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The authors continue the study of regularity properties for solutions of elliptic systems started in
[19] and continued [20], proving, in a bounded open set 2 of R", local differentiability and partial
Holder continuity of the weak solutions u of nonlinear elliptic systems of order 2m in divergence
form

> (=1)ID* e (2, Du) = 0.

la|<m

Specifically, we generalize the results obtained by Campanato and Cannarsa, contained in [6],
under the hypothesis that the coefficients a®(z, Du) are strictly monotone with nonlinearity ¢ = 2.
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1. Introduction

In this paper we investigate in an open bounded 2 C R" the problem of local differ-
entiability and Holder regularity for weak solutions u of nonlinear elliptic systems
of order 2m in divergence form

> (=)D e (z, Du) = 0. (1)

laj<m

Concerning the differentiability, if 0 < A < 1 and u € H™(Q,RV)NC™ 1A (Q, RY) is
a solution of system (1), we answer to the question of what conditions are required
for the vectors a®(x, Du), in order that

u e H™(Q,RY). (2)

loc
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In this note the authors consider solutions of class C™1*(€Q, RY) because, as al-
ready known, if we take solutions v € H™ N Hmfl’oo(Q,]RN), it is not possible in
general to ensure differentiability (2) for nonlinear elliptic systems of order 2m even
if the vectors a®(x, Du) are smooth.

A first answer to the above problem has been given in [6] where the authors prove a
result of local differentiability (2) for solutions of nonlinear elliptic systems of order
2m with quadratic growth.

The same hypotheses used in [6] are applied to second order (m = 1) nonlinear
parabolic systems of variational type by Fattorusso in 1987 in the note [8] and
later by Marino and Maugeri in 1995 in [16] to extend the local differentiability
by Campanato and Cannarsa from the elliptic case to the parabolic one. The goal
is achieved making use of the interpolation theory in Besov spaces. = Moreover,
as differentiability achievements allow Campanato and Cannarsa to obtain partial
Holder continuity of the derivatives D*u, |a| = m, similarly Marino and Maugeri
obtain in [15] a result of partial Hélder continuity for spatial gradient of the solution
to the parabolic system of second order.

We also mention the note [18] where comparable outcomes are obtained by Nau-
mann and Wolf.

Similar results concerned with interior differentiability of weak solutions u to nonlin-
ear parabolic systems of second order are obtained using more general hypotheses,
precisely exploiting natural growth and coefficients uniformly monotone in Du, at
first in [9], later the complete extension of the results contained in [6] is achieved
in [17]. The crucial step in the two mentioned papers by Fattorusso, Marino and
Maugeri is the use of interpolation estimates of Gagliardo-Nirenberg’s type in gen-
eralized Sobolev spaces. Recently, as announced in [14], the use of interpolation
inequalities allows, in [10], the authors to establish differentiability results for weak
solutions of nonlinear parabolic systems of second order endowed with nonlinearity
q € (1,2). The present note can be view as an extension from second order nonlinear
elliptic systems to order 2m of the results established by one of the authors in [11].

Thus we can see that nonlinear systems of second order in divergence form have
been extensively studied, much less depth if we talk about order 2m.

The aim of this note is to give an answer to the starting problem using as assump-
tions that the vectors a®(z, Du), || = m, are strictly monotone and endowed with
nonlinearity 2.

The technique used in this note to obtain Holder regularity is not the classic one,
founded on representation formulas of solutions and their derivatives, it is based
on Campanato spaces £P*. They allows us to characterize Holder functions using
integral inequality and then it is very useful to study the regularity of weak solutions
of elliptic and parabolic equations and systems (see e.g. [3], [5], [7]).

We wish to recall the study made by Giusti in [12] where this technique is used and
appreciated.

This paper is organized as follows. In Section 1 we set the definitions of Sobolev
spaces and fractionary Sobolev spaces, as well as useful preliminary Gagliardo-
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Nirenberg estimates. In Section 2 are established local differentiability results for
weak solutions of (1) in four steps. The heart of the paper is paragraph 2.1, where it
is proved that if u € H™(Q,RY)NC™ A (Q,RY) (0 < A < 1) is a weak solution of
the system (1) and some useful assumptions are satisfied, then u € H™(Q,RY),

loc

V9 € (0,3), 0 < XA < 1. Using this result we obtain that u € HIH(Q,RY),

loc

V' € (0,9 + 3(1 — ) and applying an iterative method we attain that

c H™(Q,RY), Vo< < 1.

loc

Therefore in paragraph 2.2 the main result (Theorem 3.5) allows us to reach the
differentiability (2) and in paragraph 2.3 using it, is established partial Holder
regularity for the derivatives D™y of the system (1) (see Theorem 4.1).

2. Preliminary Tools

Let Q be an open bounded set in R" | n > 2, having diameter d, and boundary
0Q, x = (x1,29,...,1,) denotes a generic point therein.

We say weak solution of the system (1) a function u € H™(Q,RY) N L*(Q,RY)
such that

/ > (a*(z, Du)| D) dz =0, Ve € HQRY)nH" ">(QRY). (3)

la|<m

Let us set k a positive integer greater than 1, (-|-), and |[|-||, respectively the scalar
product and the norm in R*. If there is no ambiguity we omit the index k.

Let k be a nonnegative integer and A €]0, 1. We denote by C**(Q, R") the subspace
of C*(Q, R™) of functions u : @ — RY which satisfy a Hélder condition of exponent
)\, together with all their derivatives Du, |o| < k; if u € C**(Q,RY), then

[l s, = sup D D%l + 3 (D"l (1)

|| <k lo|=k
where
Dol s 1) = D)l
A=

—_ A
TFY

< +o0, Ya:l|al =k.

The space C**(Q, RY ) is a Banach space, provided with the norm
||U||ck,A(§,RN) = ||U||ck(§,RN) + Z [D%ul - (5)
|a|=k

Definition 2.1 (Sobolev Spaces (see e.g. [1], [13])). Let k and j be two pos-
itive integers, k > j. If p € [1, +o0[ and u € C=(Q, RY), so we set

1
P

uljp0 = / DDl dr ) ol = (ZIU\JPQ) (6)

ler|=3
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and denote respectively by H*?(Q,RY) and H[]f’p (Q,R™Y) the spaces obtained as
closure of C=(Q, RY) and C3°(Q2, RY) regarding the norm ullypa-

The spaces H*?(Q, RY) and HY?(Q, RY) are known in literature as Sobolev Spaces.

We remark that Ho?(Q,RY) = LP(Q,RY), 1 < p < 400.

Let us now state some properties useful in the sequel.

We set, for 2° € R” and o > 0, Q(0) = Q(2°, o) the cube of R™ defined by
{xER”:|xi—x?}<a,i:1,2,...,n}, (7)
we also consider ¢ € (0,1), 0 > 0, h € R\ {0}, where || < (1 —t)o.

If there is no ambiguity we only write the radius and not also the center of the cube.

Let u be a function defined in Q(¢) in RY and z € Q(to), we set
minu(z) = u(z + he') —u(z), i=1,2,...,n, (8)

where {e'},_,, , is the canonic basis of R".

-----

Let us now state Nirenberg’s Theorem (see [4], Chapt. I, Theorem 3.X.), useful to
achieve the main result of the note.

Theorem 2.2. Ifu € I?(Q(0),RY), 1 < p < 400, N is a positive integer and
ezists M > 0 such that || Tipully, 0uey < M |A], VIR] < (1 =t)o, i =1,2,....n

then u € H'?(Q(to),RY) and

HDZuHO,p,Q(tO’) S M’ VZ: 1,2,...,71

Theorem 2.3 (see e.g. [4], [11]). Let u € H'?(Q(c),RY) for 1 < p < 400 and
N be a positive integer. Then, for every t € (0,1) and every h € R, |h| < (1 —t)o,
we have

||Ti,hu||07p7Q(ta) < [0/ Dsullgp 0@y, =1,2,-..0m (9)

2.1. Sobolev spaces with fractionary exponent H*7»,

Let © be an open bounded set in R", ¢ € (0,1), p € [1,4o0[ and N a positive
integer.

Definition 2.4. We say that a function u defined in Q having values in R" belongs
to H'?(Q,RY) if u € LP(Q,R"Y) and is finite

|u(z Yl
Mﬁ 0= / / n d
3P, yll +§p

Definition 2.5. If k is a nonnegative integer, we mean for H*+%?(Q, R") the sub-
space of H*?(Q, R™) of functions u € H*?(Q,RY) such that

D € H'"(Q,RY), Va:|al =k
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We stress that H**7P(Q, RY) is a Banach space equipped with the following norm

1
[ellesop.0 = (HuH tpat D !D“%pg>

|laf=k

The result below is used recurrently throughout the paper (see the proof in [2],
Lemma I1.3).

Theorem 2.6. Ifu € LQ(Q(3U),RN> and, for ¥ € (0,1), is finite

20
S [ i [, ol

then u € H(Q(o),RY) and
) < Z |t I

We mention the following interpolation inequality, fundamental for the sequel of
the work (see e.g. [6], Appendix, Lemma 1).

Theorem 2.7. If u € H*(Q(c),RY), for 0 <9 < 1, then

o,
|ul1,00) < c(n, ) { (Z\D ulfq o')) lullg ey + o 1\|U|’0,Q(o)}-

Theorem 2.8 ([6], Appendix, Lemma 2). Let us consider u € H'*?(Q(c), RY),
for 0 < v <1, then

1
n n 1+9
> IIDiw = (D) g l5. 00 < €, 9) (Z!Di u\i,%)) Ju— @Hé*&g
i=1 1=1

Theorem 2.9 ([6], Lemma 1.3). Let us set Q,Q4,Q, ..., Q,, m+1 bounded open
sets of R™ such that |J;—, Qx = Q, 0 and ¥ two positive real numbers, ¥ < 1 and

u € Hﬂ(Qk,RN), for every k = 1,2,...,m. Then, there exists a positive constant
c(9,0) such that

lu(z) = u(y)]*
uls o < c(9,0)1 ||ullg o + g / / dy ¢,
| ’199 ( { | ||OQ a0 a, H$ . yHnJrgg Y

where Qi », k=1,2,...,m, is the set of points of R" away from Q. less than o.

Theorem 2.10 (see [6], Teorema 2.1). Ifu € H'*(Q(c), RM)NC*(Q(a),RY),
0<9<1and0 < \<1. Then, for everyt >0 and everyi=1,2,...,n, we have

mis {:EGQ HDu — (D;u) }

q9

1+19 1
Z] l‘D U’| [U]AQ( )
tq

Qo)

< (n, )
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2(1+9)n
n—29\ °

where ¢ = Specifically

Diu € LP(Q(0),RY), V1<p<y,

and 1s true the following inequality

o
pY

c(®,n,p, q)(mis Q(0))' "7 [u] 5 > 1Dl

p

dx

3. Local differentiability in H™*!spaces

Let us set m, N positive integers, « = (ay,...,®,) a multi-index and |a| = a; +
..+ a,, the order of a. We denote by R the Cartesian product

R= [ R}

laj<m

and p = {p®}aj<m, P* € RY, the generic point of R. If p € R, we set p = (p/,p")
where p’ = {p®}ajcm € R' = []j0j<m RY, " = {p°}ajem € R" = [iaj=m RY and

PP =D 1% PP =D %1% 1P = D 5
la|<m |a|<m |a|]=m
We consider, as usual,

0

Di — )
0361-

i=1,...,n;  D=DMDS. . Do

Let us consider the following differential nonlinear variational system of order 2m:

> (=DDYa (z, Du) = 0 (10)

laj<m

where a®(z,p) = a®(z,p/,p") are functions of A = Q x R in RY, satisfying the
following conditions:

(a) for every a and for every p € R, the function x — a“(z,p), defined in Q
having values in RY is measurable in x;

(b) for every a and for every x € 2, the function p — a®(z,p), defined in R
having values in R is continuous in p;

(c) for every «, such that |a| < m, for every (z,p/,p") € Q x R, with ||p/||y < K,
we have:

o o/, )| < MK (|f“ BN ||N> = m(5) (If* @)+ 1"1?)

|a|=m

where f* € L'Y(Q);
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(d) for every z € Q,Vy € Q (x, \/iﬁdx), Vp'.q € R, where |||, ||¢|| < K and for
every p” € R”, we have:
la(z,p’, p")|| < M(K) (1+ [Ip"[))
la(z, p',p") = aly,d, p")|| < M(K) (lz =yl + " = ¢'ll) (T + [Ip"]});

where a (z,p) = (a®(2,p))|aj=m and d, = dist ({z},0Q) > 0.

(e) for every (z,p') € Q x R/, the functions p”" — a*(x,p',p"), || = m, are
strictly monotone with non-linearity ¢ = 2, so that there exist two positive
constants M (K) and v(K) such that V(z,p’) € Q x R/, with ||p/|| < K, and
vp",¢" € R", we obtain:

||a(x,p’,p”) - a(x,p', q”)H M( ) Hp || )
2
(a(x,p,p") —a(z,p',d")p" — ") = v(K)|Ip" = ¢"|I".

Remark 3.1. We point out that the assumptions (a)—(e) are more general than
the one used by Campanato and Cannarsa in [6].

Let us now state the local fractional differentiability results.

Theorem 3.2. If u € H™(Q,RY) N C™ A Q,RY), 0 < X\ < 1, is a weak solution
of the system (10) and the assumptions (a)—(e) are satisfied, then

loc

€ H"M(Q,RY), W€ (0, %) : (11)

moreover, for every cube Q(40) CC Q, we have the following inequality

2 a 2
’D//u‘ﬁ,Q(J) < C<V7 K? U7 197 )‘7 o,m, n) (1 + Z Hf HO,l,Q(zla) + ’u‘m,Q(4a') > ) (12)

la|<m

2 a,,|?
where |D//U|19,Q(U) = ZW\:m |D u|197Q(0-)? K= Supg ||D/u|| andU = ||u||cm 1,A Q]R )

Theorem 3.3. If u € H™(Q,RY)nC™ AQ,RY), 0 < 9\ < 1, is a weak
solution of the system (10), the assumptions (a), (b), (d), (e) and the condition (c)
with f* € L2(Q), ¢ = 25_“”" are true, we have

208 7
A
u € Hfgcw (Q,RY), W e (0,19—1— 5(1 — 19)) , (13)
and, for every cube Q(4o) CC Q, we have the following inequality
’Dﬂuﬁw,@(g) (14)
1+9
c(v, K, U,ﬁ,ﬁ',A,U,m,n){l—l— ( Z HfaHo,g,Q(4a)>
lal<m

2 2
+ |l 000t |D”U|19,Q(4a) }7

2 a,, |2
where ’Dﬁu‘ﬁ,Q(o): Z\a|=m |D U|19,Q(a); K = SupﬁHD,u” and U = HUHCW*L*(Q,RN)'
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Applying an iterative method, we have the following result.

Theorem 3.4. Ifu € H™(Q,RY) N C™ A Q,RY), 0 < X < 1, is a weak solution
of the system (10), the hypotheses (a), (b), (d), (e) and the condition (c) with

fee L%(Q) are verified, then
ue HMP(QRY), Vi:0<9 < 1. (15)

Moreover, for every cube Q(o) CC Q(oo) CC 2, we have

2
D"l o0, (16)

1+9
« 2
C<V7 K7 U7197 )\707 Op, M, N { ( E : ”f ”0 2")\ ,Q( 0'0)> + |u|m,Q(Ug) }7

la|<m

where K = supg ||D'u|| and U = ||U||Cm_1,/\(§RN).
Moreover
€ Hig (4, RY). (17

Let us now apply the previous local differentiability properties in H™+7(Q, RY),
0 < ¥ < 1 to reach the main objective of this note.

Theorem 3.5 (Main result). If u € H™(Q,RY) N C™ A Q,RY), 0 < XA < 1, is
a weak solution of the system (10) satisfying the hypotheses (a), (b), (d), (e) and,
for f* e L%(Q) assumption (c), then

u € H™(Q,RY) (18)

loc

and, for every cube Q(40) CC S, the following inequality is true

|U|m+1 Qo) (19)

2
« 2 4
c(v, K,U,\,0,m,n) (1 + ( Z If ||0,Q(4a)) + |l 0u0) + |U|m,4,Q(4a)>>

lo|<m

where K = supg ||ul| and U = Hu”cmflvA@»RN)'

Proof of Theorem 3.1. Let us choose zp € 2 and a generic cube Q(40) =
Q(2°, 40) CC Q, let ¥(z) € CP(R™) a cut-off function having the following proper-
ties:
0<p<l R,  $=1 inQo)
A koo (20)
=0 in R"\ Q(20), | D] < = in R™.
o

Let us also consider i < n a positive integer, h a real number, |h| < o, and let us
also set

¥ = Ti,—h (¢2m7'i,h U) ) (21)
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it follows that ¢ € HJ(Q,RY) N H™=1>(Q,RY). From (3), written for this “test
function” ¢, it follows

/ Z Tipa® (x, Du) |D* (V*"' 7, w)) da (22)

|lal=m

- _ Z / (z, Du) |7 _p D* (V*"'7; 4 w)) d.

la|<m
On the other hand, for every « such that |« = m and for a.e. x € Q(20), it follows:

70" (2, Du( )) = 7ina®(z, D'u(x), D"u(x))
= a®(z + he', D'u(x + he'), D"u(x + he')) — a*(x, D'u(x), D"u(x))
= a®(z + he', D'u(x) + 75, D'u(x), D"u(z) + 70, D"u(z)) — a®(x, D'u(x), D"u(z))
= [a®(z + he', D'u(z) + 7, D'u(x), D"u(x) + 73, D" u(z))—
— a“(z, D'u(x) + 7, D"u(z), D"u(z) + 75 D" u(x))]
+ [a%(z, D'u(x) + 75, D"u(z), D"u(z) + 75 D" u(x))—
— a®(z, D'u(x), D"u(x) + 71, D"u(z))]
+ [a®(x, D'u(z), D"u(z) + 75, D"u(x)) — a®(z, D'u(x), D"u(x))].

Regarding in mind that
D (*" 7 pu) = 27, D0+ 2map*™ (DY) 7
formula (22) becomes:

/Q 6 3 (0, D'ulw), D"u(x) + ropD"u(x)) (23)

laj=m

—a®(z, D'u(x), D"u(x)) | 7, D) dz

= —2m/¢2m ! a“(z, D'u(x), D"u(x) + 7, ,D"u(x))
laf=m

—a®(x, D'u(z), D"u(x)) | (D*P) 73 pu)dz

- [ 3 (@ D) Do), D) 70D (o)

lal=m

a®(z, D'u(x), D"u(z)+7;,D"u(z)) | D* (V*"1; 1)) da

/ Z (z + he', D'u(x) + 7, D'u(z), D"u(z) + 750 D"u(z))

\a|

(z, D'u(x) + 73, D'u(w), D"u(x) + 73, D"u()) | D* (*" 7 pu)) do

— Z / (z, D'u, D"u) | 73 _p D* (meTijh u)) dz.
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Using hypotheses (e) we can minimize the first member of (23), as follows

/Q 5 3 (0 (e, D'ula), D"ulz) + 7pD"u())

|a|=m
—a®(z, D'u(x), D"u(x)) | 7, D) dx
= V¥ (a(x, D'u(x), D"u(z) + 7 D"u(x))
Q(20)
—a(z, D'u(x), D"u(x)) | 7, D"u) dx

> v V2™ |7, D" de,
Q(20)
then we obtain
v V" | D"l de < A+ B+ C + D, (24)
Q(20)
where
= _ Qm/ P2l a®(z, D'u(z), D"u(x) + 7, D"u(z)) (25)
|a|

—a®(z, D'u(x), D"u(x)) | (D*Y) 7;pu) de,

/ Z (z + he', D'u(x) + 75, D'u(x), D"u(z) + 7, D"u(z)) (26)

laj=m

—a®(z, D'u(z) + 73, D'u(z), D"u(x) + 7, D"u(z)) | D* (v*" 7 pu)) da,

/ Z (x, D'u(x) + i p D'u(z), D"u(x) + 715 D" u(z)) (27)
—a®(z, D'u(z), D"u(z) + 75, D"u(z)) | D* (V* "7 1)) da,

-> / (x, D'u(x), D"u) | 7i—p D* (V*™7ip 1)) da. (28)

|a]<m

Let us estimate the terms A, B, C and D.
Applying hypothesis (e) and the properties of the function v, we have

|A] < 2m N la® (@, D'u(x), D" u() + 73D u())
Q(20)

|lal=m

—a® (z, D'u(z), D"u(x)) || || (D*¢) mipu || da

< (K, m) / U ST DY 7 D"l 7 D'
Q(20) la|=m

< ¢(K,o,m,n) / G 73w D" |7 D] da
Q(20)

< ¢(K,0,m,n) / o™ n D] [0 D't d
Q(20)
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Then, for every € > 0, we have
|A| < e W2 |7 p D"ul|? da + o(K, U,m,n,a)/ |7inDu|)” dz,  (29)
Q(20) Q(20)

On the other hand, using Theorem 2.3 for p =2, ¢ = 2 and Q(30) instead of Q(0),
for every h € R such that |h| < (1 — %) 3o = o, we have

/ ||Tzhu||?v dr < h2/ |Dyull5 dz, i=1,2,...,n. (30)
Q(20) Q(30)
From (29) and (30), we have
Al <e [ w2 raD | de+ (K, 0,m,n,e) h2/ |D"u|]? dz, Ve > 0.
Q(20) Q(30)
(31)
From (d) we can majorize the term B as follows

|B| < / Z | a®(z + he’, D'u(z) + 75 D'w(z), D"u(x) + 7D u(x))
Q(20)

laf=m

— a*(z, D'u(z) + 7, D'u(z), D"u(x) + 73, D"u(2)) || || D* (v*"7ipu)|| d

< (K, n) Al (L + 1D ull + |75 D" ul])
Q(20)

2mk
(iwm—l lronDul] + v ||n,hD"u||) da

o

(B, mm) || [ 4 D"l de
Q(20)

4 [ el mn) 6 (14 D ul)] [ 7 D"l o
Q(20)

IN

+/ [c(o,m) |7 Dul]] [e(K n) [ @™ (14 [ D"ul| + |73, D" ul])] da.
Q(20)

Then, for every £ > 0, we have
Bl < olKomm b [ Dl de e [ D P do
Q(20) Q(20)

+ (K, m,n,e)h? P (1 + ||D"u||2)d:p+c(a,m)/ |70 D'u)? da
Q(20) Q(20)

+ (K, m,n)h? me(l + ||D"u||2 + HTi,hD"qu )da:
Q(20)

= {e+c(K,m,n) (h* +|h|)} V" |7, D" | d
Q(20)

+ (K, m,n, e)h? (1 + HD”UH2)CZ£C+C(O', m)/ HTi,hD’uHQd:c.
Q(20) Q(20)
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Using (30), we can estimate | B| as follows
B < {e clBomom) (4 1)} [ 0™ fraDul da
Q(20)

+ (K, J,m,n,s)hZ/

(1 + ||D”u||2> dz, Ve > 0.
Q(30)

Similarly, using (d), for the term C' we have

O] < / Z la®(z, D'u(x) + 7, D'u(z), D"u(z) + i p D"u(x))
Q(20)

|lal=m

— a*(z, D'u(z), D"u(z) + 1, D"u(2))| || D* (v*"7ipu)|| do
< (K, ”)/ I7in D'ull (14 | D"ul| + |75, D" ul])
Q(20)
(c(o,m)yp*™ |7 p D'ull + *™ || 73, D" ul) da

= / [ T D" ul|] [e(I, n)Y™ ||7ipn D'ul| (14 || D"ul])] dz
Q(20)
+c@£n)/‘ qﬁmunﬁD%munﬁD%AFdx
Q(20)

T / (c(o,m) [[run D'ull]
Q(20)

(K, )™ |Tin D'l (1 + |D"ul| + |73 D"ul))] da.
Because of u € C™ 1A (Q, RN), for every € > 0, it follows

] < a/ " (|7 D) dx + o(K ) 2?73 D'l | (1 + ||D”u||2) dx
Q(20)

Q(20)

+e & U B [ 6 raD | de + (o, m) / |ron D'l da
Q(20) Q(20)

welton) [ Dl (L4 1Dl + D)) de
Q(20)
A 2\ 2m "2
< {ereiOm) (WP +02)} [ Dl ds
Q(20)

HTMD’uH2da:+c(K,U,n,5)|h|2A/ | D"u||? da.
Q(20)

—I—C(K,a,m,n,s)/

Q(20)
Using again (30), we get
1 < {e+ e Un) (10 + 1) } / " 7 D"l de (32)
Q(20)

+ (K, U,0,m,n,e) (h2+|h|”)/ |D"u|® dz, Ve > 0.
Q(30)
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Finally, let us estimate the terms D. For the hypothesis (c), we have

p< Y / la® (@, D'u, D"w)|| |73 D* (62" i) | o (33)
la|<m Q(30)
<)X [ (11D ) a7 ) e
|a|<m 3o

On the other hand, using the hypothesis that u € C™~1(Q, RY ), we easily obtain
|7i,-n D (V* "1 u) ()| <2U *, vz € Q(30). (34)

From (33) and (34) we have

D] < e(K,U,m) |hf < > /Q(3 )If“l + [0l dx). (35)

|ae]<m

From (24), (31), (32), (35), choose € = {5 we deduce that

v | ¥ ||maD"u| da (36)
Q(20)

< {5+ e K. Umon) (1052 + B+ [P) b [ 02 7Dl de
4 Q(20)

+C(V,K,U,U,m,n)(h2+\h|k+!h!”)/( | (H ) \faHHD"uHQ)dw-
Q30

la|<m

Because of the continuity of the function h — ¢(K, U, o, m, n)(|h|+h2+|h|*+|h|*)
in the origin, I ho(v, K, U, X\,0,n), 0 < hg < min{l, o}, such that for every |h| < hg,
we have

(K, U, 0,m,n) <|h| FR2 4+ R+ |h|”) < Z
Let us consider, at first, that |h| < hy < 1.

Recalling that 0 < A < 1 we have A2 + |h|* + |h[* < 3|h|* and taking into
consideration that ¢(z) = 1 in Q(o), from (36), it follows, for i = 1,2,... n,

14

v / I7in D"u® da (37)
2 JqQ(o)

A @ 2
< C<V7 K7 Ua 07m7n) |h| {1 + Z ||f ||0,1,Q(3<7) + |u|m,Q(3cr) }

|a|<m



76 G. Floridia, M. A. Ragusa / Differentiabilty and Partial Hélder Continuity ...

Otherwise if hy < |h| < 20, we get fori =1,2,...

7n7

/Q . 7n D"l da (39)

/ |D"u(a)|? da
Q(o)

< 2/ | D"u(a) || dx+2/ | D"u(a) | da
Q(30) Qo)

< 2/ HD"U (:c + hei)
Qo)

h A
4/ | D"l do < 4%/ | D" dz <
Q(30) h Q(30)

A o 2
S C(Va K7 U7 )‘a a, m7n>|h| {1 + Z ||f ||0,1,Q(30') + |u|m,Q(30') }

laj<m

IN

From (37) and (38), for every 0 < |h| < 20, it follows that

n

1 / 9
S | 7in D ul|” da (39)
; % Jaw)

o 2 1
C(V7 K7 U7 )\7 o,m, n){l + Z ||f HO,LQ(?)U) + |u|m,Q(3a) } ‘h‘1+2197)\ :

|o]<m

The hypothesis 0 < ¥ < % assures that 1+ 20 — A < 1, then the function of the
variable h that appears in the second member of (39) is integrable in [—20, 20], it
implies the integrability in [—20, 20] of the left term of inequality (39) and it follows

Z/ |h|1+219 /Q( )”Ti,h DHU||2 dx (40)

o 2
C<V7 K7 U7197 )\707 m, n){l + Z Hf HO,LQ(3U) + ‘u|m,Q(30) }

|oe|<m

Finally, recalling that u € H™(Q,RY), from (40) it follows that D"u satisfy the
hypotheses of Theorem 2.6, we can conclude that

D'"u e H(Q(o),R") (41)
and
2% ) A
D"l Z/ e /Q(U) lrp Dl dr, WO< <5 (42)
From (41), (42) and (40) we reach the conclusion. O

Proof of Theorem 3.2. Let us fix 7y € Q and the cube Q(40) = Q(2°,40) CC Q.
Let us also consider a positive integer 4 < n, and a real number A such that |h| < §.
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As in the proof of Theorem 3.2, for every € > 0, we have
v V" || Tin D"ul]? dz (43)
Q(20)

<e oM | 7i.n D"u||2 dx + ¢(K, o, m,n,s)/ ||7',~’hD’u||2 dv +B+C+ D,
Q(20) Q(20)

where 1 is the above defined cut-off function (see (20)) and the terms B,C and D
are considered in (26)-(28).

The terms |B| and |C| can be estimated, Ve > 0, as follows
|B| < {e+c(K,0,m,n) (|h] + %)} / W*™ |7 D"ul? da (44)
Q(20)

+ (K, 0,m,n, 5)h2/

v (14 |D"l?) do +/ IrsnD"ul)® da,
Qo)

Q(20)

|0|g/ {e+ et 0,m,m) (IrsnD'ull + ImpD'ul*) § 02" |17 D"l da
Q(20)

relKomone) [ Dl da (45)
Q(20)

+c(K,0,m,n,¢) " | Dul* ||1D"ul|” da,
Q(20)

similarly to the proof of Theorem 3.2.
Recalling that u € C™ 5 (Q,RY), we have

| Du(z)| <U B, VoeQ(20). (46)

Moreover applying Theorem 2.3, for p = 2, t = % and Q(%O‘) in replacement of
Q(0), for every h € R such that |h| < %, we achieve

/ |70 D) da < h2/ |D"u|)? dz, i=1,2,...,n. (47)
Q(20) Q(30)

2

From (43)—(47) it follows
v / W2 || i D"ul)? da (48)
Q(20)
< {3 + (K, U,0,m,n)(|h| + h> + |h]* + [h|*M)} - W2 |73 D"ul)? da
Q(20)

+ (K, 0,m,n,e) h2/ (1 + ||D"u||2> dx

Q(50)

telKomne) [ Dl Dl do + | D], Ve >0,
Q(20)
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As in the proof of Theorem 3.2 there exists ho(v, K, U, A\, 0,m,n),0 <ho<min{1, g},
such that

(K, U, a,m,n) (|h|+h2 Ik +|h|”> <_ Ih| < ho

then, for € = {5 we have

s Dl da (49)
2 Jq@o)
< ¢ K, J,m,n)hQ/ (1 + HDHUHZ> dx
Q(30)

+ (v, K, o,m, n)/ V2" |70 D'l | D"l dx + | D).

Q(20)

Let us now estimate the last two terms in (49).
Applying Theorem 2.10 we have, VQ(p) = Q(2°,p) CCQand 2 < p < g = 2(1+0)n

n—209\ "’
that
uwe H™(Q(p),RY) (50)
and
p
/ D' = (D"u)g || da (51)
Q(p)

_dﬁkﬂmnmﬂm$QwﬁkgﬁyF”|D"P”

Thus we deduce that

2(1+9)

(149 P
|u |mp+Q) = (/Q( ) | D" ul|? dm) (52)
)
2(149)
1y 2(1+9) D” D” p d D" p d =
H Jow|| 4+ H( U)Q(p)H x
Q(p)

"2 " 2(149)
(U, 9, A, m,m, p) < |D"uly g, + H(D w) g

Using interpolation inequality contained in Theorem 2.7 we derive

IA
B2
i)
=
s

IN

p)

(149)
S C<U7Q97 )‘7m7n7p) {|D//u|z9 Q(p) + | |m Q—?P }

(1+9 (1+9
[l < @) {1D"ul} g Il gy + 272 250 )

< oK, 9,myn, p) {ID"ul} g + 1

N

then, VQ(p) CCQand V2 <p < ¢ = 2721_2?;);, we have

m,p,Q(p

2 < (KU 9N, myn, p, p) {|D"u|§7Q(p) + 1}. (53)



G. Floridia, M. A. Ragusa / Differentiabilty and Partial Hélder Continuity ... 79
By (50), the hypothesis « € C™ 5 (Q,RY) and Hoélder inequality, for every 2(1+
V) < p < q, it follows

O |mon D'ul* | D"ul|” d (54)
Q(20)

2
< (/ 1D u]” dac) (/ = dx>
Q(20) Q(20)
% 29p 2(1-9)p
B (/ IDul dx) (/ | 7in D'ulp=2 ||7;,, D || 72 dx)
Q(20) Q(20)

% % 2(1-®)p_
< (/ HD//qu daj) (/ HTi,hD’qu dZL’) (/ ‘|7—i,hD/UHp_2(l+w dg;)
Q(20) Q(20) Q(20)

29 _
the last inequality is obtained considering that ||7'i,hD’u||Pfg e L% (Q(20)),
D/ 2(112)17 L _12’(*13_79) 29 p72(1+79) o F Th 2 f
| 7inD'ul|”» € Lr (Q(20)), -5 + =5~ = 1. From Theorem 2.3 for

t= % and Q(ga) in place of Q(c), Yh € R, |h| < §, we attain the inequality

p

P

p—2(1+9)

29

( /Q Il da:) ' (55)

29

< [ (/Q(B )HD”UHP daf) , Vp,g2(l+9)<p<q.

Using the hypothesis u € C™ A (Q,RY) we deduce, for every 2(1 +9) < p < g,
that

p—2(1+9)
p—2(1+49)

2(1-9)p P
(/Q( | HTi’hD/uH‘p_z(Hﬁ) dl’) < U2(1—19) |h‘2>\(1—19) [miSQ(QO)]ip . (56)
20

From (54)—(56) we reach

O i Dul|* | D"ul|* da
Q(20)

< (U0, n,p, o) [T W0 V2L 0) <p <,
Py
that, for p = 1+ +  and combined with (53) for p = ga and for p = 149 + £,
gives

O (| D'u* | D"u)” der (57)
Q(20)

< (K. U0 X m,0) [P D sy 1
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v 2m "2
5/ O™ ||rin D"ul? da (58)
Q(20)
<y, K, a,m,n)hQ/
Q(30)
+e(v, K, U, 9, \,n,m, o) |h[?FA0) {\D"U@Q(ga) + 1} +|D]J.

(1 + ||D”u||2> dz

Let us focus our attention on the term D. Combining (c), (50) and Holder inequality,
for 2 < p < min(4,q), we carry out

I S B ey e B
lal<m
s D? (6 )|

< c(K.p) > ( / 5 )(\f“\g + HD"unp) 7 n D (2 )| 7 d:c)p

|of<m 27

P

) (/62(5 )||7‘Z~7_hDa (@Z)quh u)”2 dx) ’

2

= c(K,p) > (/(5

|oe|<m Q3

AN

B2 (1720 + 1D ul) 70D (92| dx)

o)

p—2

.(/Q(SU) A2 |7, - D° (W%,hu)nzdgc) "

The use of the suitable consequence of Young inequality ab < ea'™ + 5’§b1+§,
denoting with

p—2
p

2 -2 @ 2m 2 )
= —, = h i D 5 d ,
i p_2 ¢ (/62(50)’ | HT’ " (w T’hU)H v

2

SN

P 4-p
st [ (1 1) D ()| o)
Q(50)
and the hypothesis u € C™ 1A (Q, RY) allows us to have

DIl Y [ [l (i) do s oK, U c) P00
5

|of<m Q5o

3 / (17215 + 1D"a|l”) d, V= > 0,72 < p < min(4,q). (60)

|ae|<m
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Thus we also need Theorem 2.3 to obtain

el Y / 175, nD* (V27 ) || dae < e / D" (27 ) || da
Q(30) Q(30)

|af<m
< 2 W || 7in D" ul? dx + c(o, ) 2™ || 730 D)) da
Q(20) Q(20)
< 2 V" ||, D"l da + e(o, 5)h2/ | D"u))? d.
Q(20) Q(50)

Therefore for every € > 0 and every 2 < p < min(4, q) we reach

S| ma Dl de
Q(20)
< c(u,K,a,m,n)h2/ <1+||D”u||2> dz
Q(30)

+c(v, K,U,9,\,m,n,o) |h|219+2>‘(1_19) {|D”u|129’Q(gU) + 1}

4o [ W | D de + (o2 h2/ | D"u|? do
Q(20) Q(%U)
+¢(K,U,p,e) |nP~2E% / (( Z |fa) + ||D"U||p>d90
( 7) lal<m

Let us now set in the last inequality ¢ = § and p = 2(1 4+ 9) € (2,min(4, q)).We
have, for every h : |h| < ho (< 1), that
v

_/ w2m H Tih D//u ||2 dr
4 Jaes)

< (v, K, U,m,n)hQ/ <1+ y|D”u||2> dx
Q(50)

+e(v, K, U, 9, \,m,n,0) |h|2’9+2“1*19>{ | D" [ sy + 1}

149
+ ov, K, U,0) [B"H0 ﬁ/ (( Zlf“) +||D~u||2““”) da
Q(30)

lo|<m

(v, K, U0, \,m,n,c) | h |07

1+
(140 «
{1+|U|mQ a)+|D”“|19Q(5 +|u|m21)+19)Q (Z 1f ||0qQ(50)> }

|af<m

From (53), for |h| < hgy, we gain

S [ Dl da (1)
i=1 7 Qlo

< (v, K,U,9, A, m,n, o) [h|*0=7)

B 149
« 2 2
{1 + ( Z | f ||0,g,Q(3o)> + [ul 0oy T 1P Ul o) }

|aj<m
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The procedure if hy < |h| < 20 is similar to the one used in the proof of Theorem 3.2.

Combining both results we obtain that (61) is true for |h| < 20.
Let us now choose 0 < ¢ < 9+ 4(1—1), it implies that 1+ 2 — 29— A(1-9) < 1
then, for every h: 0 < |h| < 20 is integrable in [—20, 20] the second member of

n

1 / 9
—_— | 7in D" ul|” da (62)
; ’h’1+219 Qo)
< c(v, K,U,9,\,m,n,o)

4
1
@ 2 ", 12
'{1+< Z ||f ||o,g,Q(3a)> +|u‘m,Q(3U)+|D u|z9,Q(3a)}’h’1+219'—219—,\(1—19)

laj<m

and thus also the first one is integrable.

It is then proved that

S [ e [, D e 63

uKUﬁﬁ’Amna)

1+9
o 2 2
'{H ( > IS ||0737Q(3a)> + [ulngEo) 1Dl o0 }

|aj<m

VO<19’<19+%(1—19).

Because of u € H™(Q, RY) from Theorem 2.6, we have
D"ue H”(Q(o),R")

and

|D”u’19’ Qo)

: 7. D"ull? do
Z/_U |h|1+219 /( ” h ||

1+9
«a 2 2
SC(Vv Ka Uaﬁyﬁla)‘amy n,a){1+ ( ZHf ||O,g,Q(30)> +|u|m7Q(30')+|D//u|197Q(30') }a

lo|<m
we achieve our goal. O

Proof of Theorem 3.3. Let us fix ¥y = 2

7 and make a point of the geometric
series

1+<1—190)+(1—190)2++(1—190)T+ """ .

Fors =0,1,...,let usset 95 = o Y »_,(1—1)". We achieve, for every s =0,1,.. .,
that
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i) dy=1—(1—-19)";

i) 0<ds <dgq <1

i) Vg1 — Vs = 00(1 — )5+
iv) Y < Vs + %(1 —y);

_ 2(1""193)” 4n
v) g = P70 Wy

It ensure that f* € L% (Q), for every s = 0,1,2,... and every a such that |a| <
m. Due to lim, ., Vs = 1, fixing arbitrarily J € (¥y, 1) exists a positive integer
i =1i(9, \) such that ¥,y <9 <9, < 1.

Additionally, from Theorem 3.2 we deduce

w e H™(Q(4p), RY) N C™ 1A (Q(4p), RY), VQ(4p) CC
and

2 a 2
[ D"uly, o) < ¢, K U\ pym,n) (1 + Z I ||O,%,Q(4p) + |ulr.004p) ) (64)

lo|<m

Exploiting Theorem 3.3 for ¥ = Jgq = qo, ¥ = ¥; and Q = Q(4p), as well as iv)
and v) for s = 0, we have

u e H™(Q(p), RY) nC™ M Q(p), RY)
and
2
|D//u|z91,Q(4‘1p)

1+190
2 2
C(Va Ku U: >‘a Py TL) <1 + < Z ||faH0,ﬂ21,Q(p) ) +‘u|m,Q(p)+|DHU’|190,Q(p) )

la|<m

1+9¢
for 2
C(Vv K7 U7 Aupumvn) (1 + ( E Hf HO,TLQZA,Q(éLp)) + |u|m,Q(4p)>'

|a]<m

making use i times of Theorem 3.3 we establish, VQ(4p) CC £, so that
ue H™ Q4 p),RY) (65)
and we reach the inequality

2
|D//u|q9i,Q(4*i (66)

p)

1+9—1
a 2
C(V7 K? U7197 )\7p7m7n ( ( § ||f ||O 2”)\ Q(4p) ) + |u|m,Q(4p)>

|oe]<m

Let us fix arbitrarily zp € Q, Q(0) = Q(z°,0) CC Q(00) = Q(2°,0¢) CC Q and
assume p = 2=%. The set of cubes

F={QW* 47" "), 4" €Qo)}
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is an open cover of (o), let us then extract the finite cover

QM. 47 1), QP47 p), ..., Q" 47 p).

After that, set Q, = Q(y®, 47" 1p) N Q(0), k=1,2,...,1,
t
U =@lo), Q™. 4p) cC Q(oy) CCQ, VE=1,2,... ¢,
k=1

from (66) and Theorem 2.9 (if @ = Q(0), ¥ = ¥; and 0 = %), we have

2
|D//u|19i7Q(U)

1+9; 1
2
S C(V; K) U7,l97)\;0-7 O-Ome n){]- + ( Z ||fa||01nig>\7Q(0'O)> + |u|m’Q(g—0) }

laj<m

we gain (15) and (16) bearing in mind that ¥;_; < 9 < 9;.
To prove (17) we remark that v € C™ 1A (Q, RY), then

uwe H(Q(o),RM) N C™ ' MQ(0),RY), VO < ¥ <1, YQ(o) CC Q.

In addition, Theorem 2.10 ensures that

2(1+9)n

m,p N < 7
ue H™(Q(o),RY), ¥1<p< 200,

Vo< d <1, VQ(o) cC Q. (67)
and observing that
. 2(1+9)n 4n
1 = 4
iol- T —20h  m—2x

2(14+9*)n
n—29*A

we assure that J* € (0,1) exists and is such that

(4, 27(11_2?;)/\"), from (67), we have

> 4. Let us set p* in

uwe H™ (Q(o),RY), VQ(o) cC Q
from which, because of p* > 4, it follows
ue H™(Q(o),RY). (68)

We end the conclusion remarking that (68) is true for every Q(o) CC Q. O

Proof of Theorem 3.4. Let us consider ¢(z) € C§°(R") the cut-off function
above defined in (20), Q(40) CC 2 a generic cube, i < n a positive integer and h
a real number such that |h| < §. Carrying on as in the proof of Theorem 3.2, we
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obtain
v

~ / W2 || 750 D" | da (69)
2 JQ(20)

< cv,K,o,m, n)hQ/
Q(30)

(1 + HD”uHQ) dx

t ov, K, 0,m, m) / D'l | D" de

K00 [ D) D ()
|| <m (30)

Exploiting Theorem 3.4 we can achieve that u € H,"*(Q,RY), then we can estimate
the last term as follows

2/3 (If21 + 1D all?) | 7in D (277 ) | da

lal<m
1 1
<3 ( | e ()| d)( / hz(\fa\+||D”U||2)2dx>2
laj<m N7 Q@9) Q(30)
< 2|h|7 ;2/ [ 7: -0 D (27 w) || da
w3 [ D) e
lal<m

Furthermore, from Theorem 2.3 (for p = 2, Q($0) instead of Q(o) and ¢ = ), for
every h € R con |h| < hy and every € > 0, we have

g |h|2/ HTi,—hDa (Yﬁzmﬂ',h U) H2 dx
Q(30)

3

2m 2
<SP
Q(50)
< g/ V2" || 7ip D" | d —i—c(a,a)/ | 70 D'u||* da
Q(20) Q(20)

<cf @ raDu|? de + cloe) h2/ | D"l da.
Q(20) Q(30)
the last inequality follows, as before, applying Theorem 2.3 (for p = 2, Q(30)

instead of Q(0) and t = ) Let us now choose € = ; ( 7y it ensure

S [ (U o ()] e

laj<m

<

2™ || 730 D" u||? da
4C(K) Q(20)

2
« 2 4
+c(v, K, o, m)hQ{ ( Z If ||0,Q(3a)> + |U|m,Q(3a) + |u’m,4,Q(3a) }

|a|<m
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Taking into consideration the last inequality and the properties of the function v,
from (69) we deduce

/Q " |70 D" )| da (70)

2
2 4
< (v, K,0,m,n)h { < Z | > + |u|m,Q(30) m,4,Q(3g)}
|a|<m

+ ov, K, 0,m) / D"l || D"l? .
Q(20)

Let us now estimate the last term using the Holder inequality

3 3
/ rn D'l ||D"u|]? dz < (/ Imn D] dm) (/ D"’ dm)
Q(20) Q(20) Q(20)

Then, applying Theorem 2.3 (for p = 4, Q(20) instead of Q(c) and t = ), for
every |h| < ho, it follows

/ lrnDul® | D"l da (71)
Q(20)
< h? ||DHU||04Q ||D”U||04Q (20) = < h? |u|m4Q(30) :

From (70) and (71), for every i (1 <1 < n) and every |h| < hg, we gain the following
estimate

/ | 7.n D”u||2 dx
Q(o)

2
« 2 4
< C(V, Ka O—amvn) h2{1 + ( Z Hf HO,Q(ZSO’)) + ‘u’m,Q(So’) + |u’m,4,Q(30) }

|o|<m

If hg < |h] < §, as in (38), we have that

/ Irn D" dz < 4 / | D"l de
Q(o) Q(30)

h2
<4 |D"ul*dz < e(v, K, U, \,0,m,n)h? ‘U’mQ (30)
h J Qa0
2
< c(v, K, U\, o,n) h? {1+ ( dof IIO,Q<3J>> [l a0y T [Ulma.0030 }
la|<m

Vi=1,2,...,n
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It is then proved, for every |h| < ¢ and every i € {1,2,...,n}, that

/ 70 D"u| dx:
Q(o)

2
a 2 4
(V K U >\ o,m, n { < E : Hf HOQ 30) > + ’u‘m,Q(i’m) + ’u‘m,4,Q(3o) }’

|oj<m

applying Theorem 2.2, it follows (18) and (19). O

4. Partial Holder continuity of higher order derivatives

As application of the previous differentiability properties for solutions of system
(10) we have the following result of partial Holder continuity of derivatives of order
m.

Theorem 4.1. Let u € H™(Q,RY) N C™ PMQ,RY), 0 < A < 1, a weak solution

of the system (10), are true the hypotheses (a), (b), (d), (e), (¢) for f* € L%(Q),
la| < m, and a®(x, Du) € C*(Q x R,RY) for |a| =m. Then, there exists a closed
set Qo C €2, such that

H,_ () =0 for a number q > 2,
u e C™(Q\ Qo,RY) for a suitable v € (0,1),

where Hy,_,(€) is the (n — q)-dimensional Hausdorff measure of €.

Proof of Theorem 4.1. Let us fix a positive number s, s < n, and assume in the
definition of weak solution (3) ¢ = D, 8, for § € C3°(Q,RY), Qy CC Q, we have

/ " (D.a (s, Du)|D%0) dz = 0, %6 € O (2, RY). (72)

0 |al<m

we can write the derivatives:

SEAED 3D SLVINE N 35 SN L

1Bl<m k=1 Ipy, |18l=m k=1 pk

Dy a*(z, Du)

Applying the previous theorem we have that u € Hﬁjl(Q R™), thus we are able
to write (72) as follows

/Q > (Aup(z, Du)D, D’ u|D"0) dx (73)

O |a|=|B]=m

_/ { > (G (x, Du)|D*0) — Y (aa(:c,Du)|D"‘D30)}dx, Vo € C5°(Q, RY)

la|l=m laj<m
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where Vo, 8 : |a| = |5] = m,

daf(x, Du)
Ao = {AM}, All = ha , hk=1,...,N (74)
b}
and, Vo @ |a] =m,
~ 0a®(z, Du) 8& Oa®(x, Du) Du)
as ﬁ
G*(x, Du) = o -y Z D, D%uy) ol (75)
|B|l<m k=1
Let us also assume in (73) 6 = Do with ¢ € C3° (€ ), summing from 1 to
n respect to s, we gain that the function u € H™1(Qg, RY) N O™ 1A (Qg, RY) s
solution of the following quasilinear system of order 2 ( +1)

n

/Q Y > (Burgs(z,Du)D, D?u|D, D* ) dx (76)

0 Ja|=|gj=m r.s=1

/ Z ZGO‘SmDu ) + Oas Z (z, Du)|D” Dyp)dx, Yo € C(Q, RY)
Q

O aj=m s=1 |8l<m

where

Barﬁs = 51"3 Aaﬁ . (77>

We point out that system (10) is strictly monotone but, because of a* € C'(Q x
R,RV), for || = m, this condition is equivalent to that of strict ellipticity. Let us
prove that the same is also true of system (76) with the same ellipticity constant v.

Indeed, thanks to (77) and (74), for every system {n®}, .12 n of vectors of RY,
we have

> Z Bargsn Z > (Aasn™In™)

loo|=|B|=m r;5=1 s=1 |a|=|Bl=m
n N 8 n
2
S Y k=Y Y RO DD DN U IS
s=1 |a|=|8|=m h,k=1 s=1 |a|=|8|=m h,k= 1 D, s=1 |aj=m

Moreover from the hypotheses (¢) and (d) it follows

K){H > |fa|+|\D”uH2},

|a|<m

G + s aﬁ(x, Du)

|Bl<m

where K = supg || D'ul|.
Therefore, because we are exactly in the same situation studied in n. 3, Chapt. IV
of [4], we get the conclusion. O
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