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1. Introduction

Consider the minimal time problem with constant dynamics given by
minimize ¢ > 0 subject to (x +tF)NQ # 0, x € X, (1)

where X is an arbitrary Banach space of state variables, 2 C X is a closed target set,
and F' C X is a closed, bounded, and convex set describing the constant dynamics
T € F to attain the target set €2 from the state x € X. We refer the reader to
[1, 3, 6, 8, 14, 20, 22| and the bibliographies therein for various results and discussions
on the minimal time problems and their applications, particularly to control and
optimization.

The main attention of this paper is paid to the optimal value function in problem (1)
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known as the minimal time function and defined by
TH(x) :==inf{t > 0| QN (z +tF) # 0} . (2)

The requirements on the initial data (X, €2, F') of (1) imposed above are our standing
assumptions in this paper. Observe that we do not assume the standard interiority
condition 0 € int F', which is a conventional requirement on F' in the study of the
minimal time function (2) ensuring, in particular, the Lipschitz continuity of (2) as
well as of the corresponding Minkowski gauge

pr(u) :==inf{t >0l u e tF}, ueX, (3)
generating (2) under the interiority condition by

TE (z) = ingpp(w —z), veX, (4)
we

where pp(u) = inf{t > 0] t"'u € F'} in this case. Representation (4) with the Lips-
chitz continuous gauge (3) relates the minimal time function TZ (z) to the classical
distance function of the set {2 defined by

dist(z:0) i= inf ly — 2], €2 (5)

which corresponds to (2) when F' = IB, the closed unit ball in X. In fact, the vast
majority of methods and results developed in the study of the minimal time function
(4) under the interiority requirement 0 € int F' are inspired by their counterparts for
the distance function (5); see more details and discussions in the reference above.
In the absence of the latter requirement the minimal time function may be quite
different from the distance one; e.g., for F' = [0,1] C IR and Q = (—o0, 0] we have

the expression
0 if Q
Tg (x) _ { xreill

oo otherwise.

It is worth noting that functions of type (2) arise not only in the control framework
and have not only the "minimal time" interpretation. Their importance has been
well recognized in approximation theory; see, e.g., [7, 10]. Furthermore, functions of
type (2) belong to a broader class of the so-called marginal functions

p(r) = inf p(r,w), =€, (6)

weQ(x)

describing, in particular, optimal values in general problems of parametric optimiza-
tion and playing a significant role in sensitivity, stability, and other aspects of varia-
tional analysis and its applications; see, e.g., [2, 11, 12, 16, 18, 21] and the references
therein. However, the special structure of the cost function/Minkowski gauge in (4)
is crucial for the most interesting results obtained for the minimal time and dis-
tance functions and cannot be deduced from those known for more general classes of
marginal functions (6).

A characteristic feature of the minimal time function (2) is its intrinsic nonsmooth-
ness, which requires the usage of appropriate tools of generalized differentiation. A
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number of results for evaluating various subdifferentials of (2) were given in [5, 6,
8, 14, 22| under the underlying assumption 0 € int F', which ensures that the Lips-
chitz continuous function T4 (z) behaves similarly to the distance function (5) from
the viewpoint of generalized differentiation. It is definitely not the case when the
assumption 0 € int F' is violated.

To the best of our knowledge, the first effort in dealing with the minimal time func-
tions of type (2) in the absence of the interiority condition 0 € int F' was made in
[9], where certain formulas for evaluating their proximal and Fréchet subdifferentials
were obtained. However, the major results in the out-of-set case & ¢ {2 were derived
in [9] under the calmness property [18] of T4 (+) at Z meaning that

1T (2) — TS (2)| < k[lz — Z|| for all  near & (7)

with some constant x > 0, which is a "one-point" refinement of the classical Lipschitz
continuity of the minimal time function discussed above.

The primary goal of this paper is to develop subdifferential properties of the minimal
time function (2) with no imposing either the interiority condition 0 € int F' or the
calmness condition (7); the latter is required only in the second part of Theorem 4.6.
Besides the pure theoretical interest of clarifying what is possible to get without
the aforementioned requirements, the major motivation for our study comes from
the application to the generalized Fermat-Torricelli problem of finding a point at
which the sum of its distances to the given closed sets is minimal. This problem
is comprehensively studied in the associated paper [15] from both qualitative and
quantitative/numerical viewpoints.

We pay the main attention to the two robust limiting constructions by Mordukhovich:
the basic/limiting and singular subdifferentials for minimal time functions. The first
of them was studied in our recent paper [14] in the case of 0 € int ' while the second
one, being trivial for Lipschitzian functions, was not considered in [14] or anybody
else in the literature on minimal time functions. As a preliminary technical step (but
of its own interest) we evaluate e-subdifferentials of the Fréchet type for (2). The
latter construction reduces to the usual Fréchet subdifferential studied in [9], while we
need its e-enlargements in the general Banach space setting. Note that some results
obtained here for Fréchet subgradients of (2) recover those from [9], while the most
of them are new in the settings under consideration, even in the case of convex data
with no calmness assumption.

The rest of the paper is organized as follows. Section 2 contains preliminaries from
generalized differentiation used in the formulations and proofs of the main results.

Section 3 concerns general (non-subdifferential) properties of minimal time functions
important for their own sake and useful for the subsequent study of subdifferentials.

Section 4 deals with e-subdifferentials of (2) at £ € X considering both in-set z € 2
(easier) and out-of-set = ¢  (more difficult) cases. The crucial result in the latter case
is representing e-subgradients of the minimal time function via appropriate normals
at perturbed projections on the target with proofs based on variational arguments.

In Sections 57 we present the main results of the paper related to evaluating basic
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and singular subgradients of minimal time functions in both convex and nonconvex
settings. Most of the results obtained in these lines are new even for the case of
0 € int F' and are illustrated by numerical examples.

Section 5 is particularly devoted to upper estimates and precise representations of
the basic and singular subdifferentials of (2) at in-set points € 2 of general non-
convex target sets. It contains upper estimates and equalities for evaluating basic
and singular subgradients of the minimal time function T via the limiting normals
to the target €2 and appropriate characteristics of the dynamics F'.

Section 6 concerns upper estimates and equalities for the basic and singular subdif-
ferentials of T4 and their one-sided counterparts at out-of-set points z ¢ Q of the
general target set (2. We derive two types of results in this direction: those expressed
via limiting normals to €2 at projection points and those involving the limiting normal
cone to the corresponding enlargements of the target.

Section 7 is devoted to the minimal time problem (1) with convex data. The exact
calculations of the convex subdifferential of (2) obtained here recover some results of
[9] but without the calmness condition and also provide new subdifferential formulas
involving the Minkowski gauge (3) in the absence of the interiority condition 0 € int F'.
Besides computing the convex subdifferential of (2), we give the exact evaluation of
the singular subdifferential of the convex minimal time function, which has never
been considered in the minimal time literature. It is worth also mentioning that the
singular subdifferential has not been systematically studied and applied in the general
framework of convex analysis.

Out notation is basically standard in variational analysis and generalized differentia-
tion; see, e.g., [11, 18]. Unless otherwise stated, the space X in question is arbitrary
Banach with the norm || - ||, the closed unit ball B, and the canonical pairing (-, -)
between X and its topological dual X*. As usual, the symbol x;, — T stands for the

norm convergence in X while z} Yoot ask € IN = {1,2,...} signifies the sequential
weak* convergence in the dual space X*. Given a set-valued mapping G: X = X*,
we denote

Limsup G(z) := {x* € X*) 1 sequences vy — T, T, Yo as k — oo
with x € G(zy) for all k € ﬂV}

the sequential Painlevé-Kuratowski upper/outer limit of G as * — . If no confusion

arises, the symbol x £ % means that z — 7 with 2 € Q for a set Q, while z 5 7
indicates that = — T with p(x) — () for an extended-real-valued function ¢: X —

R := (—00, ).

2. Preliminaries from Generalized Differentiation

Here we define the constructions of generalized differentiation in variational analysis
used in this paper and review some of their properties. We mostly follow the book
[11], where the reader can find comprehensive material in this direction with the vast
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commentaries and references on these and related topics; cf. also [2, 12, 18, 19] for
additional issues.

Given a set 2 C X with z € 2 and given ¢ > 0, the collection of e-normals to €2 at
T is

]VE(:E;Q) =z e X" limsupwga , T €, 9)
o lz—2|

with N.(7;Q) = 0 if # ¢ Q for convenience. When ¢ = 0 in (9), the set N(z;Q) :=
Ng(i; 2) is a cone known as the Fréchet/reqular normal cone to §2 at Z. For convex
sets €2 we have

N.(z:Q) = {¢* € X*|[(z*, 2 — Z) < |z — Z| whenever z € Q}, T€€Q, (10)

ie., N (7; ) reduces to the normal cone of convex analysis, while for nonconvex sets
Q the cone N (z;92) and its e-enlargement (9) do not generally possess appropriate

properties expected from natural notions of normals. In particular, N (z; Q) if often
trivial (= {0}) for boundary points of closed sets; there is no robustness and good
calculus for (9), etc.

The situation dramatically changes when we consider the robust sequential regular-
ization (8) of the set-valued mapping (9) near = defined by

N(z;Q) = Limsup N.(z; Q) (11)
IgTOZ

and known as the basic/limiting/Mordukhovich normal cone of ) at . The latter cone
enjoys a number of good properties in the general Banach space setting and perfect
ones in Asplund spaces (including all reflexive) characterized as those Banach spaces,
where every separable subspace has a separable dual; see [2, 11, 17] for more details.
In this paper we do not need to impose the Asplund structure on X. Note that
the normal cone (11) and the corresponding subdifferentials are usually nonconvex
(in contrast to the majority of their known counterparts), while their important
properties and applications are mainly based on wvariational/extremal principles of
variational analysis.

In this paper we employ the following three subgradient constructions for extended-
real-valued functions ¢: X — IR generated by normals (9) and (11) to their epigraphs
epip = {(z,pn) € X x R| u > ¢(x)}. For convenience we present these constructions
in the equivalent analytic forms. Given a function ¢: X — IR and a point Z from its
domain dom ¢ := {z € X| p(x) < oo}, the e-subdifferential of the Fréchet type of ¢
at x is given by

~

Dep(T) = {rc e x*| liming P& — @) — ("2~ 3)

s ozl

> —5}, >0, (12)

with 0(Z) := Oop(2). For conves functions ¢ the e-subdifferential (12) reduces to

0.0(7) = {a* € X*| (2", — &) < p(x) — ¢(Z) + ¢l|z — Z|| whenever z € X}. (13)
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The basic subdifferential 0p(Z) and singular subdifferential 0°¢(z) of Mordukhovich
are generated, respectively, by "slant" and "horizontal" normals to epiy at (z, p(Z))
in the sense of (11) and can be defined analytically as

0p(T) := Limsup 5590(5E), (14)

T—Z
€l0

0%¢(z) := Limsup )\5590(37). (15)
zi>i
AL0
el0

It is worth observing (although it is not used in the paper) that we can equivalently
put e = 0 in (14) and (15) if X is Asplund and ¢ is lower semicontinuous (l.s.c.)
around 7.

Recall that the Fréchet subdifferential 5(,0(:2) reduces to the classical Fréchet deriva-
tive of ¢ at T if ¢ is Fréchet differentiable at z, while the basic subdifferential (14)
reduces to the classical derivative dp(z) = {V(z)} if ¢ is strictly differentiable at
Z in the sense of

i P& =) = (Vo(@),z —u) _
rs Iz — u] ’

u—7T

which is automatic when ¢ is C! around 7. If ¢ is convex, both 590(3?) and 0p(T)
agree with the subdifferential of convex analysis.

For the singular subdifferential (15) we have 0°¢(z) = {0} if ¢ is locally Lipschitzian
around 7 in arbitrary Banach spaces. In fact, the latter singular subdifferential condi-
tion is a full characterization of the local Lipschitzian property under some additional
assumptions, which are automatic in finite dimensions; see [11, Theorem 3.52]. Thus
the singular subdifferential carries nontrivial information only for non-Lipschitzian
functions, which is not the case for the minimal time function (2) under the interior-
ity condition 0 € int F'.

3. General Properties of Minimal Time Functions

In this section we collect some properties of the minimal time function (2), which are
not related to generalized differentiation. They are of their own interest while most
of them are widely used in the subsequent sections for deriving subdifferential results
of the paper. Note that, under our standing assumptions made in Section 1 and
imposed in what follows, the minimal time function is merely extended-real-valued
TY: X — IR and does not share many common properties with the distance function
(5) as in the case of 0 € int F.

For the given target set €2, consider the family of its enlargements
Q. ={reX|Ti@@) <r}, r>0, (16)

and establish the following relationship between T¢; and T
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Proposition 3.1 (minimal time functions for enlargements of target sets).
Let x ¢ Q, be such that TE (x) < co. Then

TE (x) = r + T4 (v) whenever r > 0. (17)

Proof. Since Q C Q,, we have t; := T} (x) < oo. By the definition of T (x), for
any € > 0 there are wy € 0, and t; < v < t; + € satisfying

wy € QN (x+7F).
Then T4 (w;) < 7, and hence there are wy €  and 5 < r + € such that
wy € QN (wy + Y F).
Consequently we get wy € QN (z + (71 + 72)F) by the convexity of F. This gives
Tg(ﬁ) <47 < Tgi(l') +r 4+ 2¢,

which imply in turn that T8 (z) < TS (2) + r due to the arbitrary choice of € > 0.

To justify the opposite inequality in (17), denote t := T3 (z) > r due to = ¢ ©,. Then

for any € > 0 there exist v with ¢t <~ <t + ¢ and w € X satisfying the relationship
we QN (x+F).

The above element w € {2 can be represented as w = x + g with some ¢ € F.
Define further w, := x + (7 — r)q and get w, € Q, by w € QN (w, + rF) # (). Thus
w, € Q. N (x+ (y —r)F), which implies the inequalities

TS (2) <y —r < TH(x) +e—-

We therefore arrive at T4 (z)+r < T4 (x) and complete the proof of the proposition.
O
The next property is elementary while useful in what follows.
Proposition 3.2 (minimal time functions with shifted arguments). For any
x € Q, withr >0 and any t > 0 we have
TS (x —tq) <r -+t whenever g € F.

Proof. Fix (z,r,t,q) in the formulation of the theorem and denote \ := T3 (z).
Picking any € > 0 and observing that A < r, find v > 0 such that A <~y < A+ ¢ and
w € X satisfying

we QN (z+F).

The latter directly implies the inclusions
weQN(z—tg+tg+yF)CQN(z—tg+tF+~yF)CQn(x—tg+ (t+7)F).

It follows then that Td (z—tq) < v+t < t+A+e < t+r+e, and hence T (v—tq) < r+t
by the arbitrary choice of € > 0. [
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Now we justify an important result ensuring the representation (4) of the minimal
time function (2) via the Minkowski gauge (3) with no interiority requirement 0 €
int F'.

Proposition 3.3 (relationship between minimal time and Minkowski func-
tions). Under the standing assumptions made we have the representation

TH(z) = ingpp(w —z) forallz e X.
we

Proof. Let us first show that T} () = oo if and only if

ing2 pr(w—2x) =00, x€ X. (18)
we

Indeed, it follows from definition (2) that T£ () = oo for some fixed x € X if and
only if QN (x + ¢tF) = () whenever t > 0. The latter is equivalent to the fact that

{t>0lw—z€tF} =0 for any w € €,

which is the same as pp(w — ) = oo for all w € €, i.e., (18) holds.

Suppose now that T (x) < oo and thus inf,cq pr(w —z) < oo for some fixed z € X.
Then for any ¢t > 0 with QN (z + tF) # () there is w € Q satisfying w — z € tF, and
hence pp(w — x) <t. The latter implies that

el =) <t

and so inf,ecq pr(w —z) < TE (x). Put further « := inf,cq pr(w — ) < oo and, given
e > 0, find w € (2 satisfying
pr(w —x) <v+e.

Then there is t > 0 such that ¢ <y + ¢ and w — 2 € tF. This implies that
TS (x) <t <7y+e,

and hence T (z) < v = infyeq pr(w — x), which completes the proof. O

Given 7 € X with T (Z) < oo, consider the (generalized, minimal time) projection
of T on the target set {2 defined by

II5(z) := (2 + T5 (2)F) N (19)

It is not hard to check that if 2 is a compact set, the projection IT5(Z) is always
nonempty with 74 (z) = 0 if and only if Z € Q.

The next result reveals a kind of linearity of the minimal time functions with respect
to projection points on arbitrary target sets.

Proposition 3.4 (minimal time linearity with respect to projections). Let
T ¢ Q, and let w € TU5(Z). Then for any A € (0,1) we have

TE (Zo + (1 - N7) = (1 — NTE (7). (20)
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Proof. It follows that w € & + tF for t := T4 (Z) < oo. Then
Ao+ (1=Nz=w+ (1 =A)(T—w) €w— (1 —NtF,
which implies the inclusion
weQNA+(1=XNz+(1—=MNtF), 0<A<L.

Hence TE (A + (1 — \)Z) < (1 — A\)t = (1 — \)TE(Z) for such A, which justifies the
inequality "<" in (20). To prove the opposite inequality, denote ¢ := T (Aw + (1 —
A)Z) < oo and for any € > 0 find t) < < ) + ¢ with

QN @+ Nw—2)+~F) #0.

Thus we have that
QN@+ M+9)F) £0,
and so TS (Z) < M+~ < ANTE(Z) + ty + e. Tt follows finally that

(1-NTg (@) <t +e,
which completes the proof by passing to the limit as € | 0. ]

Let us now show that, not being Lipschitzian or calm under our assumptions, the
minimal time function (2) enjoys the desired lower semicontinuity property provided
some additional requirements needed for our subsequent applications. Recall that the
lower semicontinuity of an extended-real-valued function ¢: X — IR is equivalent to
the closedness of its level sets {x € X| ¢(z) < a} for all a € IR.

Proposition 3.5 (lower semicontinuity of minimal time functions). In addi-
tion to our standing assumptions, suppose that the space X 1is either finite-dimensio-
nal, or it is reflexive and the target set € is convex. Then the minimal time function
(2) is lower semicontinuous on its domain.

Proof. Fix any real number o« > 0 and show that the level set
L= {ZBGX| T8 (z) < a}

is closed under the assumptions made. Take an arbitrary sequence {z}} C L, with
zp — T as k — oo. Then we have from T (7;) < a and definition (2) that for every
k € IN there is t; such that 0 < t; < o+ 1/k and

QN (z, + t,F) #0, ke IN.

Fixing further w; € Q with wy € xy + tx F', we find g, € F satistying wy = x5 + tpqi
for all & € IN. Observe that the sequences {t;} and {gz} are bounded due to the
boundedness of F. If X is finite-dimensional, we get without loss of generality that
t, — t and ¢, — @ as k — oo for some elements ¢ € [0,a] and § € F. Then
wy = T + teqp — T+ 17 € Q, and thus T(z) <t < a.

If X is reflerive, we may assume that g, converges weakly to some . It follows from
the classical Mazur theorem that a convex combination of elements from the sequence
{qx} converge to ¢ strongly in X. By the closedness and convexity of F' we conclude
that ¢ € F, and the same properties of  imply that T+tq € Q. Thus T (7) <t < «
in this case as well, which completes the proof of the proposition. ]
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Next we characterize the converity property of the minimal time function TF (z).
Proposition 3.6 (convexity of minimal time functions). The minimal time

function (2) is convex if and only if its target set  is conver.

Proof. Suppose that the target set (2 is convex and show that in this case for any
r1, T2 € X and for any A € (0,1) we have

TE Ay + (1 = N)xy) < ATE (21) 4+ (1 = NTE (2). (21)

Since (21) obviously holds if T (1) = oo or T (x5) = oo, assume in what follows
that t; := Td (z1) < oo and t := T (z3) < co. Then for any € > 0 there are numbers
v; with

ti§7i<ti+5 and Qﬂ(l’z—i"}/zF)#@, 221,2

Take w; € QN (x; +;F) and by the convexity of Q and F get Aw; + (1 — X\)wy €
and

The latter implies the inequalities
TE Ay + (1= N)ag) < Ay + (1= M)y
< ATE (1) + (1 = VTS (22) + €,
which in turn justify (21) by the arbitrary choice of € > 0.
To prove the converse statement of the proposition, observe that
Q={zeX|T§x) <0},
and thus € is obviously convex provided that T3 has this property. ]

The last result of this section establishes sufficient conditions for concavity property
of the minimal time function under consideration.

Proposition 3.7 (concavity of minimal time functions). Assume that the com-
plement Q° := X \ Q of the target is convex. Then the minimal time function (2) is
concave on §2° provided that it is finite on this set.

Proof. If T is not concave on €, then there are z1, 75 € Q¢ and 0 < A < 1 such
that
TE Oy + (1 — N)wy) < MXTE (z1) + (1 = N T (22) < 0. (22)

By definition (2), find t < AT (1) + (1 — \)TEL (z2) and w € Q satisfying
w— (Azy + (1 = X)) = tq

for some g € F. Consider the points

i =T+
YT () + (1 NI ()
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and observe that uy,us € Q2°. Indeed, assuming for definiteness that u; € Q yields
that
trE
Th () < i

= N ) + (1= VT () T (),

a contradiction. At the same time we have the inclusion w = Auj + (1 — Nug € Q,
which is impossible due to the convexity of €2°. Combining all the above shows that
condition (22) does not hold under the assumptions made, and thus T3 is concave
on 2°. ]

4. e-Subgradients of Minimal Time Functions

This section is devoted to evaluating e-subgradients (12) of the minimal time function
(2) as € > 0 via corresponding characteristics of the target and dynamics sets therein
at both in-set and out-of-set points of the target in the general Banach space setting.
In particular, our results for e = 0 provide evaluations of Fréchet subgradients of (2)
with no interiority and/or calmness assumptions essentially used in previous methods
and results for this case.

We first consider in-set points & € 2. Involving the support function of the dynamics

op(z*) :==sup(z”,x), e X7, (23)
el

and the exact dynamics bound
IF'|| == sup {|[q| over q € F'}, (24)
define the following support level set:

Cr = {:L'* e X"

op(—2*) <1+¢|F|}, >0, (25)

which is denoted by C* if ¢ = 0. Let us begin with upper estimating the e-
subdifferential of (2) via the support set (25) of the dynamics and the set of e-normals
(9) to the target.

Proposition 4.1 (upper estimate of c-subdifferentials of minimal time func-
tions at in-set points). Let © € Q. Then we have

56T§(f) C Ne(f; M) NC: for any e > 0.

Proof. Fix an arbitrary subgradient z* € (iTg (z). By definition (12) of the e-
subdifferential, for any n > 0 find § > 0 such that

(0", 0 = 7) < T (x) = Tg (%) + (e + )|z — 7|
< T () + (e +n)le — |

whenever x € T + §IB; this takes into account that TZ'(Z) = 0 on €. It follows that

(", 2 —7) < (e +n)|lx — | forall z €,
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and thus z* € ]/\\fs(a?; ). Fix further any ¢ € F' and get

(z*, —tq) < T (T —tq) + (e +n)l|tq|
<t+te+n)||F|

when ¢ > 0 is sufficiently small. Since n > 0 is also arbitrarily small, the latter implies
that op(—2*) < 1+ ¢||F|| and completes the proof of the proposition. O

The next result provides a certain opposite estimate to Proposition 4.1.

Proposition 4.2 (lower estimate of s-subdifferentials of minimal time func-

tions at in-set points). Let 7 € Q, and let e > 0. Then for any z* € N.(z; Q)N C*
we have

~

" € 0, T () with p= p(x”) == 1+ 2[|F| - [J"]]. (26)
Proof. Arguing by contradiction, suppose that z* ¢ @ETg (). Then

hmmeQ() T4 (z) — (2,2 — T) <
r—z ||z — 7|

—HE,

and thus there exist v > 0 and a sequence x; — T such that
Tg (o) = (2" ap — T) < (—pe = y)llan — 7], ke IV

It follows that x; ¢ 2 for k sufficiently large, since otherwise it contradicts the fact
that z* € N.(z: ) due to pe + v > e. This also implies for such k that

0 < Tg (wn) < [lo*| - [l — 2,

and hence T¢ (z;) — 0 as k — oo. Since ||x), — Z||> > 0, for each k sufficiently large
there are t > 0, wy € €2, and g € F satistying

wy = T + tpqr  and Tg(l‘k) <t < Tg(xk) + ||Ik - Lf‘HQ
Consequently we have the relationships

—T) + b (2", k)
oty = T) + (=1 — €| F)
) +

{
>
> (", ap — 7) + (Tq (wa) + o — 2*) (=1 — 2| FI])
=
(

(x* w, — ) =

v @, — ) = Tg (v) — (L + el Fl)l|ow — 2]* — eTq () | F|
> (pe +v = el NFID Nz — 2l = (L + ellF Il — 2]
On the other hand, it follows from wy, 2z and 2" € Z/\L(f; Q) that
(2", wp — ) < (e +v)lwe — 2|
for any v > 0 and k sufficiently large. Observe also that

ok = 2| < Nlow — 2| + Gl FIL < U+ 2] - IFID lox — 2]+ llaw — ZI(1F])-
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Comparing these inequalities and letting v | 0 and k£ — oo, we get the estimate
pe +y —ellz*| - |1 FIl < e(X+ =] - [ F]])

Taking into account the definition of p in (26), we arrive at a contradiction and thus
complete the proof of the proposition. ]

Let us now turn to the out-of-set case of = ¢ Q. The following important result is an
extension of [14, Theorem 3.5] established under the interiority assumption 0 € int F.
The proof is based on variational arguments involving the seminal Ekeland variational
principle.

Theorem 4.3 (e-subgradients of minimal time functions at out-of-set points
via perturbed normals to target sets). Let 7 ¢ Q with TS (Z) < oo. Then for

every ¥ € @Tg(f), e >0, and n > 0 there is w € §2 satisfying the relationships
v € Nopy(@;9) and |7 —w|| < ||F|T5 (@) + 1. (27)

Proof. Fix (z*,&,n) from the formulation of the theorem and, using the e-sub-
differential construction (12), find ¢ > 0 such that

(¥, 0 —7) <TH(x) — TS (%) + (8 + g) |z — | forall x € T+ 0IB. (28)

The minimal time definition (2) ensures the existence of ¢ > 0, w € Q, and ¢ € F
satisfying

- - ) n
TE(Z) <t < TE (%) + 1 d W=F+tq with7:=min{ -, ———— 1%. (29
o(T) < 0@ +n° and w=2Z+tq with 77 := min > 3 [E] (29)

It follows from (28) and (29) that for any w € QN (w + 01B) we have the estimates

(" w = @) < T (w =5 +7) = T (@) + (= + ) Jw - @
< T (w—tg) = T5 @) + (e + 7 ) |w— ]

<t-TE@) + (e +3) Jw—

< (e+ D) o — @) + 7

Consider further the complete metric space E := QN (w+46B) and define a continuous
function ¢: F — IR on it by

o(w) = —{z*,w — @) + (a+g) lw— @] + 72, we E. (30)
We conclude from the constructions and estimates above that

~ . ~2
p(w) < inf p(w) +77°.
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Applying the Ekeland variational principle to ¢ on E allows us to find w € E such
that
|lw—w| <7 and ¢(w) < @(w)+7||w—o| whenever w € E.

This means by the definition of ¢ in (30) that
— (o 0= @) + (e + ) |0 — ] + 7
< —(z*w— )+ (s+g> lw — @] + 7% + 7llw — w||
for all w € E. Taking into account the construction of 7 in (29), we get

(", w —w) < <a+g+ﬁ> |lw— || < (e 4+ n)|jw— . (31)

It follows furthermore that
|lw—w| < |Jw—w|+|w—w|] <27<d forany w € QN (w+ nB).
This ensures that Q N (w + 7B) C E and hence z* € NE+,7(1IJ;Q) by (9) and (31).
Employing finally the choice of (¢,q,w,n) in (29), we get
17 — ol < |7 —wl| + [[w — ol < tllql] + 71
< FI(T (@) +7) +7 < |FITG (2) + 7| F|| + 1)
< | FIITS (2) +n,

which justifies the remaining estimate in (27) and completes the proof of theorem. [

Next result fully describes behavior of the support function (23) at e-subgradients of
the minimal time function (2) taken at z ¢ (2 via the dynamics bound (24).

Proposition 4.4 (relationship between dynamics and e-subgradients of min-
imal time functions at out-of-set points). Let Z ¢ Q and TE (z) < oo for (2).

Then for any x* € 5€T£(:E) we have the two-sided estimates
L= ¢ F|l < op(—27) < 1+el|F], &> 0. (32)
Proof. Fix ¢ > 0 and z* € é;Tg (). Picking an arbitrary number v > 0 and using
the e-subgradient definition (12), find 6 > 0 such that
(%0 —7) <TH(2) =TS (@) + (e + )|z — Z|| for all » € T + JIB.

Let r := T4 (z), which ensures that Z belongs to the enlargement 2, defined in (16).
By Proposition 3.2 we have the estimate

TE(z —tq) <r -+t whenever ¢ € F and t > 0.
Since x := ¥ — tq € T 4+ 0IB when t is sufficiently small, it follows that

(%, —tq) < To (T — tq) — Tg (7) + t(e +7) [l
<t+tle+)|F]-
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Letting v | 0 yields that op(—2*) < 1+ ¢||F||, which is the upper estimate in (32).
To derive the lower estimate in (32), consider a sequence of vy | 0 as k — oo and for
any k € IN find t; > 0 such that
r<tp<r+uvl and (T4 HF)NQ#(D.
The latter implies there existence of ¢, € F' and wy € (2 satistying
Wy =T+t = T+ g + (b —v)ge and  TH(Z + veqr) <t — g
Moreover, we have ), := T +tpvpqr € T+ 0IB when k is sufficiently large. This yields
(@, vear) < T (T + vigr) — T4 (7) + (e + 7)valla |

<t —ve — 7+ (€ +7)vl | F

< v — v+ (e + )l Fl
and justifies therefore that

L= = (e +NIFI < (=27, qx) < op(=27).

Thus we get 1 —¢||F|| < op(—2z*) by letting v | 0 as k — oo and taking into account
that v > 0 was chosen arbitrarily. This completes the proof of the proposition. [

Next we obtain an upper estimate of the e-subdifferentials of the minimal time func-
tion (2) at out-of-set points via the sets of e-normals (9) to Q at (generalized) pro-
jection points and the Minkowski gauge of the dynamics (3).

Proposition 4.5 (upper estimate of e-subgradients of minimal time func-
tions at out-of-set points via projections on targets). Let T ¢ Q with TS (z) <
o0, and let TI5(Z) # 0. Then for any w € I5(Z) and € > 0 we have the estimate

~

O.TH () € —.pp(w — ) N No(w; Q). (33)

Proof. Fix a number ¢ > 0 and an e-subgradient x* € @Tg (). Then picking any
number 7 > 0 and employing (12), we find 6 > 0 such that

(x*, 0 — ) < T5(x) = TE () + (e + n)||x — Z|| whenever z € 7 + ¢ IB. (34)

Let us first show that, taking any projection point w € I15(Z), we have the upper
estimate R R

0:T¢, (7) C No(w; Q)
via e-normals (9) to the target Q. Indeed, fix w € II5(Z) and observe that w €
QN (z+tF) with t := TE(Z) > 0. Hence w € QN (w — @ + Z + tF) for any w € €.
Specifying further w € w + §IB with § > 0 from (34) and taking into account that
w—w+7T€T+6B and TE (w—w+7) <t=TE(Z), we get by (34) that

(%, w— ) <TE(w—w+7) —TE(Z) + (e +1)||lw — |
< (e +n)|w—w.
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This implies 2* € N.(w; ) by definition (9).

To continue the proof of estimate (33) by involving now the e-subdifferential of the
Minkowski gauge pp, we set T = w — T and apply (34) with z — t(x — ) and ¢ > 0
sufficiently small. Then (34), Proposition 3.3, and the convexity of pr ensure the
relationships

(o, —t(x — F)) < TE (& — tla — 7)) = TH(@) + (= + )t — 7]
< pr(i — 7+t — 7)) — pr(@ — 7) + (e + m)tl|z — 7]
< pr(te + (1= (@0 — 7)) — pr(@ — 7) + (= + )]l - 7]
< tpp() + (1 = )pe(® — &) — pr(® — &) + (¢ + )]l — 7|
— t(pr(@) — pr(®) + (e + n)tllx — 3

Thus —z* € 55,0F(1IJ — ), and the proof is complete. O

The last assertion of this section provides a two-sided estimate of e-subgradients of
the minimal time function (2) at out-of-set points Z € 2 via the set of e-normals to the
target enlargements (16) and appropriate characteristics of the dynamics. The results
obtained extend the ones from [14, Theorem 4.2] derived for the e-subdifferential

(/?;Tg () under the interiority assumption 0 € int F' and those from [9, Theorem 4.2]

given for the Fréchet subdifferential 97T, Z'(z) under the calmness assumption (7).

In addition to (25), define the two-sided support set

St= {x* e X"

1—¢l|F| <op(—2") <1+elFll}, >0, (35)

which reduces to S* := {z* € X*| op(—2*) = 1} for £ = 0.

Theorem 4.6 (¢c-subgradients of minimal time functions at out-of-set points
via e-normals to target enlargements). Let T ¢ Q with r := TL(Z) < oo under
our standing assumptions. Then we have the upper estimate

O.TE (%) € No(7:Q,) N S* for alle > 0. (36)

Conversely, suppose that the minimal time function TS is calm at T with constant k.
Then for any z* € Ng(f; Q)N SE and € > 0, we have the inclusion

o € 0 TE(T) with € = 0(x*) =1+ 2||z*|| - | F|| + 2x|| F||. (37)

Proof. Fix z* € 5€T5 (z) with € > 0 and observe that the inclusion z* € S* follows

from Proposition 4.4. To justify x* € ]va(f; Q,), pick n > 0 and find § > 0 such that
inequality (34) is satisfied. Since T (z) <7 =TEL(7) for all z € ,, we have

TE(z) — TS5 (Z) <0 whenever x € Q, N (z + 61B),
which implies therefore that (34) reduces to

(@2 —7) < (e +n)lle -z
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for such z. Thus we get z* € N.(z;€,) by (9) and justify the upper estimate (36).

To prove the converse inclusion (37) under the extra calmness assumption, pick any

Tt e Na(f; ,)NS* with € > 0 and, applying Proposition 4.2 and taking into account
that S¥ C CF and p(z*) < ¢(x*) for p(z*) in (26) and ¢ = £(z*) in (37), we get

vt € 9. T (7) with r = T (2). (38)

It follows from Proposition 3.1 that T (z) = T4 (x) — r for any 2 with T (z) < oo
and T4 (z) > r. This yields by (38) that

T (x) = T5(x) — (a", 2 — 7)

limFinf ” 7
z—T, TS (x)>r r—x
) 7L (2) = T (2) — (2%, 2 — T) (39)
> liminf el T > —(e.
=2, T (@) 2r |z — z]
To justify (37), it remains to prove that
TF _ TF =) * -
lim inf 2 () 2 (7) — 2"z = ) > —/le. (40)
o—3, TE (r)<r |z — Z||
To proceed, take an arbitrary number v > 0 and find 6 > 0 such that
(*,x —x) < (e +7)||zr — || whenever z € Q. N (z+ dB) (41)

by z* € J/\}a(f; Q) and |TE () —TE (7)| < k|lz—7]|| for all z € 2+ B by the calmness
condition. Since op(—x*) > 1—¢l||F||, thereis ¢ € F such that (—z*, ¢) > 1—¢||F||—7.
Fix further a point x € X such that T4 (z) < r and

J

rex+ 0B with §; (= ——.
B R T

(42)
Denoting ¢ := T (z), we take a sequence of v, | 0 as k — oo and for any k € IN find
tr > 0, w, € Q, and g € F satisfying

t<tp<t+uy, and wp=2x+ trq.
It is easy to observe that

wg=a — (r—tg)g+ (r—tg)g+teqy Cx— (r —tg)g+rF

when k is sufficiently large. Thus for such £ we have

TE (xy) < v with 2 == 2 — (r — .)q

and, by using r —t = T4 (Z) — TE (x) < k||x — Z|| and the definition of ¢; in (42),
arrive subsequently at the upper estimates

e — 2l < llz =2l + (r = t)llgll < [l = 2] + (r = O Fl

_ g (43)
< [l =z + sl —z|| - [[F]] < (14 &[[F[[)o1 <4,
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and thus zy € T+ 0B for all k sufficiently large. Plugging now z := zj, into (41) and
employing the middle estimate in (43), we get
(%0 —2) — (r —ti) (2", q) < (e + )|z — 2|
< (e+7) A +&[F]) |z -z

for the point x fixed above. The latter gives by letting k& — oo that
(%0 —2) < (r—t)(z", q) + (e +7) A+ &[|F|) |z — 2|
<t—r+EF|+7)r—t)+(E+7) A +&|F]) [z -z
< T3 (@) —T5@) + [k EFl +7) + e+ A+ &|FI) ]z — 2|,
which in turn implies that

TF _TF =) * -

liminf 2@ ZT0@ = @222 o o ipe > e,
goo |z — ]
T4 (z)<r

since v > 0 was chosen arbitrarily. Thus we get (40) and, unifying it with (39), justify
(37) and complete the proof of the theorem. O

5. Evaluating Basic and Singular Subdifferentials of Minimal Time Func-
tions at In-set Points of General Targets

In this section we obtain various formulas of inclusion and equality types for efficient
evaluations of both basic (14) and singular (15) subdifferentials of minimal time
functions at in-set points & € €2 of general nonconvex target sets (2.

Recall that a function ¢: X* — IR is sequentially weak* continuous at x* if for any

sequence Ty Y%, 2* we have o(x}) — @(x*) as k — oo. The function ¢ is sequentially
weak™® continuous on a subset S C X* if it has this property at each point of S.

In what follows we exploit the sequential weak® continuity of the dynamics support
function (23), which is automatic in finite dimensions due to the following simple
observation. The next proposition is well known while we present it for the reader’s
convenience.

Proposition 5.1 (Lipschitz continuity of support functions). Let F be a boun-

ded subset of a normed space X, and let op be the associated support function (23).
Then

lop(@)) — op(@3)| < |F| - [la] — a3l for any 27,23 € X7, (44)
i.e., op is globally Lipschitz continuous with constant ||F|| in the norm topology of
X*.

Proof. Fix x}, x5 € X* and for any n > 0 find by (23) such ¢ € F that op(z]) —n <
(x%,q). Then we immediately have the estimates

op(z]) —op(x3) < (21,q) — or(23) +1
<(z1,q) — (x5, q) +n
< |laf = 25| - |1 F|l + 7,
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which imply in turn that op(2}) — op(xd) < || F|| - ||z — «3||, since n > 0 was chosen
arbitrarily. Interchanging the role of 7 and 3 in the latter estimate gives us (44). O

Let us now establish two-sided relationships between the basic subdifferential of (2)
and the basic normal to the target in the in-set setting. The following theorem is
new even for the case of 0 € int F’ in finite dimensions; cf. [14, Theorem 3.6].

Theorem 5.2 (basic subgradients of minimal time functions and basic nor-
mals to targets at in-set points). Let & € Q for the minimal time function (2),
and let C* be defined in (25) as e = 0. Then we have the upper estimate

oTE (z) € N(z; Q)N C*, (45)

which holds as equality when the dynamics support function (23) is sequentially weak*
continuous at each point of the set —|N(z; Q) NC*]; in particular, when dim X < oo.
If in addition 0 € F', then we have the normal cone representation

N(z;Q) = | J 201 (2). (46)

A>0

Proof. To justify the upper estimate (45), fix an arbitrary basic subgradient z* €
OTE (z) and by definition (14) find sequences g5, | 0, zp — T, T& (x1,) — TS(z) = 0,
and zj Y, 2% as k — oo such that Ty € 5€kT§(xk) for all £ € IN. If there is
a subsequence of {z;} (with no relabeling) that belongs to €2, then we get x} €
Ngk (rr; Q) and

op(—ay) <1+ &l F (47)

by Proposition 4.1. Passing there to the limit as k& — oo and employing definition
(11) of the basic normal cone give us z* € N(z;€). Since furthermore

(—xp,v) <14 ¢g||F| forallve F,

it follows from (47) as k — oo that (—a*,v) < 1, which justifies (45) when {z;} C Q.

Consider now the other case when xy ¢ € for all k£ € IV sufficiently large and find by
Theorem 4.3 a sequence {wy} C €2 satisfying

v € Neprajw(wi; Q) and  ay, — wi|| < ||F|TE (0x) + 1/k, k€ IN. (48)

Since TE (x1) — 0, it follows from the inequalities in (48) that w, — T as k — oo,
and thus z* € N(z;) by passing to the limit in the inclusions of (48). We also
get from Proposition 4.4 that op(—x}) < 1+ &,/ F|| in this case, which yields that
op(—x*) <1 as k — oo and completes the proof of the upper estimate (45).

Let us next justify the opposite inclusion in (45) under the additional assumption
made. Pick any z* € N(z;Q) N C* and by definition (11) find sequences ¢ | 0,

zp 2 7, and x “%, 2* such that xy € J/\lk(xk;ﬂ) and op(—z*) < 1 for all £ € IN.
Invoking the assumed sequential weak® continuity of op on —[N(z; Q) N C*], we get
the convergence op(—2x) — op(—2*) as k — oo. If op(—2*) < 1, then op(—2}) < 1



934 B. S. Mordukhovich, M. N. Nguyen / Subgradients of Minimal Time ...

for all large k. Proposition 4.2 gives us a sequence £ | 0 such that z} € 5ng£ (xk);
hence z* € 9T (7).

In the other case of op(—2*) = 1, denote v, := op(—2z}) and get by the assumed
weak® continuity that v, — 1 as k — oo. Then we have
x_lt: AT * 37_2 A F
€ N, /v (1) NC* and then — € 0:,T¢, (w) (49)
7k Tk
for some sequence £, | 0, which exists by Proposition 4.2. Passing to the limit in
(49) as k — oo yields z* € 9TE (z) and completes the proof of equality in (45).

Let us finally justify representation (46). It immediately follows from the upper
estimate (45) that the inclusion "C" holds in (46). It remains to show that under
the additional assumption 0 € F' the opposite inclusion

N(zQ) C | AT (2), 2€9

A>0

is satisfied. To proceed, fix any basic normal z* € N(z;{2) and find by (11) sequences

er 10, wy 2, z, and zj Y%, 2% as k — oo such that xy € ]ng(wk;Q) for all £ € IV.
Let
i = op(—x}) + 1 =sup(—x;,v) +1, ke IN.
veEF

and observe from 0 € F that A\, > 1 for every k. Moreover, the sequence {\;} is
bounded in IR due to the boundedness of F' in X and the boundedness of the weak*
convergent sequence {z;} in X* by the uniform boundedness principle. Without loss
of generality, suppose that Ay — A > 0 as k — oco. Then

Ty o~
A—’; € Opper/n T (wy), k€ IN, (50)

with oy, := 2| F|| - ||z} /Ae]| +1 > 1 for all k. This implies that
¥ € NOTE (z)
by passing to the limit in (50), which completes the proof of the theorem. ]

The next theorem provides an upper estimate of the singular subdifferential of (non-
Lipschitzian) minimal time functions at in-set points and also justifies a case of equal-
ity therein. As mentioned in the Introduction, the latter subdifferential has never
been considered in the literature for minimal time functions while it is important for
applications.

Theorem 5.3 (singular subgradients of minimal time functions via basic
normals to targets at in-set points). Define the positive dual cone of the dynam-
ics in (2) by

Fi={z"€ X*| (z*,v) 20 for allv € F}. (51)

Then for any in-set point & € ) we have the upper estimate

O>TE(z) C N(z;Q) N Fr. (52)
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Moreover, (52) holds as equality when 0 € F and the support function op in (23) is
sequentially weak® continuous at each point of the set —[N(Z;Q) N FY].

Proof. To justify (52), fix any 2* € 9>°T£ (Z) and by definition (15) find sequences
e L0, 2y — 2, e, 1 0, and z}, € 8., TE () such that TE (z) — TE(z) = 0 and

ALy, 2% as k — oo
In the case of z;, € Q for a subsequence of k € IN (no relabeling) we have
2t € N, (1) and op(—af) < 1+ei|F|l, ke N,

which implies by construction (9) and Proposition 4.1 that \yz} € N,\kak(:vk; Q) and
(=i, v) < A+ Aeek||F|| whenever v € F.

By passing to the limit in the latter relationships as & — oo, we get that z* € N(z; Q)
and (—z*,v) < 0 for all v € F, respectively. This justifies (52) in the case under
consideration.

In the other case of x; ¢ ) for all large k, we proceed similarly to the above with
using Theorem 4.3 and Proposition 4.4 for out-set points instead of Proposition 4.1
for z € €2; cf. also the proof of Theorem 5.2. In this way we fully justify the upper
estimate (52).

Let us finally prove the opposite inclusion in (52) under the additional assumptions
made. Fix any 2* € N(z; Q)NF} and by definition (11) find sequences €, | 0, x, LN z,
and zj, “%, 2* such that xy € Ngk (xk; §2). We have furthermore that o(—2z*) = 0 due

to 0 € F and 2" € F}. It follows from the assumed sequential weak® continuity of
the support function op that 0 < op(—2}) — op(—2*) = 0. Set now

A = UF(—$Z)+{I/5+ 1/k, k‘EW,

and observe that \; | 0 as k — oo and z} /Ay € ﬁsk/kk(xk; Q) N C*. Since g/ | 0,
by Proposition 4.2 we find a sequence £, | 0 such that i—: € 5ng£ (xg) for all k € IN,

and hence z* € 9°TJ&(Z) by passing to the limit as k& — oo. This ensures the
equality in (52) under all the assumptions made and thus complete the proof of the
theorem. 0

Finally in this section, let us illustrate the results of Theorems 5.2 and 5.3, by the
following example of a two-dimensional minimal time problem (1) with a nonconvex
target set €2 and a convex dynamics set F' of empty interior. In this case the minimal
time function (2) is non-Lipschitzian and nonconvex.

Example 5.4 (basic and singular subgradients of nonconvex and non-Lip-
schitzian minimal time functions at in-set points). Consider the convex dy-
namics set F := [—1,1] x {0} C R? with int F' = () and the nonconvex target set
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Q:=R*\ (—1,1) x (—=1,1) in the minimal time problem (1). Then the Minkowski
gauge (3) and the minimal time function (2) are computed, respectively, by

or(a) = {m\ if 2 € IR x {0},

oo otherwise;

0 ifz e
TE (2) = ’ 53
2 (@) {1—y;c1| ited Q. (53)

We first verify Theorem 5.2 at the in-set point z = (1,0) € Q. It is easy to see that
OTE (z) = [—1,0] x {0} and that or(v) = |v;| for any v = (vy,v5) € IR%. Then

Nz Q) NnC* =Nz N{ve R*|o(—v) <1} =[-1,0] x {0},

and thus (45) holds as equality as well as that of (46). We can check further the
fulfillment of (52) as equality in Theorem 5.3, which yields therefore that 0°T% (Z) =
{0}. Due the result mentioned at the end of Section 2, the latter condition fully
characterizes the local Lipschitzian property of TS around Z, which can be seen
directly from the explicit formula for the minimal time function given above.

Taking next another in-set point g = (0,1) € Q, we similarly check the fulfillment of
(45) and (52) hold as equalities with OTE () = {0} x IR~ and 0>°TE (g) = {0} x R~.
The latter confirms that T£ is non-Lipschitzian around (0, 1). We see from the precise
formula (53) for T£ that this function is in fact discontinuous at (0, 1).

6. Evaluating Basic and Singular Subdifferentials of Minimal Time Func-
tions at Out-of-set Points of General Targets

This section is devoted to evaluating the basic and singular subdifferentials of the
minimal time function (2) at out-of-set points = ¢ 2. We derive two types of results
in this direction: via projection points to the target {2 and via enlargements §2,.

Focusing first on results of the projection type, we introduce and apply the following
property of well-posedness for minimal time functions.

Definition 6.1 (well-posedness of minimal time functions). We say that the
minimal time function (2) is well posed at T ¢ Q with TE (Z) < oo if for any sequence
vy — T as k — oo with TL (z,) — T&(Z) there is a sequence of projection points
wy, € 115 (2) containing a convergent subsequence.

The next proposition lists some conditions ensuring the well-posedness of (2). Recall
that a norm on X is Kadec if the weak and strong (with respect to this norm)
convergences agree on the boundary of the unit sphere of X.

Proposition 6.2 (sufficient conditions for well-posedness). The minimal time
function (2) is well posed at T ¢ ) under one of the following conditions:

(a)  The target Q is a compact subset of X;
(b)  The space X is finite-dimensional and Q is a closed subset of X ;
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(¢) X is reflexive, Q@ C X is closed and convex, and the Minkowski gauge (3)
generates an equivalent Kadec norm on X.

Proof. The well-posedness of (2) under one of the conditions (a) and (b) is obvious.
Let us justify it under condition (c¢). To proceed, fix a convergent sequence zj, — T
and observe that the property T (zx) — T&(T) is automatic when pp generates a
norm. It is well-known in this case that IT5(z) # 0 for every x € X due to the
convexity of € and the reflexivity of X. Pick any wy € I15(z)) and observe that

It follows that the sequence {wy} is bounded in X, and hence—by the reflexivity
of X—it contains a subsequence (with no relabeling) that weakly converges to some
element w. Since €2 is convex and closed in X, it is also weakly closed; this w € (2.
By the lower semicontinuity of pr in the weak topology of X and by (54) we have
the relationships

pr(Z —w) <liminf pp(z) — wy) = lign inf T (wp — a1) = T4 (2),

k—oo

which imply that @ € I15(Z) and T (z —w) = pr(Z—1w). Since pr generates a Kadec
norm on X, it follows from pp(zr — wg) — prp(T — w) and the weak convergence of
T —wy to T —w that in fact the sequence xp —wy converges strongly in X, and hence
wy — w as k — oo. This completes the proof of the proposition. O

Now we use the well-posedness property of T4 to derive upper estimates of both basic
and singular subdifferentials of the minimal time function at out-of-set points.

Theorem 6.3 (basic and singular subgradients of minimal time functions
at out-of-set points via projections). Let T ¢ Q with TS (Z) < oo, and let the
minimal time function (2) be well posed at T. Then we have the estimates

aTE (z) C U [ — 9pr(w — 7) N N(w;Q)], (55)

wellE (7)
o1 c |J [-0%pr(@—2)n N(@;Q)]
wellE (7)

c |J [NwnF;]

wellf (z)
with the positive dual cone F} of the dynamics defined in (51).
Proof. Pick any basic subgradient z* € 9T4 (Z) and by definition (14) find sequences
€r 10, xp ﬁ z, and zj, ", 2* as k — oo such that
x) € é;kTg(xk) for all k£ € IV. (57)

By the well-posedness property of (2) there is a sequence wy, € 11§ (), which contains
a subsequence (no relabeling) converging to some w. It follows from definitions (19)
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of the generalized projection, the convergence T¢ (z3) — T (z), and the assumptions
made that w € II5 (7). Applying Proposition 4.5 to (57), we have

~

z;, € —0e,pr(zy — wy) NN, (0 Q), k€ I,

which yields in turn the upper estimates (55) by passing to the limit as k — oo.

Let us now prove both inclusions in (56). Taking an arbitrary singular subgradient
F ~
x* € 0°TL(Z), find by (15) sequences i, | 0, A\ | 0, 2 Ta, z, and z} € 0., TE (x4; Q)

such that gz}, %, 2 as k — oo and

zt € 0., TE () for all k € IV (58)

By the well-posedness property of (2) there is a sequence wy, € 1§ (zy; Q) that contains
a subsequence (no relabeling) converging to some w. As discussed above, we have
w € 15 (7). Applying Proposition 4.5 to (58) allows us to conclude that

—)\kl’z S )\k/a\skpp(l’k — wk) and x}z c )\k]/\\fgk(wk; Q), k € IN. (59)

Letting k£ — oo in both inclusions of (59), we arrive at the first estimate in (56).

To justify the remaining inclusion in (56), observe by the arguments similar to the
corresponding ones in Theorem 5.3 (cf. also the proof of Theorem 7.3 below for more
details in the like setting) that we have the implication

—at € 0. pp(Ty — wy) = op(—1)) < 1+e4]|F|, ke IN.

It yields by (59) that «* € N(w; Q)N F; similarly to the proof of Theorem 5.3, which
thus completes the proof of this theorem. ]

The following example illustrates some features of the results obtained in Theo-
rem 6.3.

Example 6.4 (basic and singular subgradients of nonconvex and non-Lip-
schitzian minimal time functions at out-of-set points). Consider the setting
of Example 5.4, where the minimal time function is computed by formula (53). Take
the out-of-set point z = (1/2,1/2) ¢ Q and verify the conclusions of Theorem 6.3.
The well-posedness property (54) holds by Proposition 6.2(i7). It is easy to check that
115 (2) = {w} with @ = (1,1/2) for the Euclidean norm in the projection operator
(19). Thus we arrive at the equality

OTE (2) = {(—1,0)} = —0pr(w — 2) N N(w; Q)

in (55) and similarly get the equality in (56) with 0°T4'(z) = {0}, which is in
accordance with the local Lipschitz property of T around this point that obviously
follows from the explicit formula (53). Note that both inclusions (55) and (56) are
strict in this example if the projection in (19) is taken with respect to the mazimum
norm on the plane.
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Let us further address a natural question about getting counterparts of Theorems 5.2
and 5.3 on upper estimates for basic and singular subgradients of the minimal time
function (2) at out-of-set points via basic normals to the enlargement 2, of the
target set (). However, simple examples show the failure of such estimates. For
instance, consider the minimal time problem (1) in X = IR?* with FF = IB and
Q= {z € IR?| ||z|| > 1}. Then for Z =0 and r = T (z) = 1 we have N(z;,) = {0}
while 9TE (7) = {x € R?| ||z|| = 1}.

It occurs that the appropriate analogs of the upper estimates in Theorem 5.2 and 5.3

hold at Z ¢ Q with the replacement of OTE (z) and T4 () therein by the one-sided
modifications of these constructions for ¢ = TE defined by

0>p(Z) := Limsup 5€<p(x), (60)
ot
:UETO;B

02 ¢(z) := Lim sup )\5590(:6), (61)
> 2

el0
20

where the symbol z g signifies that x —  with p(z) — ¢(Z) and p(z) > p(Z).
Note that the basic one-sided construction (60) was introduced in [13] and applied
therein to the study of distance function (see also [11, Sec.1.3.3] and [14]) while the
singular one (61) appears here for the first time. Observe that we always have the
inclusions R

dp(T) C 0>p(T) C 0p(z) and  0Fp(T) C 0%p(Z)
which show, in particular, that 0> (Z) = 0p(Z) if ¢ is subdifferentially reqular at z,
i.e., 0p(Z) = Oyp(Z); the latter is always the case for convex function.

Now we are ready to establish the corresponding counterparts of Theorem 5.2 and
5.3 at out-of-set points by using the one-sided constructions (60) and (61).

Theorem 6.5 (one-sided basic and singular subgradients of minimal time
functions at out-of-set points). Let the minimal time function TS be continuous
around some point T & ), let r = T (z), and let the sets C*, S*, and F7 be defined
in (25), (35), and (51), respectively. Then we have the upper estimates

O-TH(Z) C N(z:Q,)NC* and OXTE(Z) C N(z;Q,) N FY, (62)
where the first one can be replaced by the equality
OsTE(z) = N(z;9Q,) N S* (63)

if the support function op is sequentially weak® continuous on the set —[N(z;Q,)NC*|
and if TE is locally Lipschitzian around Z. Furthermore, the normal cone represen-
tation

N(z:Q) = [J20:T3 (@) (64)

A>0

takes place with the convention 0 X ) = 0 provided that 0 € int F'.
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Proof. We justify only the first inclusion in (62); the second one is proved similarly

by taking into account the proof of Theorem 5.3. To proceed, pick any z* € 0-TE ()
+ w*

and by (60) find sequences ¢, | 0, z, = , and xy — x* as k — oo such that

T € 5€kT£(xk) for all k € IN.

If TX (xx) = r for some subsequence of {k}, we have by the upper estimate (36) of
Theorem 4.6 the relationships

ap € No, (2:€,) and 1 —ep||F| < op(—ak) < 1+ 4| F)

held along this subsequence. Passing there to the limit as & — oo gives us the
inclusions z* € N(z;€,) and z* € C*, which justify the first estimate in (62) in this
case even without the continuity assumption on the minimal time function.

In the other case of T& (xy) > r for all k € IN sufficiently large, the assumed conti-
nuity of TJ ensures that for such k we have that T (x) > r whenever x is near .
Employing then Proposition 3.1 ensures the equality

TE (x) = r + T4 (x) for all x near xy.

The latter implies by definition (12) that
x) € é;kTg(mk) = ikT&(xk), ke IN.

The rest of the proof of the first inclusion in (62) follows the arguments in the proof
of Theorem 5.2, which in turn are based on the variational result of Theorem 4.3.

Let us next justify equality (63) provided the fulfillment of the additional weak*
continuity and Lipschitzian assumptions made in the theorem. It follows from the
proof above that the latter assumption implies the inclusion "C" in (63). To justify
the opposite inclusion "D" therein, fix any z* € N(z;€,.) N S* and find by (11)

sequences € | 0, xy SN z, and Y, 2% as k — oo with Ty € ]\Afek(:ck;Qr), k e IN.
The sequential weak* continuity of or at —x* ensures that

Ve = op(—x)) = op(—2*) =1 as k — oc.
By the definition of S* in (35) we may assume with no loss of generality that

Tk ¢ ]/\\fsk/%(xk; Q)N S* forall k € IN. (65)
Tk

It follows further that T& (x)) = r for large k, since the opposite assumption on
TE (x1,) < r implies by the continuity of T4 that x;, € int ., which contradicts the
condition z* # 0 held by (65). Employing the second part of Theorem 4.6, find a
sequence ¢ | 0 such that

Tk ¢ 5. T (z,) for all k € IN.
Vk
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Passing there to the limit as k& — oo and using definition (60) justify equality (63).

Let us finally prove representation (64) correcting the corresponding arguments given
in [14, Theorem 4.4]. Note that the inclusion "C" in (64) follows from the first
inclusion (62) and the cone property of N(Z;2,.). To prove the opposite inclusion D"
in (64), fix any z* € N(z;(,) and assume that z* # 0, since otherwise z* belongs
to the right-hand side of (64) by our convention. In this case v := op(—2*) > 0
due to 0 € int F'. By definition (11) of the basic normal cone, there are sequences

er | 0, xp LN z, and zj W, 2* with Ty € ]/\\fgk (2x; Q). By 0 € int F' the minimal
time function (2) is Lipschitz continuous and hence T{ (z) = r when k is sufficiently
large. Indeed, if T (z) < r for a subsequence (without relabeling), then z € int €2,
which implies that ||z}|| < e and leads to a contradiction by [|z*|| < liminf||z}| as

k — oo. Define further A, := op(—2}) and observe by x} Y%, o that Ay, > v/2 >0
for all k sufficiently large. Moreover, )\ is bounded, and hence we may assume that
A — A >7/2 as k — oo. Then

i

" € Ngk/,\k(xk) and op(—1;) =1,

ok Py——
Ty =

which yields by Theorem 4.6 that z; € 5ng§(xk) with &, — 0 as k — oo. The latter
implies the inclusions

v € NI () € | Ao=Td (@),

A>0

which justify (64) complete the proof of the theorem. O

7. Computing Basic and Singular Subdifferentials of Convex Minimal
Time Functions

The concluding section of the paper concerns the minimal time problem (1) with
convex data, i.e., under the assumption that the target set {2 is a convex subset of
an arbitrary Banach space X. By Proposition 3.6 this property is equivalent to the
convexity of the minimal time function (2). In what follows we add the convexity of
(2) to our standing assumptions formulated in Section 1 and refer to this setting as
to the convex minimal time problem and/or the conver minimal time function.

Due to the representations of e-normals to convex sets (10) and e-subgradients of
convex functions (13) we have specifications of the results obtained in Section 4 in
the case of convex minimal time functions. The same can be said regarding the results
of Sections 5 and 6 concerning the basic subdifferential and normal cone for convex
functions and sets, which reduce to those in convex analysis. We can also specify to
the case of convex minimal time functions the results derived above for the singular
subdifferential; see [18, Proposition 8.12] for its various representations in the general
framework of convex analysis.

In this section we show that, besides the aforementioned specifications, the convex
case allows us to obtain equalities in the upper estimates of Sections 5 and 6 for the
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basic and singular subdifferentials of (2) at both in-set and out-of-set points with
no additional assumptions in general Banach spaces. Let us start with computing
the basic subdifferential (12); cf. Theorem 5.2 and Theorem 6.5, where 0>T4 (Z) =
OTE (Z) in the convex case.

Theorem 7.1 (basic subgradients of convex minimal time functions). Let
the function TE in (2) be convez. Then the following assertions hold:

(i)  For any T € Q we have the representation
oTE (z) = N(z; Q) N C*, (66)

where C* is defined in (25).
(1)  For any T ¢ Q with T5 (Z) < oo we have the representation

oTY (z) = N(z;Q,) N S, (67)
where r = TE () > 0 and S* is defined in (35).

Proof. Equality (66) in (i) follows directly from Propositions 4.1 and 4.2 with e =0

therein and the fact that 5T£ () = OTL (Z) for convex functions.

To justify representation (67) in the out-of set case (i7), observe first that the inclusion
"C" follows from the first part of Theorem 4.6. It remains to prove the converse
inclusion "D". Fix z* € N(z;(2,) with op(—2*) = 1 and show that

(x*, 0 —7) <T&(x) — TS (%) forallz € X. (68)

Indeed, we get from z* € N(Z;€,.) and the normal cone construction for convex sets
that
(", —x) <0 whenever z € Q,.

It follows from (66) that «* € T (&) and hence
(x*,2 —2) < T§ () for any z € X.

It is clear that (68) holds when x ¢ Q,, since in this case T§ (z) = T§ (x) — r by
Proposition 3.1. In the other case of t = T () < r, for any € > 0 sufficiently small
pick ¢ € F with (2*, —¢) > 1 — ¢ and get T (x — (r — t)q) < r by Proposition 3.2.
This gives

(x"x—2) < (r—t){@",q) < (t —r)(1—e),

By the arbitrary choice of € > 0 the latter justifies (68) in this case. Thus we arrive
at 2* € OT§ (z) and complete the proof of theorem. O

The next result provides precise representations for the singular subdifferential of the
convex minimal time function (2) in both in-set and out-of-set cases; cf. Theorems 5.3
and Theorem 6.5, where 0T (z) = 0°°T{ (Z) in the convex case.

Theorem 7.2 (singular subgradients of convex minimal time functions).
Let the function TE in (2) be convex and lower semicontinuous around T, and let
F} be defined in (51). The following assertions hold:
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(i) Ifz € Q, then we have
O™°TE(z) = N(z;Q) N Fr. (69)
(it) Ifx ¢ Q and TE (T) < oo, then
O™°TE(z) = N(z;Q,) N F withr = T4 (). (70)

Proof. Taking into account that the subdifferential of convex analysis agrees with
the Fréchet subdifferential for convex functions and following the proof of [11, Lem-
ma 2.37] with replacing the fuzzy sum rule for Fréchet subgradients of 1.s.c. functions
in Asplund spaces by the exact sum rule (Moreau-Rockafellar theorem) in convex
analysis in Banach spaces, we get the singular subdifferential representations under
the assumptions made:

0°TE (7) = LimFsup NTE () = {z* € X*| (2*,0) € N (2, T (2));epiTd) } . (71)

o

T—%
210

It is easy to check that
{a* € X*| (2,0) € N ((z, T4 ());epi T ) } = N (z;dom T )
and hence we have by the second representation in (71) and Theorem 5.3 that
T4 (z) = N (z;dom ) C N(z;Q) N F}. (72)
Let us now justify the opposite inclusion in (72), i.e.,
N(Z;QNF; C N (z;domTy) . (73)

To proceed, pick arbitrary z* € N(z; Q) N F} and z € domTE and then find by (1)
a number ¢ > 0 such that (z +tF)NQ # 0. Fix further ¢ € F and w € Q with
r + tqg = w and obtain the relationships

(%2 —I) = (", w — tq — T)
= (z",w—1I) —t{z*,q) <0,

since (z*,w —z) < 0 by * € N(z;Q) and (z*,¢q) > 0 by 2* € F. Thus we get (73)
and arrive at the singular subdifferential representation (69) in the in-set case.

To justify further representation (70) in the out-of-set case T € Q, with r = T (7),
observe from the equality in (72) that

0T (z) = N (z;dom T) C N(z; Q)

due to the obvious inclusions €2, C dom T and N(z;0,) C N(7;0;) for any convex
sets T € O C ©y. Fix now z* € 9T () and find by the first representation in (71)

TF
sequences T — T, ; € OTE (wx), and )y, | 0 such that

w*
A\pxy, — =° as k — oo.



944 B. S. Mordukhovich, M. N. Nguyen / Subgradients of Minimal Time ...

It follows from Theorem 7.1(i7) that op(—z}) = 1 whenever k£ € IN is sufficiently
large. Hence picking any g € F, we have (—Apx}, q) < A\ for all such k. This yields
(x*,q) > 0 by letting k — oco. Thus it gives 2* € F7} justifying the inclusion

O>°TH(z) C N(z;Q,) N F.
To get (70), it remains to prove the converse inclusion
N(z;Q.)NF; C N (z;domTf) .

Fix * € N(z;9,) N F} and pick any = € dom TE, which ensures the existence of
t > 0 such that (x+tF)NQ # (. Take ¢ € F and w € Q satisfying x +tq = w. Then

(x*, 2 — ) = (", w —tq — T)
= (x",w—x) —t(z*,q) <0

by w € Q C 2, and 7 € €Q,., which completes the proof of the theorem. ]

The last result of this section establishes representations of the convex subdifferential
of TE via that of the Minkowski gauge; in particular, it justifies the equality in the
upper estimate of OTE (Z) from Theorem 6.3 at out-of-set points. Note that even
the upper estimate (55) itself is new with no well-posedness assumption in general
Banach spaces.

Theorem 7.3 (precise relationships between convex subdifferentials of min-
imal time and Minkowski functions in out-of-set points). Let the function
TE in (2) be convex, and let T ¢ Q be such that TI5(z) # O with r = TE(Z) < oo.
Then for any w € 115(Z) we have the relationships

Ty () = N(z;Q.) N [ — Opp(w — T)] )
C N(w; Q)N [ — dpr(w — 7)).
If in addition 0 € F, then the inclusion in (74) holds as equality and thus
ITE (z) = N(w; Q) N [ — dpr(w — 7)].
Proof. It follows from Theorem 7.1(ii) that TS (Z) C N(Z;2,). Furthermore
OTE (7)) € —0pp(7 — W)
by Proposition 4.5 as € = 0, and thus
T () € N(z;) N [ — Opp(w — 7). (75)

To prove the opposite inclusion ">" to (75), fix any z* € N(z;Q,) N[ — 0pr(w — T)].
By Theorem 7.1(27) it suffices to show that

x* e S, ie., op(—z")=1. (76)
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To this end, observe that T{IS} (x) = pp(—=), which implies that

—0pp(x) = 8T{%}(—x) and hence — Jpp(w — ) = 8T{Ig}(f —w), zeX.
Since . —w ¢ {0}, we get (76) from Theorem 7.1(¢i) and thus justify the equality in
(74).

Further, it is not hard to check that 9T (Z) C N(w; ) and hence

T () € N(w; Q) N [ — dpp(w — 7)],

which implies the inclusion in (74).
To finish the proof, it remains to show that

N(w; Q)N [ = dpp(w — )] C N(z;Q) N [ — Opr(w — 7)) (77)
under the additional assumption that 0 € F' in which case we have pp(0) = 0. It
suffices to verify that for each 2* € N (w; Q)N [—dpp(w — )] we have z* € N(z;9,).
To proceed, pick any x € €2, and for an arbitrary small ¢ > 0 findt <r+¢, g€ F,
and w € Q with w = x 4+ tq. Then (—z*,q) < op(—2*) <1 and

("0 —I) = (", w — tq — T)

We have (z*,w —w) < 0 due to z* € N(w;€2) and
("0 —7) = (=2",0 — (@ — 7)) < pr(0) — pp(® — 7) = —T (1)

by —z* € Opr(w — z). It follows therefore that (z*,z — ) < ¢ for all x € Q,, and
hence z* € N(Z;(,) because ¢ > 0 was chosen arbitrary small. Thus we arrive at
(77) and complete the proof of the theorem. O

Finally, let us present an example that illustrates computing the basic and singular
subdifferentials of convex minimal time functions at in-set and out-of-set points.

Example 7.4 (subdifferentiation of convex minimal time functions). In R?,
consider the convex dynamics F' = [—1,1] x {0} of empty interior and the convex
target Q = [—1,1] x [=1,1]. In this case the Minkowski gauge (3) and the minimal
time function (2) of x = (1, z2) € IR? are computed by, respectively,

pﬂ@:{m\ﬁxeﬂxmh

oo otherwise;

0 if x € Q,
TS (x) = |zy| — 1 if |25] <1 and |2q] > 1,

00 otherwise.
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Taking first the in-set = (1,0) € €, we can easily check that 9T () = [0,1] x {0}
and that op(v) = |v;| for v = (vy,v) € IR?. Tt is also clear that

N(z)NC* =N(@:Q) N {ve R o(-v) <1} =[0,1] x {0},

and thus we verify equality (66) in Theorem 7.1(7). Furthermore, it is easy to verify
that 0°T&(z) = {0} in accordance with Theorem 7.2(i) in the in-set case; this
confirms that TF is locally Lipschitzian around z = (1,0).

Considering another in-set point g = (0,1) € Q, we have
OTH (5) = N(y;92) N C* = {0} x R,

which verifies the conclusion of Theorem 7.1(i). It follows similarly that 0T () =
{0} x [0,00), which is in accordance with Theorem 7.2(i) and with the non-Lip-
schitzian behavior of the minimal time function around g = (0, 1).

Considering finally the out-of-set point z = (2, 1/2) ¢ 2, with the projection singleton
115 (2) = {w} computed by w = (1,1/2). Then we arrive at the equalities

0T (2) = {(1,0)} = =0pp(w — 2) N N(@;Q) and  0*T§(2) = {0},

which verify the conclusions of Theorem 7.2(ii) and Theorem 7.3 and confirm, in
particular, the local Lipschitzian property of T around z = (2,1/2).
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that allowed us to improved the original presentation.
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