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We introduce and study finitely well-positioned sets, a class of asymptotically “narrow” sets that
generalize the well-positioned sets recently investigated by Adly, Ernst and Théra in [1] and [3],
as well as the plastering property of Krasnoselskii [13].
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1. Introduction

The analysis of asymptotic properties of sets and functions plays an important role
in the study of existence of optima for noncoercive functions on normed spaces, that
is, functions with unbounded level sets. For instance, in [17] we have introduced
finitely well-positioned sets, a class of suitably asymptotically “narrow” sets that
generalize the well-positioned sets recently investigated by Adly, Ernst and Théra
in [1] and [3]. Using this notion, in [17] we have established necessary and sufficient
conditions for optima of noncoercive functionals on reflexive spaces.

In the present paper we investigate in depth this class of sets and their relationships
with well-positioned sets, as well as with Krasnoselskii’s plastering property, as
defined in [13]. We will also show that our notion is closely related to some notions
of asymptotic compactness recently introduced in the literature.

Specifically, following [13] we say that a set C' of a normed space V' allows plastering
if a uniformly positive continuous linear functional exists over C, that is, if there is
0 # z* € V* such that (z*, z) > ||z|| for all € C, where V* is the topological dual
of V. By defining the Bishop-Phelps cone K« = {x : (z*,z) > ||z||}, a set C allows
plastering if and only if C' C K- for some x* € V*. For example, the positive cone
of L' allows plastering, while that of L? with p > 1 does not.

Though C' can be any set, closed convex cones are the natural domain for this
concept. In fact, a set allows plastering if and only if its closed conical hull does.*

'We refer to [13] for other properties related to this notion.
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Recently, articles [1] and [3] have reconsidered this property under a different name.
In particular, they call a set C' well-positioned if there are xqg € V and x* € V*
such that (x*,x — x9) > || — x| for all z € C. This amounts to require that the
translated set C' — {z(} allows plastering. Equivalently, C C zq + K,«. Many nice
properties of well-positioned convex sets in reflexive spaces are studied in [1] and

3].
In this paper we study the following natural generalization of well-positioned sets,
whose interest will become apparent through the properties addressed in the present

paper.

Definition 1.1. A set C is said to be finitely well-positioned if C' C |J;._, C;, where
each C; is well-positioned.?

A set C' is well-positioned if and only if its closed convex hull is, while C' is finitely
well-positioned if and only its closure is. This is a first basic difference between
well-positioned sets and our generalization that shows that while closed convex sets
are the relevant class of sets for well-positionedness, this is no longer the case for
finite well-positionedness, whose interest goes beyond convex sets. As the paper
will show, this natural generalization actually turns out to extend substantially the
scope of well-positionedness.

The class of finitely well-positioned sets is obviously wider than that of the sets
that are merely well-positioned. For instance, we will see momentarily that finite-
dimensional vector subspaces (and so all their subsets) are finitely well-positioned,
but not well-positioned. Our extension thus becomes relevant in infinite dimensional
spaces, as discussed at length in the paper.

The paper is organized as follows. Section 3 establishes some of the main properties
of finite well-positionedness. In particular, Theorem 3.6 characterizes this property
in reflexive spaces in terms of asymptotic directions by showing that a set C' is
finitely well-positioned when there are no unbounded sequences {z,} C C such
that x,,/ ||z,|| — 0. This characterization implies that, as already mentioned, finite
dimensional sets are finitely well-positioned. But, more importantly, it shows that
finitely well-positioned sets feature in reflexive spaces a key convergence property
of finite dimensional sets. This property will play an important role in many results
of the paper and shows that finite well-positionedness can be viewed as a notion
with a strong finite dimensional flavor.

Section 4 relates finite well-positionedness with some notions of asymptotic com-
pactness studied by several authors. We show their equivalence in reflexive normed
spaces. Section b studies in more detail convex sets by extending earlier results that
papers [1] and [3] have proved for well-positioned sets.

Scalar functions feature some well known relevant sets, such as epigraphs and sub-
level sets. Through them in Section 6 we introduce and study finitely well-positioned
functions and other related concepts. They extend the notion of well-positioned
functions introduced by [1] and [3].

2Since C' = |JI-, (C;NC) and each C; N C is well-positioned, in this definition we could have
equivalently used the equality.
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Finally, notice that some of our results can be generalized by considering dual pairs
(V, W), with V normed. Here the Bishop-Phelps cones are K,, = {x : (w,z) > ||z||}
with w € W. The two cases (V,V*) and (V*, V) give rise to interesting results.
For convenience in the paper we focus on (V,V*) that is, on the weak topology.
Though for brevity we omit details, most of the results that we establish in the
paper hold also for the dual pair (V* V), typically under the assumption that V' is
separable.

2. Notation and Preliminaries

Unless otherwise specified, throughout the paper we consider subsets of a normed
vector space V with norm ||-||. We denote by By its unit ball {x € V : ||z|| < 1} and
by Sy = {x € V : ||z|| = 1} its unit sphere. The pairing of V' with its topological
dual V* is usually denoted by (z*, x), with x € V and z* € V*. Norm convergence
of a sequence will be denoted by z, — x, while the familiar notation =, — =z
indicates weak convergence.

Given a function f : V' — R, we denote by (f < A) the sublevel set {z € V' : f(z) < A}.
A function f:V — (—o0,00] is:

(i) sw-lower semicontinuous if all (f < \) are sw-closed;?
(i) lower semicontinuous if all (f < \) are norm closed;
(iii) coercive if there is a nonempty sublevel set (f < \) that is norm bounded.*

We denote by riC' the relative interior of a convex set C', that is, the interior of
C relative to aff C, the closed affine hull of C. In infinite dimensional spaces some
other weaker notions may be adopted (see [9]). To avoid any ambiguity we will
often write rig C' to denote the interior of C relative to a linear space H containing

C.

Throughout the paper K- will denote the cone {z : (z*,z) > ||z||}. Since Ky, 2
K« for A > 1, it is not restrictive to assume ||z*|| > 1. This guarantees that K« is
sufficiently “large”. In this case, K+« has nonempty interior because the open cone
{z : (z*,z) > ||z||} is nonempty.

We will need a few asymptotic notions for sets. The (weak) asymptotic cone Cy, is
defined by

Coo:{xEV:Elthooand {xn}nguchthat?éx}.

n

It is well-known that C'y reduces to the recession cone
Re={yeV:x+tyeC forany z € C and all t > 0}
when C' is closed and convex. The lineality space Lo of C'is

Loe={yeV:x+tyecCforany z € C' and all t € R}.

3We use “sw” in place of sequentially weakly for short.
4This notion is weaker than the standard one. Our definition implies that f + X(f<x) s coercive
in the usual sense (at least in the reflexive case).
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Clearly, LC = RC N (—Rc) = RC N Rfc.

The following modification of the asymptotic cone, with normalized asymptotic
directions, will play an important role in the paper

BC:{dEV:H{xn}QC’With |zn]] — oo and T —\d}.

[l

The vectors d € B¢ are not always of norm one, with possibly d = 0.

Clearly, Bc = () when C' is bounded, while Bo # () when C' is an unbounded set
of a reflexive space. Moreover, cone Bo C C, since Bo C C,. Next we collect
some other useful technical properties on asymptotic cones that we will need in the
paper.

Proposition 2.1.

(1) Cu = cone Be if Bo # 0 and Cy, = {0} if Bo = 0;

(ii) Bc is weakly closed, provided V' is either reflexive or with a separable dual;

(74i) Be and Cy are sw-closed;

() if zp/tn = d # 0, with t,, — 0o and {xz,} C C, then there is an unbounded
subsequence {x,, } and a scalar A > 0 such that z,,, / ||z, | — A\d.

Proof. (i) Let 0 # d € Cw. This implies z,/t,, — d, with z, € C and t,, — +0o0.
We know that liminf, ||z, /¢, > ||d|| > 0. Hence, a subsequence {z,, } exists such
that limy, ||z, || /tn, = A > 0. Notice that ||z,, || — co. Consequently,

T T SN P (1)

[E R

k k

Hence, Bo C {0} implies C, = {0}. In particular, if B¢ = 0, then Cs = {0},
while if Bo = {0} then Cy, = cone B¢ = {0}. Moreover, if Be # () and Be # {0},
then C, # {0}, since C, 2 Be. Consequently, cone Bo = Cy, by (1).

(i7) Let us first prove that Bc is weakly closed if V* is separable. Recall that
Eg C By, and pick d € Eg. A metric § on V exists for which the weak topology on
every norm bounded subset D of V' coincides with the topology induced on D by
(see, e.g., [5, Theorem 3.35]). This ensures the existence of a sequence {d,,} C B¢
such that ¢ (d,,d) — 0. Passing to a subsequence if necessary, we can suppose
§(d,,d) < n~t. Since d, € Bg, there is x, € C for which § (z,,/ ||, ,d,) < n™?
and ||z, || > n. It follows

5 (i,d) <5 (i,dn) +6(ddy) < 2.
||| [ n

Namely, 6 (z,/ ||zn]|,d) — 0 and so z,,/ ||z.|| = d € Be with ||z,|] — oco. Hence,
B¢ is weakly closed.

Suppose that V reflexive and d € Eg. By Day’s Lemma (see [18, Lemma 2.8.5
and Corollary 2.8.7]), a sequence d,, — d exists with {d,} C B¢. Hence, sequences
{2} C C exist such that =2 / ||z || — d, and ||z7| — oo as m — oo. With-
out loss of generality (wlog for short), we can suppose that ||z | > n for all m.



M. Marinacci, L. Montrucchio / Finitely Well-Positioned Sets 253

Consider the separable linear subspace W = span {z7,/ |27/}, ,,- The o (W, W*)
convergence of sequences in W is equivalent to their o (V,V* ) convergence (see,
e.g., [18, Proposition 2.5.22]). Since W* is separable, an argument similar with
the previous one implies the existence of a sequence apk / Hx H — d as k — oo.

Clearly, ||x H — 00 because Ha: || > ny, and so d € Bg.

(74i) Similar arguments apply for spaces not necessarily reflexive. But, only the
sequentially weakly closure of Bo can be proved. We omit details. As to Cy,
suppose that V* is separable and that d, — d, with d, € C,. Consequently
there are sequences {z,/tr} = for all n such that z7 /t — d, as m — oo. Fix
z* € Bys. As (z%,d,) — (z*,d), there is a scalar A such that |[(z* d,)| < A.
Fix n. As (a*,am /th) — (z* 2 /th) as m — oo, there is m = m(n) so that
|(z*, x /tr )| < 2A for all n and m > m (n). By the Banach-Steinhaus Theorem,
there is a scalar K such that ||z} /t"|| < K for all n and m > m(n). Since
V* is separable, the weak-topology is metrizable on the ball ||z|| < K. Let
be such a metric. For all k, we pick d(d,d,, ) < 1/k. Moreover, we select a
point a7k [t for which & (dy,, 2 /tns ) < 1/k, my > m(ny,) and 7% > k. This
implies that e [tk — d and thus d € Cw. With the standard technique we
can extend thls argument to general spaces by considering the separable subspace

W = Span ({x Jth m)
(1v) This has been already proved in point (7). O

Example 2.2. The hypotheses on V' in Proposition 2.1(iv) are necessary. Indeed,
let C = 1. Clearly, C, = [ and Be = S), thanks to the Schur property of [;.
On the other hand, Sj, is sequentially weakly closed, but not weakly closed, as it is
well-known that there is a net {z,} C S, such that z, — 0. Notice that the space
[1 is not reflexive and its dual is not separable. Il

Remark 2.3. If C is finitely well-positioned, then its asymptotic cone C, is clearly
finitely well-positioned. Actually, from C' C |J., (Kx;« +:)3i) it follows Cy, C
U?:l Kg:. In fact, Cy turns out to be the reunion of a finite number of cones
that allow plastering, since Cy, = U?:l (Kx; N Coo) .

3. General Results
Consider the closed convex sets

Koo (m) ={z €V : (27, 2) > |[z]| —m}
associated with K,- and m € R. They are all well-positioned sets (see point (7i7)
below). Moreover K« (m) O K« if m > 0 and K« (m) C K« if m <0.
Proposition 3.1.

(i) A cone K is well-positioned if and only if it allows plastering.

(77)  An unbounded set C' is well-positioned if and only if the set C' N {||z| > p}
allows plastering for p large enough.

(iir) C is well positioned if and only if C C K« (m) for some x* € V and m € R.
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Proof. (i) We omit the simple proof.

(17) Let C be well-positioned, i.e., (x*, z — x9) > ||z — x¢|| for all z € C. Then,
T i)

()
xt,—) .
[ (] [l

We have (z*,z¢/ ||z]|) — 0 and ||x/ ||z| — xo/ ||z|||| — 1, when |z|| — oco. There-
fore, (z*,z) > (1 —n) ||z| for ||z|| > p large enough. Hence, C' N {||z| > p} allows
plastering.

() = (" =) + (o) 2 o |

As to the converse, suppose that C'N (pB)¢ allows plastering, where pB is the open
ball of radius p. That is, C N (pB)° C K,«. We can assume ||z*|| > 1 so that
K.~ has a nonempty interior. Fix d € int K,«. Clearly, d is a recession direction
of K . Hence, K, + \d C K, -, which implies K, C K, — Ad. Therefore,
C N (pB)° C K, — Ad for all A > 0. On the other hand, pB + \d C K, for A
large enough.® It follows that pB C K, — Ad, and so C N pB C K, — A\d. As
CN(pB)° C K, — Ad, we conclude that C' C K« — Ad if ) is large enough. Namely,
C' is well-positioned.

(27i) If C is well positioned, C' C K« 4+ xo. It is easy to check that K, + xg C
K« (m), with m = (z*,z0) — ||@o||. Conversely, suppose C' C K, (m). If m <0,
then K,« (m) C K,~ and so C allows plastering. Let C' C K« (m) with m > 0 and
consider any point z of C' with ||z|| > am and « > 1. Then,

(@, 2) = |lz) =m > [lz]| — a7 2]l = a7 (a = 1) ||2]| .
By point (i7), C' is well-positioned. O]

As well known, bounded sets are well-positioned (see [1], [3], and [13]). For later
reference we report this property, which is here derived from Proposition 3.1(7i7).

Corollary 3.2. Bounded sets are well-positioned.

Proof. Suppose C'is bounded, say C' C pBy for some p > 0. Then, for any 2* € V*
it holds (z*,z) > aforallz € C. If x € C, then (z*,x) > o = a—p+p > a—p+||z||
and so C' C K« (o — p). O

By Proposition 3.1(7i), a set C' is well-positioned if C' = Cy U Cy, where Cj is
bounded and C; allows plastering. Hence, a set C' is finitely well-positioned if
C =CyU (U, C;), where Cy is bounded and each C; allows plastering. The next
useful properties are other implications of Proposition 3.1 (more general results will
be seen later in the paper).

Proposition 3.3.

(i) Let C C H, where H is a linear subspace of V. If C is well-positioned in H,
then C' is well-positioned also as subset of V.

(i) Let T : V. — W be a linear isomorphism between two normed spaces. If
C CV is well-positioned, then its image T (C') is well-positioned.

®This is actually equivalent to (p/A) B +d C K+, which is true if d € int K.
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This result still holds if we replace well-positioned sets with finitely well-positioned
ones.

Proof. (i) Use Proposition 3.1(7i7) and the Hahn-Banach Theorem.

(i7) Use Proposition 3.1(7ii) and the fact that the image 7" (K,«) of the cone K-

is a cone of V; that allows plastering. More specifically, T (K,+ (m)) C {y € Vi :
—1\* % —1

(T 2 y) 2 TN llyll = m}- O

The next lemma is a key element for the present theory and will entail several
important consequences. In reading it recall that in the applications that we have
in mind C' will be a portion of the unit sphere.

Lemma 3.4. Let C be a bounded set with 0 ¢ C. Then:

(i) 0¢C" if and only if C = \J!_, Ci, where each C; allows plastering;
(ii) 0¢coC if and only if C allows plastering.

If, in addition, V is reflexive or with separable dual, in (i) we can replace weak
closure with sw-closure.

Proof. (i) Suppose that C' = |J;_, C;, where each C; allows plastering. Let d € c”.
As C" = (U, C) =U~,C/", it follows that d € C;" for some 4. Let x, — d be

anet with {z,} C C;. Since C; allows plastering, (u*, z4) > 24| for some u* € V*.
As 0 ¢ C, [|zq|| = n > 0. Taking the limit we get (u*,d) > n > 0. Hence, d # 0
and so 0 ¢ C".

Conversely, suppose that 0 ¢ C". There will be a weak neighborhood of zero that
does not meet C. In other words, there is ¢ > 0 and a finite sequence {z}};_, of
elements of V* such that |(z, z})| < ¢ for each ¢ implies # ¢ C. Equivalently, = ¢ C'if
(x,+x}) < e for each i. Consider the finite set D = {£+a} : i =1,...,n}. The above
property can then be equivalently described as: for each x € C' there is u* € D
such that (u*,z) > e. Define the possibly empty sets C,» = C N {x: (u*,z) > ¢}
for each u* € D. The above arguments imply C' = J,.cp Cu+. It remains to check
that every C,« # () allows plastering. In fact, (u*,x) > ¢ for all x € Cy«. Since C
is bounded, ||z|| < N for z € Cy-. Hence, (u*,z) > e = (¢/N)-N > (¢/N) |z,
which shows that )« allows plastering.

(77) Let 0 ¢ co C. By a separation argument, there is z* € V* such that (x,z*) >
e >0 for all x € @6C. As C is bounded, say ||z|| < N for z € C, then (z,z2*) >
e=(e/N)-N > (¢/N)||z| for all x € C, and so C allows plastering. Conversely,
suppose C' allows plastering. Hence, (z,2*) > ||z|| for all z € C. Moreover, 0 ¢ C,
and so there is a positive number ¢ such that ||z|| > € for all z € C. It follows
(x,x*) > ||z|| > € for all x € @6 C. Therefore, 0 ¢ co C.

The proof is completed by noticing that C " = C" under our hypotheses. For, if
V* is separable, the bounded sets of V' are weakly metrizable and thus c =",
If V is reflexive, the C' is relatively weakly compact. By Day’s Lemma, if d € C,
there is a sequence in C' that converges weakly to d. Also in this case the desired

property thus holds. O]
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Remark 3.5. (i) Lemma 3.4(i) is closely related to Kadets and Pelczynski’s crite-
rion. They show that in reflexive spaces the condition 0 ¢ C" is equivalent to the
fact that C' fails to contain a basic sequence (see [4, Theorem 1.5.6] for details).

(ii) It is well-known that gq{i = DBy holds for any infinite dimensional normed
spaces. Hence 0 € Sl‘ﬁ. Since V' = cone Sy, infinite dimensional vector spaces are
never finitely well-positioned.

The next key characterization of finitely well-positioned sets is a first notable con-
sequence of Lemma 3.4. Observe that the condition 0 ¢ B¢ means that there is no
unbounded sequence {z,} C C such that z,/ ||z,| — 0.

Theorem 3.6. Let C C V that is either reflexive or with a separable dual. The
following properties are equivalent:

() 0¢ Bo;
(it) C is a finitely well-positioned set.

When V' is reflexive, (i) and (i) are equivalent to:

(#i) for any unbounded sequence {x,} C C, there is a subsequence {x,,} and a
scalar sequence {ty} such that ty — oo and x,, [ty — d # 0.

A first important consequence of this result is that finite dimensional spaces, and
so all their subsets, are finitely well-positioned.® As remarked in the Introduction,
this shows that finite well-positionedness is relevant in infinite dimensional spaces.

Proof. The result holds for a bounded set C' since Bo = () and, by Corollary 3.2,
is well-positioned. We will thus suppose that C' is unbounded.

(41) implies (7). Suppose that C' = |J;_, C;, where each C; is well-positioned and
let ||z,|| — oo and z,/ ||z,|| = d. Wlog we can suppose {z,,} C C;, for some i.
Moreover, in view of Proposition 3.1(i7), wlog we can suppose that C;, allows plas-
tering. Therefore, (z*, x,) > ||z, ||, i.e., (x*, 2,/ ||®n]|) > 1. This implies (z*,d) > 1
and so d # 0.

(7) implies (i7). Suppose first that the dual V* is separable and that (i) holds. Fix
a radius p > 0 and define the nonempty set S, = {z/ ||z|| : 2 € C and |[[z|| > p} C
Sy. We claim that 0 ¢ Szeqw for p large enough. Suppose not. Then, there is a

—seqw

sequence p, T oo such that 0 € 5,
{u,} € S,, for which u, — 0. On the other hand, u, = z,/ ||z}|| with ||z,| > p;.
By hypothesis, the sequence ||z} || is necessarily bounded (otherwise, xl/||z}| — 0,
thus contradicting (i)). Therefore, there is some p,,, such that |z}|| < p,, for all
n. Iterating the same argument for the set Spnz, we obtain a new sequence {z2}

for all n. Taking n = 1, there is a sequence

having the properties ||z2]| > p,,, 22/ ||zZ|| = 0, and ||z}] < p,,, and so on.
Consequently, we get countably many sequences {z%} for which z%/ Hxﬁ” — 0
as n — oo, and p,, < ||x’,jH < Py, Since V* is separable, the unit ball of
V' is weakly metrizable (see the proof of Lemma 3.4). Denote by ¢ such a met-

6See Corollary 3.19 for a slightly more general result.
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ric. For all £ there is an element x’;“;k / ||x7’iik|| of the sequence {xﬁ/ H:UfLH}n such
that & (2% /||« ||,0) < 1/k. Therefore, by construction, for the the sequence
{af / ||xﬁk||}k it holds a* /||z& || — 0 as k — oo and ||2* || — oco. This contra-
dicts (7). Hence, 0 ¢ ?;eqw for p sufficiently large.

By Lemma 3.4(7), S; = |J;_, C; where cach C; allows plastering. On the other hand,
we have {z € C': ||z|| > 5} C coneS; = conelJ;_, C; = |J;_, cone C;. Clearly each
cone C; allows plastering, and thus

C C(CnpB)U | coneC;.

i=1
We conclude that C'is finitely well-positioned.

Suppose now that V is reflexive. The proof proceeds in a similar way until the con-
struction of the sequences {z*}. Now consider the linear space W = span 1EG .
which is a separable subspace of V. The subspace W is reflexive and its dual W* is
separable. Moreover the o (W, W*) convergence of sequences in W is equivalent to
their o (V, V*) convergence (see, e.g., [18, Proposition 2.5.22]). Therefore, by using
the existing metric on By NW we can extract a sequence {x’flk } , such that xflk —0

and ||x’kaH — 00. This leads to a contradiction and the proof proceeds as in the
previous case.

We prove that (7i7) is equivalent to (i) provided V is reflexive. Assume (i) and let
{z,,} be an unbounded sequence. Consider the sequence x,/ ||x,||. As V is reflexive,
there is a convergent subsequence ., / ||, | — d and d does not vanish by (7).

Now assume (ii7) and let {z,} C C with ||z,|| — oo and z,/|z,| — d. By
(i7i) there is a subsequence {x,,} and a sequence {t;} for which ¢, — oo and
Ty, [tk — dy # 0. By Proposition 2.1(iv), there is a subsequence {xnkT} for which
Ty, | ||Tng, || = Adi # 0. Hence x,,/ ||, || = d # 0 and (i) holds. O

In Theorem 3.6 condition (i7) implies (i) without any assumption on V. Something
more can be actually said.

Proposition 3.7. If C is finitely well-positioned, then 0 ¢ ng and there is no net
{24} C C such that z,/ ||za|| = 0 and ||z.|| — oo.

Similarly, it can be proved that 0 ¢ ¢o B¢, provided C' is well-positioned.

Proof. Let C # () be finitely well-positioned. As remarked above, Theorem 3.6
implies 0 ¢ B¢ even without the assumption of reflexivity on the space. By Propo-
sition 2.1(4ii), Be is norm closed, and so 0 ¢ Beo. Moreover, Be is norm bounded
and Be C C,. On the other hand, if C' is finitely well-positioned, C, is a reunion
of finitely many sets that allow plastering (see Remark 2.3). The same is true for its
subset Be. Therefore, by applying Lemma 3.4(i) to the set Be, we get the desired
result 0 ¢ By,

Now suppose that {z,} C C, with o € A, is a net such that z,/ |z, — d
and [|z,| — oo. Since C is finitely well positioned, C' C [J;_; Kux (m;). Set
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A, = {a €AN:zy € Ky (ml)} Clearly, for some i € {1,2,...,n} the restriction
a € A; is a subnet of A. Hence, z,/ ||z.|| = d and ||z,| — oo (o € A;). From
(Ta,x7) > |lzall — mz for a € Ay, by dividing by ||z, and taking the limit, we get
<d, x§> > 1, which implies d # 0. O

Bounded sets have trivial asymptotic cones and, by Corollary 3.2, are well-posi-
tioned. The next remarkable consequence of Theorem 3.6 shows that under finite
well-positionedness the converse holds. That is, finite well-positionedness turns out
to be the property that characterizes bounded sets among the sets that have trivial
asymptotic cones.

Corollary 3.8. A subset C of a reflexive space V' is bounded if and only if C' is
finitely well-positioned and Co, = {0}.

Proof. We prove the “if” part, the converse being trivial. Let C' be finitely well-
positioned with Cy, = {0}. Suppose per contra that C' is unbounded. As V is
reflexive, Bo # (). Hence, Bo = C,, = {0}. By Theorem 3.6, this is a contradiction.

O

A consequence of this characterization is that in reflexive spaces, unbounded convex
sets that are linearly bounded are never finitely well-positioned.

Example 3.9. Corollary 3.8 may fail if V' is not reflexive. Consider the positive
cone [ of ly. Let e = (1,1, ...) € loo. Forany z € I, (z,€) = > 2, x; = ||z . Hence
I allows plastering. Set C'= {z € {1 : 0 < x; < o; for each i}, with Y >0 a; = oo.
The closed and convex set C' is unbounded because =" = (ay, ..., a,,0,0,...) € C

for all n and ||2"|| = Y, a; — oo. It is also linearly bounded, and so Cs = {0},
since for each 0 # x € [ it holds tx ¢ C for t > 0 large enough. On the other
hand, C' C [{ allows plastering. Notice that B = 0. n

Example 3.10. Whether a given set is well-positioned depends on the considered
dual pair. The positive cone I of I; is well-positioned with respect to the pair
(I1, 1), but not with respect to (I, co). For, if {e,} C I is the units’ sequence, we

have e, Y. By Theorem 3.6 or Proposition 3.7, [{ is not finitely well-positioned.
m

The next result is a further consequence of Lemma 3.4. Unlike Theorem 3.6, no
assumption is made on V. It is a general version of [3, Lemma 2.1]. Set

T

Sp:{—:a:ECand Htzp}

]

Proposition 3.11.
(i)  C is well-positioned if and only if 0 ¢ 6.5, for p large enough.
(it) C is finitely well-positioned if and only if 0 ¢ gq: for p large enough.

Proof. (i) Suppose that C'is well-positioned. By Proposition 3.1(i7), Cn{||z|| > p}
allows plastering for some p. Hence, (z*,z) > ||z|| for all x € C and |z| > p.
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Namely, (z*,z/||z|) > 1. We conclude that u € S, implies (z*,u) > 1. Clearly
0¢cod,.

Conversely, if 0 ¢ ©6.5,, by Lemma 3.4(ii) S, allows plastering. Hence cone (S,) 2
C N {||z|| > p} allows plastering. By Proposition 3.1, C allows plastering.

(i7) Let C be finitely well-positioned. By Proposition 3.1(i7), C' N {||z|| > p} is a
finite reunion of sets that allow plastering, when p is sufficiently large. Therefore,
there are nonzero {z}};_;, C V* such that x € C' N {||z|| > p} implies (x},z) > ||z
for some i. Hence, for all u € S,, (z},u) > 1 for some i. Consequently, if v € V
is any point such that |(z},v)| < 1/2 for i =1,2,..,n, then v ¢ S,. On the other
hanchwthe set of points: |(z},z)| < 1/2 for all 4, is a weak neighborhood of 0. Hence,
0¢5,.

Conversely, suppose 0 ¢ EZ’ for some p. Lemma 3.4 implies that S, is the union
of finitely many sets that allow plastering. Thus, C' N {||z| > p} C coneS,, where
cone S, is the finite union of sets that allow plastering. This is enough to conclude
that C' is finitely well-positioned. O

Corollary 3.12. Suppose that V is reflezive or has a separable dual. A set C CV
18 finitely well-positioned if and only if the same holds for C W, for all closed and
separable subspaces W of V.

Proof. Suppose that all C' " W are finitely well-positioned and that, per contra,
C' is not. Let p,, T oo. By Proposition 3.11, we have 0 € gsm for all m. By
the assumptions on the space V', we have 0 € gjﬁjw. Hence, there are sequences
{z"} such that ||27'] > p,, and 2/ ||| — 0, as n — oo, for each m. Set
W =span {z}. W is a closed and separable subspace. By construction, C N W is
not finitely well-positioned, which leads to a contradiction. Il

3.1. Polyhedral Cuts

We present a useful criterion for finite well-posedness based on the boundedness
of sets’ slices. Specifically, given a set C', a finite set of nonzero functionals D =
{ar}? | CV* and scalars T = {t;}._,, the set

C(D,T)={ze€C:(z},x) <t; for cach i}
is the slice of C' determined by D and T.

Definition 3.13. A set C'is said to have a (bounded) polyhedral cut if there is a set
of nonzero functionals D = {x}}" | C V* such that, for each collection T' = {¢;}""_,
of scalars, the slices C' (D, T) are either empty or bounded.

The next result extends the idea behind [3, Lemma 2.2].

Proposition 3.14. A convex set C' is finitely well-positioned if and only if it has
a polyhedral cut.

The proof of this result rests on couple of lemmas of some independent interest.
The first one shows that one direction holds even without convexity.
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Lemma 3.15. Finitely well-positioned sets have a polyhedral cut.

Proof. Let C be finitely well-positioned. By Proposition 3.1(ii), there is D =
{ar} CV*\ {0} and scalars {m;};_, such that x € C implies (z}, z) > |z|| — m;
for some ¢. Hence, if (z},x) < t; for all ¢, it follows that ||z| < max; (m; +t;) for
all z € C. Consequently, C' (D, T) are bounded or empty for all T" = {¢;};",. O

Next we show that the other direction in Proposition 3.14 holds for a convex set
even if there is only a single nonempty and bounded slice, provided it satisfies a
Slater-type condition.

Lemma 3.16. A convez set C' is finitely well-positioned if there is a nonempty and
bounded slice C' (D, T) of C' such that, for some T € C (D, T), it holds {(x},T) < t;
for all 1.

Proof. Suppose that C' is convex, that C'(D,T) is nonempty and bounded, and
that (z},T) < t; for all i and some T € C (D;T). By translation, wlog we can set
Z = 0. Hence, 0 € C(D,T) with all t; > 0in T, and C(D,T) C nBy for some
n > 0. Observe that, if z € C' (D, T) and (x},z) = t; for some i, it follows

t; t;
(ot i) =g 2 2)
EVAERE

Pick now any point x € C'N{||-|| > n+ ¢} . Clearly, there is some z} € D for which
(xf,x) > t;. Consider the nonempty subset I' C D for which (z}, x) > t; and choose
;€ T such that (27, z) /t; > (a7, 2) /t; for all 27 € . As C'is convex and 0 € C,
the points Az € C' with A € [0, 1]. Hence, there is a scalar A\ such that <x;‘, /\g:E> =
t;. Clearly, (x}, Aox) < t; for alli # j. Therefore, gz € C' (D, T) and (z}, Aoz ) = t;.
By (2), («%,z/||z|) > t;/n. To conclude, for all z € C' N {|-|| > n+e} there is
% € D such that (z7,x) > (t;/n) ||z|. That is, C is finitely well-positioned. O

Proof of Proposition 3.14. In view of the previous two lemmas, it is enough
to observe that if a nonempty set C'(D;T) does not satisfy the Slater condition
(xF,x) <t;, the set C' (D;T +¢) does, where T + ¢ = {t; + e}]_,. O

Corollary 3.17. A convex set C' is well-positioned if and only if it has a polyhedral
cut with D singleton.

Example 3.18. Convexity in Proposition 3.14 is needed. Let f(z) = +/||z| be
defined on an infinite dimensional normed space V. Its non-convex epigraph epi f C
V' xR has a polyhedral cut. For instance, if we consider in V' xR the linear functional
(0,1), theslice {(x,\) € epi f : A <t} is bounded in V xR for every ¢. Nevertheless,
epi f is not finitely well-positioned, as will be shown later in the paper (see Example
6.2). O

Observe that Proposition 3.14 can be formulated in a slightly different equivalent
way by saying that a convex set C' is finitely well-positioned if and only if there is
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z* € V* and t € R such that the slice {x € C': (z*, ) < t} is finitely well-positioned
and (z*,z) <t for some = € C.

After Theorem 3.6 we observed that finite dimensional subspaces are finitely well-
positioned. Something more is proved in the next result.

Corollary 3.19.

(i)  Vector subspaces H C 'V are finitely well-positioned if and only if they are
finite dimensional. In this case, dim H+1 is the least number of cones allowing
plastering that cover H.

(71)  More generally, C' is not finitely well-positioned if riy; C' # 0, with H = span C
and dim H = oo.

Proof. (i) We already observed (see Remark 3.5) that H is not finitely well-
positioned when dim H = oo. Therefore, it remains to prove the second part of
the statement. By Proposition 3.3(ii), wlog we can consider H = R™. For con-
venience, R" will be endowed with the sup-norm; ie., |[z|, = max;—1,_, |zl
We first show that R™ can be covered by the n 4+ 1 allowing plastering cones
(xf,x) > ezl , i =1,..,n,and (y*,x) > e|jz|, where 0 < e <n~!, (af,2) =z,
and (y*, @) = — >0, @

Suppose per contra that there is z, with ||z|| ., = 1, such that z; < ¢ for all ¢
and > ' Z; > —e. Set P ={i:7; >0}. If j € P, then |z;] < e <n ' <1
Therefore, if card (P) = n, we get ||Z||, < 1, a contradiction. Suppose then that
card (P) <n — 1. For every j ¢ P we have

0>z > —5+Z(—fi) > —5—1—2(—551-) > —¢—card (P)e > —ne > —1.
i#] icP

Once again we get ||Z]|, < 1, a contradiction.

It remains to prove that n + 1 is the least number of cones allowing plastering that
cover R". Let (z},z) > |lz||, with i = 1,...,m, be a family of cones covering R™.
By the same argument used in the proof of Lemma 3.15, the slices C' (D, T') are
either empty or bounded with D = {z}})" and T' = {¢;};" . In particular, the cone
K ={z € R": (zf,z) <0 for all i} is bounded. A cone is bounded if and only if
it is trivial. Hence, K = {0}. Consider the linear mapping A : R” — R™ given by
Az = ((z},2)),. Clearly, K = A" (R™). If m < n, we have K # {0}. Therefore
it must be m > n + 1 and the proof of (7) is complete.

(74) Suppose C' is finitely well-positioned. By Proposition 3.3(i), C' is finitely well-
positioned in H. If # € rify C, by the arguments used in the proof of Theorem
4.4 to show that (i) implies (v), there is a weak neighborhood U C H of T that
is norm bounded. By translation, we obtain a weak neighborhood V' of 0 that is
norm bounded. Consequently, there exist functionals {z;}", and € > 0 for which
|(xf,z)| < e for all ¢ implies z € V. Hence, (-, kerz; C V. If y* is linearly
independent of {z}};",, there is a point T € [~ ker z}] \ ker y*. Hence T # 0 and
nZ € V for all n. This contradicts the fact that V' is norm bounded. O



262 M. Marinacci, L. Montrucchio / Finitely Well-Positioned Sets

Corollary 3.19(¢) implies that the hypotheses on V made in Theorem 3.6 are needed.
For, consider any infinite dimensional subspace H of a space with the Schur property
(e.g., l1). Clearly, 0 ¢ By, but H is not finitely well-positioned. Notice that, inter
alia, we get the well-known result that infinite dimensional spaces with the Schur
property are not reflexive and their duals are not separable.

4. Asymptotic Compactness

In the literature several notions have been recently introduced to describe the
asymptotic behavior of unbounded sets. Here we compare some of them with the
notions that we introduced in the paper. Though many of them have been for-
mulated for sets in Hausdorff topological vector spaces, here we consider normed
spaces endowed with the weak topology.

We begin with the notion of weak asymptotic compactness due to Dedieu [10] and
Zalinescu [20].
Definition 4.1. A set C is weakly asymptotically compact if there is ¢ > 0 and

a weak neighborhood U of the origin such that [0,e]C' N U is relatively weakly
compact.

The next notion is due to Luc [14].

Definition 4.2. A set C has the weak CB property if a bounded set A exists such
that cone (C'\ A) has a weakly compact base.”

Luc and Penot [16] and Luc [15] recently introduced a weaker concept.

Definition 4.3. A set C' is weakly recessively compact if, for any unbounded net
{za}, C C, there are a subnet {xs}; and scalars 5 such that limgts = oo and

xg/tﬁ — d?é 0.

Finally, recall that a set C is locally weakly compact if each x € C has a weak
neighborhood that is relatively weakly compact.

The following “omnibus” result establishes the equivalences among finite well-
positionedness and the asymptotic concepts just introduced.®

Theorem 4.4. Let C' be a subset of a reflexive space V. Consider the following
properties:

(i) C is finitely well-positioned;

(1) C is weakly asymptotically compact;
(iii) C' has the weak CB property;

(iv) C is weakly recessively compact;

"That is, cone (C'\ A) = cone B, where B is a weakly compact set that does not contain the origin.
8Tn other settings the various asymptotic concepts fail to coincide. In particular, recessive com-
pactness seems to be the natural extension of the finite well-positionedness beyond the cases
(V,V*) and (V*, V). To this end one should use the general version of Definition 4.3 for Hausdorff
topological vector space given by [15].
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(v) C is locally weakly compact.

Then,
(i) <= (1) <= (i1i) <= (iv) = (v).

If, in addition, C' is convez, then they are all equivalent.

Proof. (i) implies (i7). It is easy to check that [0,e0] K« (m) C K+ (69m) holds
for all K,-(m) with m > 0. Therefore, if U is the weak neighborhood U =
{z : [{z*,x)| <1} of 0, then

z € [0,e0) Ko (m)NU = ||z|| < 14 eom.

Namely, K- (m) is weakly asymptotically compact. If we now consider any finitely
well-positioned set C'° C |JI, K+ (m;), with m; > 0, it follows [0,60]C C
Ui, [0, €0] Ky (m;). By the neighborhood U = {z : [(z},z)| <1,i=1,..,n}, the
set [0,&0] C NU is norm bounded.

(#7) implies (iv) and (ii) implies (iv) by ([15, Proposition 2.2]).

(1v) implies (i). Let C be recessively weakly compact. Suppose per contra that
C is not finitely well-positioned. By Theorem 3.6 there is an unbounded sequence
{z,} C C such that z,/||z,|| = 0. As C is recessively weakly compact, there is a
subnet {zs},; C {z,}, and a net {{3}; such that limgts = oo and x5/tg — d # 0.
Hence,

ts  lzgll  ts

As a weakly convergent sequence is norm bounded, it follows 0 < ||zg|| /ts < L.
Passing to a subnet we get ||z, || /t, — A. Moreover, A # 0, since otherwise xg/tg —
0. Consequently,

w5 _ w5 ol

Ty T iy 1
[ | I S |

a contradiction because z.,/ ||z,|| is a subnet of z,,/ ||z,|| and thus z./ ||z,| — 0.

(i) implies (4i7). Notice first that if C' is a cone that allows plastering, then C
satisfies CB with A = (). Actually, if C C K+, then B={z: (z*,2) =1} NCis a
weak compact base of C.

Now, let C' be finitely well-positioned. By Proposition 3.1(i7), C' N {||z| > p} =
Ui, Ci, where each C; allows plastering. Set A = {|z| <p}. Therefore,
cone (C'\ A) = cone (J;—, C;) = J;_,coneC;. We have seen that each cone C;
has a compact base B;. Hence cone C; = cone B;. It follows that cone (C'\ A) =
Ui, cone B; = cone (|J;_, B;), as desired.

(¢) implies (v). Let C be finitely well-positioned. By Proposition 3.14, there exists
D = {x;}! | C V* that determines a polyhedral cut for C. Let z € C. The weak
neighborhood of z

CnA{|(z},z — x)| < e for each i}

is norm bounded. Thus, it is relatively weakly compact if V' is reflexive.
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(v) implies () if C' is convex. Pick z € C. There is a weak neighborhood of z that
is relatively weakly compact, and so is bounded. That means that there is € > 0
and {z}}!_ | such that ||z|| < nif 2 € C and |(z],Z — z)| < e for all i. That is, the
functionals {z}}! | U{—xz}}._, determine a polyhedral cut for C. By Proposition
3.14, C is finitely well-positioned. ]

Notice that in view of Proposition 3.6(i77) and of the equivalence between (i) and
(7v), in Definition 4.3 it is enough to consider sequences in place of nets when the
space is reflexive.

5. Convex Sets

This section is mainly devoted to convex sets. The next lemma provides some
characterizations of convex well-positioned sets. Point (iii), due to [3, Proposition
2.1], says that closed convex sets are well-positioned if and only if they are finitely
well-positioned and do not contain any line. For the sake of brevity we omit the
proof.

Lemma 5.1. Let V' be a reflexive space. Then:

(1) A closed convex cone K allows plastering if and only if is pointed and 0 ¢ By
(i) A closed convez cone K allows plastering if and only if the set KN{{xz*,x) = 1}
is bounded for every strictly positive functional z* on K .1°

(7ii) A closed convex set C' is well-positioned set if and only if Lc = {0} and
0¢ Be.

Next we characterize the convex sets that are finitely well-positioned.

Proposition 5.2. Let C' be a convexr subset of a Banach space V. Consider the
following conditions:

(i) C is finitely well-positioned;

(i) there is a projection P :V — V with finite codimensional range such that its
image P (C) is well-positioned;

(ii1) there is a finite dimensional subspace L of V' such that 7 (C') is well-positioned,
where m: V. — V/L.

Then,

(11) <= (1i1) = ().
If, in addition, C 1is closed and V' 1is reflexive, then they are all equivalent. In
particular, C' = Lo @ C7 with Cy well-positioned.

Notice that the direct sum C' = Ls @ €] means that there exists a closed comple-
mentary vector space M to L¢ that contains Cy (i.e., V = Le @ M and C; C M).

Proof. (ii) implies (i). P, = I — P is a projection with finite-dimensional range.
Set L = P, (V). Since L is finitely well-positioned, by Proposition 3.14 there exists

9A cone K is pointed if K N —K = {0}.
0That is, (z*,2) > 0 for all 0 # x € K (see [12, Theorem 2.7] and [13]).
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D = {z};, € V*\ {0} that determines a polyhedral cut for L. Likewise, by

Corollary 3.17, since P (C) is well-positioned there is a functional y* such that
(y*,z) <t for all t € R is bounded or empty.

We claim that the set of functionals {z} o P,}_ U{y* o P} determines a polyhedral
cut for C'. By the decomposition z = Pyx + Pz for all x € V| it actually holds

{r eC:(z;oP,z) <t;and (y* o Px) <7}
= {2z e P (C): (zj,2) <ti} +{zr e P(C): (y",x) < 7}
Clzel:{(z},z) <t;}+{z e P((C): {y",z) <T}.

From this it easily follows that {z} o P} | U{y* o P} is a polyhedral cut and, in
turn, that C is finitely well-positioned.

The equivalence between (ii) and (iii) easily follows from the fact that M ~ V/L
if V=M & L and V is complete.

Finally, suppose that C' is closed and finitely well-positioned, with V' reflexive. As
the linear space L¢ is finitely well-positioned, by Corollary 3.19 we have dim Lg <
o0o. Hence, it is complemented in V. That is, there is a closed subspace M of V
for which Lo @& M = V. Therefore, it holds the decomposition C' = L & (C' N M).
Since C N M C (), it is finitely well-positioned. Moreover, the lineality space of
C'N M is clearly trivial. By Lemma 5.1(iiz), C' N M is well-positioned. Clearly,
P (C) = CnN M, where we denote by P the projection with range M. O

5.1. Dual Properties

Now we study convex sets by using dual properties. To this end, we need some
standard notation. The negative polar cone M~ of a set M is given by

M~ ={a": (2", 2) <0 for each z € M}.

If A and B are subsets of V' and V* respectively, we define the annihilators by the
formulas

At ={z* € V*: (z*,2) = 0 for each x € A}
tB={xcV: (s z) =0 for each z* € B}.
The support functional o¢ of a convex set C' is given by o (z*) = sup {(z*, z) :

x € C}. The domain of o¢ is called the barrier cone b(C) of C; ie., b(C) =
{z* 1 0¢ (%) < o0}
As well-known, b (C)” = C if C is closed and convex. By the Bipolar Theorem,

b (C)w* = (. This is equivalent to b (C') = C when V is reflexive.

In the next result the well-positioned set C' is not necessarily convex. The result
for convex sets is due to [3].

Proposition 5.3. A set C is well-positioned if and only if int b (C') # (0. Moreover,
when V' is reflexive:

(i) intC_ =inth(C);
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(7) the functionals —x* 4 ¢ are coercive for all z* € int C_;
(@ii) the functionals z* € int C_ attain the sup when C' is sw-closed;

(iv) @ Co = [0

Proof. Suppose that C is well-positioned. Hence, C' C K, « (m). Thus, oo <
OK,.(m) and so b(C) D b (K~ (m)). Let us prove that b(K,- (m)) DO —a* + By-,
so that b(C) has nonempty interior. Let u* € By«. Clearly (u*,z) < ||z||. Hence,
(x*, ) > ||z|| — m implies (z*, x) > (u*, ) —m. Namely, m > (—z* + u*, x) for all
x € Ky« (m). That is, —a* + u* € b (K, (m)), and so b (K« (m)) D —z* + By-.

As to the converse, observe that o = 0s5¢ and that C' is well-positioned if and only
if coC is. In particular, b(C) = b(coC'). Hence, intb(coC) # 0 if intb(C) # 0.
In this way we can apply the arguments of [3, Theorem 2.1] and infer that c6 C' is
well-positioned. In turn this implies that C' is well-positioned.

(17) Set Ay < sup,ee (2%, x) and consider the set of points x € C such that (z*,z) >
A, It follows Ay < (z%,z) < —¢|lz|| + m. Namely, |z|| < &' (m —\;). The
functional —z* 4+ d¢ is thus coercive.

(i73) It follows from (i7) and the reflexivity of V.

(1) As C' is well-positioned, C' C K« + xg. It follows C,, C K,-. Consequently,
K_. C C,. On the other hand, K. O —z* 4+ By~. Hence, int C_ # ().

We claim that intC_ C b(C). Fix z* € intC,. We can suppose that C is
unbounded, otherwise the claim is trivial. There are n > 0 and £ > 0 such that
r € C and ||z|| > n = (—z*,2) > e||z]]. Suppose per contra that there are
two scalar sequences 1, T oo and ¢, | 0, as well as a sequence {z,}, C C, for
which ||z,|| > n, and (—z*, 2,,) < &, ||z,|. Clearly, ||z,|| — co. As V is reflexive,
passing to a subsequence, we have z,,/ ||z,|| = d. This implies (z*,d) > 0. Clearly,
(x*,d) = 0 since d € Cy, and z* € C_.

Since x* € int C_, we have (z* + u*,d) <0 for all u* € eBy+. Namely, (u*,d) <0,
which implies d = 0. But, this is a contradiction because C' is well positioned.
Hence, (—z*,z) > e||z|| over C' and ||z|| > n. Clearly, this means (—z* z) >
e ||z|| = m for all z € C" and for some m. Consequently, (z*,z) < —¢||z||+m <m
that implies sup, . (z*, ) < oo and z* € b(C') and the claim is proved.

To complete the proof of point (7), suppose first that C' is closed and convex. We
have proved that int C C b(C). Hence, intC_ C b(C) C b(C) = C,. This
implies that int b (C) = int C.

Suppose now that C' is any well-positioned set and define D = @ (C'). Clearly,
Csw € Dy and C O D . For what has been proved, we can write

intb(C)=intb (D) =int D, CintC Cintb(C).
Hence point (7) holds.
(1v) Notice that we just proved that int D = int C_. Hence,

it Dy =intCy = D =CL.
By the Bipolar Theorem, D, =¢0(C\,) , as desired. ]
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Example 5.4. Proposition 5.3(7) may fail when V' is not reflexive. Consider the
well-positioned closed convex set C' = {z €l;:0 < z; <1 for each i}. We have
Cy = lx since Cy = {0} (see Example 3.9). It is not difficult to check that
b(C)={zx €ly:at €li}. Clearly, intb(C) # (), while int b (C') C b(C) C lo, = int
C. Observe that even Proposition 5.3(i7) fails. Consider for instance the functional
—e=(—1,—1,...) €intb(C). Clearly, e + ¢ is not coercive. O

We give a few corollaries of the characterization of well-positionedness established
in Proposition 5.3.

Corollary 5.5. A cone K allows plastering if and only if int K~ # ().

Proof. Observe that o = dx-. Thus, b(K) = K~. Propositions 3.1(i) and 5.3
conclude the proof. n

This is the simplest criterion to check whether a cone allows plastering. For instance,
the positive cone L does not allow plastering for p > 1 since (L%)~ = —L% has
empty interior, unless it is finite dimensional.

By Proposition 5.3, int C, # () when C' is well-positioned. However, in general
this is not a characterizing property. For instance, if C' is unbounded and linearly
bounded, Cs, = {0}. Hence C_ = V but C is not well-positioned. Next we
show that among finitely well-positioned sets, the property int C # ) indeed
characterizes sets that are well-positioned.

Corollary 5.6. A finitely well-positioned set C' in a reflexive space is well-posi-
tioned if and only if int C # ().

Proof. If C is well-positioned, Proposition 5.3 implies int C_ = int b (C') # 0.

Let us prove the converse implication. Suppose z* € intC_. We will use an
argument similar to that of Proposition 5.3. We claim that there are n > 0 and
e > 0 such that x € C and ||z|| > n implies (—z*,z) > ¢||z||. Suppose not.
There are then two sequences 71, T oo and &, | 0, as well as a sequence {x,} C
C, for which ||z,| > n, and (—z*,z,) < €, ||z,||. Clearly, ||z,|] — oo. Hence,
(x*, 2,/ ||Tnl|) > —en. Since the space is reflexive, passing to a subsequence, we
have z,,/ ||z,|| = d € Cy. Consequently, (x*,d) > 0. This implies (z*, d) = 0 since
z* € C. Moreover, from z* € int C, (z* +u*,d) <0 for all u* € eBy-. Hence,
(u*,d) < 0 for every u* € By«. That is, d = 0. We have obtained z,/ ||z,| — 0,
which contradicts the fact that C' is finitely well-positioned. Therefore, the claim
is true and C' is well-positioned. O

We now extend the characterization established in Proposition 5.3 from well-posi-
tioned sets to finitely well-positioned ones, though under stronger assumptions.

Proposition 5.7. A closed and convex set C' of a reflexive space V is finitely well-
positioned if and only the following two conditions hold:

(i) Q=0b(C)—b(C) has finite codimension in V*;
(i) T1igb(C) # 0.
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In this case, rigb (C) =r1igC, and Q = L5 =b(C) —b(C) =C, — C.

Since b (C') is a cone, @ is the minimal closed affine space containing b (C'); that is,

Q = affb(C).

Proof. Let C be a closed and finitely well-positioned set. By Proposition 5.2,
C = L& Ch, where L = Lo, C7 is a well-positioned set contained into a closed
subspace M, V = L& M, and dim L = n.

It is well-known that V = L & M implies V* = M+ @ L+ and M+ ~ L*, L+ ~ M*
(all these properties are true for any Banach space V). Notice that dim M+ = n
and thus L' has finite codimension. From the obvious relation

(2] © 25, 11 ® 12) = (27, 71) + (23, 22) ,
with 27 ® 25 € M+ @ Lt and 2, ® 2o € L & M, it follows that
oo (2] @ x3) = op, (2]) + 0y (23)

where o, and o¢, denote the support functionals of L and ) as subsets of L and
M, respectively. Clearly, 7 and 27 in the arguments of o and o¢, denote the
restrictions of ] to L and z% to M, respectively.

On the other hand, o7, (x}) = oo unless z; = 0. Hence, b(C) C L+ and so b (C) —
b(C) C Lt. Now, as O] is well-positioned in M, Proposition 5.3 implies that
intb(Cy) # 0 on the space M*. That is, riy. b(C) # 0. This also implies that
b(C)—b(C) = L*. To check the other properties, observe that C, = L & (C4),
and C = {0}@®(Cy)_. By Proposition 5.3(i), riz+ b (C') = riyr C. This concludes
the first part of the proof by setting Q = L*.

As to the converse, suppose that C satisfies (i) and (77). Since @ is closed and has
finite codimension, V* admits the decomposition V* = N @& Q where N C V* has
dimension n. By reflexivity, V = +Q @ * N with *Q ~ N* and *N ~ Q*. Suppose
per contra that C' is not finitely well-positioned. As +Q is finite-dimensional, there
are n + 1 functionals {z¥ ® 0}/7" in N @ Q that determine a polyhedral cut for
+@Q. Pick now any element 0 & y* € 1igb(C'), with y* # 0. Then, the collection
{27 ® 0} U{0® (—y*)} would not determine a polyhedral cut. That is, for some
scalars {t;}"*! U{7} the slice would be unbounded. On the other hand, the slice is

contained within
{r e P (C): (z},z) <t;Vi} +{x € P (C): (y",x) > -7}

where P, : V — +Q and P, : V — 1N are the canonical projections. As P, (C) C
1@, the first set is bounded by construction, and so the set {x € P, (C) : (y*,z) >
—7} would be unbounded. By the Banach-Steinhaus Theorem, there is a sequence
{zn}, € P> (C) and a functional 0 @ z* such that (2*, z,) > n. On the other hand,
since 0 ® y* € rigb (C), 0 y*+ A (0& 2*) € b(C) for A > 0 small enough. But,
(y* + \z*,x,) — oo and so o¢ (y* + \z*) = +oo, a contradiction. We conclude
that C' is finitely well-positioned. m
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The property of the barrier cone in Proposition 5.7 is closely related with compact
epi-lipschitzianity.!*

Proposition 5.8. Let C' be a closed and convex set in a reflexive space. If C' is
finitely well-positioned, then its barrier cone b(C') is compactly epi-Lipschitzian.
The converse implication holds provided b (C') is closed.

Proof. Suppose that C' is finitely well-positioned. Using the notation of the previ-
ous proposition, it holds C' = L & C}, where L = Lg, C7 C M is well-positioned,
and V = L @& M. We have b(C) C Lt ~ M*. Moreover, there is a nonempty open
set U of M* for which U C b(C'). Let {ex},_, be a basis of L* and define the convex
polytope ¥ = >, [-1,1] e;. Clearly, there is a nonempty open set V' in L* for
which V' C ¥. Hence, U x V C b(C) + 3. But, U x V is a nonempty open set of
V*, and so int (b (C) + X) # 0. By [8, Proposition 2.10], the convex cone b (C) is
compactly epi-Lipschitzian.

As to the converse, suppose b(C) is a closed and compactly epi-Lipschitzian set.
Thanks to [8, Theorem 2.5(vii)|] and to Proposition 5.7, the set C' is finitely well-
positioned. Il

6. Functions
A function f:V — R is

(i) well-positioned if its epigraph epi f C V x R is well-positioned;?

(i) finitely well-positioned if its epigraph epi f C V' x R is finitely well-positioned;

(iii) quasi finitely well-positioned if all its nonempty sublevel sets (f < \) are finitely
well-positioned;

(iv) semi finitely well-positioned if there is a sublevel set (f < A), with A > inf f,
that is finitely well-positioned.

Clearly, property (i) implies (ii) and (iii) implies (iv). To see that (ii) implies (iii)
is enough to consider the equality epi f N {)\ = )\} = (f < )\) X {)\}

The next examples show that in general these implications do not have a converse.
However, Theorem 6.7 will show that properties (ii)—(iv) are equivalent for convex
functions.

Example 6.1. The convex function ¢ : R — R given by ¢ (t) = t is finitely well-
positioned, but not well-positioned. O]

Example 6.2. Let f (z) = +/||z| be defined over an infinite dimensional reflex-
ive space. It is quasi finitely well-positioned since all nonempty sublevel sets are
bounded. However, it is not finitely well-positioned. For, take an unbounded se-
quence {z, } with z,,/ ||z,| — 0. Clearly, \/||z||/ ||zn| — 0. By Lemma 6.5 below,
f is not finitely well-positioned. The function f A 1 is a simple example of a semi
finitely well-positioned that is not quasi finitely well-positioned. O]

1 The notion of compactly epi-Lipschitzian sets in locally convex topological spaces is due to
Borwein and Strojwas in [7]. We are grateful to the referee for drawing our attention to this point.
12Well-positioned functions are proper (their epigraphs would otherwise contain a line).
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The following lemma, whose simple proof is omitted, will be useful in deriving the
results of this section. Notice that V' x R is endowed with the norm |[|(z, \)|| =
]l + [A]-

Lemma 6.3. Let {(z,,\,)},, CV xR. Then

n

n7)\n n
M N r — 0 and
[@nll + [An] e e

— 0.

Next we establish a full characterization of finitely well-positioned functions.

Theorem 6.4. Let V be reflezive or with separable dual. A function f:V — R is
finitely well-positioned if and only if there is no unbounded sequence {x,} C dom f
such that x,/ ||x,|| — 0 and either f(xy) /||zn|| — 0 or f(z,) | —oc.

The proof relies on couple of lemmas.

Lemma 6.5. Let V be reflexive or with separable dual. A function f bounded
from below is finitely well-positioned if and only if there is no unbounded sequence
{z,} Cdom f such that x,/ ||x,|| = 0 and f(z,)/ ||x.] — 0.

Proof. Setting f — inf f, wlog we can assume f > 0. Suppose that the claimed
conditions hold and that, per contra, f is not finitely well-positioned. There is a
sequence (T, \,) € epi f such that ||z,| + |An] — oo and (2, A\n) / (|za]| + [An]) =
0. By Lemma 6.3, z,,/ ||x,]| — 0 and A,/ ||x,|| — 0. The sequence ||z,| cannot
be bounded. Otherwise, |\,| would be bounded and thus ||z, || + |A,| cannot go to
infinity. Therefore, we can suppose ||z,|| — co. As 0 < f(z,,) < A, it follows that
f(xn) /||zn]] — 0, a contradiction.

As to the converse, assume f is finitely well-positioned and that there is a sequence
{z,} such that ||z,|| — oo, x,/||z.|| = 0 and f(x,)/||zs|| — 0. Consider the
points (z,, f (z,)) € epi f. We have (x,, f (x,)) / (||l + | f (x,)]) = 0 and ||z,]| +
|f ()| — oo. This implies that f is not finitely well-positioned. O

Lemma 6.6. Let V be reflexive or with separable dual. A function f :V — R is
finitely well-positioned if and only if it s quasi finitely well-positioned and there is
no unbounded sequence {x,} C dom f such that z,/ ||z,|| = 0, f(z,)/||za|| — 0

and f(x,) T sup f.

Proof. The conditions are clearly necessary. Let us prove their sufficiency. Suppose
per contra that f is not finitely well-positioned under the two claimed conditions.
Then, there is a sequence (x,, A,) € epi f such that z,,/ ||x,|| — 0and A,/ ||z,|| — 0.
Notice that necessarily ||z,| — co. We consider separately two cases.

(i) limsup,,_, f (z,) < sup f. This implies that there is a subsequence {z,, } C
(f <) for some A < sup f. Hence, (f < \) would not be finitely well-positioned.

(i) limsup,_, f (z,) = sup f. In this case a subsequence can be extracted for
which f (z,,) T sup f. Clearly, f (x,)/ ||z.| — 0 and this contradicts the hypothesis.
O
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Proof of Theorem 6.4. The conditions are necessary. For, suppose f is finitely
well-positioned. From f < |f] it follows that epi|f| C epif. Hence, |f| is finitely
well-positioned. Suppose that a sequence exists as claimed in the statement for
which f (z,,) / ||zn]] — 0; ie., | f (zn)|/ ||zn|| — 0. By Lemma 6.5, | f| would not be
finitely well-positioned. If f(z,) | —oo, {x,} € (f < A), and so f would not be
quasi finitely well-positioned. This concludes the proof of necessity.

As to the converse, let us first prove that f is quasi finitely well-positioned. Sup-
pose not. Then, (f < \g) is not finitely well-positioned for some A\g. There is con-
sequently an unbounded sequence {z,} such that z,/ ||z, — 0 and f (z,) < Ao.
Two cases are possible.

(i) iminf, . f (x,) = —oo. In this case there is a subsequence such that f (x,,) |
—o0. But, this leads to a contradiction.

(ii) liminf, .« f (2,) > —oo. In this case the sequence is bounded from below, i.e.,
k < f(x,) < Ao. This implies f (z,,) / ||z.|| — 0 and we get again a contradiction.

Thus, f is quasi finitely well-positioned. Suppose that f is not finitely well-
positioned. By Lemma 6.6, there is an unbounded sequence such that x,,/ ||z, || — 0,
f () Tsupf, and f(z,)/||xa]| — 0, a contradiction. The sufficiency part of the
proof is completed. O]

The next result shows that the three classes of functions introduced at the beginning
of the section through finite well-positionedness are equivalent for convex functions.

Theorem 6.7. A convex function f:V — R is finitely well-positioned if and only
if 1s semi finitely well-positioned.

The proof of this theorem relies on some lemmas.

Lemma 6.8. Let f:V — R be conver and M\, Ay > inf f. A sublevel set (f < ;)
is unbounded if and only if (f < Xo) is. Moreover, Bir<x,) = B(f<x,)-

Proof. Set A\; > Ay > inff. This implies (f < Xg) € (f < A1) and By<y,) C
Bf<x)- Hence (f < A;) is unbounded if (f < Xo) is. Suppose (f < Aq) is un-
bounded and let z, € (f < A1) with ||z,|| — oco. As Ay > inf f, there is v € V
with f (v) = Ay — e. Consider the sequence (1 — a)v + ax, where a € (0,1). By
convexity,

f(l—a)v+az,) <(1—-—a)f@)+af(z,) <(1—a)(As—¢)+ a);.

We can thus pick @ € (0,1), so that y, = (1 —@)v + az, € (f < A2). Hence,
(f < X2) is unbounded. Let d € By<y,y; ie., zn/ ||zn| = d, f(x,) < Ai. If gy, is
the above sequence of points, then

Yn (1-a)v  allz,| zn
[l [yl [yall znl
On the other hand,
(1—a)v @, ||

Gl @l :‘
lal ~ 10— @) v +awa

allzall 2l
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that goes to 1 as n — oco. Hence 4,/ ||yn|| = d, and so B(y<x,) = B(r<x,)- O

Lemma 6.9. Let f: V — R be convex. If (f < 5\), with X > inf f, is finitely well-
positioned, then all its nonempty sublevel sets (f < \) are finitely well-positioned.
Specifically, if

(f<i)c U Ky (ma), (3)

then, for each A there are scalars €; (X\) > 0 and m; (\) such that, for some i =
1,....n,

v e (f<A) = (g7, 2) Z & (A [Jx]| —mi (A) . (4)

Proof. The property is trivially true for the level sets (f < A) with A < X. There-
fore, it is enough to study the case A > X. As \ > inf f, there is a point Z for which
f (Z) < A. Pick now scalars {t;} so that (z}, ) < t; and consider the convex function
o (x) =V, (zf,2) — t;)V(f () — A). Clearly, ¢ (z) < 0. Therefore, (¢ < 0) # 0.
Moreover, (¢ < 0) =), {(z},z) <t;} N (f < A). By (3), (¢ <0) is bounded. By
Lemma 6.8, all sublevel sets (¢ < h) are bounded for each h > 0. On the other
hand, the level (o < h) is given by the slice (), {(z},z) <t; +h} N (f < A+h),
which satisfies the Slater condition in that z € (f < A+ h) and (z},z) < t; + h for
all 7. By Proposition 3.14, (f < A+ h) is finitely well-positioned and (4) holds. [

Proof of Theorem 6.7. Suppose that f is semi finitely well-positioned and that
(f <) € UL, Ker (mg) holds. Consider the set of n+2 functionals D = {(z},0)}:_
U{(0,1),(0,—1)} on V x R. By Lemma 6.9, it is easy to see that epi f (D,T) is a
polyhedral cut. By Proposition 3.14, epi f is finitely well-positioned. The converse

is trivial. ]

A result similar to Theorem 6.7 does not hold in general for well-positioned func-
tions, as the example ¢ (¢) = ¢ shows. However, if the functions are bounded below
the following analogous result holds.

Proposition 6.10. LetV be reflexive or with separable dual. A convex and bounded
below function f :V — R is well-positioned if and only if a sublevel set (f < \),
with A > inf f, is well-positioned.

Proof. Suppose first that f is lower semicontinuous. By Theorem 6.7, f is finitely
well-positioned. By Lemma 5.1 it suffices to show that epi f does not contain any
line. It is easy to see that the unique feasible directions of these lines are (v,0)
since, otherwise, the function would not be bounded from below. This implies that
[ (wo +tv) < A for all t. Hence, v € L(y<y). This contradicts the fact that (f < A)
is well-positioned.

If f is not lower semicontinuous, we easily obtain the same result by considering its
lower semicontinuous hull f < f. O

The results on support functionals derived in the previous sections can be eas-
ily translated into results on Fenchel conjugates through the relation f*(z*) =
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Oepif (", —1). In this vein, next we characterize well-positioned and finitely well-
positioned functions through properties of their Fenchel conjugates. Point (i) is due
to [3, Proposition 3.1].

Proposition 6.11. Let f : V — R be a proper lower semicontinuous and convez
function on a reflexive space V. Then,

(i)  f is well-positioned if and only if int dom f* # ();
(ii) f is finitely well-positioned if and only if vidom f* # 0 and aff (dom f*) has

finite codimension in V*.

Proof. (i) See [3, Proposition 3.1]. As to (i7), suppose first that f is finitely well-
positioned and f > 0. Asepif C V x R,, the lineality space of epi f is contained
in V. Let L be such a finite-dimensional space and let V' = L & M be the usual
decomposition. This implies that f is constant over L and, by Proposition 5.2,
f(x1 ® xg) = p(x2) for 11 Dy € LH M, where ¢ is a well-positioned function over
M. The Fenchel conjugate is

x, Dx,) =
(2} @ x5) {+OO ot 20

where 2} @ 25 € M+ @ L*. Hence, dom f* C L*. Since f > 0, we have 0 €
dom f* and so aff (dom f*) C L. Since ¢ is well-positioned, ridom f* # @ and
affdom f* = L*. The proof is thus complete for f > 0.

Let f be now any finitely well-positioned function. As f is lower semicontinuous
and proper, f > y* + . Hence, fi = f —y*—~v > 0 and y* € dom f*. By applying
the previous result, we easily obtain that affdom f* = y* + L+ and ridom f* # 0.

As to the converse, suppose that f satisfies (i) and (ii). Notice that (ii) implies
aff (dom f*) = aff (dom f*) = Q. If 2* € rig dom f*, (z*, —1) is interior with respect
to the affine space () x {—1}. Hence, (z*, —1) is interior with respect to @ X R. So,
(x*,—1) €rib(epi f) and affb (epi f) = Q x R. By Proposition 5.7, epi f is finitely
well-positioned. O

We close with a noteworthy coercitivity property.

Proposition 6.12. Let f : V — R be a proper lower semicontinuous and convex
function on a reflexive space V.

(i) If f is well-positioned, then f — x* is coercive for all z* € int dom f*;
(i) If f is finitely well-positioned, then f—x* is semicoercive for all z* € ridom f*.

Proof. (i) By Proposition 5.3, the functional — (2*, —1) + depi ¢ is coercive when
z* € int (dom f*). This implies that for a fixed scalar A, the set {{(—z*, z) + X < A}
{f (x) < A} is bounded in V' x R. In particular, it is bounded for f (z) = A. That
is, (—a*,x) + f (¥) < X is bounded. Namely, f — 2* is coercive.

(17) Wlog set z* = 0. As 0 € dom f*, inff > —oo. In view of the proof of
Proposition 6.11, we have f (21 @ x2) = ¢ (x2) with ¢ a well-positioned function
over M and V = L @& M. As 0 € rip*, by Proposition 6.12(i) ¢ is coercive over
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M. Hence, f is semicoercive. If £ € M is a minimum of ¢, then z + L is a set of
minimizers of f. m

7. Applications
7.1. Intersections

Given a chain of nonempty sets {C,}, with C,, 11 C C,, for all n, following Bertsekas
and Tseng [6] define the asymptotic cones

{Ch} = {d eV :3t, — oo and z,, € C,, such that ? — d}

n

and

B{Cn}) = {d €V : 3z, € C, such that ||z,] — oo and Hznl\ N d}

When C,, = C for all n, we get back to the usual asymptotic objects, that is,
{Ch}, =Cx and B ({C,,}) = Be.

Most of the properties in Proposition 2.1 remain unchanged for this generalization
to chains. For instance, cone B ({C,,}) = {C,}.,. The following relation is key (see
[17, Proposition 26)):

B({C.})= ) Be.

It implies, inter alia, that B ({C,}) is weakly compact and nonempty when V' is
reflexive and the sets C,, are unbounded.

Definition 7.1. Given a chain {C,,} and d € {C,}_, we say that {C,} retracts
along d if, for any sequence yy = x,,, € C,, such that y,/t;, — d with ¢, — oo, there
exists a subsequence {z,}, with z, =y, and a bounded sequence «a, > 0 such that
zy —apd € Cyp,  for all r.

The chain {C,,} is called retractive if it retracts along all d € {C,,}_ . When C,, = C
for all n, we get similar definitions for a fixed set C, with {C,}_ = Cx.

Any chain trivially retracts along 0. Hence, {C,}, = {0} is a simple sufficient
condition for {C,,} to be retractive. The next lemma gives an equivalent condition
of retractivity in terms of B ({C,}).

Lemma 7.2. A chain {C,} is retractive if and only if for each d € B({C,})
and for any unbounded sequence yi = x,, € C,, such that y/ ||yx|| — d, there
is a subsequence {z.}, with z. = yi,, and a bounded sequence o, > 0 such that
zr —apd € Cyp,  for allr.

Proof. We prove the “if,” the converse being trivial. The result is trivially true
when d = 0. Therefore, take a sequence yx = x,, € C,, with y/ty — d # 0
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and t; — oo. By the usual argument, there exists a subsequence y, for which
Hykr/tkr H — X #£ 0. Hence

Yer Yk ks
(758 I T (7

N
)\’

and so A'd € B({C,}). Therefore, there is a subsequence {y,} C %, and a
sequence of scalars {as} such that y, — N lagd € Oy, as desired. O

The next result is an infinite dimensional extension of [6, Proposition 1].

Theorem 7.3. A retractive chain of nonempty sw-closed and finitely well-posi-
tioned sets of a reflexive space V' has nonempty intersection.

In [17] we derived this result as a consequence of more general results. Here we
give a direct proof. We need a geometrical fact. Given a cone K = J;_, Ky, we
introduce in V the following equivalent norm, with a > 1,

2l = ||56||+aZ|<932‘7$>|- (5)

The next property is proved in [17, Lemma 11].
Lemma 7.4. If z € KN {|jz||; <1}, then |lz|| < (14 a)”".

Proof of Theorem 7.3. Let {C),} be a chain of finitely well-positioned sets. We
can assume that C,, is unbounded (otherwise the result is trivial by the reflexivity
of the space). By Proposition 3.1, there is some p > 0 such that C,, N {||z|| > p} C
K = J;_, K, for all n. We thus renorm the space with the equivalent norm (5).

Set x,, € argmin,ec, ||z||, for all n. Notice that argmin,ec, ||z||, # 0 under our
hypotheses. If the sequence {z,} is bounded, by taking a subsequence, z, — zg €
C,, for all n. Therefore, zo € (., C,, and the theorem is true. It remains to show
that the sequence {x,} is bounded.

As ||z, ||y < ||znt1]l;, we have ||z, ||, — oo if the sequence is unbounded. Under our
assumption, there is a subsequence {y;} of {z,}, with y, = x,, € C,,, such that
i/ lykll, — d # 0. Accordingly, ||d||, < 1, and so ||d|| < (1 +«a) " by Lemma 7.4.

By retractivity, passing to a subsequence {z,}, we have 2, — a,d € C,, for all r,
where 2z, = yi.. Hence, ||z, — ayd||; > ||2|;; that is, ||z,./ ||z ||, — 3,d|; > 1 with
0 < B, =a,/ ||z, Observe that

‘ = H(l—@,)iwr( i d)

||Z7»||1 HZrHl

i_ﬁrd

1211y

1 1
Z’I”

1+ 1ly

< (1-58,)+58,

1
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If we prove that |2,/ ||z |, — d||, <1 for r large enough, then ||z./ ||z|, — 3,d||, <
1, a contradiction. Notice that for r large enough 2,/ ||z.||, € K N {|lz|, <1}. Set
u, = 2/ ||2r]|;- By Lemma 7.4,

lay = dlly = llur = dll + @) [ef,u = d)] < Jlu |+ dll +a Y [{af,up — d)]
i=1

i=1

<21+a) " +a > u —d).
=1

Since Y, [{(x},u, — d)| — 0, we have ||u, —d||, < 1 for r large enough, provided
a > 1. This completes the proof. ]

7.2. Closed Images and Algebraic Differences
Next we give a first application of Theorem 7.3.

Proposition 7.5. Let T : V. — W be a continuous linear mapping between two
reflexive spaces, and C CV be finitely well-positioned.

(i)  The image T (C) is sw-closed if C is sw-closed and retracts along all directions
de CoNkerT.

(i7) The image T (C) is finitely well-positioned if Co NkerT is a linear space
included in Le; in this case, T (Cx) = (TC) .

Remark 7.6. (a) The hypothesis in point (7) is fulfilled when, for instance, either
C is retractive or Co, Nker T' = {0} or C,x Nker T C L.

(b) Notice that even for non-convex sets, L¢ is defined as Lo + C = C, though in
general Lo may not be a vector space.

Proof. (i) Suppose first that W is separable and that y,, € T (C') with y, — . We
have to show that y € T'(C). The sequence is bounded, i.e., y, € pBy. As W is
separable, its dual is reflexive as well. Therefore, W is weakly metrizable over the
bounded set pBy,. Denote by ¢ such a metric. Consider the following sequence of
sets in W

Wo={y €W :6(y,5) <6 (yny) and y € pBw},

and the associated sets C,, = CNT~1 (WW,) in V. Clearly, the sets W,, are weakly
closed and thus the sets C,, are sw-closed. Moreover, the sets (), are nonempty by
construction. If their intersection is nonempty and z € (., C,, then T'(Z) = ¥.
Notice that it is not restrictive to suppose 0 (y,,¥) | 0 and thus {C,} is a chain.

Let us prove that {C,,} € CooNkerT. Let d € {C,},. Clearly, d € Cx. Let
{z,} be a sequence such that {z,} C C,, t, — oo and x,/t, — d. Consequently,
T (zn/t,) = T (d). On the other hand, T (x,) € pBw and so it is bounded. We
have T'(d) = 0 and d € ker T', and so the inclusion {C,,} € Cs NkerT is proved.

To apply Theorem 7.3 we must prove that the chain {C,} is retractive. Pick any
d € {C,},, such that T'(d) = 0. Let {z,,} be a sequence for which z,, € C,,,
tn, — 00 and z,, /t,, — d € Co NkerT. By hypothesis, C retracts along any
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direction in Uy, Nker T'. Hence x,, — a,d € C for a subsequence { :L’nkr} and for a
scalar sequence {«, }. On the other hand, T’ (Inkr — ard) =T (xnkT) It follows that
Tp,, — apd € Cy, . We have proved that {C,} are retractive and thus (), C;,, # 0
by Theorem 7.3, as desired.

Suppose now that W is not separable and that y, — 7y with y, € T(C). It
suffices to consider the separable linear space Wy = span{y,}, and the linear

mapping T:T! (W1) — Wi, Tt is easy to see that all hypotheses hold for the set
C NT~' (W;) and so the result follows from the first part of the proof.

(1) Set Vo = kerT N Cy. The cone Cy is finitely well-positioned. Therefore,
the linear space Vj C (4 has finite dimension. Hence, we have V = Vj ® Z.
Let y, € T (z,) with ||y,|| — oo and z, € C,. The sequence z, € V admits
the decomposition z,, = 2% @ 2, with 22 € V; and 2, € Z. Clearly T (z,) =
T (z,) = yn- As T is continuous, the sequence z, is unbounded. Notice also
that z, € C. Actually, 2, = z, — 2% € C —V, = C. Since C is finitely well-
positioned, there is a subsequence z,, and t;, — oo such that z,, /t, — d; # 0.
Consequently, y,, /tx = T (zn,/tx) — T (d1). On the other hand, 0 # d; € Z.
Hence dy ¢ Vo = ker T'N Cy and so T'(dy) # 0, which proves that 7' (C) is finitely

well-positioned.

As to the last statement, since the inclusion T (Cy,) C (T'C)_, holds in general, it
suffices to show that (T'C') , C T'(Cx). Let y,/t, — d with y,, € T (), t, — o0
and d # 0. Clearly, ||y,| — oo and so there is a subsequence {y,, } for which
Yny/ 1Yne || = Ad with X # 0. Applying to the sequence {z,, } the above arguments,
we get a subsequence {xnkr} such that z,, /T — dy where 0 # d; € C. Once
again there is a subsequence {z;} C {,, } sothat z;/||z;|| = pd; with u # 0. But,
y = T (x;) is a subsequence of y,, ; hence uT (dy) = Ad and so T (,u)\_ldl) =d.
Therefore, (T'C)_, C T (C) and the result is proved. O

A second noteworthy application of Theorem 7.3 is in providing general conditions
under which the algebraic difference of two sw-closed sets is sw-closed.

Proposition 7.7. Let C and D be two sw-closed sets of a reflexive space. The set
C — D is sw-closed under one of the following cases:

(i) C and D are finitely well-positioned and both retract along any direction in
Coo N Dy

(i6) C is finitely well-positioned and both C' and D retract completely along any
direction in Cso N Do 13

When Cy, N Dy, = {0}, the condition that both C' and D retract completely along
the directions in C, N D, is trivially satisfied. Hence, in this case the set C' — D
is sw-closed provided both sets are sw-closed and C' is finitely well-positioned. In
view of Theorem 4.4, Dieudonné [11)’s original result on differences of convex sets
is thus a special case of Proposition 7.7, at least for the weak topology. We refer
the reader to Adly, Ernst, and Théra [2] for more recent results for differences of

13That is, in Definition 7.1 it must hold z, — ad € Ch,, for all r and all a small enough.
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closed convex sets based on the condition Co N Doy = {0}.

Proof. (i) It suffices to consider the map T : (z,y) — = —y from V x V to V, and
to apply Proposition 7.5 to the set T'(C, D) = C' — D. We omit details.

(77) The proof follows closely that of Proposition 7.5. Suppose first V' is separable
and z, € C, y, € D with z, = x, — y, — Z. The sequence z, is bounded, i.e.,
2, € pBy. Denote by 0 the metric on pBy that generates the weak topology.
Consider the sequence of sets C,, = C' N [U, () + D], where

Up(2)={2€V:0(2,2) <0(Z,2n), 2 € pBy}.

Passing to a subsequence if necessary, we can assume that U,, 41 () C U, (2). There-
fore, {C,} is a chain. Clearly, C,, # () since z,, = 2, +y, and x,, € CN[U, (2) + D].
Moreover, [U, (2) + D] is sw-closed and so the sets C,, are sw-closed and finitely
well-positioned. Notice further that {U, (2) + D}_ = D and {C,,} € Cx N Dy.
To apply Theorem 7.3 it remains to show that the chain {C,} is retractive. Let
z, € C, and z,/t, — d. Clearly, d € C,, N Dyo. Under our assumption there is a
subsequence z,, such that x, — ad € C for a small enough. On the other hand,
T, € [Un, (2) + D]. Namely, z,, = &, + yn, with &, € U,, (2) and y,, € D.
From, x,, /ty, = &, [ta, + Yn,/tn, it follows y,, /t,, — d € Cx N Dy. By the
assumptions, passing to a subsequence {ys} C {y,, } we have y; —ad € D for small
a. Namely, z; —ad = £, + (ys — ad) € Uy (2) + D. Hence, for small « it holds
zs —ad € C,, where {z,} is a subsequence of {x,}. This proves that the sequence
{C,} is retractive. Hence, there is T € (), C,,. This means that for all n we have
zeCandzeU,(2)+D. Thatis, z =, + y, with &, € U, () and y,, € D.
Clearly, ¢, — z. Hence, 2 — ¢, =y, =2 — 2. As D issw-closed, z — 2z =y € D.
Therefore, z =z — 4. O]
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