy + Vg, 7 + B, (v))

= / f(i,erVEk(x),b—F@k(x))dx
Tk+Bp(y) ]

Jk

Jk

=/ f(i,f—FVuk(x—Tk),b—i—vk(x—ﬂc))dx
Tr+Bp(y) ]

= / f (t+Tk,§+Vuk(t),b+vk(t)> dt
Bp(y) €j

Jk

= / f (i,£+Vuk (t),b—l—vk(t)) dt
Bp(y) ]

S

= stk (u5 + Uk, Up + Ug; Bp (y>>

where we have used the fact that &% = £ + [Zg;y} and the periodicity of f (-, &, ).
J k

k €j Jk

Moreover, uy, — 0 in LP (B, (z) ,R?) and 5 — 0 in L (B,, (z);R™). In fact,

/ [ty (2)|P do = / lug, (x — 71,)|P dx
Byr(2) Byr(2)

P

:/ ()7 dtg/ e (D dt — 0.
By(2)+7k By(y)

And, for any measurable set £ C B, (2),

/B,"(z> 7 {e) Xz @) 4o = /JRN P (@) xm (2] d = / v (2 = 7) xe (2) da

RN

— [ n@xase®it— [ vy @d—0
R

RN



G. Carita, A. M. Ribeiro, E. Zappale / An Homogenization Result in WP x L1 1123

Since yp are dense in LY we obtain the weak convergence in L9. Hence, assuming
that without loss of generality f > 0 and using the growth condition (Hs)

{]k}(gbe (2))

< ‘7:{ }(uévvlh (Z))

IN

liminf 7y, (ug + Uy, vp + Ux; Byr (2))

k—o0

< liminf Fy) (ug + u, vy + 0k; B, (y)) + C [ By (y) \B, ()] (1 + [§]" + [0])

k—o00

Fr, 3 (6.0 B, () + C 1By (1) \B, )] (1 + 161+ Bl

Letting r — 1 then |B,, (y) \B, (y)| — 0. Thus we obtain (39). O

Proof of Theorem 1.1. To prove that the I'—limit expressed in the theorem exists,
we will prove that for any sequence {e,} \, 0 there is a subsequence {e,,} = {¢;}
for which the I'—limit is the functional Fj.,. Therefore, since the I'—limit for the
subsequence {¢;} is characterized, we get the existence of the I'—limit for the sequence
{en} and we achieve the result. Let then £, \, 0 and apply Theorem 3.2 to get, for
some subsequence {,,} = {¢;},

Fiey (u,v;A) = /Ag{aj} (z,Vu(x),v(x))dx

for some Carathéodory function ¢{¥} : Q@ x RN x R™ — R and for every u €
W7 (Q;R?) and v € L7 (% R™). Moreover, by Lemma 3.5, Lemma 4.2 and by

Theorem 3.1, ¢{%} is independent of = and it is quasiconvex-convex.

We claim that
g{aj} = fhom~

By (7) and Remark 2.10 iz)
1 (€.0) = win{ [ 5 (€4 Vi (0) b+ (o) d
Q

€ WoP (Q;RY), ne L (Q;R™), /Q

n(x)d:z:zO}
= min{]—'{aj}(u,v,Q) TU=Uc @, vV="1,+1,

o€ W (QRY), 5 e L (Q:R™), /Q

n(x)da::o},

where ug () := £x and v, = b, for every (£,b) € RN x R™,
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Thus by the fundamental theorem of I'—convergence (see Theorem 2.7) we have

s ED) = fim it {F 00,Q) s u= et g v =t

j—o0

o € Wi (Q:RY), n e L7(Q:R™), /Q

= lim inf{/f(g,Vu(y),v(y)) dy :u=1us+ ¢, v=1,+7n,
Q

Jj—00 Ej

n(x)dx:O}

o€ WP (Q:RY), ne L (Q:R™), /Q

n(x)dxzo},

where we have used Lemma 3.7.

Changing variables one obtains the desired identity. ]
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