Journal of Convex Analysis
Volume 19 (2012), No. 1, 49-61

Local Boundedness Properties
for Generalized Monotone Operators

Mohammad Hossein Alizadeh

Department of Product and Systems Design Engineering,
University of the Aegean, 84100 Hermoupolis, Syros, Greece
alizadeh @aegean.gr

Nicolas Hadjisavvas*

Department of Product and Systems Design Engineering,
University of the Aegean, 84100 Hermoupolis, Syros, Greece
nhad@aegean.gr

Mehdi Roohi

Department of Mathematics, Faculty of Basic Sciences,
University of Mazandaran, Babolsar, 47416 — 1468, Iran
m.roohi@Qumz.ac.ir

Received: June 17, 2010
Revised manuscript received: January 23, 2011

We show that a well-known property of monotone operators, namely local boundedness in the
interior of their domain, remains valid for the larger class of premonotone maps. This generalizes
a similar result by Tusem, Kassay and Sosa (J. Convex Analysis 16 (2009) 807-826) to Banach
spaces.

Keywords: Monotone operator, generalized monotone operator, locally bounded operator

2010 Mathematics Subject Classification: 47TH05, 49J53, 47TH04

1. Introduction

In recent years, operators which have some kind of generalized monotonocity prop-
erty have received a lot of attention (see for example [7] and the references therein).
Many papers considering generalized monotonicity were devoted to the investigation
of its relation to generalized convexity; others studied the existence of solutions of
generalized monotone variational inequalities and, in some cases, derived algorithms
for finding such solutions.

Monotone operators are known to have many very interesting properties. For in-
stance, it is known that a monotone operator 7" defined on a Banach space is locally
bounded in the interior of its domain. Actually by the Libor Vesely theorem, when-

ever T' is maximal monotone and D(T') is convex, interior points of the domain
D(T) are the only points of D(T") where T is locally bounded. So the question nat-
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urally arises: are these properties shared by other operators which satisfy a more
relaxed kind of monotonicity?

In a recent paper, Tusem, Kassay and Sosa [8] introduced the class of the so-called
premonotone operators. This class includes monotone operators, but contains many
more: for example, if T is monotone and R is globally bounded, then T+ R is
premonotone. In fact, it includes e-monotone operators which are related to the
very useful e-subdifferentials [9, 10]. In [8] it is shown that, in a finite dimensional
space, premonotone operators are locally bounded in the interior of their domain.
The proof was based on the finite dimensionality of the space.

In this paper we will show that these results remain valid in infinite dimensional
Banach spaces. We also show that some properties of monotone operators remain
valid in a much more general context. More precisely, after some preliminary defini-
tions and results in Section 2, we introduce in Section 3 the notion of a premonotone
bifunction. We will show that such bifunctions are locally bounded in the interior
of their domain and we will deduce local boundedness of premonotone operators.
We will also show a generalization of the Libor Vesely theorem.

Let us fix some notation and recall some definitions. In what follows, X will be a
Banach space. Given a multivalued operator T': X — 2% we will set D(T) = {x €
X :T(z) # 0} and gr(T) = {(z,2*) € X x X* : 2* € T(2)} to be its domain and its
graph, respectively. T is called norm xweak* closed (resp., sequentially norm x weak*
closed) if gr(7T) is closed (resp., sequentially closed) in the normxweak* topology
of X x X*. Given zy € X, T is called sequentially normxweak* closed at xzq if
for every sequence (z,,z%) € gr(T) such that x, — z¢ and x weak*-converges to
some zf € X*, one has = € T'(zo). T is called monotone if (z* — y*,x — y) > 0 for
all (z,2%), (y,y*) € gr(T). It is called maximal monotone if it is monotone, and for
each monotone operator S such that gr(7") C gr(S), one has T'=S. The operator
T is called locally bounded at zy € X if there exists some neighborhood V' of xg
such that the set (V) := |, T'(x) is bounded.

zeV

Given a convex set C' C X and = € C we will denote by N¢(z) the normal cone of
C at z:

Ne(z) ={z" e X" :Vy e C,(z",y —z) < 0}.

2. o0-Monotone operators

Most definitions and many of the results of this section are essentially due to [8],
the main difference being that in [8] one considers premonotone operators in R”,
without specifying a given o.

Definition 2.1. (i) Given an operator 7' : X — 2% and a map o : D(T) — R,
T is said to be g-monotone if for every x,y € D (T), z* € T (z) and y* € T (y),

(" =y w—y) > —min{o(z),0(y) ]z -yl (1)

(ii) An operator T is called premonotone if it is o-monotone for some o : D(T) —
R,.
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(iii) A o-monotone operator T is called mazimal o-monotone, if for every operator
T’ which is o’-monotone with gr(7) C gr(7”) and ¢’ an extension of ¢, one has
T="T.

The notion of premonotone operators for the finite-dimensional case is introduced
in [8]. The same paper also contains examples of maximal o-monotone operators.

Remark 2.2. (i) It should be noticed that 7' : X — 2% is o-monotone if and only
if

Ve,ye D(T), 27 €T (z), y €T (y), (" —y", x—y) > —olz—vyl. (2)

(ii) If o(y) = 2¢ > 0 for each y € D(T), then T is called e-monotone [10].

(iii) Definition 2.1 does not allow negative values for o, since this can only happen
in very special cases. For instance, if T satisfies (1) and its domain contains any
line segment [z, yo] := {(1—t)zo+tyo : t € [0, 1]}, then the set of points = € [z, Yo
where o(z) < 0 is at most countable. Indeed, if this is not the case, then there exists
e > 0 such that o(x) < —e for infinitely many x € [xg,yo]. Choose z} € T(zy),
ys € T'(yo). Given n € N, choose xj, = o + t(yo — z0), k = 1,...n — 1, such that
0<ty<--+<t,—1<1lando(z) < —e. Then choose x} € T'(zg). Set x,, = yo and
x; =y;- Relation (2) gives for all k =0,1,...n — 1

<£L‘Z_H - x;;’karl - xk> > € H$k+1 - $kH =
(Thp1 — T %o — To) > € llyo — o[ -
Adding these inequalities for k=0, 1,...n—1yields (y5 — z§, yo — x0) > nel|yo — xo||-

This should hold for each n € N, which is impossible.

(iv) The notion of premonotonicity is not suited to linear operators, since every
o-monotone linear operator 7' : X — X* is in fact monotone. Indeed, in this case
putting y = 0 in (2) we find

Vee X, (Tz,z) > —o(0)]|z|| (3)

Replacing x by x — y we deduce that

Ve,ye X, (Tx—Ty,z—y)>—0(0)]lz—yll

Thus T is e-monotone with € = ¢ (0) /2. Then Proposition 3.2 in [10] shows that
T’ is monotone.

(v) A o-monotone operator is maximal o-monotone if and only if, for every operator
T" which is o’-monotone with gr(7") C gr(7”) and o'(z) < o(x) for all x € D(T),
one has T'=1T".

The following proposition is an easy consequence of Zorn’s Lemma, as for monotone
operators.
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Proposition 2.3. Every o-monotone operator has a mazximal o-monotone exten-
Sion.

Definition 2.4. Let A be a subset of X. Given a mapping o : A — R, two pairs
(x,2%), (y,y*) € A x X* are o-monotonically related if

(z* —y" 2 —y) 2 —min{o(z),0(y) }|z - yl|
The proof of the following proposition is obvious.

Proposition 2.5. The o-monotone operator T : X — 2X" is mazimal o-monotone
if and only if, for every point (xg,xf) € X x X* and every extension o' of o to
D(T)U{zo} such that (xq,xy) is o’-monotonically related to all pairs (y,y*) € gr(T),
we have (zg, xy) € gr(T).

Given an operator T : X — 2% we define the function o7 : D(T) — R, U {oo} by
or(y) =inf{a € Ry : (" —y" 2 —y) > —allz —yl|, Y(z,27) € gr(T),y" € T(y)}-

Note that if the operator T" is premonotone, then
or = inf{o : T" is o-monotone}
and thus o7 is finite, and T is op-monotone. Also in this case, it is obvious that
(2" —y",y — x)
ly — |

aﬂw:mm§w{ wexwaWﬂmmweT@h@ ()

(see also [8]). The following result is due to [§].
Proposition 2.6. Let an operator T be given.

(i)  or is finite and T is op-monotone, if and only if T is o-monotone for some
0.

(it) or is finite and T is mazimal op-monotone, if and only if T is mazimal
o-monotone for some o.

Proof. We have only to prove that whenever T' is maximal o-monotone for some
o, then it is maximal op-monotone. Assume that S : X — 2X" is ¢’-monotone with
gr(T) C gr(S) and ¢’ an extension of or. Since ¢’ = or < o on D(T'), by Remark
2.2(v) we get that S = T. Hence, T is maximal or-monotone. O

Proposition 2.7. Every mazimal o-monotone operator T is convezr-valued and
weak® closed-valued. Moreover, if o is defined and usc at some point xy € D(T),
then T is sequentially normxweak” closed at xg.

Proof. Let T : X — 2% be a maximal o-monotone operator and (z, %), (z,23) €
gr(T), A € [0,1]. Then for each (y,y*) € gr(7T),

(A} + (1 =Ny —y" 2 —y)

Moy =y o —y)+ (L= Az —y" 2 —y)

>~ Aminfo(a), o) Hle — il — (1~ N minfo(a), o(s)} lz ~ ]

= —min{o(z),0(y)}Hz — yl|.
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That is, (x, \x] + (1 — A)x3) is o-monotonically related with all (y,y*) € gr(T).
Now, it follows from Proposition 2.5 that (z, Az} + (1 —\)a}) € gr(7) which implies
that T'(x) is convex. Likewise, one can show that T'(z) is weak* closed.

*

We now show sequential closedness: suppose that (z,,z) is a sequence in gr(7)

such that z,, — z¢ and =), N x§. Assume that o is usc at xy. It follows from the
o-monotonicity of T" that for each (y,y*) € gr(T") we have

(z;, —y" 20 —y) 2 —min{o(zn), o (y) }|zn — yl|
By taking limits in the above inequality and using the upper semicontinuity of o at
zo and the fact that {z} is a bounded sequence, we get

(zg — y" w0 — y) = —min{o(20), o (y) }H|zo — ¥
which implies that (zo, ) is o-monotonically related with all (y,y*) € gr(T). By
using Proposition 2.5 we deduce that (x¢,zf) € gr(7T). O

We note that, as for monotone operators, in general gr(7') is only sequentially
normxweak* closed, not normxweak* closed [5]. However, we will see in the next
section that maximal o-monotone operators are actually usc in the interior of their
domains.

The assumption of upper semicontinuity of o cannot be omitted from Proposition
2.7, as the following example shows. This is also an example of a premonotone
operator which is not e-monotone. Note that for 7': R — R we have

or(y) = max {sup (T0) = T}, swp (T) - T} )

<y

Example 2.8. We define the functions p,o : R — R by

(2) rsin’x if x>0,
T) =
4 0 itz <0,

and
o) = max { ) max o (2) = o)}
We show that ¢ is o-monotone, i.e., for all x,y € R the following inequality holds:
(e(z) =) (z —y) = —min{o(z),0(y)} |z —y].

We may assume without loss of generality that x < y, so we have to prove that
o(z) — p(y) < min{o(x),o(y)}. Indeed,

p(r) —o(y) < p(r) < o)
and

p(r) — p(y) <maxp(z) — (y) < o(y)

zZ<y
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so ¢ is o-monotone. Note that ¢ is not e-monotone since (¢(x) — ¢(y))sgn (z — y)
is not bounded from below (take y = 2km + 7/2, x = 2kw + 7 for large k € N).

We now change ¢ and o at one point: define 7,01 : R — R by
: o(x) ifx#

and o(x) =
) ifx =

)

SIERSIE

One can readily show that 7" is o1-monotone.

Now let 7' be a maximal oj-monotone extension of T. Its graph is not closed;

indeed (7/2,7/2) belongs to the closure of gr(7"). However, it does not belong

to gr(T') since it is not oj-monotonically related to (w,0) € gr(7T): since oq(w) =
max,<, ©(z) > ¢(m/2) = m/2, one has

(5-0)sm(5-7) =5 <5 = mnfes (5) o).

3. Local boundedness and related properties

Some properties of o-monotone operators can be more easily investigated through
the use of o-monotone bifunctions that we now introduce. Let X be a Banach space,
C' a nonempty subset of X and o : C' — R, be a map. A bifunction F': C' xC' — R
will be called o-monotone if

Vao,y € O, F(x,y) + F(y,x) <min{o (z),0(y)}|z -yl (6)
Equivalently, F' is o-monotone if

Vr,y € C, F(z,y)+ F(y,z) <o(y)llz -yl (7)

This notion is a generalization of the notion of monotone bifunction introduced in
[4], where ¢ is identically zero.

Given any bifunction F : C' x C' — R, we define as in [1, 3] the operator A" : X —
2X" by

AF(x): {x*eX*:VyEC,F(x,y)Z<x*7y_x>} itz eC,
) if x ¢ C.

Note that in case F(z,z) = 0 for all z € C, one has A" (x) = OF(z,-)(z) (the
subdifferential of the function F'(x,-) at x).

Proposition 3.1. For a o-monotone bifunction F, AT is o-monotone.
Proof. Let z* € A" (x) and y* € AF(y). By the definition of A",

F(Jl,y) > <5L’*,y—$>
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and

From these inequalities we obtain

(" =y 2 —y) > —F(v,y) — F(y,z) > —min{o () ,0(y) |z — vl
0

Definition 3.2. A o-monotone bifunction F is called mazimal o-monotone if AF
is maximal o-monotone.

For a given operator T' : X — 2%" as in [6] we define Gy : D(T) x D(T) —
R U {400} by Gr(,y) = super)(r*,y — ). For each x € D(T), Gr(z,-) is
Isc and convex, and Gr(z,x) = 0. The following result shows that G is actually
real valued whenever T is o-monotone, and establishes some relations between o-
monotonicity of Gp and T

Proposition 3.3. Let T be an operator. Then the following statements are true.

(i) If T is o-monotone, then G is a real-valued, o-monotone bifunction.

(i) If T is maximal o-monotone, then Gr is a maximal o-monotone bifunction
and AT =T,

(#ii) Suppose that T is o-monotone with closed convezr values and D(T) = X. If
G is mazimal o-monotone, then T is mazimal o-monotone.

Proof. (i) Let T : X — 2% be o-monotone. Given z,y € D (T), for every
z* € T'(z) and y* € T(y), we have

(" —y" o —y) = o)z -yl

Thus
(o —y) + "y —x) <oy)llz —yl.
This implies that

sup (y*,x—y)+ sup (z",y—z) <o(y)lr—yl.
YT (y) €T (x)

Form here we conclude that

VIL‘,:I/ S (T) ) GT (:Ev y) + GT (ya 93') S U(y)Hx - y”
Consequently, Gr (z,y) € R for all z,y € D (T') and G is a o-monotone bifunction.
(11) Let (z,2*) € gr(T'). For every y € C we have

Gr(z,y) = sup (¢",y—x) > (2", y — ).
z*e€T(x)

This means that 2* € A9T (z); i.e., T(x) C AT (x). It follows from Proposition 3.1
and part (i) that A9T is c-monotone. Since T is maximal o-monotone, we conclude
that T = A°T.
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(ii1) Since G is maximal o-monotone by assumption, A7 is maximal o-monotone.
Let z € X and 2* € A®T (z). Then

GT (-’I?,:l/) = Ssup <Z’*,y—.’lﬁ> > <Z*ay_$>‘
z*e€T (x)

Now, the separation theorem implies that z* € T (x). Thus, gr(A%7) C gr(T'). This
implies that T'= A“T and T is maximal o-monotone. O

Remark 3.4. Given a maximal o-monotone bifunction F', according to Proposition
3.3, we can construct A" and the o-monotone bifunction G := G4r. One has
G(z,y) < F(z,y) for all x,y € D(A). Tt follows from Proposition 3.3 that A" =
A%, However, Example 2.5 of [6] implies that the correspondence F +— AF is not
one to one, even for the monotone case o = 0.

We now generalize a definition from [6].
Definition 3.5. A bifunction F': C' x C' — R is called:

(i)  Locally bounded at (xq,yo) € X x X if there exist an open neighborhood V'
of zg, an open neighborhood W of yy and M € R such that F(x,y) < M for
all (z,y) e (VxW)N(C x(C).

(ii) Locally bounded on K x L C X x X, if it is locally bounded at each (z,y) €
K x L.

(iii) Locally bounded at zy € X if it is locally bounded at (z¢, x¢), i.e., there exist
an open neighborhood V' of zy and M € R such that F(z,y) < M for all z,y
evnc.

(iv) Locally bounded on K C X, if it is locally bounded at each x € K.

If a bifunction (not necessarily o-monotone) F': C' x C'— R is locally bounded at
1o € int C, then AY is locally bounded at z, [2]. Consequently, if T is an operator
such that Gr is locally bounded at zy € int D(T'), then T is locally bounded at x
since T'(x) C A®7(x) for all z € X. This will be the main instrument for showing
local boundedness of operators.

We will show that o-monotone bifunctions are locally bounded in the interior of
their domain, under mild assumptions. In case X = R" we can give a constructive
proof.

Proposition 3.6. Let X = R" and C' C R". Assume that F : C' x C' — R s
o-monotone and F(x,-) is lsc and quasiconvex for every x € C. Then F is locally
bounded at every point of int C' x int C'.

Proof. Let (z¢,y0) € int C' x int C. Since the space is finite-dimensional, we can
find 21, 29,...,2m € C such that V := co{z1, 22,..., 2} C C is a neighborhood of
yo. Let U C C be a compact neighborhood of xy in C. Set My = mingey F (2, ©);
the minimum exists since F'(zy,-) is Isc. For every z € U, y € V we find, using
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quasiconvexity of F(z,-) and o-monotonicity of F":

F(z,y) < max F(x,z)

1<k<m
< max {o(z) |lo — zll — F (2, 2)}
< max o(z;) sup ||z —w| + max (—My).
1<k<m zeUweV 1<k<m
Since U and V' are both bounded, sup,cy ¢y ||z — w|| is finite. We are done. [

For the general case of a Banach space X, we need the following lemma from [2],
whose proof we include for the sake of completeness.

Lemma 3.7 ([2]). Let X be a Banach space and f : X — R U {+oo} be lsc and
quasiconvez. If o € intdom(f), then f is bounded from above on a meighborhood

of xg.

Proof. Let € > 0 be such that B(xg,¢) C dom(f). Set S, = {z € B(x¢,¢) : f(x) <
n}. Then S, are convex and closed and J, .y Sn = B(%o,¢). By Baire’s theorem,
there exists n € N such that int S, # (). Take any z; € int S, and any o # o
such that y € B(zg,¢) and 29 € co{x;,25}. Choose n; > max{n, f(x2)}. Then
xr1 € int Sy, xo € Sy, hence zy € int S, so f is bounded by n; at a neighborhood
of Zo. ]

Theorem 3.8. Suppose X is a Banach space, C is a subset of X and F : C X
C' — R is a o-monotone bifunction such that for every x € C, F(z,-) is lsc and
quasiconvex. Further, suppose that for some xo € C' and yg € int C' there exists
e > 0 such that B(yo,e) € C and for each y € B(yo, <), F(y,-) is bounded from
below on B(xg,e) N C (note that this bound may depend on y). Then F is locally
bounded at (o, yo)-

Proof. Let € > 0 be as in the assumption. Define g : B(yp,¢) — R U {400} by

g(y) :=sup{F(x,y) : x € B(zg,e) N C}.

For every y € B(yo, ) and x € B(xg,¢) N C, o-monotonicity of F' implies

Fa,y) <min{o(z),o(y)}Hz —yll = Fly,2) <o(y)e + ly — oll) = M,

where M, is a lower bound of F(y,-) on B(xzg,e) N C. Therefore, g is real-valued.
On the other hand, g is Isc and quasiconvex and also yy € int dom(g). By Lemma
3.7, there exists § < € and M € R such that g(y) < M for all y € B(yo,d). Then
by the definition of g we get F(x,y) < M for all y € B(yo,0) and x € B(xg,0) N C;
i.e., F is locally bounded at (xq, o). O

The condition “F(y, -) is bounded from below on B(xg,£)NC” can be easily removed
by imposing some usual assumptions on the bifunction F' or the space X, as shown
in the following two results.
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Corollary 3.9. Suppose X is a reflexive Banach space, C' is a subset of X and
F:C x C — R is a o-monotone bifunction such that for every x € C, F(z,-) is
Isc and quasiconver. Then F' is locally bounded at every point of int C' x int C'. If
i addition C' 1s weakly closed, then F' is locally bounded on C x int C'.

Proof. Let x5 € intC. Choose ¢ > 0 such that B(z,e) C C. By assumption
F(z,-) is Isc and quasiconvex, so it is weakly Isc. For every y € C, F(y,-) attains
its minimum on the weakly compact set B(zg,¢) and so F(y,-) is bounded from
below on B(xg,¢). Therefore, all conditions of Theorem 3.8 are satisfied. Thus F'
is locally bounded at every point of int C' x int C.

If in addition C' is weakly closed, then for any o € C and € > 0, B(zg,¢) N C is

weakly compact and we can repeat the previous argument. O

Corollary 3.10. Suppose X is a Banach space, C' is a subset of X and F' : C'xC —
R is a o-monotone bifunction such that for every x € C, F(x,-) is lsc and conver.
Then F' is locally bounded at any point of C' x int C.

Proof. Let xyp € C and yy € int C. Choose ¢ > 0 such that B(yg,e) C C. For
every y € B(yo,€), the subdifferential of 0F(y,-) is nonempty at y. Choose y* €
OF (y,-)(y). Then for every x € B(xg,e) N C one has

Fy,x) = Fly,y) 2 ("2 —y) = = ly" [l =yl = = lly"]l (¢ + [0 = wl)-

Thus F(y,-) is bounded from below on B(xg,e) N C. By Theorem 3.8, F is locally
bounded at (xg, o). O

We immediately obtain a generalization of Proposition 3.5 in [8] to general Banach
spaces:

Corollary 3.11. Suppose that X is a Banach space and T : X — 2% is a pre-
monotone operator. Then T is locally bounded at every point of int D(T).

Proof. Apply Corollary 3.10 to Gr. O

Corollary 3.12 (Rockafellar). Every set valued monotone operator T' from X to
X* is locally bounded on int D(T).

For maximal o-monotone operators, there is a kind of converse to Corollary 3.11,
generalizing the Libor Vesely theorem [11, Theorem 1.14]. We first show:

Lemma 3.13. IfT is mazimal o-monotone, then for allx € D (T) one has T (z)+

Proof. Take w* € Np(r)(2) and define
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Then T (z) C T} (z) for all z € D(T). For z* € T'(2), y* € T (y) and A > 0,

(Z+ M =y z—y) = (" =y z—y) + Nw",z—y)
> —min{o(2),0 (y)} |z —yll

Thus 77 is o-monotone. By the maximality of T we get T" = T}, which completes
the proof. n

Theorem 3.14. Suppose that T is mazimal c-monotone and o is defined and usc
on D(T). Let ©g € D(T). If T is locally bounded at xo, then xo € D (T). If in
addition D (T) is convez, then xo € int D(T).

Proof. Since T is locally bounded at xg, there exists an open neighborhood U of
zo such that 7' (U) is bounded. Choose a sequence {z,} C D (T) N U such that
x, — x¢ and choose z} € T (z,). It follows from Alaoglou’s theorem that there

exist a subnet {(z4,2%)} of {(z,,2%)} and zf, € X* such that z¥ % . Since the
net {x*} is in the bounded set T'(U), we have (x}, z,) — (z§, xo) Therefore for all
(y,y*) € gr (T), by upper semicontinuity of o,

(0 =" 20 —y) = lim{zg, —y", 20 — )

a

> —limsupmin {0 (za),0 (y)} [[2a = ¥l

> —min{o (v0),0 (y)} |70 — yll.

Thus (zo, z§) is o-monotonically related with all (y,y*) € gr(T). So z§ € T (zo)
and xo € D(T).

Now let D (T') be convex. We will show that U C int D (7). Indeed, if not, then
U contains a boundary point of D (T'). By the Bishop-Phelps theorem it will also
contain a support point of D (T), i.e., there exist z € UN D (T) and 0 # w* € X*
such that (w*, z) = sup{(w*,y) : y € D( )}. We know that T is locally bounded
at z, hence z € D(T). On the other hand, w* € Np(r)(z), thus the cone Npr(2)
is not equal to {0}. Then Lemma 3.13 shows that 7'(z) cannot be bounded, a
contradiction.

Thus U C int D (T). Since T is locally bounded on U, we obtain U € D(T'), hence
zo € int D(T). O

We now deduce some properties related to local boundedness.

Proposition 3.15. Suppose T : X — 2% is mazimal c-monotone and o is usc.
Then

(i) The operator T is usc in int D(T') from the norm topology in X to the weak*
topology in X*;

(it) If X is finite-dimensional, then for every y € int D(T), or(y) is given by the
following formula:

—su <‘T*_y*7y_‘r>x . ¥ r *
onty) =sup { IS sy ) e D €T
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Proof. Fixy € int D(T). To show upper semicontinuity at y, it is sufficient to show
that for any net {(ya,y%)} in gr(7T) such that y, — y in X, there exists a weak*
cluster point of {y}} in T'(y). Since T is locally bounded at y we may assume that

both {y,} and {y’} are bounded and, by selecting a subnet if necessary, y R y*.
Since {y} is bounded, we have

(Yos You) — (Y5 ) -

As in the proof of Proposition 2.7 we deduce that y* € T'(y).

To show part (i7), choose any sequence {x,},en C D(T) converging to y with
y # x,, and let ¥ € T(x,). Then the sequence {x}} is bounded. By selecting
a subsequence if necessary, we may assume that z, converges in norm to some
z* € T(y). Since

(xf — 2"y — )

<33'* _y*7y_x> * *
sup rx#y, (v,2") €gr(T),y" €T(y) ¢ >
e ( LTy = =
> —|a;, =2 =0,
relation (8) follows from relation (4). O

Next we show that under appropriate conditions, a o-monotone bifunction is not
only locally bounded, but also bounded by a small number in a neighborhood of
any interior point. This is a consequence of the following more general result.

Proposition 3.16. Suppose that F : C' x C' — R is a o-monotone bifunction such
that F(z,x) = 0 for all x € C. Assume that F(x,-) is lsc and convex for each
x € C and o is usc. If xog € int C', then there exist an open neighborhood V' of x
and K € R such that F(y,z) < K ||zt — y|| for allz € V and y € C.

Proof. From F(z,z) = 0 for all z € C, we infer that A" (z) = F(z,-)(x). Since
F(z,-) is Isc and convex, the subdifferential of F'(x,-) at each x € int C'is nonempty-
valued. Thus int C C D(A), so the o-monotone operator A" is locally bounded
at xg. Therefore, there exist an open neighborhood V; C C of g and K; € R such
that [|z*]] < K, for all z* € AF(z), € Vi. Since o is usc at x, it is bounded
from above by a number K5 on a neighborhood V5 of xg. Then for each y € C' and
r €V =V, NV, if we choose z* € AT (x) we get

Fly,z) < = F(z,y) +o(z) [ly — 2|
< @y —o) 4+ Kally —af) < (K + K) fly — 2]
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