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Let jo, j1 : R — [0, 00) denote convex functions vanishing at the origin, and let Q be a bounded do-
main in R3 with sufficiently smooth boundary I'. This paper is devoted to the study of the convex
functional J(u) = [, jo(u)dQ+ [;. j1(yu)dD on the Sobolev space H*(€2). We describe the convex
conjugate J* and the subdifferential 0.J. It is shown that the action of 0.J coincides pointwise
a.e. in Q with Jjo(u(z)), and a.e on I with 971 (u(x)). These conclusions are nontrivial because,
although they have been known for the subdifferentials of the functionals Jo(u) = [, jo(u)dQ
and Jy(u) = fr ji(yu)dl, the lack of any growth restrictions on jyo and j; makes the sufficient
domain condition for the sum of two maximal monotone operators 0Jy and dJ; infeasible to
verify directly.

The presented theorems extend the results in [6] and fundamentally complement the emerging
research literature addressing supercritical damping and sources in hyperbolic PDE’s. These
findings rigorously confirm that a combination of supercritical interior and boundary damping
feedbacks can be modeled by the subdifferential of a suitable convex functional on the state space.

1. Introduction

Wave equations under the influence of nonlinear damping and nonlinear sources
have generated considerable interest over recent years. As the linear theory has been
substantially developed, many problems for systems with high-order nonlinearities
remain open. The well-posedness results for semilinear evolution PDE’s rely heavily
on nonlinear semigroups and the theory of monotone operators (see for instance
[3, 4, 5, 9]). From the viewpoint of stability, the presence of non-dissipative sources
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of critical or supercritical order necessitates the introduction of interior and/or
boundary damping. On the other hand, it is well known that nonlinear dissipation
in hyperbolic and hyperbolic-like dynamics has been a source of many technical
difficulties, especially when both interior gy and boundary ¢, feedbacks are present.
For instance, such difficulties are manifested when one studies a system of the form:

wy — Aw + go(wy) = Fo(w), in Q x (0,7),
dyw +w+ g1 (wy) = Fi(w), in 0Q x (0,7),

where Fy, F) are strong sources of supercritical order, and ¢, g; represent the
interior and boundary damping, respectively. One of the main challenges here is
the simple fact that the sum of two maximal monotone operators (one is originating
from the interior and the other from the boundary damping) is not necessarily
maximal monotone, unless one is able to check the validity of a certain “domain
condition”, or an equivalent thereof, which in most cases, is too difficult to verify
directly when the damping functions are arbitrary continuous monotone graphs.

The typical strategy for well-posedness of such PDEs with interior and boundary
damping, would be to introduce the nonlinear semigroup generator by defining
the subdifferential of the sum of the convex functionals which correspond to the
(antiderivatives) of the two nonlinear damping maps. However, in this context
one has to verify whether the subdifferential does indeed coincide pointwise a.e.
with the sum of the damping in the interior and that on the boundary. The latter
conclusion does not trivially follow from monotone operator theory. Techniques
pertinent to this issue are scattered in the literature on convex analysis, in particular
[1, 2, 6, 7. To our knowledge none of the existing arguments thoroughly address
the subdifferential of the sum of functionals, which are defined on spaces related by
a trace map. A famous result in this direction was established by H. Brézis in [6]
dealing, however, with a single functional and one underlying spatial domain; this
scenario cannot be directly applied to the present case. The approach given here
follows and extends the techniques in [6].

It is important to stress that we resolve this question of identification of the subd-
ifferential of a sum of convex functionals without imposing any growth restrictions
on them (as, for example, in the treatment of boundary damping in [9]). The re-
sults intend to fundamentally complement the existence theory for nonlinear wave
equations with interior and boundary damping, e.g., [3, 4, 5]. All of the theorems
in this paper are formulated for arbitrary non-negative convex functionals j, and j;
that vanish at 0. In the aforementioned context of hyperbolic PDE’s with nonlinear
interior go(s) and boundary g¢;(s) damping feedback maps (each continuous mono-
tone increasing, and vanishing at the origin) one could represent j(s) = [ g (7)dr,
k = 0,1. One of the main features of the presented analysis is that it does not
depend on the growth rate of each ji(s), hence we impose no restriction on the
growth rates of each gi(s).

2. Main results

Let Q C R? be a bounded open set with a C*-boundary I'. Let jo, j; : R — [0, +00)
be convex functions vanishing at 0. Note that, since jy and j; are convex functions
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and finite everywhere, then they are continuous on R. Let v : H'(Q) — HY*(T)
denote the trace map, and define the functional J : H'(Q2) — [0, +oc] by

1) = [ atwydz+ [ . 1)

Clearly, J is convex and lower semicontinuous with its domain given by
D(J) ={ue H'(Q) : jo(u) € L'(Q) and ji(yu) € L'(T')}. (2)

As usual, D(9.J) represents the set of all functions v € H'(Q) for which 9.J(u) is
nonempty. It is well known that D(0J) is a dense subset of D(J). The convex
conjugate of J is defined by

J(T) = sup{{T,u) — J(u) : u € D(J)} for T € (H*(Q)), (3)

where, here and later, (H'(€2))" denotes the dual space of H'(Q). Similarly, the
convex conjugate of ji, k = 0,1; is given by

jr(x) =sup{zy — ji(y) :y €R}, z€R. (4)

H. Brézis [6] studied the convex functional Jo(u) = [, jo(u)dx on H{(2) and charac-
terized its conjugate J; and its subdifferential 0.Jy,. The main Theorems presented
here generalize the results in [6] to the functional J. The strategy of the proof is
conceptually similar to the one by Brézis, however our conclusions cannot be di-
rectly derived from the work in [6], and necessitate a number of nontrivial technical
auxiliary results.

Our main findings are stated in the following theorems.

Theorem 2.1. Suppose T € (H'(Q))" such that J*(T) < +oo. Then T is a signed
Radon measure on Q2 and there exist T, € L'(Q) and Tr, € L*(T') such that

(T, v) = / Tovdr + /Tnayvdf, for allv € C(9). (5)
Q r
Moreover,

JHT) = /Q o (T + /F Ji(Tha)T.

Theorem 2.2. Let u € H'(Q). If T € (H'()) such that T € 0J(u), then T is a
signed Radon measure on €2 and there exist T, € Ll(Q), Tra € Ll(F) such that T
satisfies (5). Moreover, T, T,, Tr ., verify the following:

o T,€djy(u) a.e. in Q and Tr, € 0j1(yu) a.e. on T, (6)

o T,uc LYQ) and Tryu € LY(T), (7)

e (T u) :/Taudm+/Tp,a’yudF. (8)
0 r

Conversely, if T € (H'(Q))" such that there exist T, € L*(Q), Tr, € L*(T') satisfy-
ing (5) and (6), then T € 0J(u).
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Assume for the moment that Theorem 2.2 has been proven. Define the functionals
Jo and J; : HY(Q2) — [0, +00] by

Jg(u):/gjo(u)dx and Jl(u):/rjl(vu)dF.

Then, following corollary is an immediate consequence of Theorem 2.2.
Corollary 2.3. Let u € H (). Then,
° if 1 =0 (i.e., J = Jy), then

0Jo(w) = {T € (H*(Q))' N LY(Q) : T € djo(u) a.e. in Q}. (9)
. if jo=20 (i.e., J = J1), then

8Ji(u) = {T € (H'(Q)) : T = ~*Tr, where Tr € H 2(I') N L}(T)
such that Tr € 0j1(vyu) a.e. on I'}. (10)

Proof. The first statement of the Corollary is clear from Theorem 2.2. As for
the second statement, first assume that 7' € (H'(Q))" such that T = *Tt where

Tt € H™2(I) N LX) with Tt € 8j1(yu) a.e. on I'. Note for all w € C*(Q),

(Tow) = (37T, w) = (T qu) = [ Tewar.

r

Let v € C(Q), then there exists a sequence w, € C'(Q) such that w, — v in C(1Q).
Then, it follows easily from the Lebesgue Dominated Convergence Theorem that

we may extend 7" to a bounded linear functional on C(f2) via

n—oo n—oo

(T,v) = lim (T, w,) = lim [ Tryw,dl’ = /prdr.
r r

Therefore, by Theorem 2.2, with jo = 0, we obtain T' € 0.J; (u).

Conversely, if T € (H'(2))" such that T' € 0.y (u), then by Theorem 2.2, with jo = 0,
T is a Radon measure on € and there exists Tr € L'(T") such that Tt € 97j;(yu)
and

(T,v) = /TI"'}/'I}CZF for all v € C(Q). (11)
r

Since Ty € L'(T), we have Ty € (C(T))" such that (Tr,¢) = [, Tr¢dl, for all
¢ € C(I"). Note, for any ¢ € H%(F), there exists a sequence ¢, € C'(T') such that
¢n — b in H2(T). Since v : H'() — H2(T) is surjective and has a continuous
linear right inverse v~!, then clearly [(T,y ') < ||| H”y‘leHl(ﬂ) < 00, for all

¥ € Hz(T). Therefore, we can extend T} to a bounded linear functional on Hz(I)
as follows:

(Tr,v) = lim (Ty, ¢,,) = lim [ Tr¢,dl = lim (T, v '¢,) = (T, 1),
n—oo n—oo F n—oo
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for all ¢ € H2(I'), where we have used (11). Hence, Ty € H~2(I') such that
(Tr,yv) = [p Tryvdl = (T, v) for all v € C'(Q). Since C'(Q) is dense in H'(Q),
we obtain (T, yv) = (T, v) for allv € H(Q) , i.e., T = v*Tr. O

At this time, few comments are in order. In applications to semilinear PDE’s, for
instance the wave equation with nonlinear interior and boundary damping;:

wy — Aw + go(wy) =0, in Q x (0,7),
dyw 4w+ g1 (wy) =0, in 0Q x (0,7,

we define ji(s) = [J ge(r)dr, k = 0,1. The feedback maps go, g1 are continuous
monotone increasing and equal zero at the origin. Consequently, 0j, and J7; are
single-valued. In this context, the following observation is of interest: the interior
measure T, € L'(Q) from Theorem 2.2 corresponds pointwise a.e. to the values of
the subdifferential associated with the homogeneous Dirichlét problem

Wy — Aw + gO(wt) = O, in  x <O,T),
w=0, indQ x (0,7).

More precisely, S € dJy(u) for u € HL(Q), if and only if S =T, € L'(Q) a.e. and
T, € 0J(u). This result readily follows from Theorems 2.1 and 2.2 because when
the domains are restricted to H(Q2) functions, and 9y is single-valued, then 9.Jo(u)
is a singleton {T,} and defines an element of H~1(£2).

2.1. Open question

An interesting problem related to Theorem 2.2 is the following: under what addi-
tional conditions is it possible to prove that T, € (H'(€)) and Tt, € H~2(I')? In
this case we conclude that the monotone graphs 0J and 0Jy + 0J; have identical
domains and, therefore, coincide.

A sufficient condition would be to have |0j0(s)| or |071(s)| bounded by C|s|® + Cs
where « respectively does not exceed the critical Sobolev exponent for the embed-

ding H(©2) — L*(€) (namely, a < 325) or H'(2) — L*(T) (that is, o < g5).

Then it will follow that the domain of either 8.Jy or 9.J; is all of H'(Q), hence the
domain condition for the sum of maximal monotone operators holds and 9.Jy+90.J; =

I(Jo + J1).

Without growth restrictions, the answer to the question is likely “No", in general.
For, if u € H'(Q) then despite, say, djo(u) € L', one may not be able to guaran-
tee that u has any higher boundary regularity than L*(I"). However, it would be
interesting to establish whether some alternative structural assumptions on j, and
J1 may provide that.

3. Proofs of the main results
3.1. Approximation Results

In order to prove the main theorems, we shall need several approximation lem-
mas. Throughout the paper, Cy(Q2) denotes the space of continuous functions with
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compact support in €.

Lemma 3.1. If u € D(J), then there exists a sequence v, € H?*(Q) such that
v, — uin HY(Q), jo(v,) — jo(u) in LY(Q) and ji(yv,) — ji(yu) in LY(T).

Proof. We consider the functional ¢ : L*(Q) — [0, +oo| defined by

o) = [ (319 +iw) ) o+ [ o, (12)

if v e HY(Q), jo(v) € LY (), ji(yv) € LY(T); otherwise ¢(v) = +oo. Clearly, the
functional ¢ is convex and lower semicontinuous. By Corollary 13 in [7, p. 115] it
follows that, dp : L*(2) — L*(Q) is given by

Op(v) = {w € L*(Q) : w + Av € 9jo(v) a.e. in Q}

with its domain

D(0yp) = {v € H*(Q) : —% € 0j1(v) a.e. on F} :
Next, fix u € D(J) C H'(Q) and put:
1 -1
Uy = (]+ 58@) u. (13)

Since d¢ is maximal monotone then (I + 1dp) : D(dp) C L*() — L*(Q) is
one-to-one, onto, and v, — u in L?(2). Also notice that, v, € D(d¢) C H*(Q).
Let us first show that,

lim () = o(u). (14)

n—oo

To see this, note that (13) implies %&0(11”) = u — v,. So, by the definition of
subdifferential, we have

L 100(0) g = (60, 706(0)) = (O = ) < () = plon).

Consequently ¢(v,,) < ¢(u). Since ¢ is lower semicontinuous and v,, — u in L?(Q),
we have liminf, . ¢(v,) > ¢(u), and so (14) holds.

Our next step is to show that

v, — u strongly in H'(Q). (15)
Indeed,
1 2 1 2 1 2
— [ |V(v, —w)|*de = = [ |Vu,|°de+ = | |Vu|*de — | Vv, - Vudz
2 Ja 2 Ja 2 Ja 0
= (o)~ o) = [ dntwn)do [ iun)ar (16)
r

—|—/Qjo(u)dx—|—/rj1(7u)df—/QV(vn—u)-Vudx.
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The fact that v € D(J) (whence p(u) < +00), the definition of ¢ (12), and the
convergence result (14) imply that {|[Von| 2} is bounded. Also, since {v,} is

bounded in L?(2), we infer that {v,} is bounded in H'(2) and so, on a subsequence
labeled by {v,}, we have

v, — u weakly in H'(€). (17)

Now, since the embedding H'(Q2) — H'~¢(Q2) is compact for 0 < ¢ < 1, then on a
subsequence, v, — u strongly in H'~¢(Q) (for sufficiently small € > 0) and therefore
Y, — yu in L*(T).

By extracting a subsequence, still labeled by {v,}, one has v, — u a.e. in {2 and
YU, — yu a.e. on I'. Then, Fatou’s lemma gives us

lim in ( /Q jo(vn)da + /F jl(wn)dl“) > /Q jo(w)d + /F i)l (18)

Combining (18), (14) and (17), then from (16) we obtain

liminf/ IV (v, — u)|*dx < 0.
Q

n—oo

Therefore, on a subsequence one has
lim [ |V(v, — u)|*dz = 0. (19)

Since v, — wu in L*(Q), then (15) follows. Moreover, by using (14), (17) and (19),
then (16) yields

T}erolo (/fzjg(vn)d:p%—/rjl(vvn)dl“) :/Qjo(u)d:)sjt/rjl(vu)dl“. (20)

However, by Fatou’s lemma,

liminf/jo(vn)de/jo(u)da: and liminf/jl(yvn)dFZ/jl('yu)df. (21)
Q Q r r

n—oo n—oo

Hence, it follows from (20)—(21) (by extracting a further subsequence) that

n—oo n—oo

i [ jo(on)ds = [ wds and m [ e = [ e,
Q Q I T

which completes the proof of Lemma 3.1. O

Lemma 3.2. Let K C R? be a convex closed set containing the origin. Then

2

{(u,v) € [Co()NWE2(Q)]”: (u(z),v(z)) € K, for all z € Q}

18 dense in

{(u,v) € L) x LYQ) : (u(z),v(z)) € K, a.e. x € Q}.
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Proof. Let u, v € L'(Q) such that (u(z),v(x)) € K for a.e. x € Q. Since C3(Q) is
dense in L'(Q), there exist @, v € C3(€) such that

Ju—llp ey <€ and o=l <e (22)
Let P : R? — K C R? be the projection onto the convex closed set K. Put

(u(x),v(x)) = P(u(zx),v(z)) for all x € Q. Since P is a (non-strict) contraction on
R2, then for any z;, x5 € €2, we have

|(@(21), (1)) = (@(w2), 0(22))] < [(@(x1), 0(21)) — (@(2), 0(22))]

< Juxy) — a(wa)| + [0(21) — 0(22)| < Clay — 22,
where in the last inequality we used the fact @, 0 € C}(Q). Therefore,

|i(z1) — u(z2)| < Cloy — 22| and

|0(z1) — 0(xa)| < Clog — x| for any z;, o € €.

That is, © and © are both Lipschitz continuous on 2, which is equivalent to 4,
0 € W1*(Q2). Moreover, since K contains the origin, one has P(0,0) = (0,0), and
therefore u and © both have compact supports in €. Also note,

|(u(z), v(z)) = (@), 0(x))| < [(u(x), v(z)) = (a(x), 0(z))] ae x€Q,
and so, (22) yields
lu =l <26 and |v—"2[Lq) <2

which completes the proof. n

Proposition 3.3. Let j : R — [0,00) be a convex function with j(0) = 0. If
u e LY(Q), then

/Qj*(u)dx ~ up {/Q(uv )z v € Co(Q) N WLOO(Q)} |
Proof. Since u € L'(Q2) and j** = j on R, then by identity (1) in [6] we obtain
/Qj*(u)d:v = sup {/Q(uv —j(v))dz v € LOO(Q)} : (23)
So, if we put
6 = sup {/Q(uv —j(v))dz : v e Cy(2) N Wl’OO(Q)} :

then 6 < [, j*(u)dzx
Let € > 0 be given. Then, from (23) there exists vy € L>(§2), such that

/Q (uvo — j(v0))dar > / i*(u)d — c. (24)

Q
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Now, put

h(r) = 3(r) ?f r| < ”UOHLOO(Q)a (25)
+oo if [r| > ||U0HL°°(Q)7

and consider the set K = {(r,p) € R* : p > h(r)}. Note, K is the epigraph of
h, and since h is convex, lower semicontinuous and h(0) = 0, then K is convex,
closed and contains the origin. Since (vo(z),h(vo(x))) € K for all z € Q, we
may apply Lemma 3.2 to (vo, h(vg)) € L' () x L*(Q) to obtain sequences {v,},
{an} € Co(Q) N W>(Q) such that,

Uy — Vo, @y — h(vg) in Ll(Q), (26)

and a,, > h(v,) in Q. It follows (25) that, [[va]| gy < [[vollpee(gy- In addition,
an — j(vo) in L) and «, > j(v,) in Q.

After extracting a subsequence, we have v,, — vy. a.e. £ and, since j is continuous,
one obtains j(v,) — j(vo), a.e. Q. By the Generalized Lebesgue Dominated Con-
vergence Theorem, we infer j(v,) — j(vo) in L'(R). Since [, (uv,—j(v,))da < 0, we
can pass to the limit by the Lebesgue Dominated Convergence Theorem to obtain
Jo(uvg — j(vo))dz < 6. It follows from (24) that [, j*(u)de —e < 6 < [, 7*(u)dx,
and therefore, [, j*(u)dz = 0. O

Similar to Proposition 3.3 we can deduce the following result.

Proposition 3.4. Let j : R — [0,00) be a convezr function with j(0) = 0. If
u € LY(T), then

/Fj*(u)dF — sup {/F(uv )l v € Wl’o"(l“)} |

3.2. Proof of Theorem 2.1.
We carry out the proof in three steps.

Step 1: Since jo and j; are continuous on R, then if p > 0 is given, then there
exists 7 > 0 such that jo(s),j1(s) < 5, whenever |s| < p. Thus, if v € C'(Q)
with [[v]|¢q) < p, then jo(v(z)) < n for all z € @ and ji(v(z)) < nforallz €T
Therefore, by Fenchel’s inequality

(T,v) < J*(T) + J(v) = J*(T) + / jol(v)dz + / 1 (y0)dT
< JT) + (9 +|T)) < oo, (27)

for all v € C*(Q) with [v[l¢@) < p- By Hahn-Banach theorem, we can extend T

to be a bounded linear functional on C(€2), and since C'(f2) is dense in C(€2), the
extension is unique, which we still denote it by 7. That is, T € (C())’, and so,
T is a signed Radon measure on Q. Then we have the following Radon-Nikodym
decomposition of T

T =T,dQ+ Tq, (28)
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Whge T, € L}(9Q) and Tq,s is singular with respect to df2, the Lebesgue measure
on ).
Now, let dI' denote the Lebesgue measure on (I', Lr) where Lr is the class of

Lebesgue measurable subset of I We extend dI' to the interior of {2 by defining
the measure dI" on (2, Lg) via

dl'(A) = dl'(ANT),

for A € Lg. Notice, dI is a well-defined measure since one can show that ANI" € Lr
for all A € L. Subsequently, we decompose Tg s with respect to dI'™:

TQ,s = TI‘,adf + Ts; (29)

where Tt , € L'(dl) and T, is singular with respect to both dI’ and d. It follows
from (28)—(29) that, )
T =T,dQ + Tr dI' + T. (30)

Clearly, Tt , € LY(T'). Thus, for all v € C(Q), we have
(T, v) = /Tavdx—l— / Tnavdf‘—i— (T, v)
Q Q

= /Tavdx%—/Tp,avvdFjL (T, v). (31)
Q r
Step 2: Let v € H?(2), then Fenchel’s inequality yields:

o (T
) (32)

{Ta(a:)v(a:) — Jo(v(z)) < Jo
)

a(x)) ae x e,
Tra(x)yv(z) — ji(yv(e)) < Ji

(Tro(z)) ae.zel.

Integrate the two inequalities in (32) over Q and I', respectively, and add the results
to obtain:

(T,v)—/Qjo(v)dm—/rjl(fyv)dfg/ng(Ta)dx—l—/Fj’f(Tna)dFjL(Ts,v>, (33)

where we have used (31).

Now, notice Lemma 3.1 implies

J*(T) = sup{(T,v) — J(v) : v e D(J)}

= Sup{ Jo(v /Fjl y)dl ;v € HQ(Q)} (34)

Therefore, if we set

@\

A /Q J(To)do + /F Ji(Tp o)
B = sup{(Ts,v) : v € H*(Q)},
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then (33) and (34) yield J*(T') < A+ B.

Step 3: Since T, € L'(Q), then by Proposition 3.3 there exists a sequence v} €
Co(Q) N WH(Q) such that

/(Tav? — Jo(v))dx 1 /jS(Ta)d:v, as n — oo. (35)
Q Q

Also, since Ty, € L'(T'), then by Proposition 3.4 there exists a sequence vy €
Whoo(T) such that

/ (Tr o — 2 (o2))dT | / JH(Tpa)dT, asn — oc. (36)
T I

Since each v has compact support, let K, := supp v C Q. Put an = [[v3]|op

and 3, = sup{jo(s) : |s| < e, }. Since T, € L'(Q), then for each n, there exists an
open set F,, with smooth boundary such that, K,, C E,, C E,, C {2 and

1
/Q\E (| Ty| + Br) dx < e (37)

Now, for each n, we can construct a function v§ € C(Q) N H'(2) as follows:

v on K,,
" 0 on BE,\K,,
vy = —
P)éer in Q\En,
vy onl

where £" € C?(Q\E,)NC(Q\E,)NHY(Q\E,) is the unique solution of the Dirichlét
problem:

=0 on 0F,,

Er=ovl e Wh(T') onT.
Notice the regularity of £ follows from Theorem 6.1 (p. 55) and Corollary 7.1 (p.
361) in [8]. By the maximal principle, we know |{"(2)] < an = vy ) for all
x € Q\E,. Therefore,

[Ty~ oo~ [ (Tt = so(ur)ds
Q Q
1
< / (an|Ta| + ﬂn) de < —. (38)
O\E, n
By combining (35)—(38) together with the fact yv§ = v, we have

/Q (T,03 — jo(vi))dx + / (Tr.ayvy — Ji(yvy))dl
r

7 /jg(Ta)dx + /jf(Tp,a)dF =A asn — oo. (39)
Q r
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Let us also remark here that while each v belongs to H'(Q), the result in (39)
does not require the H* norm to be bounded in n, so the blow up of &, in H(Q)
as n — oo is irrelevant.

Recall B = sup{(Ts,v) : v € H*(Q)}, so there exists a sequence v} € H*(Q) such
that

(Ts,vy) T B asn — oc. (40)
Since the measure T} is singular with respect to both dQ and dT', there exists a

measurable set S C Q such that Q\S is null for 7, and S is null for both d§2 and
dl'. So for any ¢ > 0, there exists U relatively open in €2 such that S C U with

/d:z:<(5 and /df:/ dl’ < 4. (41)
U U InU

We may extend _U to U,y such that U,y is open and bounded in R?, U C U,,; and
UNQ=U., NQ.

Comment 3.5. Note that given any set O we can find a compact set K C O
approximating O in measure; furthermore, by covering the boundary points of K
with finitely many open balls we can extend K to an open set K C O which is
open, approximates O in measure from below, and has a smooth boundary (as
the boundary at the finitely many cusps on the intersections of the balls can be
smoothed out).

Given the preceding general observation we can claim that there exist open sets
{Vi} and {Uy} such that Vi and Uy both having smooth boundaries and satisfy
V., cV, cU, C U, with

1 1 1
/ dr < —, / dI' < — and / Ty < —. (42)
Uea:t\vk k Fm(Uemt\Vk) k Un(Uemt\Vk) k

Now fix n; one may extend v§ € C(Q) N H'(Q) and v} € H?(Q) to functions on
R3, i.e., there exist 0§ € Cp(R?) N HY(R?) and 9} € Cy(R?) N H%(R?) such that
0% |q = v¥ and 0} |g = v}.

For each k, we construct a function @} € Co(R?) N H'(R3):

ﬁg iHR?’\Uk,
@p =G i U\V, (43)

N
vy in Vg,

where ¢ € C*(U\Vi)NC (U \Vi)NH (U, \V}) is the unique solution of the Dirichlét
problem:

A =0 in Up\Vi,

¢ =05 on OUy,

(r=72  on V.
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Again, notice the regularity of (;* follows from Theorem 6.1 (p. 55) and Corollary
7.1 (p. 361) in [8].

Define w = g, then w € C(2) N H*(Q). By Fenchel’s inequality and (31) we
obtain

JHT) = (T, wi) = J(wy)

= /Tade[E—f-/TF’a’)/derﬁ—<TS,UJZ> —/
Q r

ng(wz)dx - /Fjl(’ng)df. (44)

By (43) and the maximum principle, one has |[wi|| o) < max{|[|0§ || o(gs) , [107 | crs) }

for all k; and by (42) w — v} |T,|—a.e. on Q as k — oo, we infer limy, oo (Ty, wi) =
(Ts,vy). Also, by (42) we know w}? — v} a.e. in U and yw} — ~yvf a.e.on I'NU as
k — oo, thus the Lebesgue dominated convergence theorem implies

lim [ T,w,dr = lim Tawgd:v—i—/ Tavgd:v:/Tadea:+/ T, vydz,
o\U U oU

k—oo Q k—o00 U

lim Tna’yw,?dF:/ TF@")/’UZdF—I—/ Tt oyvsdl,
k—oo Jp U \U

and

lim | jow])de = / Jolv})dz + / Jol(o2)d,
Q U Q\U

k—o0

i [ up)ar = [ e+ [ e,
k—oo Jp U \U

Therefore, taking the limit as k — oo in (44) yields
TT) 2 [ (T = i)+ [ T = i (u)T -+ (T20)
n / (T} — Tt — jo(o}) + o)) da
[ Tt = Toareg = i) + ()

By (41), if we let 6 — 0, then the last two integrals on the right-hand side of the
above inequality both converge to zero, hence one has

P(T) = [ (T = doo§)de + [ (Trareg = i)l + (o).
r

Finally, we let n — oo and use (39)—-(40) to obtain J*(T') > A+ B.

Recall that in Step 2 we have shown that J*(7') < A+ B, so J*(T') = A+ B. Since
J*(T) < oo and A > —o0, we know that B < oo, and, being a supremum of a linear
functional, must be zero. That is, B = 0 and T = 0. It follows that J*(T') = A
and by (31) we obtain (5). This completes the proof of Theorem 2.1.
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3.3. Proof of Theorem 2.2.
First, we assume T € 0J(u). Then, Fenchel’s equality and the fact that u €
D(0J) C D(J) yield that J*(T') = (T,u) — J(u) < +oc0. Then, by Theorem 2.1, T

is a signed Radon measure on 2 and there exist T, € L'(Q) and T+, € L*(T) such
that (5) holds.

Since u € D(J), by Lemma 3.1 there exists a sequence v,, € H?(2) such that v, — u
in H1(Q) and a.e. in 2, yv, — yu a.e. on T, jo(v,) — jo(u) in L*(Q2) and a.e. in €,
J1(yvn) — ji(yu) in LY(T) and a.e. on T.

Fenchel’s inequality gives

Jo(Ta) + jo(vn) — Tov, > 0 ae. in €,
Ji(Tr.) + j1(yvn) — Trayv, >0 ace.on I

Since T' € (H*(2))’, by (5) we have

(T)u) = lim (T, v,) = lim (/ T,v,dx + /Tp,a'yvndf) :
Q r

n—oo n—oo

Therefore, Fatou’s lemma yields
JGT) + o) = Tada + [ Gi (T + da(re) = Trau)ar
Q r

< lim inf ( /Q (Jo (Ta) + Jo(vn) — Tavn)dx + / (J1 (Tra) + j1(yon) — Tr,awn)dF>

n—oo T

= [+ dow)de + [ Gi(Tra) + )T (2.0
Q r
=J(T)+ J(u) = (T,u) =0 (45)
where we have used Theorem 2.1 and Fenchel’s equality, since 7" € 0.J (u).

On the other hand, Fenchel’s inequality implies
Jo(To) + jo(u) = Tyu >0 a.e. in Q,
Ji(Tre) + j1(yu) — Treyu >0 ae.on I
In order for (45) to hold, we must have
Jo(T.) + jo(u) = Tou ae. in Q and  j7(Tra) + j1(yu) = Trayu ae. on T

So, Tyu € LY(Q) and Tr,yu € LY(T). Also (45) becomes equality, and thus (8)
holds. Moreover, since D(jy) and D(j;) = R, the converse of Fenchel’s equality
theorem holds and we infer (6).

Conversely, assume T € (H'(Q)) such that there exist T, € L'(Q), Tr, € L*(T)
satisfying (5) and (6). First, we claim that

(T,v) = / Tyvdzr + /Tp,avvdf for all v € H'(Q) N L>(Q). (46)
Q r
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In fact, if v € H*(Q) N L>®(Q), then there exists v, € C(Q) such that v, — v in
H'(Q) and a.e. in Q with |v,| < M in Q for some M > 0. By (5) and Lebesgue
dominated convergence theorem, we obtain (46).

Since u € H'(Q), if we set
n ifu>n
u, = qu if lu <n

-n fu<-—-n

then u,, € H'(Q) N L>(Q). So by (46), one has

(T, uy) :/Taundx—i—/Tp,,ﬂundF. (47)
Q r

Since jy and j; are convex functions, then it follows from (6) that, for allv € H(Q),

T, () (u(r) — () = jo(ul@)) — jo(v(x)) ae. in
Tp.o(@)(yu(z) — 70(2)) 2 ji(yu(e)) — ji(y0(x)) ae. onT. (48)

If v =0, then T, (z)u(z) > jo(u(x)) > 0 a.e. in Q and Tt 4(x)yu(z) > ji(yu(z)) >0
a.e.on I'. Since u,(x) and u(x) have the same sign a.e. in §2, we obtain T, (z)u, (z) >
0 a.e. in . Similarly, one has Tt ,(z)yu,(x) > 0 a.e. on I

Since u, — u in H'(Q) and a.e. in Q with yu,, — yu a.e. on T', then by (47) and
Fatou’s lemma one has

(T,u) = lim (T, u,) = lim (/ T, u,dx —i—/Tp,avundF)
Q r

n—oo n—oo

n—oo n—oo

> lim inf/ Taundx—l—liminf/Tp,ayundF > / Taudx%—/Tp’avudF,
Q r Q r

and along with (5) and (48) we obtain for all v € H2(%),
(T,u—v) > /QTa(u —v)dz + /FTM(W — yv)dl
> [ o) = dolo))dz + [ Gute) = o)y
By Lemma 3.1 we conclude that, for all v € D(J)
(Tou=0) 2 [ (o) =i+ [ Glorn) = io))dr = J(w) = o).

Thus, T' € dJ(u), completing the proof of Theorem 2.2.
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