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1. Introduction

The theory of set-valued random variables has been extensively studied and ap-
plied in the areas of information science, probability and statistics. In particular,
the strong law of large numbers (SLLN) for sums of independent set-valued ran-
dom variables in Banach space have been studied by several authors. Taylor and
Inoue [16] established the SLLN for compactly uniformly integrable independent
sequences of compact-valued random variables {X,, : n > 1} by assuming that
Y>> nPE|X,]|” < oo (Chung type condition). Then, they also proved another
SLLN result by replacing Chung type condition by the condition that {X,, : n > 1}
is stochastically dominated (see [17]). Developing the work in [17], Fu and Zhang [7]
obtained the SLLN for triangular arrays of rowwise independent and compactly uni-
formly integrable compact-valued random variables. In this paper, we state several
new variants of SLLN for double arrays of independent set-valued random variables
under various assumptions. The paper is organized as follows. In Section 2 we
state and summarize basic results in set-valued integration and probability. Sec-
tion 3 is concerned with the SLLN for double array of independent compact valued
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and compactly uniformly integrable random variables. In Section 4 we present
the SLLN for double array of independent convex weakly compact valued random
variables.

2. Preliminaries

Throughout this paper (2, F, P) is a complete probability space, (X, ||.||) is a real
separable Banach space and X* is its topological dual. Let ¢(X) (resp. cc(X)) (resp.
cwk(X)) (resp. k(X)) (resp. ck(X)) be the set of nonempty closed (resp. closed con-
vex) (resp. convex weakly compact) (resp. compact) (resp. convex compact) subsets
of X. For A € ¢(X), the distance function and the support function associated with
A are defined respectively by

d(z,A) = inf{{lz —y|| :y € A}, (2 € X)

0 (z*, A) = sup{(z*,y) 1y € A}, (¥ € X7).
We also define
|Al = sup{||z]| :z € A}

and denote by dy the Hausdorff distance defined on the ¢(X) associated with the
topology of the norm in X

a€A beB

dyr(A, B) = max {Sup d(a, B), sup d(b, A)} .

If dy(A, B) < oo then
dy(A, B) = max {inf{A > 0: BC U(A; N}, inf{A > 0: ACU(B;\)}},
where U(A;\) ={z € X : d(z,A) < A} and U(B;\) = {z € X : d(z, B) < \}.

A closed valued mapping F': Q — ¢(X) is F-measurable if for every open set U in
X the set
F(U)={weQ: Flw)nU # 0}

is a member of F. A function f : @ — X is a F-measurable selection of F if
f(w) € F(w) for all w € Q. A Castaing representation of F' is a sequence (fy,)nen
of F-measurable selections of F' such that

F(w) =c{fu(w),n € N} Yw e Q

where the closure is taken with respect to the topology of associated with the
norm in X. It is known that a nonempty closed-valued mapping F' : © — c¢(X)
is F-measurable iff it admits a Castaing representation. Since F is complete, the
F-measurability is equivalent to the measurability in the sense of graph, namely
the graph of F' is a member of F ® B(X), here B(X) denotes the Borel tribe on X.
Further the Effros o-field € of ¢(X) is generated by the subsets

U ={FecX): FNnU # 0}
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where U is an open subset in X. Then a mapping I' : Q — ¢(X) is F-measurable
if and only if, for any B € £, one has I''(B) € F. The distribution Pr of the

F-measurable mapping I' : 2 — ¢(X) on the measurable space (¢(X),E) is defined
by

Pr(B) = P{I"Y(B)}, VB€E.
Two F-measurable mappings I and A are said to be equidistributed (or to have the

same distribution) if
Pr = Ph.

Two F-measurable mappings I' and A are independent, if the following equality
holds
Pray=Pr® Pa.

A closed-valued F-measurable mapping is also called closed-valued random variable.
We denote by L (F) the space of X-valued F-measurable and Bochner-integrable
functions defined on 2. A ¢(X)-valued F-measurable F': Q — ¢(X) is integrable if
the set Si(F) of all F-measurable and integrable selections of F' is nonempty and
it is called integrably bounded if |F| € L1 (F). Given two closed valued integrable
random variables F' and G, then F' and G are independent iff for any n € N, for

any f = (f1,f2,.fn) in [Sp(Fp)]" and for any g = (91,92, ...gn) In [SG(FG)]", f
and ¢ are independent, where Fr is a o-algebra generated by F'. We refer to Hess
(8], Theorem 1-2) for a complete study of the independence of integrable set-valued
random variables.

The ezpectation E[F] of a closed valued integrable random variable F' is defined by
E[F]:=c{Ef: f € S}
where the closure is taken in X and Ef is the usual expectation of f € S}.
If F is a cwk(X)-valued random variable with |F| € £, shortly F € Eiwk( x)(F),
then the expectation of F', denote by E[F]
E[F|={Ef: f € Sp}
is convex weakly compact. See ([4], Theorem V-14).
If F is a ck(X)-valued random variable with |F| € L%, shortly F € ﬁik( X)(}" ), then
the expectation of F' is given by E[F]
E[F|={Ef: f € Sp}
is convex and norm compact. See ([4], Theorem V-15).

Given a sub-o-algebra A of F and an integrable F-measurable cc(X)-valued map-
ping F': Q — cc(X). Hiai and Umegaki [10] showed the existence of a .A-measurable
cc(X)-valued integrable mapping denoted by E[F|.A] such that

SJI«J[FM] (A) = c{E[f|A] : [ € Sp(F)}

the closure being taken in LY (F), and E[F|A] is the conditional expectation of F
relative to A. We summarize the properties of conditional expectations as follows.
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Proposition 2.1. If F and G are two closed convex valued integrable random vari-
ables in X, and A is a sub-o-algebra of F, then we have the following properties:
(a) E[{F+ G}|A] =c{E[F|A] + E[G|A]} a.s.
(b) Ifr is a real A-measurable function such that rF is integrable, then
E[rF|Al =rE[F|A] a.s.
(¢) If g is a bounded scalarly A-measurable function from € to X*, then
60" (g, E[F|A]) = E(6"(9, F)|A) a.s.

In particular §*(z*, E[F|A]) = E(6*(z*, F)|A) a.s. for every x* € X*.
(d) Let F be A-measurable and r be a F-measurable positive function such that
rF' 1s integrable; then

E[rF|Al = E(r|A)F a.s.

In the case where F' € Eiwk( X) (F), and the dual X* is strongly separable, we present

a specific version of conditional expectation that we summarize below.

Proposition 2.2. Assume that X* is strongly separable and F € ‘Ciwk(X)(f)’ Let
A be a sub-c-algebra of F. Then there is a unique (for the equality a.s.) A-

measurable cwk(X)-valued mapping Y := E[F|A] satisfying the properties:
() Spa(A) ={E(f|A) : f € Sp(F)}; (1)
(i)  Yve LZ.(A),E0*(v,Y) = Eé* (v, F); (2)
(itg)  d(0, E[F|A]) < E(d(0, F)|.A). (3)

The existence of cwk(X)-valued conditional expectation for cwk(X)-valued random
variable was stated in ([2], Theorem 3). A unified approach for general conditional
expectation of cc(X)-valued integrable multifunctions is given in [18] allowing to
recover both the cc(X)-valued conditional expectation of cc(X)-valued integrable
mapping in the sense of [10] and the cwk(X)-valued conditional expectation of
cwk(X)-valued integrably bounded multifunctions given in [2].

Let A be a sub-c-algebra of F and o(F') be the o-algebra generated by F. If A
and o(F') are independent, then

E[F|A] = E[F] € cwk(X).

A sequence (X, Fp)nen of cc(X)-valued mapping is adapted if each X, is F,-
measurable. When X* is strongly separable, an adapted sequence (X,,, F,,)nen in
Eiwk(x) (F) is a L'-bounded cwk(X)-valued martingale, submartingale, or super-
martingale, if E[X,,1|F,| =, D, or C X,, a.s. for all n € N and sup,,n E|X,| < o0.
Note that this definition has a meaning thanks to Proposition 2.2.

For more information on multivalued conditional expectation and related subjects
we refer to [1, 3, 4, 10, 13, 18, 19]. We refer to [4] for the theory of Measurable
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Multifunctions and Convex Analysis, and to [6, 12] for basic theory of martingales
and adapted sequences.

Let us recall the maximal inequalities for positive submartingales. The first one has
been obtained by Doob and the second one is a special version of Marcinkiewicz.

Theorem 2.3. Let {X;, Fr : 1 < k < n} be a positive submartingale. Then for
p > 1 we have the mazximal inequalities:

p
E(maxXk) < FEXPE ifp>1,q:L'
p

1<k<n -1’

E (max Xk) < Ll(l + E(X, log" X,))), ifp=1.
e_

1<k<n

A real separable Banach space is of Rademacher type p (1 < p < 2) if and only if
there exists a constant 0 < C' < oo such that

Z fi
j=1

E

p n
<CY ElfIP
=1

for every finite collection {fi,..., fn} of independent integrable random variables
with mean 0. The details of definition and proofs, we refer the reader to [11].

A collection {F,,, : m > 1,n > 1} of weakly compact valued random variables is
stochastically dominated by a real valued random variable F' if for some constant
C < o0

P{|Fpn| >t} <CP{F|>t}, t>0,m>1,n>1.

This condition is satisfied when the collection {F},, : m > 1,n > 1} is identically
distributed.

A double array {F,,, : m > 1,n > 1} of compact valued random variables is said
to be compactly uniformly integrable (CUI) if for every € > 0 there exists a compact
subset C. such that

<E.

sup E|anI[an¢lC5}

m>1,n>1

For notational convenience, for a,b € R, max{a,b} is denoted by a V b and the
symbol C' denotes a generic constant (0 < C' < 00).

Now we proceed to state our main results.

3. SLLN for compact valued independent random variables in Banach
spaces

In this section, SLLN will be obtained for double array of CUI set-valued random
variables in arbitrary separable Banach space. We need some lemmas which will be
used later.
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Lemma 3.1. Let A € k(X) and {an, : m > 1,n > 1} be a double array of
nonnegative constants. If

m n 1

E E a; j < men”  and max ax; — 0
— £ manP 1<k<m

i=1 j=1 1<i<n

as mV n — oo for some a >0, >0,

then

d (mjnﬁiiaijA, ﬁiiauco%l) —0 asmVn— oo.

i=1 j=1 i=1 j=1

Proof. We put

max ax; = Oy, and E E aij = Ymn-
1<k<m Lt £
1<i<n i=1 j=1

Since inf{XA > 0 : Y™ 3" a;;4 C U(ymncoA;N)} = 0 for each m,n, it is

sufficient to prove that inf{A > 0: y,,c0A C U, Sty aijA N} = o(mnP)
as mVn — o0.

For € > 0, we will show that

Ymn O A C U <Z Z a; jA; Copyp, + mo‘nﬁ€> )
i=1 j=1
for mn sufficiently large and a constant C' > 0.

Indeed, since co A is compact, there exists by, bo, ..., b, belong to co A such that
coA C Uzzl{a: |l — by|| < €}. We consider only the elements b, of the form

by = may + neaz + ... +ng,a,, 0 <y <1, Z;p:l nj =1, a; € A

For each m,n such that mn sufficiently large, we put ¢; = ay1,...,¢, = A1 p, Cpy1 =

A21;5 -y Con = A2ps ooy Clm—1)n41 = Qm 1y -y Cmn = Umn. Then {¢; 1 1 < j <mn}is a
. mn

sequence of nonnegative constant and maxj<j<mn ¢; = Omn, 2 i1 Cj = Ymn- There

exists integers 0 = sy < s; < ... < s;, = mn such that

Sj

S e = 0Ymn| < 20, forall j=1,2,. 1,

TZSj_1+1

By putting

tp S5 m n
d, = Z Z Craj € ZZGUA’

j=1 r=s;j_1+1 i=1 j=1
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we have

Sj

P
Iy = Ymnbpl <D 1 D e = mYmn]| Nl < 2t0mn|A] < Copn.

]21 T:Sj_1+1

Let b € co A, there exists by, such that [[Vmnb — Y nbpll < Ymne < m*nPe. Hence,
|Vmnb = dpy || < C8pr + mnPe. Tt follows that

inf{)\>0:fymncoACU(ZZ%y‘l;A)} < Copn+mn 5—o(m n5)+6.

i=1 j=1

The lemma is proved. O
The two following lemmas are direct corollaries from Theorem 2.1 and Theorem
2.4 in [14]. Their proofs are obtained easily by noting that a p-uniformly smooth

Banach space is also g-uniformly smooth Banach space (1 < ¢ < p < 2) and the
real line R is a 2-uniformly smooth Banach space.

Lemma 3.2. For every double array of independent random variables {V;; : i >
1,7 > 1} and every choice of constant o > 0, 3 > 0, the condition

EWV,n
ZZ ‘ [’ < oo for somel <p<2

mapnﬁp
m=1 n=1
mmplies
ﬁz 1] _>0 a.5. as m\Vn — 00.
i=1 ]:1
Lemma 3.3. Let {V;; : i > 1,7 > 1} be a double array of independent random

variables. Suppose that {V;] i > 1,7 > 1} is stochastically dominated by a random
variable V. If E (|V|(log* |V)?) < oo, then

1 m
—E E Vij — ” ) — 0 a.s. asmVn— oo.
mn -

j=

=1

Now we will establish the SLLN for double array of independent and CUI set-valued
random variables in k(X'), where X is arbitrary separable Banach space.

Theorem 3.4. Let {F;; :i> 1,5 > 1} be a double array of independent and CUI
set-valued random variables in k(X). Then the strong law of large numbers

dH<%§:zn:Fi], ZZECOF >—>O a.s. as mVn — 0o

i=1 j=1 (-

holds, if

(7) The double series Z Z ” < oo for somel <p<2, or
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(i1)  The collection {F;; : i > 1,7 > 1} is stochastically dominated by a random
variable F and E (yF|( TIF))?) < oo

Proof. For every ¢ > 0 there exists a compact subset K of k(X) such that
E\Fnlip,, ¢x)] < € for all m,n € N. By the compactness of IC there exists
{Kl, KQ, ...,Kp} C K such that IC C Ule{A : dH<Kt,A) < 8} = B(Kt, )

Now let us denote
Gmn = I[anEIC]Gfmrw

where

Gfmn = Iip, ek B + Z I[[aneB(Kt,s)]m[U§ {[aneB(Kj,s)uc}Kt-
t=2

It is easy to check that G,,, = Zle Kilg,, K, for all m,n € N and we have

dn (%ZZF’]’ %ZZE[COFMO

i=1 j=1 i=1 j=1
< dH ( ZZ P59 %ZZE][[FHEK}) (I)
i=1 j=1 i=1 j=1
+dy %ZZE]‘[[FUEICL%ZZGij) (1I)
i=1 j=1 i=1 j=1
+dy %ZZZKJ[G” oy ZZZ}Q Gi; :Kt)> (I11)
i=1 j=1 t=1 i=1 j=1 t=1
m n P m n p
+dy %;;;KtP(G”:KQ,ﬂ%;;;COKtP(Gij:}QO (IV)
1=1 j=1 t= 1=1 j=1 t=
+dy %ZZE[COG”], %ZZE[COFZ.JJ[FMGK]O V)
i=1 j=1 i=1 j=1
+dy %ZZECOEJIE]GK] ZZECOFZ] ) (V)
i=1 j=1 i=1 j=1

Let us estimate the above parts as follow:

For (I), we have

1 m n
i=1 j= i=1 j=

n m n

1 — 1
< %;g(|ﬂj][Fm¢K]|_E| I[F”gEIC]| +%;;E| Iip, s¢x)]
|

n

WG

VAN

j=1
iilim¢x)l — EIFIm ex)]) + €
— j:l
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Since {|F;;Ijr, ,¢x)| : @ > 1,7 > 1} is a double array of independent random variables,
moreover, if the condition () is satisfied then

E!me[Fﬁfq\

i=1 j=1
or if the condition (i7) is satisfied then
P (|Fijlip, 0] > t) < P([Fyl > t) < P(F| > ).

Thus from Lemma 3.2 and Lemma 3.3, we obtain

mVn—oo

limsup dy (%ZZF”’ ZZ Iy, ~€IC]> <e as.
i

For (II), by the definition of G,,,, we have

1
H(%ZZ -[[FHEIC]v ZZG”)

i=1 j=1 =1 j=1

1 m n

<—> D dulFijlin,en. Giy) < e
=1 j=1

For (IIT), we have

n p

m n P
Kilic, ;=K) % ZZZKJD(G”’ = Kt))
- i=1 j=1

=1 t=1

(I[GMZKJ — P(Gij = Kf,))‘ .

Note that {/ig,,—x,) — P(Gi; = K¢) : i > 1,5 > 1} is the collection of independent
and bounded random variables with means zero. Thus from Lemma 3.3, it follows
that (III) converges to 0 as m V n — oo.

For (IV), applying Lemma 3.1 with a = =1, a;; = P(G;; = K}), we have

p m n
(IV)gZdH<%ZZKtP Gi; = Ky), chom mth)>eo
t=1

i=1 j=1 21]1

asmVn— o0.
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For (V), by the definition of G,,,,, we obtain

( ZZECOGU %ZZE[COFUI[FUEKL]]>
i=1 j=1 =1 j=1

m n

1
< — 3 du(EcoGyj], Elco Fij I, jexy])

mn “ -
=1 j5=1

_ZZEdH Gl]: I[F”elc) < €.

i=1 j=1

| A

For (VI), we have

1 >
(VI) < %ZZdH (E[COF’ij][FijEIC}]7E[COFvij])

i=1 j=1

1 m n
o Z Z Edp(Fijlip ex), Fij) <€

i=1 j=1

IA

Combining the above parts, we obtain

limsup dy (%ZZFM,%Z
i=1

mMVNn—00 i=1 j=1 =1 j=

n

E[CO.F,'j]) <4e as.
1

The proof is completed. Il

Remark. By setting F,,,, = {0} a.s. for all m > 2, n > 1, from Theorem 3.4, we
recover a related result in [16].

4. SLLN for convex weakly compact valued independent random vari-
ables in separable Banach space

In this section we assume that the strong dual of X is separable in order to have the
weak compactness property of conditional expectation (see Proposition 2.2), apart
from this fact our proofs work with any separable Banach space.

Definition 4.1. Let 1 < p < co. A double array {F;; : ¢ > 1,j > 1} of convex
weakly compact valued random variables in L’};Wk( X)(}" ) is of type p if there exists
a constant C' such that

m n p
B> B

i=1 j=1

SC’ZZE|Ej|p for all m >1,n > 1.

i=1 j=1

Example 4.2. Let X be a separable Banach space and K € cwk(X). Assume that
{fi; :i>1,j > 1} is a collection of independent real valued random elements with
Ef;; =0 and E|f;;|P < oo for all > 1,57 > 1. Then the collection {F;; = fi; K

i >1,j > 1} is independent cwk(X)-valued random variables, moreover 0 € E[F} ]
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for all ¢ > 1,5 > 1. Since the real line R is Rademacher type 2 Banach space, it
follows that for all 1 < p < 2 we have

iiﬂ

i=1 j=1

<COIKPY N Bl =0Y " EIF,P,

i=1 j=1 i=1 j=1

p

— |KPE

p

zm:ifw'

i=1 j=1

E

for all m > 1,n > 1. Hence the double array {F;, : i > 1,7 > 1} is of type p.

Example 4.3. Let X be a separable Banach space and let {F;; : 7> 1,5 > 1} be
a collection of cwk(X)-valued random variables such that 0 < |F;;| < (ij)™® a.s.
for each © > 1,7 > 1 and for some o > 1. We have

PIDRIED I MIoF SZZJ) —C

i=1 j=1 i=1 j=1

It shows that for each 1 < p < oo we obtain

m n p m n
DD By SCrsCy ) BRI

i=1 j=1 =1 j=1

E

for each m > 1,n > 1. Then the collection {F;; : ¢ > 1,7 > 1} is of type p.

Lemma 4.4. Let (X, d) be a metric space and {x,,, : m > 1,n > 1} C X. If there
exists an element v € X such that

lim d(zoko,2z) =0, and lim max d(z z) =0
Vo0 ( 27 2y ) ) k:\/l—>002k<m§2k+1 ( mmn» ) )
2l<p<oitl

then d(xypn, ) — 0 as m V n — oo.

Proof. For m > 1,n > 1, there exists k,l € N such that 28 < m < 2¥1 2l < n <
2+1 'We have

AT, ) < d(Tpyp, Tor o) + d(Tok o1, )

< max  d(Typ, Tokgr) + d(Tok o1, T)
2k «m<2kt1
2l <n<oltl

< max d(Tmn, )+ 2d(Tor o1, T).
2k «m<2k+1
2l<n<oltl

When £ VI — oo then m Vn — oo and we obtain the conclusion of lemma. O

The following lemma is a maximal inequality for convex weakly compact valued
random variables with metric Hausdorff dy, and it plays the key role in establishing
the next law of large numbers.
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Lemma 4.5. Assume that X is a separable Banach space with strongly separable
dual, {F;; : i > 1,5 > 1} are independent conver weakly compact valued random
variables of type p with 1 < p < oo and 0 € E[F};], E|F;;|P < oo for all i > 1,
j > 1. Then there exists a positive constant C' such that

k l

>3,

i=1 j=1

p m n
gCZZE\EjV’ forallm>1n>1. (4)

i=1 j=1

E

max
1<k<m,1<I<n

Proof. Foreach 1 <k <m, 1 <[ <n, let us set

k l

Ski = E E Eja Y, = max ’Skl’a
1<k<m

=1 j=1
fkl:U{Ejilgigk,lgjgl}.

Now for each £k = 1,2,...,m and 2 < [ < n, using the conditional expectation
properties given by Proposition 2.1, we obtain

E[Sii|Fra-v] = E[Sk -1y + Fri+ - + Fra| Fr -1
= B[Sk ¢-0)|Fra-v] + E[F0|Fra-v] + - + E[Fxl Fra-n)
= Sk (1-1) + E[Fll] + -+ E[Fkl] D) Sk (1-1) a.S.

It shows that {Sk;, Fir; : 1 < 1 < n} is a cwk(X)-valued submartingale (see e.g.

[1])-
On the other hand, by the well-known equality for cwk(X)-valued conditional ex-
pectation (see (2)) we have

8" (2", E[Ski|Fra-1))) = E(6" (2", Ski)|Fra-1)) a.s. Va* € Bx..

Hence we deduce from this equality and Jensen inequality for conditional expecta-
tion
1Sk -] < |E[Ski| Fra-n)]| = Sup 167(2", B[Skl Fra-1)))|

= sup |E(0" (2", Sk)|Fra-n)| < sup E(|6" (2", Ski)||Fra-1))

JJ*EB’;(* w*eB;‘(*

IN

E( sup |5*(93*,5kz)H]:k(11)) = E(|Ski||Fra-1))-

x*EB;}*

Thus {|Ski|,Fr; : 1 < I < n} is a nonnegative submartingale for each k =
1,2,...,m. Hence {Y,,; = maxi<p<m |[Ski|, Fmi : 1 <1 < n} is a submartingale,
too. So by Doob’s inequality (see [5], p. 255 or Theorem 2.3),

P P
E{ max |Skl|] :E<maXle) < ¢"EYP q:L. (5)

1<k<m,1<I<n 1<I<n mn? p—1
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Similarly {|Skn|, Frn : 1 < k < m} is also a submartingale and so by Doob’s
inequality again

p
EYWP;n =F |: max |Skn|:| S qu|Smn|p

1<k<m
< PO S BRI (6)

i=1 j=1

The conclusion (4) follows immediately from (5) and (6). O

The SLLN for convex weakly compact valued random variables will be established
in the following theorem. In the case of single-valued random variables, this result
was proved by Rosalsky and Thanh [15].

Theorem 4.6. Let X be a real separable Banach space with the strongly separable
dual. Let 1 < p < oo and {Fp,,, : m > 1,n > 1} be a double array of independent
ewk(X)-valued random variables of type p with 0 € E[F;;] and E|F;;|P < oo for all
i>1,5>1.1If

 E|F};
ZZ (i’ozjﬁ)p < 00, (7)

for some o > 0, > 0 then

1 LRl
dH (manﬁ ZZFi]’v{O}> —0 a.s asmVn— oo. (8)

i=1 j=1

Proof. First, let € > 0, by Markov’s inequality we have

p

oo 00 ok 2l 0o 00 ok 9l
SN P g S 2 0D Mﬂ 22
k=1 I=1 i=1 j=1 k=1 I=1 i=1 j=1
N T Y BIE [ S
<OY D TGy =€ HIDIDS kaQw
k=1 1=1 i=1 j=1 k=[logi] I= [logj]
N~ BIFP - B
< CZZ (2[10gz]a2[logg} ) < CZ ‘ (,l’ajﬁ>p < 0. (by (7))
=1 j=1 =1 j5=1
It follows by Borel-Cantelli lemma that
1 2k 2
o (S50 <0 s ”
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Next, let € > 0 be arbitrary again, then

o0 (o) 1 m n

g E P max E Fi;| >¢€
2k <<kl | monf £ 4

k=1 I=1 2l ep<altl =1 j=1

o0 (0.) m n

kaols
< P max Fi;| > 272%¢

2k «m<2kt1

k=1 I=1 21<n§_21+1 =1 jil

o0 oo 1
< ZZWE max

k=1 I=1 2;<<’:Egﬁl i=1 j=1
oo o0 m n
< ZZ Mﬁ max > Y
k=1 1<n<2l+1 i=1 j=1
00 2k+l 2[+1
D1 D=1 BIF;P
< CZ Z (2ka2lﬁ) (by Lemma 4.5)

k=1 I=
0o 00 2k+1 ZQHI 00

| |p 0o 00 0o E|F1|p
CZZ 2(k+1a2(l+1)) SCZZ Z Z W

o0 o0 |

oo oo E
¢ (2[log110<2[10g31ﬁ < OZZ (ivj - (by (7))

i

(AN
I
—
<.
H
s
,_.
u
,_.

Again by the Borel-Cantelli lemma, we have that

kvl}goo%gﬁ?;kﬂ " <ma B ZZ ”’{O}> =0 as. (10)

2l<n§2l+1 =1 j= 1

Combining (9), (10) and Lemma 4.4, we obtain (8). O

In the next theorem, we obtain the Marcinkiewicz-Zygmund’s type law of large
numbers for double arrays of convex weakly compact valued random variables.

Theorem 4.7. Let X be a real separable Banach space with strongly separable dual.
Let1 <p < oo and{F,,:m > 1,n> 1} be a double array of independent cwk(X)-
valued random variables of type p with 0 € E[F;;] and E|F;;|P < oo for all i > 1,
j > 1. Suppose that {F,,, : m > 1,n > 1} is stochastically dominated by a random
variable F'.

(1) If E(|F|"log" |F|) < oo for somer € (1,p), then

dy (( ZZ ”,{0}> —0 as asmVn— 0. (11)
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(i) If E(|F|(log™ |F|)?) < oo, then

( ZZ z],{O}> — 0 a.s asmVn— 0. (12)

’Lljl

Proof. (i) Let F be the distribution function of |F'| and d(k) be the number of
divisors of k. For m > 1, n > 1, set

F. . =F,.I . F! = F,.I

[P | <(mn) ]’ ak

([ |>(mn)

By using the fact that 7, k= d(k) = O ((i + =7 logi)), we obtain the in-
equalities

i=1 j=1 \%J ’ k=1
1 1
© e i 0 1 . ir
—o (N9R) [ v <oy [T war)
=\ R (i-1)7 i1 U7 (i—-1)7
< CE|F|"log® |F| < oo. (13)

On the other hand, if we use the fact that Y ,_, k= d(k) = O(n*~+ logn), then

F” —d(k) [
ZZ <oy Iii)/l vdF(z)

i=1 j=1 k=1 "

1
r

(¢+1)% (i+1)
—CE%(Z i)/l <C’Z rlogz/l zd F(x)

1T T

< CE|F|" log" |F| < cc.
This implies that

F/l

i=1 j=1
Combining (13) and (14) we have
PAL <oy 32t
IPPELCE “ve Z
i=1 j=1 i=1 j=1 i=1 j=1

Applying Theorem 4.6 with o = 3 = %, we get (11).
(1) Form > 1, n > 1, set

Er = Fnndyp, . j<mn), E) = Fondjpy, . |>mn)-
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By the same method, it is easy to check that

>y s

i=1 j=1

" < CE|F|log* |F| < CE|F|(log* |F|)? < (15)

On the other hand, note that Y_;_, k~*d(k) = O(log® n), we obtain

oo oo E|F// )
cz D [ i) < oBIF tog” 1)

i=1 j=1 k

It also implies that

E|F/l |p
(ij)P

< 0. (16)

i=1 j=1

(15) and (16) yield

NE

E|Fy;P
Z —L .
i=1 j=1 (i7)7

Applying Theorem 4.6 with o = 5 = 1, we get (12). O
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