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1. Introduction

These notes are concerned with the problems of relaxation and 3d-2d passage under
determinant type constraints naturally related to hyperelasticity in the framework
of the multidimensional calculus of variations. Our goal is, on the one hand, to
give an overview of our works (see [5, 6, 7, 8]) concerning these two problems, and,
on the other hand, to highlight the fact that the Dacorogna relaxation theorem
(proved in 1982, see Theorem 2.4) and the Le Dret-Raoul 3d-2d passage theorem
(proved in 1993, see Theorem 3.5) can be extented to theorems (see Theorems 2.8
and 3.9) which are consistent (almost consistent for the relaxation problem) with
the setting of hyperelasticity, whose the two basic conditions are:

(i) the noninterpenetration of the matter and
(ii) the necessity of an infinite amount of energy to compress a finite volume of
matter into zero volume.

Despite the restriction on the polynomial growth of the energy density which is not
compatible with (i) and (ii), the Dacorogna theorem provides the model of nonlinear
relaxation theorems related to hyperelasticity. In Section 2, we show that this model
theorem can be improved by introducing the class of ample energy densities, i.e.,
“energy densities having a quasiconvexification which is of polynomial growth”, see
Definition 2.11 and Theorems 2.8 and 2.12, and we make clear the fact that the
ample energy densities are consistent with (ii) (see §2.6). Similarly, in spite of the
polynomial growth hypothesis on the energy density, the Le Dret-Raoult theorem
provides the model of nonlinear dimension reduction theorems in hyperelasticity. In
Section 3, we show that this theorem can be extended to the setting of ample energy
densities (see Theorem 3.6) as well as to the setting of hyperelasticity, i.e., to the
case of energy densities which are compatible with (i) and (ii) (see Theorem 3.9).
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This latter theorem gives an answer to the 3d-2d passage problem in hyperelasticity
in the same spirit as the works of Ball (see [11]), Acerbi-Buttazzo-Percivale (see [1])
and Friesecke-James-Miiller (see [20]). It is the result of several works: mainly,
the attempt of Percivale in 1991 (see [27]), the papers of Le Dret and Raoult (see
[25, 26]) and the thesis of Ben Belgacem (see [12], see also [13, 14]).

2. Relaxation theorems with determinant type constraints
2.1. Statement of the problem

Let m, N € N (with min{m, N} > 1), let p > 1 and let W : M™® — [0, +00] be
Borel measurable and p-coercive, i.e.,

3C > 0VEF e M™N W(F) > C|F,

where M™*N denotes the space of real m x N matrices. Define the functional
I:Wh(Q;R™) — [0, +00] by

1(6) = /Q W(Vé(a))de,

where Q C RY is a bounded open set, and consider T : W1P(€; R™) — [0, +-00] (the
relaxed functional of I) given by

1(¢) == inf{lim inf () : ¢ 2 gb} .

n—-+0o00

Denote the quasiconvex envelope of W by QW : M™*¥ — [0, +00]. The problem
of the relaxation is the following.

Problem 2.1. Prove (or disprove) that
Vo € WHP(Q;R™) 1(¢) :/ QW (Vo (x))dx
Q
and find a representation formula for QW.

At the begining of the eighties, in [16] Dacorogna answered to Problem 2.1 in the
case where W is “finite and without singularities” (see §2.2). Recently, in [6, 8] we
extended the Dacorogna theorem as Theorem 2.5 and Theorem 2.8 (see §2.3 and
§2.4) and we showed that these theorems can be used to deal with Problem 2.1 under
the “weak-Determinant Constraint”, i.e., when m = N and W : MY — [0, +o0]
is compatible with the following two conditions:

W(F) =400 <= —6 <detF <0 with 6 > 0 (possibly very large) (1)

W(F) — +oo as detF — 0F

(see §2.6). However, an answer to Problem 2.1 under the “strong-Determinant
Constraint”, i.e., when m = N and W : MY — [0, +-00] is compatible with the
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two basic conditions of hyperelasticity:

W(F) =400 <= detF <0 (non-interpenetration of matter)

necessity of an infinite amount

(2)

W(F) — +o0 as detF — 0F of energy to compress a finite

volume into zero volume

is still unknown (see §2.7).

2.2. Representation of QW and I: finite case

Let Z W, ZW : M™*N — [0, +00] be respectively defined by:

o  Z W(F):=inf{[, W(F+Ve()dy: ¢ € Wy™(Y;R™};
o ZW(F):=inf{[, W(F+ Ve(y))dy : ¢ € Afly(Y;R™)},

where Y :=]0,1[Y, Wy (YV;R™) := {p € WH(Y;R™) : ¢ = 0on dY} and
Affy(Y;R™) = {p € Aff(Y;R™) : ¢ = 0 on 9Y} with Aff(Y;R™) denoting the
space of continuous piecewise affine functions from Y to R™.

Remark 2.2. One always has W > ZW > Z W > QW.

Theorem 2.3 (Representation of QW [16]). If Wis continuous and finite then
OW = ZW = Z, W.
Theorem 2.4 (Integral representation of I [16]). If W is continuous and
Je>0VE € M™YN W(F) <c(1+|F]P)

then
Vo e WIHGR™) T(6) = [ QW(Vola))dr

2.3. Representation of QW: non-finite case
Theorem 2.3 can be extended as follows.
Theorem 2.5 ([6, 8]).

(i)  If ZLW is finite then QW = Z W.
(id) If ZW is finite then QW = ZW = Z W

Proof. We need (the two last assertions, the first one being used at the end of
§2.4, of) the following result.

Lemma 2.6 ([21]).

(a) If Z W (resp. ZW ) is finite then Z, W (resp. ZW ) is rank-one convex.
(b)  If ZW (resp. ZW ) is finite then Z W (resp. ZW ) is continuous.
(¢) Z W< ZZ W and ZZW = ZW.
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One always has W > ZW > Z, W > OW. Hence:

() QZW = QW < Z W;
(j7) QZW = QZ W = QW.

(1) If Z,,W is finite then Z,, W is continuous by Lemma 2.6(b). From Theorem 2.3
it follows that QZ W = ZZ W. But Z, W < ZZ W by Lemma 2.6(c), and so
QW = Z, W by using (j).

(13) If ZW is finite then also is Z,W. Hence QW = Z W by the previous
reasoning. On the other hand, ZW is continuous by Lemma 2.6(b). From Theorem
2.3 it follows that QZW = ZZW. But ZZW = ZW by Lemma 2.6(c), and so
QW = ZW by using (jj). O

Question 2.7. Prove (or disprove) that if Z,,W is finite, also is ZW.

2.4. Representation of I: non-finite case

Theorem 2.4 can be extended as follows.
Theorem 2.8 ([6, 8]).
(i) If3c>0VF e M™N Z W(F) < c(1+ |FP) then

Vo e WHR™) T(0) = [ QW(Vola)de
(i) If3e>0VYF € M™N ZW(F) < ¢(1 + |F[?) then
V6 € WHQUR™) 1(9) = Talo) = / OW (Vo(a))da
with Tog : WH(Q; R™) — [0, +00| defined by

Toa(®) = inf{lim infI(¢,) : AF(QR™) 3 ¢, 5 (p} .

n—-+0o00

Proof. (i) Let Z. .1, 2.1, Zoo L5 : WHP(Q; R™) — [0, +00] be respectively defined
by:

. Z1(9) = [o Z2W (V(x))d;

o  Z1(9) = inf{lim iy oo Zool(60) : I 2 ¢};

o Zolalo) = inf{hm infy oo Zool(60) - A R™) 3 6, 2 gb} .

Since Z,,W is of p-polynomial growth, i.e., 3¢ > 0 VF € M™¥V Z _W(F) <

c(1+|F|P), it follows that Z,, W is (finite and so) continuous by Lemma 2.6(b). By
Theorem 2.4 we deduce that

Y6 € WO R™) ZoT(6) — /Q QZ W (Vo(x))de.
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But one always has QZ, W = QW hence
Vo € WH(Q;R™) Z1(¢) = / OW (Vé(x))d.
Q

Thus, it suffices to prove that I < Z.I (the reverse inequality being trivially true).
The key point of the proof is that we can establish (by using the Vitali covering
theorem and without assuming that Z, W is of p-polynomial growth) the following
lemma (whose proof is given in §2.8.1).

Lemma 2.9. [ < Z.1,¢.

On the other hand, as Z,W is of p-polynomial growth and Aff(Q2; R™) is strongly
dense in W1P(Q; R™), it is easy to see that Z, I, = Z1, and the result follows.
(ii) Let Z1, Zoo1, Zool g : WP(Q;R™) — [0, +00] be respectively defined by:

. ZI(9):= [, ZW(Vo(a))da

. ZI(¢) = inf{lim inf, 100 Z1(0n) : ¢n = qb},

o Zlalo) = inf{lim inf,_ o Z1(¢n) : A(QLR™) 3 ¢, 2 ¢} .

As ZW is of p-polynomial growth and (so) continuous (by Lemma 2.6(b)), from
Theorem 2.4 (and since QZW = QW is always true) we deduce that

Vo € WHP(Q;R™) ZI(¢) = /Q QW (Vo(z))dw.

It is then sufficient to prove that I < ZI (the inequalities I <ITgand ZI <17
being trivially true). As above, the key point of the proof is that we can establish (by
using the Vitali covering theorem and without assuming that ZW is of p-polynomial
growth) the following lemma (whose proof is given in §2.8.1).

Lemma 2.10. I4 < ZI.4.

On the other hand, as ZW is of p-polynomial growth and Aff(©2;R™) is strongly
dense in W1P(Q; R™), it is clear that ZI,¢ = ZI, and the result follows. O

We see here that the integrands W for which Z, W or ZW is of p-polynomial
have a “nice” behavior with respect to Problem 2.1. So, it could be interesting to
introduce a new class of integrands (that we will call the class of p-ample integrands)
as follows.

Definition 2.11. We say that W is p-ample if and only if Z, W is of p-polynomial
growth, i.e., 3¢ > 0 VF € M™%V Z_W(F) < ¢(1 + |F|P).

We use the term “p-ample” because of some analogies with the concept (developed
in differential geometry by Gromov) of amplitude of a differential relation (see [23]
for more details). Thus, Theorems 2.5 and 2.8 can be summarized as follows.
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Theorem 2.12. If W is p-ample then
Vo € WH(Q;R™) 1(¢) = / OW (Vo(z))dr and QW = Z, W.
Q

Question 2.13. Prove (or disprove) that W is p-ample if and only if QW is of
p-polynomial growth.

An analogue result of Theorem 2.8 was proved by Ben Belgacem (who is in fact
the first that obtained an integral representation for I in the non-finite case). Let

{R;W }ien be defined by RoW := W and for each i € N* and each F' € M™*V,

RiaW(F) := i%fN {1 =tRW(F —ta®b) + tRW(F + (1 —t)a®b)}.
bemm
te(0,1]

By Kohn and Strang (see [24]) we have R; /W < R, W for all i € N and RW =
inf;>o R;W, where RW denotes the rank-one convex envelope of W. The Ben
Belgacem theorem can be stated as follows.

Theorem 2.14 ([12, 14]). Assume that:
(BBy) Ow :=int {F € M™N:Vie N ZR,W (F) < Ri W (F)} is dense in M™*Y;
(BB,) Vi € N* VF € M™N V{F,}, C Oy

F, — F = R,W(F) > limsup R,W (F,);

n—-+0o

. Je > 0 VF € M™N RW (F) < ¢(1 + |F|P).
Then
V6 € WO R™) T(g) = / OQRW (V(x))dz.
Q

Generally speaking, as rank-one convexity and quasiconvexity do not coincide,
Theorem 2.8 and Theorem 2.14 are not identical. However, we have

Lemma 2.15. If either Z,,W or ZW s finite then QRW = QW.

Proof. If Z, W (resp. ZW) is finite then Z, W (resp. ZW) is rank-one convex
by Lemma 2.6(a). Consequently Z,, W < RW (resp. ZW < RW) (and Theorem
2.16 below follows by applying Theorem 2.8). Thus, we have Z W < RW < W
(resp. ZoW < RW < W), hence QZ, W < OQRW < QW (resp. QZW <
ORW < QW) and so QRW = QW since one always has QZ. W = QW (resp.
QZW = QW). O

Theorem 2.16. Assume that 3¢ > 0 VF € M™N RW (F) < ¢(1+ |F[?). Then:
(i) if Z2.W is finite then

Vo € WH(QR™) T(g) = /Q QW (Vo(x))d:
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(id) of ZW s finite then

Vo € W(QR™) T(6) = Tua(6) = / QW (Vo(x))d.

Question 2.17. Prove (or disprove) that if (BB;) and (BB,) hold then ZW is
finite.

2.5. Application 1: “non-zero-Cross Product Constraint”

Consider Wy : M**2? — [0, +00] Borel measurable and p-coercive and the following
condition

Ja,3>0VE = (& ] &) e M2 (|G A& >a=We(&) <BA+IEP)  (3)

with & A & denoting the cross product of vectors &;,& € R3. When W, satisfies
(3) it is compatible with the “non-zero-Cross Product Constraint”, i.e., with the
following two conditions:

{WO(& | §2) = o0 = [§1 A&l =0 (4)

Wo(61 | §2) — +o0 as [§2 A& — 0.

The interest of considering (4) comes from the 3d-2d problem (see §3): if W is
compatible with the “strong-Determinant Constraint”, i.e., (2), then W, given by
Wo(€) = infeers W (£ | ) is compatible with (4). One can establish the following
lemma (whose proof is given in §2.8.2) which roughly means that the “non-zero
Cross Product Constraint” is p-ample.

Lemma 2.18 ([6, 7]). If Wy satisfies (3) then ZW, is of p-polynomial growth, i.e.,
Jde > 0 VE € MP*2 ZW(€) < (1 + [€]P).

Applying Theorem 2.8(ii) we obtain
Corollary 2.19. If Wy satisfies (3) then

v € WH(QRY) T(1) = Ta(w) = /Q QWo(Vi())da

2.6. Application 2: “weak-Determinant Constraint”
The following condition on W is compatible with “weak-Determinant Constraint”,
ie., (1).

da, 3> 0VF € MVY (|detF| > o= W(F) < 3(1+ |F[")). (5)
One can prove the following lemma which roughly means that the “weak-Deter-
minant Constraint” is p-ample (see also Lemma 2.20-bis below).

Lemma 2.20 ([7]). If W satisfies (5) then ZW s of p-polynomial growth, i.e.,
Je > 0 VF € MVXN ZW(F) < ¢(1 + |F?).
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Applying Theorem 2.8(ii) we obtain
Corollary 2.21. If W satisfies (5) then

Vo € WQRY) T(6) = Tua(6) = / QW (Vo(x))d.

Proof (of a part of Corollary 2.21). Taking Theorem 2.16(¢) into account, it
suffices to verify the following two points:

. (5) = e > 0VEF € MVN RW(F) < ¢(1+ |FP);

. (5) = Z,W < +o0,

which will give us the desired integral representation for I. The first point is es-
sentially due to a lemma by Ben Belgacem: it is a direct consequence of Theorem
3.20 (see Remark 3.21) whose proof is given in §3.6.4. For the second point, it is

obvious that Z, W (F) < +oo for all F € MM with |detF| > «. On the other
hand, we have

Lemma 2.22 ([19], see also [15]). For all F € M™*Y if |[detF| < « then there
exists p € Wy ™ (Y;RN) such that |det(F + Vp(z))| = o a.e. in Y.

Hence, if F € MV* is such that |detF| < a then Z W (F) < [, W(F+Ve(z))dx
1

with some ¢ € Wy (Y;RN) given by Lemma 2.22, and so Z W (F) < 2°3(1 +
|FP + [IVellzs) < +oo. O

Remark 2.23. From the previous proof, we can isolate the following result.

Lemma 2.20-bis. If W satisfies (5) then Z,W s of p-polynomial growth, i.e.,
Je >0 VE e MYVN Z_W(F) < c(1+ |F|P).

2.7. From p-ample to non-p-ample case

Because of the following theorem, none of the theorems of this section can be directly
used for dealing with Problem 2.1 under the “stong-Determinant Constraint”, i.e.,
(2).

Theorem 2.24 ([21]). If W satisfies (2) then:

(F1) QW is rank-one convex;,
(Fy) QW(F) = 400 if and only if detF' < 0 and QW (F) — +oo as detF — 0.

The assertion (F») roughly says that the “strong-Determinant Constraint” is not p-
ample, i.e., Z, W cannot be of p-polynomial growth, and so neither Theorem 2.5 nor
Theorem 2.8 is consistent with (2). From the assertion (F}) we see that QW < RW
which shows that RW cannot be of p-polynomial growth when combined with (F}).
Hence, the theorem of Ben Belgacem is not compatible with (2).

Question 2.25. Develop strategies for passing from p-ample to non-p-ample case.
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2.8. Complementary proofs
2.8.1. Proof of Lemmas 2.9 and 2.10
It is sufficient to prove that if ¢ € Aff(2;R™) then

16) < [ 2a0(Vohis (sesp Tuto) < [ 2W(Tolopis). (0

By definition, there exists a finite family (V});c; of open disjoint subsets of {2 such
that |Q \ Uie/Vi| = 0 and for every i € I, |0V;] = 0 and V¢(z) = F; in V; with
F; € M™N. Given § > 0 and i € I, we consider ¢; € Wy ™(Y;R™) (resp.
i € Affy(Y;R™)) such that

/Y W(E -+ Ve o)dy < ZeW(F) + o (7)

(resp. /Y W(E, + Veily))dy < ZW(F) + %) |

Fix any integer n > 1. By the Vitali covering theorem, there exists a finite or
countable family (a;; + ;Y ) ey, of disjoint subsets of V;, where a” e RY et
0 < a;; < %, such that |Vz~ \ Ujes, (a;; + Ofi,jY)‘ =0 (and so ) = |Vi]).

Define ¢, € W, (Q; R™) (resp. ¢, € Affy(Q;R™)) by

]EJ

: ) six € Q; 5 + Oéid'y

Clearly, we have ||¢n||L°° (Q4R™) < lIHELXZ‘GI ”(,D,L“Loo Y;R™) and ||ngn||Loo QmeN)
maxier || V@il oo (vpmxvy, and so, up to a subsequence, ¢, 500 in WHe(Q; R™),

where “7 denotes the weak* convergence in W' (€Q;R™). Hence ¢, — 0 in
WP(Q; R™). Consequently, up to a subsequence, ¢, — 0 in LP(Q; R™). Moreover,
we have

/wa( )+ Von(e))de = 37 | W (F+ Von(e) do

el

ZZ%/W F, + Vi(y)) dy

i€l jed;

ZW!/W F; 4+ Vi(y)) dy.

el
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Since ¢ + ¢, € Wh(Q;R™) (resp. ¢ + ¢, € Aff(Q;R™)) and ¢ + ¢, — ¢ in
LP(Q2; R™), using (7) we deduce that

I(¢) < liminf | W (Ve(z) + V() dx <Y |[VIIZW(F) +6

n—-+o0o
el

= /ZOOW(Vqﬁ(x))dx—i—é
Q
(resp. Tu(o) < [ 2W(Voa))dr + 6) ,
0
and (6) follows by letting § — 0. O

2.8.2. Proof of Lemma 2.18

We begin by proving that ZW) satisfies the following condition.

Jy >0 Ve e M>™? (min{|& + &, |6 — &} > a= Wo(F) <~(1+]|FP). (8)

Let &€ = (& | &) € M3*2 be such that min{|¢; + &), [& — &|} > a. Then, one of
the three possibilities holds:

&1 A &a| # 0; (9)
&4 N & =0 avec & #0; (10)
&1 A& =0 avec & # 0. (11)

Set D :={(z1,29) ER*:zy — 1 <@y <zy+let —x;—1<z9 <1—2;}and
define ¢ € Affy(D;R) by

—x1+ (xg+ 1) si(x1,22) € Ay
1-— — i eA
(w1, 20) = (1=21)— o (1,02) € &
T+ (1 — .%'2) Sl (.1‘171'2) € A3
(1 + 1) + a2 si (x1,m9) € Ay
with:
Ay = {(z1,22) €D 121 >0 et x5 <0}
Ay :={(x1,22) € D : 27 >0 et x5 > 0};
Ay = {(z1,22) €D 2y < 0et p > O}
Ay = {(z1,22) € D121 <0 et x9 <0}

Consider ¢ € Affy(D;R?) given by

— &N :
V= si on a (9)

() :==vY(x)v avec ¢ |v| =1et (£,v) =0 siona (10)
lv] =1et (§&,v) =0 siona (11),
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where (-, -) denotes the scalar product in R®. Then

(&G —v|&+v) sizeint(A)

J &G —v]& ) sizeint(Ay)
Vel = (&G +v|&—v) siaxeint(As)
(E14+v|&+v) sixeint(Ay)

with int(£) denoting the interior of . We need the following result.
Lemma 2.26 ([21]). For every bounded open set D C R* with |0D| = 0 and every
5 c M3><2’

1

/DWO(S + Vo(x))dr : p € AHO(D;R3)} .

Using Lemma 2.26 we deduce that

ZWo(&) < -~ (Wols1 —v [ & +v) + Wo(&s —v | & —v) (12)

+Wolss +v & —v)+Wo(ls +v[&+v)).

1
4

But |(& — V) A (G + )2 =6 A+ (E+E)AVE =G A&+ (G + &) AV >
(&1 + &) Av|?, hence

[(E1+ V) A (S —v)| > [(§+ &) Av| = [6 + &

Similarly, we obtain:

(&1 —v) AN (& —v)] > & — &l
(61 + V) A (La— V)] > |61+ &af;
(61 +v) A (S +v)| > [& — &l

Thus [(& —v) A (2 + V)| Z o [(G =) A (=) Z o, |G+ V) A& —v)| = aet
|(& +v) A (& + v)| > a because min{|&; + &), [€&1 — &|} > a. Using (3) it follows
that

Wolsi —v|&+v) < BA+|(& —v|&+v)P)
< BPA+ || &)+ (v v)P)
< B2+ [¢]P).

In the same manner, we have:

Wo(& -V ‘ §o — V) < 522“1(1 + |f|p>§
Wo(& +v | & —v) < 3221 + [€);
Wolé +v | &+v) < B2 1+ [¢),

and from (12) we conclude that ZWy (&) < 522PT1(1 + |€]P), which proves (8).
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We now prove that ZWj is of p-polynomial growth, i.e.,
Je>0VF € M2 ZWy(€) < (1 + [€]P).
Let £ = (& | &) € M3*2. Then, one of the four possibilities holds:
&1 A &a| # 0;
[§1 A&l =0 avec & =& = 0;

|69 A& =0 avec & #0;
&1 A &a| =0 avec & # 0.

Define ¢ € Affy(Y;R) by

To si (1, 72) € Ay
1— i €A
(21, 22) = =) o (o1,02) € &
(1 —x9) si(zq,22) € Ag
T si (z1,72) € Ay
with:
Npi={(z1,20) €Y : =1 + 1 < 35 < 1y}
A3 = {(‘Tl,lUQ) EY —JI2+1§1’1 S'IQ})
Ay i=A{(z1,20) €Y i1y <y < —1y + 1},

Consider ¢ € Affy(Y;R?) given by

v = O](él&iﬁ) si on a (14)
— V| =« si on a (15)
o(x) == P(x)v avec lv] =aet (§,v) =0 siona (16)
V| =aet (&,v) =0 siona (17).
Then
(& | &+ v) sixeint(Ay)
&G -] &) sixeint(Ay)
SV = (&1 ] & —v) siz€int(Aj)
(& +v]| &) sixcint(Ay).

Using Lemma 2.6(c) together with Lemma 2.26 we deduce that

ZWo(&) < — (ZWo(& | Ea+v) + ZWo(&1 — v | &)

+ ZWO(& | 52 — V) + ZWO(fl +v | 52)) :

1 =

771

(18)

But [§1+ (& + V)P = (& + &) +v]? = |G+ &P+ |v* = & + &P +a? > o2, hence

&1 + (& + v)| > «. Similarly, we obtain | — (§&2 + v)| > «a, and so

min{|§; + (§2 +v)[,1& — (e +v)|} > a
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In the same manner, we have:

min{|(& —v) + &, (& —v) — &l > o
min{|§; + (&2 — V)], & — (&2 — )|} > o
min{|(& +v) + &, [(§ +v) — &} > o

As ZW, satisfies (8) it follows that

ZWo(&i | &+ v) <A+ (& [ &+ v)P)
< 2P+ [(& [ )P+ 0] )F)
< max{1,a?}y2° (1 4 |¢P).

In the same manner, we obtain:

ZWo(é — v | &) < max{1,aP}y2PH (1 + |¢]P);
ZWo(&1 | & — v) < max{1,a”}y2° (1 + [¢]P);
ZWo(& + v | &) < max{l, a?}y2PTH(1 + [€]P),

and from (18) we conclude that ZWy(&) < max{1, a?}y2PT(1 +|£[P), which proves
(13). O

3. 3d-2d passage theorems with determinant type constraints
3.1. Statement of the problem

Let W : M®*3 — [0, 400] be Borel measurable and p-coercive (with p > 1) and, for
each € > 0, let I. : W'P(3,;R3) — [0, +00| be defined by

L(¢) == | W(Vo¢(x,x3))dxdxs,

€ Jx,

where 3. := Xx] — 5, 5[C R3? with ¥ C R? Lipschitz, open and bounded, and a
point of ¥. is denoted by (z,r3) with € ¥ and z3 €] — §,5[. The problem of

3d-2d passage is the following.
Problem 3.1. Prove (or disprove) that

Vi € WHSRY) (M)l 1) (6) = | Woen(Voe))de

where the symbol “I'(m)-lim._o” stands for the I'(m)-limit as € — 0 (see Definition
3.2), and find a representation formula for Wem : M3*? — [0, +o0].

At the begining of the nineties, in [25, 26] Le Dret and Raoult answered to Problem
3.1 in the case where W is “finite and without singularities” (see §3.3). Recently, in
[5, 8] we extended the Le Dret-Raoult theorem to the case where W is compatible
with the “weak-Determinant constraint”, i.e., (1), and the “strong-Determinant
Constraint”, i.e., (2), as Theorem 3.6 and Theorem 3.9 (see §3.4 and §3.5).
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3.2. The I'(r)-convergence

The concept of I'(m)-convergence was introduced Anzellotti, Baldo and Percivale in
order to deal with dimension reduction problems in mechanics. Let m = {m.}. be

the family of LP-continuous maps m, : WP (3, ; R3?) — W1P(3;R3) defined by

7e(p) == — : o(-, x3)dxs.

o

Definition 3.2 ([2]). We say that {I.}. I'(m)-converge to Iyem as € goes to zero,

and we write
Lyern = I'(7)-lim 1,

e—0

if and only if

Vo) € Wh(3; R?) <F(7T)—1im inf]5> (0) = (r(ﬁ)_nm sup ]6) (1) = Lem (1)

£— e—0

with T'(m)-liminf. . I, ['(7)-limsup,_, . : W'P(Z;R?) — [0, +00] respectively
given by:

. (D(m)-liminf._o I.) (¢) := inf{lim inf. o I.(¢:) : me(oe) = w} ;

. (I(m)-limsup,_o I.) () := inf{lim sup,_o I (¢.) : 7(b2) Lt ¢}

Anzellotti, Baldo and Percivale proved that their concept of I'(m)-convergence is
not far from that of I'-convergence introduced by De Giorgi and Franzoni. For each
e > 0, consider Z, : W'?(3;R3) — [0, +-00] defined by

L.(0) = nf { 1.(6) : m.(6) = ¥ .

Definition 3.3 ([18, 17]). We say that {Z.}. I'-converge to Iy,em as € goes to zero,
and we write
Inem = D-lim Z,.

e—0

if and only if

Vi € Whe(S; RY) (F_ lim iOanE) () = (r- lim sung) () = Lo ()
e e—0
with [-liminf. o Z., -limsup,_,Z. : W'P(2;R3?) — [0, +o00] respectively given
by:
o T-liminf_oZ.(¢) = inf{lim inf._oZ.(¢.) : . 2 ¢} :

o Dlimsup. o Z(e) = inf {limsup. o Zo(e2) : v 5 0}

The link between I'(m)-convergence and I'-convergence is given by the following
lemma.

Lemma 3.4 ([2]). Imem = ['(7)-lim._o I if and only if Ipem = I-lim._oZ..
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3.3. I'(m)-convergence of I.: finite case

Let Wp : M**2 — [0, +0c] be defined by

Wo(€) == inf W(E | ().

CER3
Theorem 3.5 ([25, 26]). If W is continuous and
Je>0VF € M*® W(F) <c(1+|F|P)

then
Y € Wl’p(E;Rg) F(ﬂ')-hH(l)[E(w> :/ OWo(Vip(z))dx.
E— »

Although the Le Dret-Raoult theorem is compatible neither with the “weak-Deter-
minant Constraint”, i.e., (1) nor with the “strong Determinant Constraint”, i.e., (2),
it established a suitable variational framework to deal with dimensional reduction
problems: it is the point of departure of many works on the subject.

3.4. TI'(m)-convergence of I.: “weak-Determinant Constraint”

By using the Le Dret-Raoult theorem, i.e., Theorem 3.5, we can prove the following
result.

Theorem 3.6 ([5]). If W satisfies (5), i.e.,
Ja, 3> 0VF € M¥?  (|detF| > a = W(F) < 3(1+|F]P)),

then
Vi € WS RY) Dir)-lim L (1) = / QW (Vi () da.
E— b))

Proof. As the I['(7)-limit is stable by substituting I. by its relaxed functional I_,
ie., I.: WH(3R3) — [0, +00] given by

n—-+0o00

1.(¢) == inf{lim inf I (¢n) : dn = ¢>}

— linf{liminf/ W (V,)dads : ¢ = ¢},
Xe

I n—-4oo

it suffices to prove that

Vo € WIHERY) T(rklinT.w) = [ OWa(Vuhde. (19

As W satisfies (5) it is p-ample (see Definition 2.11), and so by Theorem 2.12 we

have
Ve > 06 € WYW(SiRY T.(6) =~ [ OW(Vé(z,ws))dadrs  (20)

€ Jy,
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with QW = Z W (which is of p-polynomial growth and so continuous by Lemma
2.6(b)). Applying the Le Dret-Raoult theorem, i.e., Theorem 3.5, we deduce that

¥ € W (SIRY) Tn)-linT.0) = [ QIOWh(T(a))ds

with [QW]o : M®*? — [0, 4+-00] given by
QW]o(e) = inf QW | )

On the other hand, one can establish the following lemma (whose proof is given in
§3.6.1).

Lemma 3.7. Q[QW], = QW
Which gives (19) when combined with (20), and the proof is complete. ]

Theorem 3.6 highlights the fact that the concept of p-amplitude has a “nice” behav-
ior with respect to the I'(m)-convergence. More generally, let {7.}. be a family of
LP-continuous maps 7. from WHP(3;R™) to WP(Z;R™), where ¥. C RY (resp.
¥ C R* with & € N*) is a bounded open set, let {W.}. be an uniformly p-coercive
family of measurable integrands W, : M™¥ — [0, +o0] and, for each € > 0, let
I, QI : W?(3_;R™) — [0, +00] be respectively defined by

o I.(¢) = [ W(Vo(x))dr;
. OL(6) = f, QW.(Vo(a))de

The following theorem says that the I'(7)-limit is stable by substituting I. by QI.
whenever every W, is p-ample.

Theorem 3.8. Assume that:

. Ve > 0 W, is p-ample;
° a1y : Wl,p(E; Rm) — [O, +OO] F(']r)'hma—»(] QI. = Iy.

Then F(ﬂ')-hmEHU [E = [U-

Proof. As every W, is p-ample, from Theorem 2.12 we deduce that I. = QI. for
all € > 0. On the other hand, as every m. is LP-continuous, it is easy to see that
[(7)-liminf. . I, = T'(7)-liminf. .o I. and T'(r)-limsup,_, I. = I'(7)-limsup,_,, I,
and the theorem follows. O

3.5. TI'(m)-convergence of I.: “strong-Determinant Constraint”

The following theorem gives an answer to Problem 3.1 in the framework of hypere-
lasticity (it is consistent with the “strong-Determinant Constraint”, i.e., (2)) in the
same spirit as the works of Ball (see [11]), Acerbi-Buttazzo-Percivale (see [1]) and
Friesecke-James-Miiller (see [20]). It is the result of several works on the subject:
mainly, the attempt of Percivale in 1991 (see [27]), the rigorous answer to Prob-
lem 3.1 by Le Dret and Raoult in the p-polynomial growth case (see [25, 26]) and
especially the substantial contributions of Ben Belgacem (see [12, 13, 14]).
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Theorem 3.9 ([8]). Assume that:

W is continuous; (21)
W(F) =400 <= detF <0; (22)
V6 >0 3cs > 0VF € MP? (detF > 6 = W(F) < cs(1+ |FP)). (23)

Then
Vi € WHP(X; R?) F(W)—lin(l)_fe(@/)) :/ OWo (Vi (z))dx.
E— »

Proof. It is easy to see that if W satisfies (21), (22) and (23) then:

Wy is continuous; (24)
Wo(€) = W(S [ &2) = +00 <= |G A &[=0; (25)
Va> 036, >0V e MP? (|G A& >a=Wo(€) <B.(1+¢7).  (26)

In particular, Wy satisfies (3), i.e.,
Ja, B> 0V = (& | &) € MP? (|6 A&l > a= Wo(€) < B(L+[EP)),

since clearly (26) implies (3). Let Z,Z, Zaig, : W'P(3;R3) — [0, +-00] be respectively
defined by:

o I(¥) = [y Wo(Vip(x))da;

o T():= inf{hm infy oo Z(n) : Y ¢};

o T ()= inf{lim iy oo T(1y) 1 CLER?) 3 4, 2 w},

where C}(3;R3) is the set of C'-immersions from ¥ to R?, i.e.,
CHER?) = {p € CHER?) : Vo € T dip(z) A Datp(z) # 0} .

As W, satisfies (3), by Corollary 2.19 we have
Vo e WIERY) Z(w) = [ QWn(Vo(a))ds,
>

On the other hand, we can establish the following two lemmas (whose the proofs
are given in §3.6.2 and §3.6.3).

Lemma 3.10 ([8]). Z < I'-liminf._, Z..

Lemma 3.11 ([8]). If (21), (22) and (23) hold then I'-limsup,. ,Z. < Zai, -

Hence, taking Lemma 3.4 into account, it suffices to prove that
Taw. <. (27)

Let us outline the proof of (27) (a more detailled proof is given in §3.6.5). Consider
Logess RT, RL, R ygyres WhP(3;R3) — [0, +00] respectively defined by:
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o Tges(t) = inf{lim inf, o0 Z(n) : AR 3 4, 2 ¢};

RI() i= o RWo(Vib(a))da

RI(Y) := inf {nm inf, oo RI () : b 2 w};

o RIge(v) = mf{hm inf, oo RI () : AEE(SR?) 3 4, 2 ¢} ,

where Aff8(3;R?) is a space of “nice” locally injective continuous piecewise affine
functions from ¥ to R? defined as follows.

Definition 3.12. By a regular mesh in R? we mean a finite family {V;};c; of open
disjoint triangles of R? such that for every 7,5 € I with i # j, the intersection of
V; and 7] is either empty, an edge of each or a vertices of each. Given an open set
V C R?, we say that ¢ : V — R? is affine if it is the restriction to V' of an affine
function from R? to R3. The space of all continuous functions ¢ : R? — R? for
which there exists a regular mesh {V;};c; in R? such that for every i € I, ¥y, is
affine and ¢ = 0 in R? \ Us;V; is denoted by Aff*8(R%;R3). We set:

AfFE(%;RY) = {9 n: ¢ € Af8(R%RY) } 5
Affy3 (S, R?) == {¢ € Aff*®(Z;R%) : ¢y = 0 on 0%} .

We say that 1 : R? — R3 is locally injective in x € R? if there exists p > 0 such
that ¢| g, () is injective, where B,(x) denotes the ball centered at x with radius p.
Given E C R?, when % is locally injective in x for all z € E, we say that ¢ is locally
injective on F. We set

A (55 R?) = {9 x: AEE(R* R?) 3 ¢ is locally injective on T} .

As RT < Z, a way for proving (27) is to establish the following three inequalities:

Laier, < Togees; (28)
j-aﬂfieg < ﬁ.afflrieg; (29)
RI, g <RI (30)

The inequality (28) follows by using the fact that W satisfies (24) and (26) together
with the following theorem due to Ben Belgacem and Bennequin (for a proof, see
[12, Lemme 8, p. 114]; see also [9, §4.2 p. 52] for a “more analytic” proof).

Theorem 3.13 ([12]). For all ¢ € Aff8(2;R3) there exists {1, tn>1 C CHE; R?)
such that:

v " (31)
36 >0V e X Vn>1 |01, (x) A Oxthn(z)] > 6. (32)

The inequality (29) is obtained by exploiting the Kohn-Strang representation of
RWy. (Note that for establishing this inequality we need the assertion (25).) Fi-
nally, we establish the inequality (30) by combining the following two results: the
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first one is essentially due to Ben Belgacem (a proof is given in §3.6.4) and the
second one to Gromov and Eliagberg (for a proof, see [22, Theorem 1.3.4B]; see also
[9, §4.1 p. 44]).

Lemma 3.14. If Wy satisfies (26) then:

o Je>0VEeM™ RWHE) < c(1+ [€P);
. RWy 1s continuous.

Theorem 3.15 ([22]). Affi™(3;R?) is strongly dense in W'P(3;R?). O

Question 3.16. Try to simplify the proof of Theorem 3.9 as follows: first, ap-
proximate W satisfying (21), (22) and (23) or maybe weaker conditions compatible
with the “strong-Determinant Constraint”, i.e., (2), by a supremum of p-ample
integrands Wj satisfying (5) with «, 5 > 0 which can depend on 4, then, apply
Theorem 3.6 to each Wy, and finally, pass to the limit as § goes to zero.

3.6. Complementary proofs
3.6.1. Proof of Lemma 3.7

It suffices to prove that
Zoo[ZoW]o = ZoWo. (33)

Indeed, from Lemma 2.18 we deduce that ZWj is of p-polynomial growth, i.e.,
Je > 0 V€ € M**2 ZW(€) < ¢(1 + [€]P), and so Z, W, is finite since Z,, W, <
ZWy. Hence, QWy = Z,Wy by Theorem 2.5(i). On the other hand, Z, W is
of p-polynomial growth (see Lemma 2.20-bis), and so QW = Z, W by Theorem
2.5(7). It follows that [QW ]y = [ZW]o is finite and continuous, and so Q[QW ]y =
Q[Z. W]y = Z[ZxW]o by Theorem 2.3.

Let us now prove (33). For any £ € M3*2 Z_[Z..W]o(€) < [ZW]o(€) < Z, W (€ |
() <W(E] Q) for all ¢ € R3 and so Z4 [ Wlo(&) < Wh(€) for all £ € M**2 ie.,
Zo|ZWo < Z.Wo. It follows that Z [ Wlo < Z,Wy. It then remains to
prove that

Zoo[Z:W]o > 2 Wh. (34)

Given § > 0 et & € MP*2, there exist ¢ € R? and ¢ € W, (Y R?) (with Y :=]0, 1]?)
such that

[ZoW o (&) +6 > /YW(§ + Vo, (z) | ¢+ O50(x, x3) ) dadz;

with ¢,, € Affy(]0, 1[*;R?) defined by ¢, (z) := ¢(z,z3). But
1
/ W (& + Vg, () | ¢+ Os9(x, x3))dedrs > / Wo(€ 4+ Vo, (z))drdzs
Y 0 JJo,1[?

1
> / ZOOWQ(g)dm:&:ZOOWO(é)?
0

hence [Z,W]o(&) + 6 > Z.Wy(§), and consequently [Z..W]o(&) > Z,. Wy () by
letting 6 — 0. Thus [Z W] > Z, Wy, and (34) follows. O
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3.6.2. Proof of Lemma 3.10

Let ¢ € W'P(32;R3) and let {t.}. C W'P(32; R3) be such that 1. — 1 in LP(2; R3).
We have to prove that
liminfZ.(¢.) > Z(v). (35)

e—0

Without loss of generality we can assume that sup,.Z.(¢.) < +00. To every ¢ > 0
there corresponds ¢. € 7 '(1).) such that

Z-(¢e) = I(¢:) — & (36)
Defining ¢, : £; — R3 by ¢.(x, x3) := ¢.(x, ex3) (with T; = x| — 3, 3[) we have

I(6.) = /E W(alqgg(x,xg,)|32g55(x,x3)|§83q35(x,x3)> dedzs. (37)

Using the coercivity of W, we deduce that ||05¢.|| Loy < ceP for all € > 0 and
some ¢ > 0, and so ||qu5€ Ye||Lr(z vy < 'eP by the Poincaré-Wirtinger inequality,

where ¢ > 0 is a constant which does not depend on €. It follows that qﬁs — ) in
LP(31;R?). For z3 €]—1, 5[, let ¢2* € WP(3; R?) be defined by ¢F ( ) i= e(z, x3).
Then (up to a subsequence) ¢ — ¢ in LP(3;R?) for a.e. x5 €] — 3, 1[. Taking (36)
and (37) into account and using the Fatou lemma, we obtain

lim ioang(wg) 2/ (llmlnf/ Wo che dx) dxs,

2

and (35) follows. O
3.6.3. Proof of Lemma 3.11

Given ¢ € C}(Z;R?) and j > 1, define A, : S—=R? by :

M) = {C € B sden(Voa) | ¢) 2

)

Ai is a nonempty convex closed-valued semicontinuous' multifunction;  (38)

Ay(x) C Aj(z) C Aj(z) C -+ C Y AJ = {CeR’: det(Vy(z) | () > 0}. (39

<.

It is easy to see that:

In the sequel, given A : Y—=R? we set
C(EA) :={¢peC(5R) : ¢(z) € A(z) for all z € B},

where C(X; R?) denotes the space of all continuous functions from ¥ to R

1A multifunction A : ¥ — R3 is said to be lower semicontinuous if for every closed subset X of
R3, every x € ¥ and every {z,},>1 C % such that |z,, — x| — 0 as n — +oc0 and A(z,) C X for
all n > 1, we have A(z) C X (see [3] for more details).
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Lemma 3.17. Let ¢ € CH(S;R3) and j > 1. If W is continuous and satisfies (23)
then

inf / W(Vi(z) | o())de = / inf W(Ve(e) | Ode

peC(50]) Jx CEN (@)

To prove Lemma 3.17 we need the following interchange theorem of infimum and
integral (for a proof, see [4, Corollary 5.4]; see also [9, §5.2 p. 60]).

Theorem 3.18 ([4]). Let A : S=R? and let f : & x R? — [0, +00]. Assume that:

(Hy) f is a Carathéodory integrand,
(Hs) A is a nonempty convex closed-valued lower semicontinuous multifunction;
(H3) [y maxaepq f(z, ap() + (1 — a)p(z))de < oo for all ,$ € C(Z;A).

Then,
inf /f z, p(z))dx —/ inf f(x,()dx.
peC(Z;A) » CEA(x)

Proof of Lemma 3.17. Since W is continuous, (H;) is satisfied with f(z,() =
W(Vi(z) | €). Furthermore, taking (38) into account, we see that (Hy) holds with
A = A} On the other hand, given p,$ € C(X;A}), it is clear that det(Vi(z) |

ap(z) + (1 —a)p(z)) > % for all @ € [0,1] and all z € . Using (23) we can assert

that there exists ¢ > 0 (depending only on j,%, ¢ and @) such that W (Vi (z) |
ap(z) + (1 —a)p(z)) < cforall a € [0,1] and all z € X. Thus (Hs) is satisfied
with f(z,() = W(Vi(z) | ¢) and A = A}, and Lemma 3.17 follows from Theorem
3.18. O

The following lemma gives a “non-integral” representation for Z on C1(X;RR?).

Lemma 3.19. If W satisfies (21) and (23) and if ¢ € C1(3;R3) then

1) =inf _inf [ W(To()| (o)

21 pecmi) Js

Proof of Lemma 3.19. It suffices to prove that

Z(¢p) > inf  inf )/ W(Vi(x) | p(z))d. (40)

J21 pec(Z;A7

Using Lemma 3.17, we obtain

inf  inf /W Vip(z) | p(x))ds < 1nf/Z inf W (Vy(z) | ¢)dz. (41)

7>1 0eC(S; AJ 7>1 CGAJ ()

Consider the continuous function ® : ¥ — R? defined by

() N Oy ()

)= i) A )P
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Then, det(Vi(x) | ®(z)) = 1 for all z € . Using (23) we deduce that there exists
¢ > 0 depending only on p such that

[ nt WTU@) | Qo < (1] + IVl fsponsy + [0z
53 CEAy ()

It follows that infeeq (. W(Vi(-) | ¢) € L'(X). From (38) and (39), we see that

{infceAZ;(-) W(V(-) | ¢)}j>1 is non-increasing and

inf inf W(Vi(z) | () =Wo(Vip(z)) (43)

7>1 CEAJ (w)

for all x € ¥, and (40) follows from (41) and (43) by using the Lebesgue monotone
convergence theorem. O

We can now prove Lemma 3.11. As I'-limsup,_,,Z. is lower semicontinuous with
respect to the strong topology of LP(¥;R3), it is sufficient to prove that

limsup Z.(v) < Z(¢)) (44)

e—0

for all ¢ € CH(X;R?). Given ¢ € CHXZ;R?), fix any j > 1 and any n > 1. Using
Lemma 3.19 we obtain the existence of ¢ € C/(Z; T ») such that

1
[ W) | el < T(6) + 1. (15)
>
Let {pp}r>1 C O%(3;R?) be such that
o — @ uniformly as k — +o0. (46)

We claim that:

1 —
det(Vy(z) | gr(x)) > oA for all z € X, all k >k, and some k, > 1; (47)
J

k——+o0

lin_ [ W(T0a) | gula)de = [ W(T0(a) | ola)de (43)

Indeed, setting iy 1= sup,cy [019(x) A Ootp(x)| = max;er |1 A &l (pyp > 0) and
using (46), we deduce that there exists ky, > 1 such that

1
sup |@r () — @(x)] < 5— (49)
xei 2]:“#’

for all k > k. Let x € ¥ and let k > ky. As p € O(3; {b)wehave

—_

det(Vip(x) [ r(2)) = = — det(Vip(x) | pi(x) — p(x)). (50)

<.
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Noticing that det(Viy(z) | vp(z)—p(z)) < |19 (x )Aagw(x)ngk(x)—go(x)], from (49)
and (50) we deduce that det(Vi(x) | pi(z)) > 2 3; and (47) is proved. Combining

(47) and (23) we see that sup,>,, W(V() | ¢i(-)) € LY(X). As W is continuous
we have limy, ., W(V(z) | or(z)) = W(Vi(z) | ¢(x)) for all z € X, and (48)
follows by the Lebesgue dominated convergence theorem.

Fix any k > ky et define the continuous function 6 :] — 3, 2[— R by 0(z3) :=
inf, s det (Voo (z) + 23Vr(z) | wr(z)). By (47) we have 0(0) > 2= and so there

2j
exists 7, €]0, 5[ such that 6(z;) > 4%. for all x5 €] — 1y, my[. Let ¢ : 1 — R be

given by ¢r(z,x3) := ¥(x) + x30k(x). From the above it follows that
1 = 11
det(Voy(x,exs)) > 5 for all € €]0,n,[ and all (z,z3) € ¥x] — 3 5[ (51)

As in the proof of (48), combining (51) et (23) and using the continuity of W, we
obtain

hm[ (Pr) = hm W(Vor(z,ex3))drdrs = /W V() | ox(z))de. (52)
3

Since 7.(¢x) = ¢, Z.(¢) < I.(¢y) for all e > 0 and all & > k. Using (52), (48)
and (45), we deduce that limsup,_Z.(¢) < Z(¥) + £, and (44) follows by letting
n — +0o0. [
3.6.4. Proof of Lemma 3.14

In what follows N < m and given F' € M™% 0 < v (F) < --- < vy(F) denote
the singular values of F. Set

N
i=1

When N = 2 and m = 3, it easy to check that v(F) = |Fy A Fy| for all F' = (Fy |
Fy) € M3*2, Recalling that any finite rank-one convex function is continuous, we
see that Lemma 3.14 is a direct consequence of the following theorem.

Theorem 3.20. Assume that
Ja, 8> 0 VF e MY (v(F) > a= W(F) < B(1+|FP). (53)
Then RW s of p-polynomial growth, i.e.,
Je>0VE e M™YN RW(F) < c(1+ |FP).

Proof of Theorem 3.20. Without loss of generality we can assume that o > 1.
It is clear that RW(F) < B(1 + |F|P) for all F € M™¥ such that v(F) > a.
Consider then F € M™*¥ such that v(F) < a. Let P € O(m) be such that

F=PJU,
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where U := VFTF and J = (J;;) € M™ with J;; = 0if i # j and J; = 1, and
let @ € SO(N) be such that

U = Q" diag(v(F),- - ,un(F))Q.

Then:

o F=PJQ diag(vi(F), - ,un(F))Q;

o FP =30 0(F).

Since v(F) < «, there exists 1 < i3 < --- < 4 < N with k£ € {1,---, N} such
that v, (F) < a, -+ ,v;, (F) < a (and v;(F) > o for all i & {i1,--- ,ix}). For every
je{l,---,k}, let t; €]0, 1] be such that v; (F) = (1 — t;)(—a) 4 t;o.. Then

diag(U1<F)"" 7'Ui1(F)7"' ,UN(F))
= (]‘ _tl)dlag(vl(F>7 y T 7UN(F)) + tldiag(vl(F>7'” y Gy e 7UN<F))7
and so F' = (1 —t))F] +t, F;" with:

. F[ = PJQYdiag(vi(F), -+, —a, -+ ,on(F))Q;
o Fi=PJQVdiag(vi(F), -, a,- -, on(F))Q;
. rank(F, — F,") = 1.

Moreover, we have

diag(vi(F),--- , —a, - ,v5,(F), - ,on(F))
= (1 —ty)diag(v1(F), -+, —a, -+, —a,--- ,un(F))
+ todiag(vy (F), -+, —a, -+ ,a, -+ oy (F)),

hence F” = (1 —ty)Fy '~ +toF, " with:

o B i=PJQNdiag(oy(F), -, —a, e —as e on(F))Q;
. Fyot = PJQTdiag( 1(F), - a, a0 un(F))Q;

. rank(F, "~ — F, ") = 1.

In the same manner, we obtain ;™ = (1 — t3)Fy"" + to " with:

o FP™ = PJQ diag(vy(F), - o, ,—a, -+, on(F))Q;

. FJFJr PJQ diag(vi(F), -+ ,a, -+ ,a,-+ ,on(F))Q;

. ramk(FJr —FFT) =1

We continue in this fashion obtaining a finite sequence {ﬂ”}jgﬁjk} C MmN,
where &; denotes the set of all maps o : {1,---,j} — {—,+}, with the following
properties:

° Fj’ = PJQTdiag(m(F),“- yo(Da, -+ o(j)a, - un(F));

. ifo(j) # 0'(j) and o(l) = o’(l) for alll € {1,---,j—1} then rank(F7 F") =
L;
o ifo(1)#0'(1) then F = (1—1)F7 +t,F;

. ifo'(j+1)#0"(j+1) and o'(l) = 0"(l) = o(l) for all l € {1,---,j}, then

F’]Q = (1 - tj+1)F]q-i/-1 + tj+1F]+1
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It follows that:

o ifo(1) #0'(1) then RW(F) < RW(F?) + RW(F?);
. ifo'(j+1)#0"(j+1) and o'(l) = 0"(l) = o(l) for all I € {1,---,j}, then
RW(FY) < RW(FFy,) + RW(F},).

Hence
RW(F) < Y RW(FY).

eSS

Moreover, we have
v(EY) = ‘det(diag(vl(F), ey o(Day - o(k)ay - ,vN(F)))’
=% H v (F),

ig{in, i}

and so v(F7) > o > a for all 0 € &;. Using (53) we deduce that

RIV(F) < 3 51+ [FEP).

€Sy,
But
[F7? = |diag(vi(F), -+ ,o(V)a, -+, o(k)a, - ,on(F))|”
=ka’+ > w}(F) < No®+|F],
ig{in, ik}
hence
RW(F) < > B(1+25(N5a? +|FP)) < c(1 + |FI?)
ceSy
with ¢ = 2V (1 4+ 22 N2a?), which is the desired conclusion. O

Remark 3.21. When m = N, it is easy to check that v(F) = |detF| for all
F € MY*N | Consequently, if W satisifies (5), i.e.,

Ja, 3> 0VF € MVY (|detF| > a = W(F) < B(1+ |F")),
then RW is of p-polynomial growth, i.e., 3¢ > 0 VF € MN*N ZW(F) < ¢(1+]|F[P).

3.6.5. Proof of the inequality (27)

It suffices to prove the inequalities (28), (29) and (30). On the other hand, it clear
that:

o if

ZﬁWOSLvaw@MxmumweAﬁﬂ&R% (54)

then (21) holds;
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o if

Togeo() < /E RWo(Vi(a))de for all v € AEE(LRY  (55)

then (22) holds;

o if

R ages () < /E RWo(Vi(x))de for all v € W'(SRY)  (56)

then (23) holds.
Hence, we only need to show (54), (55) and (56).

Proof of (54). Let ¢ € Affi*(X;R?). By Theorem 3.13 there exists {4 }n>1 C
C!(3;R3) such that (31) and (32) holds and Vi, (z) — Vi(x) a.e. in . As Wy
satisfies (25), i.e., Wy is continuous, we have

lim Wo(Vip,(z)) = Wo(Ve(z)) ae. in .

n—-4o0o

Using (26) together with (32) we deduce that there exists ¢ > 0 such that for every
n > 1 and every measurable set A C X,

[ WVt de < (A1 + [ 1Vinte) - Vo@Pds + [ [Vo@pas)

But Vi, — V¢ in LP(3;M3*%) by (31), hence {Wo(Vh,(-))}n>1 is absolutely
uniformly integrable. Using the Vitali theorem, we obtain

lim_ | Wo(V(@))do = /E W (Ve () da,

n—-+00

and (54) follows. O

Proof of (56). Let v € W'?(3;R3). By Theorem 3.15 there exists {t, }n>1 C
Aff#(3; R3) such that Vi, — Vi in LP(3;R3) and Vi, (z) — Vi(x) a.e. in 2.
Taking Lemma 3.14 into account, from the Vitali theorem, we deduce that

lim ZRWO(V@Dn(:E))d:v:/ERWO(V¢(x))dx,

n—-+00
and (56) follows. O

Proof of (55). We begin with some preliminaries: mainly, we state five lemmas.
The proof of the first lemma (which is due to Kohn and Strang) will be omitted
while the four others lemma will be proved below. Define the sequence {R;Wy}i>0
by RoWy = Wy and for every i > 1 and every & € M3*2,

Ri—f—lWO(g) = I%fl‘v {(1 - t)RZWO(f —ta® b) + tRlWO(é. + (1 - t)a & b)}
ac
beR™
t€[0,1]
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Lemma 3.22 ([24]) Ri+1WO S RzWO fOT’ all i 2 0 and RWO = infl'zo R1W0

Fix any ¢ > 0 and any ¢ € Affii®(3;R?). Then, there exists a finite family {V}};cs
of open disjoint subsets of ¥ such that |X\ U;e;V;| = 0 for all j € J and for every
Jj€J,|0V;] =0 and Vi(z) =& in V; with & € MP*2. As ¢ is locally injective we
have rang(¢;) =2 for all j € J. Fix any j € J.

Lemma 3.23. R;W, is continuous.

Lemma 3.24. There exist a € R?, b € R® and t € [0,1] such that
RipiWo (&) = (1 —t)RWH (& —ta®b) + tR;Wo(&; + (1 —t)a® b)

with a ®b € RZ@R3 C M3*2 given by (a@b)z := {(a,x)b for all x € R?, where (-, )
denotes the scalar product in R2.

Without loss of generality we can assume that a = (1,0). For every n > 1 and for
every k € {0,--- ,n— 1}, consider A, A, Bin, By, Bl,y Cims Crpy G, CY
given by:

Al;niz{<l'1,$2)€YI%Sfl’)lég—i—l_t and%ﬁ:@gl—l :

AZ—,n = {(xl,:pg) 6Y:§+ﬂ <z <

By = {(ml,xg) =% § k

x
B,:n = {(:El,xg)EY:—t:C2+%§x1< Bl and 0 < z g%};
Ckyn::{(xl,xg)eY:%gxlg%andxl—i—l—%g:@gl};
C,;n::{(xl,xg)EY:xz—l%—%leﬁt(xg—l)jL%and"T_lgxggl};
C’;n:: {(xl,xg)GY:t(:vg—l)—i—k—fleg%and%gxggl},

and define {0, },>1 C Affy®*(Y;R) by

(—t(x) — £) if (21,22) € A,
(1—t)(zy — &) if (21, 12) € A}, UB,, UG,
on(x1,22) = —t(x) + 29 — %) if (x1,29) € B,
—t(z1 — o+ 1 — EEL) i (24, 35) € Cen
0 if (21,22) € Biy U Ckp,

\

Set

. it b ¢ Tmé;
T b+ by ifb e Img;

(with Im¢&; := {&; -z : © € R*} C R?) where [ > 1 and v € R? is a normal vector to
Imfj.
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Lemma 3.25. Define {0, }ni>1 C Afff%(Y;R3) by
Hn’l(x) = O'n<I>bl.

Then
lim lim RZWO(@ + V9n71($))dl' = Ri+1WO(€j). (57)
Y

l—+00 n—+00

Consider VJ C V; given by VJ = {z € Vj : dist(z,0V;) > %} with ¢ > 1 large
enough. Then, there exists a finite family {r,, + pnY }menr of disjoint subsets of qu
with 7,, € R? and pp, €]0, 1], such that [V \ Unmens (rm + pmY)| < é.

Let {dn1qtniq>1 C Affy®(V;; R?) be given by

T — T ) A
Pmbn.i < ) six€ry+pnY CV/
Gnq() = I

0 siz e V;\ VY.
Lemma 3.26. Define {®), }.1o C AF(V;;R?) by
®,1.4(%) = V() + Puig(@). (58)

Then:
(i)  for everymn,l,qg>1, CIDZLM is locally injective;
(i)  for everyl,q > 1, (I)zz,l,q — ¢ in LP(V;; R?);

(i) Timg yo0 00— oo limy s RiWo (V.

(2))dz = [Vj|RisaWo(&;)-
We can now prove (55). According to Lemma 3.22, it is sufficient to show that
P) Taee () < / RaWo(Vib(x))dz for all ¥ € AFS(S: RY)

b

for all i > 0. The proof is by induction on i. As RyWy = W) it is clear that (Fp) is
true. Assume that (P;) is true, and prove that (Piy1) is true. Let ¢ € Affi™®(3;R?).
Then, there exists a finite family {V}};c; of open disjoint subsets of ¥ such that
X\ UjesV;| =0 for all j € J and for every j € J, |0V;| =0 and Vi(x) = &; in V
with §j € M**2. Define {‘Ijn,l,q}n,l,qZI C Affreg(Z; R?)) by

U,14(2) = (I)Z%l’q(:p) ifzeV;
with q)fmq given by (58). Taking Lemma 3.26(¢) into account (and recalling that

rappelant ¢ is locally injective) it is easy to see that ¥, , is locally injective. Using
(P;) we can assert that

jAff{fg(‘I’n,l,q) < /RiWO(V\Ifn,Lq(a:))da:
2
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for all n,l,q > 1. By Lemma 3.26(7) it is clear that for every l,q > 1, ¥,,;, — ¥
in LP(X;R3). It follows that

TAffffg(w) < lim IAﬁreg(\Ifnlq) S lim R WO(V\IJnlq( ))d&?

~ n—+4oo n—+oo [+

for all [, ¢ > 1. Moreover, from Lemma 3.26(iii) we see that

lim lim lim /RiWO(V\I/ml’q(x))dx:/RiHWO(V@Z)(x))dx
s

q——+00 [—+00 n—+400 N
Hence
Tame=(1) < / Rit1Wo(Vi(z))dx
s
and (P;41) follows. This completes the proof of the assertion (55). O

In what follows, we give the proof of Lemmas 3.25, 3.26, 3.23 and 3.24.

Proof of Lemma 3.25. Recalling that a = (1,0) we see that

(¢ —ta® b, if z € int(A, )
G+ (1—thab ifze int(/ﬁ UB,UCE,)
£+ Von(z) =& —tlat+at) @b if z € int(By,)
& —tla—at)@b ifze int(C'_n)
@ if x € int(By,,) Uint(Cyp)

with at = (0,1) (and int(E) denotes the interior of the set E). Moreover, we have:
/ . RWo(&5 — ta®@b)dr = (1 —t)(1 — 2)R;Wo (& — ta ® by); (59)
UroAL
/ L RiWo(& + (1= Da@b)dr = t(1 — DRWo (& + (1 —t)a®by);  (60)
U;cliOAkn
/ RWo(& + (1 —t)a @ b)de = LRW,(§ 4+ (1 —t)a® by);  (61)
UiZo (B UG, )
/ RWo(& — tla+a™) @ b)de = SERWy(& — tla+a) @ b);  (62)
UpZa By
/Un . RWo(&5 —tla—a™) @ b)de = ZER,Wo (& — tla—at) @ by);  (63)
k=0"k,n

/ RilVo(&)do = LRiWa (&) (6
Uk_O (Bk nUCk n)



O. Anza Hafsa, J.-P. Mandallena / Relaxation and 3d-2d Passage Theorems ... 789

Hence
/ RlW()(g] + vgn,l@}))dl‘
Y

_ (1 _ 2) (1= ORI — ta @ b) + (R (& + (1 — ha @ )|

n
+ % [tRZ-WO(gj +(I—taxb)+ %(RiWO(Sj —tla+at)®b)

+ RiWo(&; — tla—a™) @ b)) + RiWO(fj)}

for all n,l > 1. It follows that

Y

n—-+o0o

=(1—-t)RWu(& —ta®b) +tRWu(& + (1 —t)a® )

for all [ > 1. Taking Lemma 3.23 into account and noticing that b, — b, we deduce
that

|—+400 n——+00

lim lim / RiWo(& + Vb, (x))dx
Y
= (1 — t)R¢W0(fj —ta® b) + tR¢W0(fj + (1 - t)a ® b),
and (57) follows by using Lemma 3.24. O

Proof of Lemma 3.26. (i) Let x € V; and let W C V; be the connected compo-
nent of V; such that x € W (As Vj; is open, so is W). Since V¢ = &; in W, there
exists ¢ € R? such that ¢(2') = §; - 2’ 4 ¢ for all 2’ € W. We claim that ), [w is

injective. Indeed, let ' € W be such that @i‘hl’q(m) = @f%l’q(x’). Then, one of the
three possibilities holds:

060 = o (520
',l,q J P;';_T , (65)
@i,l,q(.ﬁlﬁ") = fj -x +c+ P! On ( pm:n > bl;
(I)ZLJ,q(ZL‘) = gj x4+ c+ PmOn (w;:;m> bl
CI){%Lq(I/) =¢ -2+

{l@fhl’q(m) =¢ ate )

(66)

o, (2)=¢& -2 +c

n,l,q

T—Tm

) we have:
Pm

Setting o := pman(%) - pm’gn(%) and ( := pmgn(

{fj(x/—:v):O ifa=0

. ) when (65) is satisfied;
by= 2§ —x) ifa#0
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(@' —2)=0 ifpB=0
b= Lg( —a) it BA0
. &(a' —x) =0 when (67) is satisfied.

It follows that if # # 2’ then either rank({;) < 2 or b; € Im¢; which is impossible.
Hence x = 2.

when (66) is satisfied;

(i) Given I,q > 1, we have || 14/l v;ms) < |Onillzoevirsy = [0i]l|lon o (vm). On

the other hand, for every k € {0,--- ,n — 1}, it is clear that |o,(x)| < @ for all
x €]k E11x]0,1[, and so 0, — 0 in L>(Y;R). Hence ¢, — 0 in L®(V;;R?), and
(1) follows.

(¢7i) Recalling that ¢y, =0in V;\ qu and > . P2 = |\A/qﬂ| we see that
| RW(VE] fa)dn = [ RV + Vo)
v v

= | RWo(& + Vonuig())da + |V, \ VIIR:Wy (&)

|4
= V71 [ RaWa(gs + Vous())dz + [V; \ TIRAVO(E)
Y
Using Lemma 3.25 we deduce that

lim lim /RWO VCIJ

l—+00 n—+00

(2))de = |VI R aWo(&) + [V \ VI IRW, (&)

n,l,q

for all ¢ > 1, and (4iz) follows since ij‘ = |VJ| = |VJ \ f/qj| — |Vj| (because
Vil = [Vl and L > [VI\ V]| — 0) and [V; \ V7| = [V; \ V]| + [VJ\ V]| — 0
(because |V} \ VJ| — 0). O

Proof of Lemmas 3.23 and 3.24. We begin by proving three lemmas.
Lemma 3.27. R? @ R? is closed in M3*2.

Proof of Lemma 3.27. Let {a, ® b,},>1 C R* ® R* and let £ € M**? be such

that a, ® b, — & For every n > 1, a, ® b, = u,, ® v, with u,, = |Z—:| e S! and

Vp = |an|b,, where S! is the unit sphere in R?. As S! is compact, there exists
u € S' such that (up to a subsequence) u, — u. Let uy € R? be such that
(u, up) # 0. Then (un,uo) 7& 0 for all n > ny with ng > 1 large enough. For every
n > ng, U, = o) (Up, ® vy)up, and so v, — uLO)&uo =: v € R3. It follows that
ap ® b, — u®v. Hence £ =u ® v. O]

Let H : M**? — [0, +-00] be defined by
H(E) = mf{H(g,t,a ®b): (t,a®b) € [0,1] x R? ®R3},

where H : M?*? x [0,1] x R*> @ R? — [0, +-00] is given by
H( t,a®b):= (1 —t)h(€ —ta®b) + th(§+ (1 —t)a®b)
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with A : M3*? — [0, +o00] continuous and coercive.

Lemma 3.28. Given & € M3*?  if H(¢) < +oo then there exists (t,a ® b) €
0,1] x R?* @ R3 such that H(¢) = H(E,t,a®D).

Proof of Lemma 3.28. Let {(t,,, a, ® b,) }n>1 C [0,1] x R? ® R be a minimizing
sequence for H(§) such that t, — t € [0,1]. Set F, := & — tya, @b, et G, =
E+(1—t,)a, ®b,. Then (1—t,)F, +t,G, = et G, — F, =a,®b, for all n > 1.
By the coercivity of A we have

(1 = t,)|Ful? + t0|Gnl? < ¢ for all n > 1 and some ¢ > 0. (68)

One of the two possibilities holds:

° t €]0,1];
° eithert=0ort=1.

Case where t €]0,1[. It is clear that 1 — ¢, > oy > 0et t, > ay >0 for alln > 1.
Using (68) we deduce that there exists F, G € M®*? such that (up to a subsequence)
F, — F and G, — G. Consequently, G, — F,, = a, ® b, — G — F. But, from
Lemma 3.27, R2®R3 is closed in M3*?, and so G — F € R?®@R3,ie., G—F =a®b
with a € R?* et b € R®. As H(E,-,-) is continuous, it follows that

H(E) = lim H(E ty,a, @b,) = H(, t,a®Db).

n—-+o0o

Case where eithert =0 ort = 1. Assume that t = 0 (the case t = 1 can be treated
in the same way). Then 1 —¢, > a >0 for alln > 1. Asp > 1 and ¢, — 0, using
(68) we deduce that there exists F' € M®*? such that F,, — F and ¢,G, — 0. As
(1 —t,)F, +t,G, =& for all n > 1, it follows that F' = £. Hence

lim (1 —t,)h(E,) = h(€)

n—-+o0o

since h is continuous. But t,,h(G,) = H(&, t,, an, @ b,) — (1 —t,)h(F,) for all n > 1
and H(&) < h(£), hence

lim t,h(G,) = H(&) — h(€) <0.

n—-+o0o

On the other hand, using the coercivity of h, we see that t,h(G,) > Ct,|G, [P for
all n > 1 and some C' > 0. Then

lim ¢,h(G,) > C lim t,|G,|P =0,

n—-+o0o n—-+o0o

and consequently
lim ¢,h(G,) =0.

n—-+o00

Thus H(¢) = h(€) = H(,0,a ® b), where a ® b is any element of R? @ R3. O

Lemma 3.29. H is continuous and coercive.
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Proof of Lemma 3.29. We first prove that H is continuous. Since H(-,t,a ®b) is
continuous for all (t,a®b) € [0,1] x RZ®R3, H is upper semicontinuous. Thus, we

are reduced to show that H is lower semicontinuous. To do this, consider £ € M?>*?
and {&,},>1 C M?*? such that:

o gn - g;
o SUanl H(&-n) < +OO?

and prove that

H(E) < Tim H(E,).
By Lemma 3.28, for every n > 1, there exists (¢,,a, ® b,) € [0,1] x R? @ R3
such that H(&,) = H (&, tn, an ® b,). Without loss of generality we can assume
that ¢, — t € [0,1]. From the coercivity of h, we deduce that (68) holds with
F, =&, —tha, ® b, and G,, := &, + (1 — t,)a, ® b,. As in the proof of Lemma
3.28, we consider two cases.

Case where t €]0,1[. Using the same arguments as in the proof of Lemma 3.28, we
obtain G,, — F,, = a,, ® b, — a ® b with a € R? and b € R3. Hence

lim H(&,) = lim H(En by, an @ by) = H(E t,a @ b) > H(E)

n—-+o0o n—-+00

since H is continuous.

Case where eithert =0 ort = 1. Assume that ¢ = 1 (the case ¢t = 0 can be treated
in the same way). Then t,, > 3> 0foralln>1. Asp>1andt, — 1, by (68) we
have G,, — G with G € M**? and (1 —t,)F, — 0. As (1 —t,)F, + t,G,, = &, for
all n > 1. Hence

G= lim (1—t,)F, +t,Gp = lim &, = ¢,

n—-+00 n—-+oo

and consequently

lim_1,h(G) = h(e)
since h is continuous. But (1—t,)h(F,) = H (&, tn, an®@b,) —t,h(G),) for all n > 1,
hence
because lim,,—, 1o H(&,) < h(€) since H(&,) < h(&,) pour tout n > 1. On the other
hand, using the coercivity of h, we see that (1 — t,)h(F,) > C(1 — t,)|F,|P for all
n > 1 with C > 0. Hence

lim (1—t)h(F,) > C lim (1—t,)|E,P = 0.

n—-+4+oo n—-4oo
Thus lim,, 4 (1 — t,)h(F,) = 0, and consequently

lim H(&,) = h(€) > H(E).

n—-+4+o0o
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We prove now that H is coercive. By the coercivity of h we have

H(E) > Cinf{(1 —t)[€ —ta @b +t|¢ + (1 —t)a @b’ : (t,a®b) € [0,1] x R? @ R?*}
for all £ € M**? and some C' > 0. But

(1—=18)E—ta®@b]P +t|+ (1 —t)a® bfP
> |1 =) —ta®b) + L+ (1 —t)ax )" =[],

and so H(&) > C|¢P for all £ € M3, O

We can now prove Lemmas 3.23 and 3.24. As W is continuous and coercive, it is easy
to see that Wy = RoW, is also continuous and coercive. Moreover, using Lemma
3.29 with h = R W)y, we see that if R,W) is continuous and coercive, so is Rq41Wp.
Hence, R,W) is continuous and coercive for all ¢ > 0, which proves Lemma 3.23.
As rank(&;) = 2, by (25) we have Wy(§;) < +o0o. Hence, R;11Wy(&;) < 400 since
RixiWy < Wy, and Lemma 3.24 follows by using Lemma 3.28 with h = R;,W,. 0O
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