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If @ : [0,00) — R is convex and continuous with ®(0) = 0 and if ¢ € (1,00), ¢ := we

q
q—1’
first prove that the inequality ®(f;° f(r)dr) < C [, f(r)®'(r*/¢)dr for every f > 0 in the unit
ball of L4(0,00), holds when C' = 1. In general, both sides may be +oo. Related inequalities for
f e LYRN)N LIRY), f # 0 are derived. This inequality is independent of Jensen’s inequality
and, when ¢ = 00, it is an elaboration on an inequality of Steffensen which was discussed elsewhere
by the author.

The next goal of the paper is to identify the range of the admissible constants C and, in particular,
to characterize the optimal constant when ® > 0 or ® < 0. It turns out that C = 1 is “almost
always” optimal, at least in a restricted sense, but not always when ¢ < oo : Given ¢, the admissible
constants lie on an interval containing 1 whose left (right) endpoint is the supremum (infimum)
of a function defined on some (left/right dependent) subset of R3.

If ¢ = 2, these extrema can be calculated in a number of examples. Among other things, this
reveals that C' = 1 need not be optimal when & > 0 and @;(0) = 0 or when ® < 0 and
P’ (0) = —o0.
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1. Introduction and preliminaries

Throughout this paper, the notation || - ||, refers to the L” norm, 1 < p < oo,
either on (0, 00) or on RY. The domain will always be clear from the context, which
eliminates the need for an explicit mention. When (0, 00) is replaced by a finite
interval (0, a), the notation || - ||, 0,«) Will be used.

Let @ : [0,00) — R be a continuous convex function such that ®(0) = 0. As usual,
O (00) 1= lim, oo P(1) € [—00, 00]. In [8], the author showed that

o </O°o f(r)dr) < /OOO F) (r)dr, (1)

for every f € L>(0,00), f > 0, with ||f]|cc < 1, (either side may be £00) and, as a
by-product, that

wnl[flloe® (Wi AR < /RN [f (@)@ (|z[")dz, (2)
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for every f € L*(RY) N L*(RY), f # 0, where wy is the volume of the unit ball of
RY. The assumption f € L'(RY) N L*(RY) ensures that the left-hand side of (2)
is finite, but the right-hand side may be co. Both sides may be finite and negative.

In turn, (2) can be used to obtain non trivial upper and/or lower estimates for inte-
grals of the form [ |f(2)|¢(|z|)dz in terms of ||f||; and || f||o when ¢ : (0, 00) —
R is nondecreasing, but not necessarily nonnegative.

The inequality (1), which has little to no connection with Jensen’s inequality in
spite of some formal resemblance, is essentially a modern formulation and gener-
alization of an inequality of Steffensen [9]. Although first published in 1918 and
revisited numerous times since the late 50s, Steffensen’s inequality had only been
expressed in an arguably more cryptic and less convenient form. For example, (2)
is virtually impossible to derive from Steffensen’s original formulation. See [8] for
further comments and references.

An advantage of the proof of (1) given in [8] is that a mostly -though not entirely-
straightforward variant of it gives the next generalization (a vaguely reminiscent,
yet completely different one, is due to Bergh [1]):

o ( I f(r)dr) < [ s 3)

for every f € L%(0,00), f > 0, with ||f||; < 1 and any ¢ € (1, 00) where, as usual,

q = qfl is the Holder conjugate of ¢. If ¢ = 1, there is no nontrivial variant of

(3). On the other hand, there is no conceptual difficulty to generalize (1) further
by replacing L?(0,00) by an Orlicz space in (3) — with a concomitant modification
of the term ®'(r'/) — but this will not be discussed here beyond Remark 2.2.

As we shall see, (3) implies
A (R UL < [ @I el e @

for every f € L*(RY) N LYRY), f # 0. Once again, either side may be +oo in (3)
and the right-hand side may be oo in (4). The applications are similar to those
of (1) and (2) and, notably, they provide L' — L estimates for weighted integrals
Jan [f ()| (|2])dz. Presumably, there are many other potential applications of (3),
while (4) has more or less evident ramifications to Sobolev spaces, as briefly dis-
cussed in [8].

Neither (3) nor (4) was mentioned in [8], because an issue remained to be settled
when ¢ < oo : While both (1) and (2) are optimal when ® # 0 (equality holds
and both sides are finite when f is the characteristic function xz, of any ball Br
centered at the origin' with radius R), it is not obvious whether the same thing is
true of (3) and (4) when ¢ < oco.

For example, if ¢ < oo, then f = xp, satisfies ||f[|; < 1 only when R <1 and, if
so, the inequality (3) is strict unless ® is linear on [0, R*/¢]. This shows that the

!Br = [0, R) when the domain is [0, c0).
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optimality question does not have the same immediate answer as when ¢ = oo.
This question will be the main topic of this paper. Since optimality happens to be
the same for (3) and (4) (see Remark 2.3), we henceforth confine attention to the
optimality of (3).

It is difficult to give a meaningful account of what is being done without discussing
the problem in detail. This will result in a longer Introduction but, on the positive
side, several technicalities will not have to be revisited later.

From now on, we shall use the shorter notation

(f) = /Ooof(r)dr, ly(f) = /Ooof(r)@’(rl/q’)dr, (5)

when f >0 and f € L9(0,00). Both ¢ and ¢, are essentially linear forms, but they
may assume infinite values. That ¢(f) is unambiguously defined is obvious. The
definiteness of ¢, (f) will be established in Section 2. With this notation, (3) is
simply

D (€(f)) < Ly (f), (6)

whenever f >0 and ||f||, < L.

Recall that the convexity of ® implies the existence of a right derivative @', defined
at every point of [0,00) and nondecreasing, while the derivative @’ exists at all
but countably many points. In particular, ® = &' a.e., which justifies using
¢’ instead of ®" whenever convenient in measure-theoretic considerations. Other
useful properties are that ®’, is finite at every point of (0, 00) (but @’ (0) = —oo is

possible) and right-continuous on [0, 00) (see for example [5], especially [5, Remark
4.2.2, p. 26]). When @/, (0) = —o0, this means lim, o4 &’ (1) = —o0.

In the next section, after a brief proof of the inequalities (3) and (4), we show in
Theorem 2.4 that (3), that is, (6), is indeed optimal when & (0) > 0 or when
—oo < @ (0) < 0 and the sign of ® does not change (hence ® < 0). A partial
optimality result is still true if the sign of ® changes. However, the problem is
much more delicate when @', (0) = 0 or ¢’ (0) = —oo. In addition, Theorem 2.4
does not fully resolve the optimality issue when the sign of ® changes on (0, 00).

To clarify the above statements, observe that (6) implies that there is at least one
constant C' > 0 (specifically, C' = 1) such that

(L(f)) < Cly(f), (7)

whenever f > 0 and ||f]|, < 1. It is easy to see that C' < 0 in (7) is impossible unless
® < 0, in which case the inequality has no value, for then ® < 0 by the convexity
of @, so that ,(f) < 0. In fact, C' = 0 does not even make sense if |[(,(f)] = oo
for some f with ||f||, < 1. This justifies confining attention to positive constants
C' and, to avoid occasional trivialities, we shall always assume that & is not the 0
function.

Set
~v:=inf{r > 0: ®(r) > 0} € [0, 0]. (8)
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If ® > 0 (hence ¢/, > 0) on (0,00), then 0 < v < 0o (® = 0 was just ruled out)
and every constant C' > 0 for which (7) holds satisfies

€2 = { T £ 20017l <140 > 2t < 00f )
q

Indeed, if f > 0, ||f]l, < 1 and £(f) < v, then 0 = ®(((f)) and £y (f) > 0
since @ > 0, whence (7) holds with any C' > 0. The same thing is obviously
true if £, (f) = oo. Therefore, restrictions about C' arise only when ¢(f) > v and
Ly (f) < oo, which justifies (9). In the same vein, if £(f) > 7, then 0 < ®(¢(f)) <
Ly (f) by (6), so that the definition of C, 1 in (9) involves only ratios of strictly
positive numbers.

By (6) and (9), 0 < Cy4+ < 1 and
(7). In addition, C, = 1 if &', (0)
optimal in (7) in this case.

[Cy4,00) is the set of admissible constants in
> 0 (Theorem 2.4), which shows that C' =1 is

By similar arguments, if ® < 0 (hence ®’, < 0 by convexity), then every constant
C > 0 in (7) satisfies

(¢
¢ <0y =t {5 £ 2 0,1l < Lo >~ ty(f) <0} (10
q/
By (6), ®(¢(f)) and £, (f) are strictly negative real numbers in the right-hand side
of (10) and 1 < C,_ < oo. The set of admissible constants in (7) is (0,C,_]. In
addition, Cy— = 1 if also —oo < @/, (0) < 0 (Theorem 2.4). Thus, C' = 1 is once
again optimal in (7).

In the two cases ® > 0 or & < 0 discussed above, only one among C, + and C, _
is a real number: C,; = —oo if & < 0 because ¢(f) > v = oo is impossible and
Cy— =00 if & > 0 (hence ® > 0) because ¢, (f) < 0 is impossible. However, if the
sign of ® changes on (0,00), then 0 < 7 < 0o in (8), whence 0 < C, ; <1< (C,_ <
oo (neither extremum is over the empty set). Furthermore, by arguing as above, it
is easily checked that (7) holds if and only if C, ; < C < C,_ ((7) holds with any
C>0ifb(f) <vyand ly(f) >0, orif £,(f) = o0).

In other words, when the sign of ® changes, the interval [C, ;,C, ] is the set of
admissible constants in (7), but none of them is optimal relative to the whole class
of functions f > 0 such that ||f||, < 1, unless C, y = C,_ (= 1), in which case
C = 11is “by default” optimal in (7). Nonetheless, C, ; is always optimal under the
additional requirement ¢(f) > ~ while C, _ is always optimal under the additional
requirement £, (f) < 0.

Since Cy— = 1 when —oo < @’ (0) < 0 (Theorem 2.4), it follows that if —oo <
®’ (0) < 0 and the sign of ® changes, then C' = 1 optimal in (7) when f >
0,[Ifllg <1 and £, (f) <0, but this says nothing about its optimality when ¢(f) >
~. This explains the earlier claim that the optimality question is not fully resolved
by Theorem 2.4 in this case.

Remark 1.1. From the above, the interval (0,00) N [Cy+,C,—] is always the set
of admissible constants in (7).
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Everything would become much simpler if it were always true that C, y = 1 when
® > 0, that C;, - = 1 when ® < 0 and that C, = C,_ (= 1) when the sign of
® changes. While this the case when g = oo (because ®({(x(g,4))) = €1(X(0,0)) for
every a > 0) and in spite of what Theorem 2.4 might suggest, such a simple answer
is generally false when ¢ < oo. The proof of this fact is the more demanding part
of this paper.

Aside from the new but quickly proved inequalities (3) and (4), the main result is
that, in both (9) and (10), it suffices to consider nonincreasing functions of the form
f(r) = ((A- B@;(rl/q'))x(o,b)(r))q'/q, where 0 < b < ooand A € Rand B >0

are constants such that A — B®, (b7 —) > 0 (hence A — B®, (r'/9) > 0 on (0,b)),
||fll; = 1 and either ¢(f) > v in (9) or £;(f) < 0 in (10). This shows that the
calculation of C,, + can be reduced to optimizing a function of the real parameters
b, A and B in two disjoint sets. Actually, only two parameters are involved due to
the constraint || f||, = 1.

It is plain that there are numerous obstacles to obtaining the aforementioned prop-
erty by showing that the extremum is achieved in (9) or (10). That the domain
is not even closed, let alone compact, for any reasonable topology for which the
functional is continuous is one of them. Moreover, the existence of an extremum
f (which is not always true, anyway) implies at best that f(r) must be 0 or
((A = B, (r"7))x (o) (r))?/? for a.e. r > 0, a much weaker result.

Our method consists in using an approximation by finite intervals (0,a) to take
advantage, among other things, of the embedding L9(0,a) — L'(0,a) and, next,
in treating ¢(f) as a parameter c¢. Only then can the existence of an extremum
be proved for fixed ¢. Luxemburg’s monotone rearrangement inequality (17) is in-
strumental in establishing the key property that there are always nonincreasing
extrema. Once this is done, almost everything follows from a careful application
of the Lagrange multiplier theorem after setting f = ¢° to eliminate the constraint
f > 0. This program is carried out in Section 3 and the conclusions are summarized
in Theorems 3.4 and 3.5.

In spite of their conceptual simplicity, it is hardly surprising that Theorems 3.4 and
3.5 rarely lead to a closed-form formula for C, 1, but they give a simple procedure
for their numerical evaluation. While it seems unlikely that any significant further
simplification can be introduced in general, a rather dramatic one takes place when
q = 2, with the help of a change of variables (Section 4). This makes it possible
to find the exact values of C 1 in several examples (Section 5). These examples
show that when it exists, the optimal constant in (7) is not always 1 (Examples 5.1
and 5.3), that the interval [Cs ., Cs _] may be finite and nontrivial (Example 5.2)
or just reduce to the single point {1} (Example 5.4).

2. The generalized Steffensen inequalities

It is always understood that @ : [0, 00) — R is convex and continuous with ®(0) =
0 and that ¢ € (1,00). We begin by giving a quick proof of (3) and (4). Full
details when g = oo are given in [8], so we merely highlight the main steps and the
differences. When p = 1, Lemma 2.1 below is just the absolute continuity of ® on
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compact intervals ([5, p. 26]).

Lemma 2.1. The function ® (r'/?) is in LP(0,a) for every a > 0 and every 1 <
p < Q.

Proof. Since ® = @, a.e., it suffices to prove that ®', (r'/?) is in LP(0,a). This is
trivial if ®’_(0) € R, for then @', (r'/?) is in L=(0, a) by the monotonicity of ®’, and
its finiteness at every point of (0, c0).

It remains to consider the case when @', (0) = —o0. If so, &, < 0 on some interval
(0,67) with 0 < b < a by the right-continuity of ®’,. Since the integrability
question is the same over (0,a) and (0, b), we may and shall assume that b = a, i.e.,
P, < 0 on (0,a'/?). As a result, ®(r'/?) < 0 for r € (0,a) since ®(0) = 0.

It will be more convenient to use ¥ := —®, which is concave, continuous on [0, c0)
and satisfies U(0) = 0, ¥/.(0) = oo as well as ¥ > 0,9 > 0 on (0,a*?). Given
n € N large enough, the change of variable r = p? yields

1/p

[a(\pl)p(’r‘l/p)dr _ /:z(\II’Jr)p<T1/p)dT _ [zal/pp(‘l’ﬁr)p(p)p”_ldp.

Note that 0 < ¥/, (p) < \P;p for p > 0, the latter by the concavity of W. Hence,

(U )P (p) < ¥\ (p )(\Ilgp))p_l for n™P < p < a'/?, so that the above inequality
becomes

a al/P
[ (WP (r7)dr < / U ()T (p)dp

n_l/P

— \I/p(al/p) _ \I,p(nfl/p) < \I/p<a1/p)’

where the absolute continuity of ¥? on [n~'/? a!/?] was used. That W'(r'/?) is in
LP(0,a) follows by letting n — oo and monotone convergence. Il

Of course, the condition ®(0) = 0 is actually not needed in Lemma 2.1.

Proof of the inequality (3). First and foremost, since f > 0, both sides of (3)
are well defined, possibly +o00. This is clear for the left-hand side. The definiteness
of the right-hand side (that is, of ¢,(f) when the notation (5) is used) is due to
the sign of @ being constant a.e. on some interval (77, ) with n > 0, so that
fnq f(r)®'(r'/9)dr is defined, possibly £oo, whereas fo r)®'(r'/4)dr € R by
Lemma 2.1 since f € L(0,n).

The main step in the proof of (3) is as follows: Given a > 0, let f € L9(0,a)
be such that f > 0 on (O a) and ||f||q 0a < 1. Set F(r) = fo s)ds, so that

(fo r) 7’) fo r)dr = fo P’ ( ))f( )ds after the change

of Variable ro= F( ) By Holder’s 1nequahty, F(3) < || fllg0msT? < 89, whence
(fo rydr) < [ f(s)® (sY)ds = [ f(s)®'(s/7)ds by the monotomclty of
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The case when f > 0 on (0,a) can be deduced from f > 0 by an approximation
argument (replace f by f. := (1 —&)f +ea~"4, so that f. > 0 and I fellg.0,0) <1
and note that ®'(r'/?) is in L'(0,a) by Lemma 2.1). This proves (3) when f =0
on some interval (a, 00). The full proof of (3) follows by a limiting process based on
the monotone convergence theorem (see [8, Theorem 2.2]).

The above even shows that @ ([~ f(r)dr) < [;° f (8)®'(|| fll45+9 )ds (it is only a
bit trickier to use monotone convergence), Wthh is more intricate than (3) and
not sharper when ||f||, = 1. That only ||f||, = 1 is needed to derive (4) was a
compelling reason not to discuss this form of the inequality.

Remark 2.2. Since the classical Holder inequality is valid in Orlicz spaces equipped
with the Orlicz norm and there is an explicit formula for the norm of the charac-
teristic function of (0,s) ([6, pp. 72 and 74]), the above arguments lead to further
generalizations of (3), but we shall not elaborate.

When g = oo, it is shown in [8, Theorem 2.4] that if ® is absolutely continuous on
compact intervals and ®(0) = 0, (3) implies the convexity of ®. In fact, it is even
true that (3) for step functions suffices (recall that step functions are not dense in
L>(0,00)). If ¢ < oo, this is no longer true in general. For instance, if & > 0 and
Cy+ < 1 (the optimal constant in (7) in this case; see Example 5.1 in Section 5),
it is not hard to see that the addition of a suitable “bump” function produces a
nonconvex function for which (3) continues to hold. Thus, the class of functions
for which (3) holds provides a ¢g-dependent generalization of convexity. It seems
unlikely that this class can be characterized by a property expressed solely in terms
of the values of ® (like convexity).

Proof of the inequality (4). Upon setting f := n (3), we get

_9
llgllq

ol (lal;* [ mg(r)dr) < [T ot (11)

for every g € L9(0,00),9 > 0,9 # 0.
If now f € LIRN), f # 0, let fs(r) := 55— [on1 |f(ro)|do denote the spheri-

NwN
cal mean of |f|, where SV~ is the unit sphere of RY, with measure Nwy and let
g(r) = r<N—l>/qfs<r>, s0 that g > 0, g # 0 and [gll, < (Vo) |f]l,. Fur-
thermore, [~ g(r)dr = (Nwy)™" [on |f )| |2| =N/ dz and [ g(r)®'(r/?)dr =

(Nwn) ™" [ou [f(@)]|2|N/7 9 (|27 )dz. Thus, by (11),
Noallll® (Noxlglh™ [ 1))

< [ 1@l (o] 1) (12)
RN

As noted earlier, ||g]|, < (Nwn)~Y9||f]l4, so that Nwy]|gll,
AP(R/A) is a nonincreasing function of A > 0 for every 0

(Nwn)Y]| fllq and
R < oo since @ is

VARVAN
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convex and ®(0) = 0. Together with (12), this yields
(N 511 (o) 1511 [ 17l
< [ 1@l (o] 1)z
RN

and (4) follows by replacing f(z) by N—Va|z|=N/af(z|z|—N)/N) in this in-
equality. Indeed, this leaves ||f||, unchanged while [y |f(z)|lz|4~N/?dz and
Jan [ (@)]|z|PNV/4 D' (|2'/7)dz are changed into NV [ |f(z)|dz (= NY||f|]x
if f € LYRY)) and NV [ |f(2)|®' (2|7 )dz, respectively (if z = y|y|¥~!, then
dzr = Ny|NN=Vdy).

Remark 2.3. More generally, if C' > 0 and ®( [, f(r)dr) < C [J° f(r)®'(r!/4)dr
for every f > 0 in L9(0,00) with ||f]|, < 1, the same procedure as above yields

1R LAY < C fon |F(@)|@(12l¥/7 )da for every f € LIRN) N
LY(RYN), f # 0. That the converse is true is easily seen by confining attention to
nonnegative radially symmetric functions of the form f(z) = g(|z|") with g €
C5°([0,00)). It is then straightforward to infer that both inequalities have the same
admissible and/or optimal constants (after restriction to a suitable class if the sign
of ® changes on (0, 00); see the Introduction).

As a follow-up on Remark 2.3, we now address the optimality of the inequalities
(3) and (4).

Theorem 2.4. Let Cy 4 be given by (9) and (10). Then, Cqq =1 if /. (0) > 0
and Cy_ =1 if —oo < @ (0) < 0.

In particular, if either ® (0) >0, or —oo < @ (0) < 0 and ® <0, the inequalities
(3) (for f = 0 and ||fll; < 1) and (4) (for f € LI(RY) N LIRY), f # 0) are
optimal. In addition, if —oo < @’ (0) < 0 and the sign of ® changes on (0,00),
then (3) is optimal when f > 0,||f|l, < 1 and [;° f(r)®'(r/?)dr < 0 and (4) is
optimal when f € L'(RN) N LYRY) and [5y | f(2)|®'(Jz|V/7)dz < 0.

Proof. Recall that ¢ and ¢, were defined in (5). If f, :=n /qx , then, f, >0,
| full; = 1 and E(fn) = n~Y7. Since ®/_ is right continuous Wlth P’ (0) € R, it
follows from ®(r) = [ ', ( ds that ®(r ) @’ (0)r + o(r) for r > 0 small enough.
In particular, <I>( (fu) = CI>’ (0)n Y9+ o(nV).

Next, £y (f,) = n'/ foﬁ ' (V9 Ydr = n'/a fo% @’ (r'/7)dr. Once again by the right-
continuity of @, this yields £y (f,) = @, (0)n"Y7 + o(n~Y/7). Therefore, since
P’ (0) # 0, we infer that

fa)) _ @00 YT+ o(n” V)

O(U(fn) L
lo(fo) @ (0)n 1 4 o(n 1) 1+ o(1),

S(f)
i = L

that is, lim,,_
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If ' (0) > 0, then v = 0 in (8), so that Cp 4 > % by (9) since £(f,) > 0.
Therefore, C;, y = 1 since C, < 1 is always true (see Section 1). If now —oo <

¢’ (0) < 0, then C,_ < qz(f((izg) by (10) (to see that £, (f,) < 0, use the right-

continuity of @', at 0). Therefore, Cy _ = 1 since Cy _ > 1 is always true.

The “in particular” part follows from the discussion in Section 1 and from Remark
2.3. O

3. Finite dimensional characterization of C, .

In this section, we describe a procedure to simplify the calculation of the constants
Cy+ in (9) and (10), respectively. Of course, this has value only when they are
not visibly 0o or known to be 1 by Theorem 2.4. The strategy to overcome the
difficulties associated with this issue was already outlined in the Introduction and
will now be implemented. As before, ¢ € (1,00) and @ : [0,00) — R is convex and
continuous, ®(0) = 0 and ® is not the 0 function. We first discuss the evaluation

of Cy+.

3.1. Reduction to a finite interval

Since Cyy = —oo if 7 = oo in (8), we shall assume that ®(r) > 0 for some
r > 0 (ie., & > 0 or the sign of ® changes) so that 0 < v < oo and the set
{f = 0,|fll < LUf) > ~,Ly(f) < oo} is not empty because it contains the
function f = n=Y “X(o,n) for n large enough (the finiteness of £, (f) follows from
Lemma 2.1).

The first remark is that the integrals ¢(f) and £, (f) in the definition (9) of C,
are always finite and positive, which follows from (6) and the conditions ¢(f) > v
and £y (f) < co. As a result, this definition is unchanged if it is also required that
f vanishes over some infinite interval (a, 00).

In turn, with a > 0 being fixed, set f, := fX(oq) for every measurable function f
on (0,00) and
Q(L(f,
Conla) = sup{ T <, > 0,y < 1,600 > 2}
q'(fa)
By Lemma 2.1, the function f,(r)®'(r'/7) is integrable, so that the definition of
Cy+(a) is unchanged if the immaterial restriction ¢, (f,) < oo is incorporated. If
so, it is readily seen from (9) that
Cot =supCy(a) = alggo Co+(a), (13)

a>0
the latter since C, 4 (a) is clearly a nondecreasing function of a.

We now focus on the evaluation of C, 1 (a). For simplicity of notation, we drop the
subscript “a” in f,, but f will henceforth denote a function of the space L4(0,a),
with norm || - ||4,0,a)- Then,

aﬁzéﬂmm, @mzﬁUM@mezﬂﬂm%vwwr<m
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and

%&W%=&m{gggﬁrfzoﬂﬂum@§1l03>v}

éq’(f)
= supsup {fl((cf)) 220, fllg00) = 1 A(f) = C} : (15)

By Holder’s inequality, the set {f > 0,]|f|lq,0,0) < 1,4(f) = ¢} is nonempty if and
only if @ > ¢ and ¢ € (v,a'/?] (in particular, C, 4 (a) = —oco if a < v7). Thus,
in the right-hand side of (15), the supremum over ¢ > = is actually the supremum

over ¢ € (7,a'/?] and, for such values of c,

sup { 2% 11 2 0.1l < 1.601) = <}

gq’(f)

B d(c) -0

inf{gq/<f) 1 f =0, Hqu,(O,a) < 17€(f) = C} .
(In general, if G is a nonnegative functional, the relation supé = in%G is true only
if the extrema are taken over a nonempty set; same thing with inf é =1 5-) Asa

sup
result,
P(c

Coe(@) = sup () (16)

c€(v,al/d'] inf{ly (f): f >0, ||f||q,(0,a) SLAUSf) =

The next step is to show that not only the infimum in (16) is a minimum, but also
that it is achieved at a nonincreasing right-continuous function on (0,a). To do
this, we shall use the special case (17) below of an inequality of Luxemburg? (see
2, p. 942] or [7, p. 102]).

If g is a measurable function on (0,a), call §, the nonincreasing rearrangement of
g and ¢, the nondecreasing rearrangement of g, i.e., 1,(r) := 0,((a — r)—). Unlike
in many other treatments in which the monotone rearrangements of a function ¢
are those of |g| and hence nonnegative, the definition used in [2] and [7] has the
property that 0, = g a.e. if ¢ is nonincreasing (hence ¢, = g a.e. if g is nondecreasing)
regardless of the sign of g. If ¢ > 0, all the definitions coincide. In particular,
1911p.00.0) = 191911 |p,0,0) for 1 < p < 005 see for example [10, Theorem 1.8.5].

Luxemburg’s inequality states that, if f and g are measurable and d|70)y € L'(0, a)
(e.g., f € L9(0,a) and g € L7(0,a)), then

/Oa dp(r)eg(r)dr < /Oa f(r)g(r)dr < /a dp(r)dg(r)dr. (17)

0

Lemma 3.1. Ifa > and c € (v,a'/?], there is a nonincreasing right-continuous
function f. € L%(0,a), fo # 0, such that f. > 0, ||fellg0a < 1, (f.) = ¢ and
Ly (fe) = nf{ly (f) : = 0, [[fllg0a) < 1, E(f) = c}.

2In discrete form, this inequality is already in [4, Theorem 368].
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Proof. The hypotheses about a and c ensure that {f > 0,|[f||¢04 < LAf) =
c} # 0, so that there is a sequence (f,) from that set that minimizes ¢,. By the
reflexivity of L9(0, a), this sequence contains a weakly convergent subsequence, still
denoted (f,,) for simplicity, say f, — f. in L9(0,a).

Since L9(0,a) < L'(0,a), it follows that ¢ = [ f,(r)dr = [ fo(r)dr = £(f.). Also,
[|fellg < 1 (but f. # 0 since ¢ > v > 0) and f. > 0 since the convex cone of
nonnegative functions is weakly closed in L%(0, a).

To see that f, may also be chosen nonincreasing, note that d, > 0 since f. > 0,
whence ||y, ||¢.0.0) = [|fellg,0,a)- Also, once again since f,,d;, > 0, it follows that

¢ =L(fe) = |lfellr.0a) = 1051100 = €(7.)-
The first inequality in (17) with f = f. and g(r) = @, (r'/7) yields

/ 5 (1), (7 Ydr < / " L), (Y dr
0 0

since f € L9(0,a),g € L7(0,a) (Lemma 2.1) and ¢, = g a.e. by the monotonicity of
P’ . Since ' = @', a.e., the left-hand side is £ (J,) and the right-hand side is £y ( f.),
so that £, (d7.) < £y (f.). Since d;, satisfies the required constraints, £y (dy,) = g (fe)
by the optimality of f.. Thus, it suffices to replace f. by d4, to obtain the desired
monotonicity of f. with no prejudice to the other properties. In principle, the
right-continuity requires only a modification on a countable set, but that dy, is
right-continuous is well known anyway ([10, p. 26]). O

3.2. Construction of a maximizing sequence and characterization of C

With a > 0 being fixed, much more information can be obtained about the minimiz-
ers f. of Lemma 3.1. First, it should be noticed that f € L%(0,a) and f > 0 if and
only if f = g* with g € L?*%(0,a). If so, || f|q0.) < 1 if and only if ||g||2q,0.) < 1.
From (16), it follows that if @ > 77, then

(c)
Cyt(a) = sup -
T e L (62) < (9]0 00) < L 0(g%) = c}

(18)

and the infimum in the right-hand side of (18) is achieved when g = g. := /[
with f. given by Lemma 3.1. In particular, g. is nonincreasing on (0,a) and right-
continuous. For future reference, we record that

19el l2g.00) S 1, €(g2) = and Ly(g) = nf{ly (%) : llgll2g.0.0) < 1, L(g") =<0}-)
19

Let I : L?7(0,a) — R? denote the mapping

0= (1)) o

| |g| |2q7(0’a)

Then, T is C! since g € L?%(0,a) — ¢(g*) € R is quadratic and continuous, hence
C* and since also || - [[} , ,) is well known to be C' on LP(0,a) if p € (1, 00).
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Lemma 3.2. If gy € L*(0,a) is nonnegative, nonincreasing and right-continuous
on (0,a), then either gy is a nonnegative multiple of the characteristic function X (0,6)
of some interval (0,b) with 0 < b < a, or the derivative DT(go) is onto R

Proof. With no loss of generality, assume gy # 0 since the result is obvious if
go = 0. In what follows, ¢??~! should be understood as (g?)?~'g, which is well
defined regardless of the sign of g at any point. If g € L*(0,a), the derivative
DI'(g) is the mapping

2((gh)

heL0.a) - ( 2q [y g~ (r)h(r)dr ) €I

Thus, if DI'(go) is not onto R? the two linear forms h +— {(goh) = foa goh and
hi— [lg 2= (1) h(r)dr on L*(0,a) are collinear. These linear forms correspond

to the two functions gy and ggq_l, respectively, of the space L?9'(0,a) dual to
L?(0,a) (note 2 > 2 > (2q)’, s0 go € L?'(0,a)) and they are collinear if and only
it Ago + ,uggq_1 = 0 a.e. for some real constants A and p, not both 0.

Given r € (0,a), this means that either go(r) = 0 or that u # 0 and go? *(r) =
—A/p. Thus, =A\/p > 0 since gy # 0 and, since gy > 0, it follows that for r €
(0,a), go(r) can only be 0 or \/—\/u. But since gy # 0 is also nonincreasing and

right-continuous, it must equal /—\A/p on some interval (0,b) with 0 < b < a and
0 on its complement, so that go = \/—=A/ux ) O

Lemma 3.3. The (nonincreasing, right-continuous) minimizer f. of Lemma 3.1
may be chosen of the form f.(r) = (A — B@’(rl/q'))ql/qx(o,b)(7"), where 0 < b < a

and A and B > 0 are real constants, not both 0, such that A — B@;(rl/q') >0 for
0<r<hb.

Proof. In this proof, f. denotes one of the minimizers found in Lemma 3.1, chosen
once and for all. First, we discuss the (very) special case when & is linear on [0, /7]
where 0 < b < a and f.=0on [b,a)ifb < a (no Condition about f. if b = a). Thus,
®(r) = Ar for 0 < r < b7 and some A € R and ly(f.) = [ fu(r 1/q)alr—

fo fc l/q d?“_)\fo fc dr_)‘g(fc)_

Also, since ¢ = ((f.) = [ fo(r)dr = fo fe(r)dr and || fellg08 = Ifella0a) < 1,
it follows from Holder’s inequality that ¢ < bY/9. Now, define fc = cb‘lx(o,b), SO
that f. > 0 (recall ¢ > v > 0),||fello0a) = b7 < 1,4(f.) = ¢ and €y (f.) =
ch! fob Adr = ¢ = Ly(f.). This shows that both f. and f. minimize Cy(f) under

the same constraints about f. Furthermore, fc has the desired form with B = 0 and
A= (cb™ 191 > 0 and the lemma is proved by replacing f. by fe.

Accordingly, we assume from now on that ® is not linear on [0, a'/ q/] and that, if it
is linear on some interval [0,5"/9] with 0 < b < a, then f, is not 0 on [b,a).

There is nothing to prove if f. = Ay, with A > 0 and 0 < b < a. Since f. # 0
neither A = 0 nor b = 0 can occur. Thus, from now on, we assume with no loss of
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generality that f. # Axy for any A >0 and any 0 < b < a. As a result, g. = /fe
is not a nonnegative multiple of any characteristic function x5, 0 < b < a, so that
DT(g.) is onto R? by Lemma 3.2.

If d .= ch||;g7(07a), then 0 < d <1 (since g. # 0) and, by (20),

ge €5 := {gEL%’(UaG)rF(g): (2)}

C {g € L*(0,) : ||gll2q.00) < 1.L(g") = c}.

Therefore, it follows from (19) that, a fortiori, g. € S minimizes £, (g*) for g € S. By
the standard Lagrange multiplier theorem ([3, p. 333]), the surjectivity of DI'(g.)
ensures that the derivative of £,(g?) at g. is a linear combination of the derivatives
of the two scalar components of DI'(g.), that is,

ge(M) @ (rV9) = Ago(r) + pg? ' (r),

for a.e. r € (0,a), where X and pu are real constants. For any such r, the equality
can hold only if g.(r) = 0 or if &, (r'/7) = X + pug272(r).

Suppose first that g.(r) # 0 for every r € (0,a). Then, p # 0 since @ is not linear
on [0,a'/?]. Next, if g.(r) = 0 for some r € (0,a), then g. = 0 on some maximal
interval [b,a) with 0 < b < a since g. # 0 is nonincreasing and right-continuous.
Thus, if p = 0, it follows that <I>’+(r1/q') = X for 0 < r < b. But then, ® is linear on
[0,b'/9] while f. = g = 0 on [b,a), which is ruled out by the standing assumptions.

As a result, p # 0 in all cases and, hence, g292(r) = —\/p + (1/p)®, (r'/7) > 0
whenever g¢.(r) # 0. By the monotonicity and right-continuity of g., it must be
that g. = 0 on some maximal interval [b,a) with 0 < b < a and g. # 0 on (0,b).
Therefore, g2=2(r) = A — B®' (r'/7) > 0 for 0 < r < b, where A := —\/u and

B := —1/pu. Note that B > 0 since ¢g2?~? is nondecreasing and ®’_ is nonincreasing.

Since q/q' = q—1, this proves that f.(r) = g2(r) = (A= B®, (r'/4))7 /x4 (r). O
Theorem 3.4. The constant C, in (9) is characterized by
o((f))
Cq+ = sup sup ,
T et temgs ) Lo(f)

where ¥, 4 (b) denotes the set of functions f € L4(0,b) (extended by 0 in [b,00)) of
the form f(r) = (A — B®' (r'/7))7/9, where A and B are real constants which are
further restricted by the conditions B > 0, A — B<I>’+(bl/q/—) > 0,][fllg,05 =1 and

Uf) >~ (e, fob f(r)dr > ~; this is redundant if v = 0 in (8)).

(21)

Proof. Since (21) is obvious when v = oo (both sides are —o0), we henceforth
assume that v < oo. Let (a,) C (0,00) be such that lim, .. a, = oo, so that

lim,, o0 Cy 1 (an) = Cy 4 by (13). With no loss of generality, assume al? > ~ and

1/ ! P(cn 1 :
choose ¢, € (v,a,;/?| such that inf{fq/(f):f20,||f|(|q,()0,a)gl,z(f):r:n} > Cy+(ay) — <, which

is possible by (18). If f., is given by Lemma 3.3 with ¢ = ¢,, this reads
(l(fen)) 1

(Cq,Jr(an) >) MT) > Cq,+(an) %
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whence lim,,_,~ K(,E];z:g) =Cyt-

Since f., (1) = (An—Bnq)’Jr(Tl/q/))q//qX(an) for some b,, > 0, A,, € Rand B,, > 0 such
that A, — B,® (r'/7) > 0 for 0 < r < b, (hence A, — B, %’ (bl/q —) >0), f., has
all the properties required for membership to %, +(b ), except that 0 < || f.. ]|, <1

is possible. However, it is readily checked that h,, = J{i . € ¥, +(by) and that

oty IFulli® (mﬂfcﬂ) DL
gq’(hn) a gq’(fcn) N gq’(fcn>’

the latter since A®(R/\) is a nonincreasing function of A > 0 for any R > 0 by the
convexity of ® (and ||fe,|l; < 1,4, (f.,) > 0; indeed, £, (fe,) > P(¢(fe.,)) > 0 by (6)
since U(fe.,) = ¢, > 7).

From the above, SUpb>OSUPfezq7+(b)% > Supn% > C44. Conversely,

WPy SUDyes, (o B < €y by (9) since B, (0) € {F > 0.[|flly < LU(F) >
v, by (f) < oo} for every b > 0 (if f € 3, (b), then £,(f) < oo by Lemma 2.1).
This proves (21) with Supy...« replaced by supy.,, but there is no difference since

fo r)dr > v and ||f||405 = 1 are not compatible if b < 4. O

3.3. Characterization of C, _

With appropriate modifications, a similar procedure can be followed to find a sim-
pler characterization of C, _ in (10). The only case of interest is when v > 0 in (8)
(if ® > 0, then C,_ = 00), an assumption which is retained in the remainder of
this section.

By (6), both ®(¢(f)) and £,(f) are finite and strictly negative in the right-hand
side of (10), but this does not always require ¢(f) < oo because £(f) = oo is possible
if ®(o0) is finite (hence negative). However, this is not an obstacle to reduce once
again the problem to finite intervals: It is straightforward to check that
Cy— 12%0 _(a) = lim C;_(a),
with
b/l )
Cy—(a) := inf () = inf inf ﬁ,
e Ly(f) ce(0,7) feBe Ly (f)

Where EC = {f Z Oa||f||q,(0,a) S 17£q’(f) < ng(f) = C} and E = UC>OEC -
Uee(o,y)Ee (if ¢ > 7, (6) shows that the conditions £, (f) < 0 and ¢(f) = c are not
compatible, so E. = ().

From now on, a > 0 is fixed. Since it is inconvenient to discuss the minimization of
the ratio of two negative quantities, we shall temporarily use

U:=—® and kg /f (rYYdr = —Ly (f).
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With this notation,

e Yo
_ = f f
Cy—(a) Jaf  inf F(f)

and E. = {f > 0, fllg.0.0) < L kg (f) > 0,£(f) = c}.

The condition ¢ € (0,7) does not ensure that E. # () (for example, E, = 0 if
a'/’ < v and a'/? < ¢ < «), but it is clear that E, # 0 if ¢ > 0 is small enough
and that, if E,, # () for some ¢y > 0, then E. # () for 0 < ¢ < ¢ (if f € E,,, then
<fek,).

co

This shows that E. # ) for ¢ in a maximal open subinterval (0,c,) of (0,v) with
¢, > 0, although . may or may not be empty. This is immaterial for our purposes,
for if E. # 0, then every f € E. can be approximated in L9(0,a) by a sequence
(fn) with f, € E,_ 1 (for example, f, := (1 - %)f) It follows that

1
n

U(c)
Cy—(a)= inf inf ,
& ( ) CE(ch’y) feEc kq/ (f)
regardless of whether E, is empty or not. Since E. # () for every ¢ € (0,c¢,), this
is also

. U(c)
C,_(a)= inf ———F——
o) ce(0,4) SUP ez, kg (f)

When E. # 0 (in particular, ¢ € (0,¢,)), it is obvious from the definition of E, that
supsep, kg (f) = sup{ky (f) : £ = 0, (| fllg,00) < 1, (f) = c}. As a result,

Y(e)
Cy—(a) = inf :
! c€(0,¢4) Sup{kq’<f) f >0, Hf“q,(O,a) < LUf)= C}
It is straightforward to check that the supremum is a maximum. In addition, it is
achieved at some (nonzero) f. which is nondecreasing and right-continuous. To see
this, argue as in the proof of Lemma 3.1, but now using the second inequality in
(17) with f = f. and g(r) = ¥’_(r¥/7) and note that g = d, a.e. by the monotonicity
of ¥/ .
+

From the above, it suffices to replace minimization by maximization in the proof of
Lemma 3.3 to find out that, with no loss of generality, f. may be assumed to have
the form f.(r) = (A — B@’(rl/q'))ql/qx(o,b)(7"), where 0 < b < aand A and B > 0

are real constants, not both 0, such that A — Bq)ﬁr(rl/q/) >0 for 0 < r < b. Then,
an obvious modification of the proof of Theorem 3.4 yields (returning to ¢ and ¢,
instead of ¥ and k):

Theorem 3.5. The constant C,_ in (10) is characterized by
(¢
Cq— = inf inf ( (f)),
’ b>0 fesy—(b) Ly (f)

where ¥, _(b) denotes the set of functions f € L1(0,b) (extended by 0 in (b,00)) of
the form f(r) = (A — B®, (r'/9))7/9, where A and B are real constants which are
further restricted by the conditions B > 0, A — B®' (b9 —) >0, || f||,.0p = 1 and

Ly(f) <0 (ie., fobf(r)q);(rl/q')dr < 0; this is redundant if v = oo in (8)).

(22)
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While Theorems 3.4 and 3.5 considerably restrict the class of functions needed to
evaluate the constants C, 1, this task often remains analytically nontrivial. It is
shown in the next section that the problem can be greatly simplified when ¢ = 2,
but a number of other questions remain open at this time. For example, issues
about the g-dependence of C;, 1, such as monotonicity or continuity. It is clear from
(9) and (10) that C, 4+ (C,—) is Isc (usc), but continuity is more elusive and may
well depend on extra properties of ®. Another question, closely related to Theorem
2.4, is whether Cy . <1 (Cy— > 1) whenever ', (0) =0 (9’ (0) = —o0).

4. The case ¢ =2

When ¢ = 2, the calculation of U4 can be reduced to an optimization problem
much simpler than described in Theorems 3.4 and 3.5. Details follow.

From now on, ® is given and ¢ = 2 (= ¢'). Consistent with Theorems 3.4 and 3.5,
let f(r) := A — B®, (r'/?) for r € (0,b) with b > 0, where A € R and B > 0 are
constant. We also assume

A— B, (b'*-) >0 (23)
and ||f]]2 = 1. Set
b b
I(b) == / ®'(r'/?)dr and J(b) = / @' (r'/2)2dr — b1 (b)? (24)
0 0

and note that, by the Cauchy-Schwarz inequality, J(b) > 0 unless ® is linear on
[0,b/2]. From now on, we assume that J(b) > 0. For the case when ® is linear on
[0,/2] for some b > 0, see the comments after Remark 4.1.

A simple calculation reveals that the condition || f||o = 1 amounts to
X24+Y?=1, (25)
where (recall B > 0)
X = Ap*? — Bb"Y2I(b) and Y :=BJ(D)Y?>>0 (26)
Since J(b) > 0, these relations can be inverted to yield
A=b"12X b7 B)J(b)V?Y and B=J(b) V%Y. (27)
In terms of X and Y, the inequality (23) becomes X > b'/2J(b)~/2K (b)Y, where
K(b) := @, (b"%~) — b1 (b) > 0. (28)
Above, the positivity of K(b) follows from the monotonicity and non-constancy of
@’ on (0,b"/?) (since ® is not linear on [0,5]). Thus, X > 0 since Y > 0 and so,
from (25), Y = (1 — X?)Y/2_ It follows that X > b'/2J(b)"'/2K (b)Y if and only if

(note that the right-hand side is strictly less than 1)

X > L(b) :== 02K (b)(J(b) + bK (b)*) Y2 > 0. (29)
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Another elementary calculation shows that

((f) =b2X and L(f) = b~ V2I(0)X — J(D)V2(1 — X?)V2, (30)

Conversely, if b > 0 is fixed and X € [b/2K(b)(J(b) + bK (b)?)~'/2,1] is arbitrary,
then the function f(r) = A — B®, (r'/?) with A and B given by (27) with ¥ =
(1 — X?)Y/2 satisfies (23) (hence f > 0 on (0,b)) and ||f||o = 1. Furthermore, by
(30) and (24), £(f) > 7 (as required in Theorem 3.4) if and only if X > b~/2y and
l5(f) < 0 (as required in Theorem 3.5) if and only if X < M (b) < 1, where

1 if 1(b) < 0,
M(b) = v2 (b arzzs ) (31)
() ( P (2 dr) it 1(b) > 0.
As a result, if v < oo in (8), then
c o (b'/2X) (32)
4+ = sup -
o b2 X e[L(1).1],x 5b-1/29 02 (D)X = J(b)1/2(1 — X2)1/2
(and Cy 4 = —00 if v = 00) and, irrespective of v (but see Remark 4.1 below when
7=0)
o f ® (b1/2X) -
27 7 oo xelLib).M(b) b 121(b)X — J(b)/2(1 — X2)1/2° (33)

The ratios in the right-hand sides of (32) and (33) are always positive for the
specified values of the parameters. The advantage of (32) and (33) lies in the fact
that the (b, X)-dependence of the function to be optimized and of the constraints
is much simpler than the analogous (b, A, B)-dependence in Theorems 3.4 and 3.5.

Remark 4.1. It is not immediately clear that (33) yields Co_ = oo if v = 0,
but this follows from M(b) < L(b) for every b > 0 if & > 0 (hence &' > 0 a.e.
by convexity). Indeed, a short calculation and I(b) > 0 show that M (b) < L(b) is
equivalent to J(b) < I(b)K (b). In turn, by (24) and (28), the latter inequality is just

f ' (rV/2)2dr < @' (b'/2— fob ®'(r1/2)dr, which holds since ® > 0 is nondecreasing.

If ® is linear on some interval [0,b'/?] with b > 0, then J(b) = K(b) = 0 and L(b)
is not defined, but this has no negative impact on the end results.

First, it is readily seen that ® cannot be linear on any interval [0, b/2] with b > ~2
(i.e., linear on an interval strictly longer than [0,7]) if 0 < v < oo. Thus, since
every b > 0 involved in (32) satisfies b > 2, the case when ® is linear on [0, b'/?]
never happens and (32) remains valid when 0 < v < oo even if @ is linear on some
interval [0,b] (with, of necessity, b < +?).

If v = o0, it is obvious that (5 y = —oo and, if v = 0, the fact that ® is linear on
some nontrivial interval [0, b] implies ®’, (0) > 0, so that C5 ; = 1 by Theorem 2.4.

The case of (33) is similar: If v = 0, then Cy_ = 0o whereas, if 0 <y < oo and @
is linear on some nontrivial interval [0, b], then —oo < @', (0) < 0, so that Cy_ =1
by Theorem 2.4.
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In summary, irrespective of ®, the value of (5 4 or that of Cy _ is always given by
one of the following:

(i) It is trivially infinite.

(ii) It is 1 by Theorem 2.4.

(iii) It is given by the unambiguously defined relevant formula (32) or (33).

5. Examples

We shall use the formulas (32) and (33) to find C5 1 in a few simple enough but
instructive examples. These constants can be exactly calculated in a number of
other cases. For brevity, we skip the straightforward calculations of 1(b), J(b), K (b)
and L(b) (notation of the previous section). In all four examples, it turns out that
L(b) is independent of b. This is somewhat surprising, but just a coincidence. In
general, L(b) does depend upon b.

Example 5.1. Let ®(r) := ™ with 8 > 0. Then, Cy_ = —oo since ® > 0
and the optimal constant C' in (7) is Cy 4. Theorem 2.4 is not applicable since
@’ (0) = 0, but since I(b) = ’6+1)b HoJ0) = (81152 VP K(b) = BGD 3 and

(B+2)% B+2
L(b) = (%)1/2, (32) yields (note the b-independence)
+2 Xﬁ-l—l
Coy = v

(6 + 1)1/2 ([fp) ] 2(8 4+ 1)12X — B(1 — X2)1/2°

The function in the right-hand side is decreasing on [(gi;)l/ 2.1] (its derivative

vanishes only at the left endpoint and tends to —oo when X — 1—). Thus,

5+1)W2
Cop=(5—) <L
= (553

From Remark 2.3, it follows that
O\ F
191l < a5 ([ If@lel ) (34)

B
for every f € LY(RY)N LA (RY), where Cp v := wy 7 (B+ 1)ﬁ(%)fi2 is optimal.
This shows that while || f||; cannot be controlled by || f||2, it can be controlled by a

(nonlinear) combination of ||f|]» and [,y | f(z)||z|V?/?dz, although the latter may
be infinite. With a > 0 and 3 := 2a/N, (34) may also be written as

[ r@llatds = colisIr > 1, (35)

for every f € L'(RY) N L*(RY), f # 0, where C/, y is an optimal constant readily
obtained from Cpg y.
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Example 5.2. Let ®(r) := 7 —r. First, ¢, (0) = —1, so that C, _ = 1 by Theorem
2.4, but it remains to find Cy 1. Since y = 1, I(b) = 22 — b, J(b) = ¥ K(b) = 2
and L(b) = ‘/75, (32) takes the form

2(X3 — X)
3b—2) X —bV/3(1 — X2)1/2

Coy = sup
b>1,X€[ 1] X>b-1/2 (

If X e [\/73, 1] is fixed, the ratio in the right-hand side is an increasing function of
b. Indeed, —4X* 4+ 6X2 —2¢/3X (1 — X?)1/2 = 2X(3X —2X? — /3(1 — X2)1/2) > 0
on [%2,1], which can for instance be seen from (1 — X?2)!/2 < (\% —1)X on that

interval. By letting b tend to oo (so that X > b~'/2 holds), it follows that Cy , =

2X3

SUD y (V5 1] SX_vB(1-X2)1/? It is easily checked that this function is decreasing on

[‘/75, 1], so that its maximum is achieved when X = ‘/75 Thus,

3
CQHF == Z
From Remark 2.3,
11l WRHIAIEIAR? = 1) < C/ | (@) Bl —1)da, (36)

for every f € L*(RY) N L*(RY), f # 0 and every C € [3,1]. There is no optimal C
in this inequality, but C' = 2 is optimal when ||f||1 > \/wn/||f||2 whereas C' =1 is
optimal when [* | f(2)|(3]z[N — 1)dz < 0.

Example 5.3. Let ®(r) := —r? with 0 < 3 < 1, so that ¢’_(0) = —oc. Since ¢ < 0,
it follows that C+ = —oo and the optimal constant C' in (7) is C5 . Theorem 2.4

is not applicable but I(b) = —2%b0/2 J(b) = JU=2000 K (b) = 24=Dp0-0/2

(B+1)?
and L(b) = (%)1/2, M(b) =1 for every b > 0. By (33),
1) X7
o (3+1)

inf 3 T
xe[ ()" 2) 20X +0 (1-0)(1-X2)

The function in the right-hand side is increasing on [(%)1/ 2.1) (its derivative

vanishes only at the left endpoint and tends to oo as X — 1—). As a result,

3 (B-1)/2
02,_ = (m) > 1.

The corresponding inequality for f € LY(RY) N L2(RY) is

—~
w
J

~—

/(@) )
/RN ||N‘(—Bz/d < ConlIFIEIIFI1S
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with optimal constant Cg y 1= wg_ﬁ)/gé(%)(lfﬂ)ﬂ. That an inequality of this type
holds can easily be seen by splitting the integral in the left-hand side over a ball
Bpr and its complement, estimating both terms and optimizing R. However, this
only provides (37) with Cjs v replaced by wg‘@”%(%)(l—ﬂ)/?, which is not even

as sharp as (4) (with ¢ = 2) for this example.

Example 5.4. Let ®(r) := r Logr — r, so that &’ (0) = —oo and 7 = e. Theorem
2.4 does not provide any information about Cy  or Co . In this example, I(b) =

Y(Logb—1),J(b) = 2, K(b) = 3 and L(b) = ¥2. Therefore, (32) yields

X Logb+2X(Log X — 1)
X Loghb— X — (1 — X2)1/%’

Coq = sup
b>e2,Xe [@1} X>b—1/2¢

If X e [‘/75, 1] is fixed, the ratio in the right-hand side is an increasing function
of Logb and hence of b. Furthermore, the condition X > b~'/2¢ holds as soon as
b > 2¢2. The monotonicity claim follows from the fact that X2 — X (1 — X?)¥/2 —
2X2Log X = X(X —(1-X?)Y2-2X Log X) > 0 because X — (1 — X?)/2 > 0 and
Log X <0 when X € [\/75, 1] and at least one inequality is strict. Thus, by letting
b — oo, it follows that Cy > 1, whence Cy 4 = 1 since the reverse inequality is
always true.

Next, by (33), Cy_ = infb>0’[§yM(b)) ?fsggfj;{(éigé;%, where M(b) is given by

(31). In general, M (b) depends upon b, but M (b) =1 if b < e since 1(b) < 0 in this
case. Thus,

X Logb+ 2X(Log X — 1
C, < inf o+ 2X(ogX — 1)
be(O,e),Xe[Q,l) XLogh—X—(1-X?)

Once again, if X € [\/75, 1), the ratio in the right-hand side is an increasing function
of Logb, so that its infimum for b € (0, e) is obtained by letting b — 0. This shows
that U5 < 1 and hence that C5_ = 1 since the reverse inequality is always true.
In summary,

CQ,—I— = 02,— = 17
which means that C' = 1 is the only possible constant in (7) when ¢ = 2.
Therefore,
|11 N
f <Log——1 < — f(x)|Log |z|dx, 38
11 (Los =i 5 | @) Logs (38)

for every f € L'(RY) N L*(RY), f # 0 and & cannot be replaced by any other
constant. For example, (38) implies that [ |f ()| Log|z|dz > 0 as soon as || f[|; >
e\/wn||f]]2, which is not obvious in the first place.

Remark 5.5. Of course, (4) yields inequalities similar to (34), (36), (37) and (38)
(and countless others) when f € L'(R™) N LY(RY) for any ¢ € (1,00), but not
necessarily with the best constant.
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