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1. Introduction

Given a Banach space (X, | - ||) and a bounded linear operator 7: X — X, the
following equality

11+ T =14},

is called the Daugavet equation, where I is the identity operator on X. A Banach
space (X, || -]|) is said to have the Daugavet property [21] if every rank one operator
T: X — X satisfies the Daugavet equation. It is known that in a space with the
Daugavet property, every weakly compact, even every operator not fixing a copy of
¢, satisfies the Daugavet equation [21, 41].

In 1963, Daugavet [16] showed that the Daugavet equation holds for every compact
operator 7" on C'(0,1), and in 1966, Lozanovskii [33] proved that the same equation
is satisfied for compact operators on L;(0,1). These results were left without much
attention approximately until the beginning of 1980’s. Since then the Daugavet
equation has been studied by many authors in various contexts. The textbook [3]
and references therein provide a good source of results about this property. We also
refer to a nice survey paper of Werner [44]. Here we will point out some results
that are relevant to the studied topics.

The spaces Li(u) and Lo (p) on any atomless measure space have the Daugavet
property. Further such spaces as C(K') where K is a compact Hausdorff space with
no isolated points, the disk algebra, H*, non-atomic C*-algebras or preduals of
non-atomic von Neumann algebras have the Daugavet property [38]. A space with
the Daugavet property does not have an unconditional basis [20] and does not even
embed into a space with an unconditional basis [21]. In [20] Kadets used this result
to give an elegant proof of the well known results that neither C[0, 1] nor L;(0,1)
have unconditional bases. It is also known that a Banach space with the Daugavet
property cannot have the Radon-Nikodym property [45] and that the Daugavet
property can be lifted from components to the entire space in a finite direct sum
of Banach spaces equipped with ¢, or ¢; norm [2, 45, 21]. Some other examples of
spaces with the Daugavet property are presented in [22, 11, 44].

In general the Daugavet property is not inherited by subspaces, even 1-complemen-
ted [44, 21]. On the other hand it is inherited by subspaces that are M-ideals or
L-summands [21]. It should be mentioned that the Daugavet equation has found
nice applications in approximation theory. Stechkin [42] used it to find the best
constants in certain inequalities.

The main purpose of this paper is to investigate the Daugavet property in Kothe
spaces that are the Banach lattices and ideals over measure spaces. So far with
a few exceptions not much of such studies have been conducted.

The Daugavet property is quite restrictive, since it implies some severe isomorphic
and isometric restrictions. So it is not surprising that many results presented here
demonstrate that the Daugavet property in Banach lattices is rather unusual.

As we mentioned before, the Daugavet property is not generally inherited by sub-
spaces, even the complemented ones. However our first result obtained here shows
that in the case of Banach function lattices X, this property is inherited by the
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subspaces X, of order continuous elements. This essential observation allows us
to treat considerably larger family of spaces than has been studied so far. It also
allows us to develop a special method for demonstrating that the space fails the
Daugavet property.

In fact one starts with the assumption that the space X has the Daugavet property.
It then yields that under mild assumptions its subspace X, also has it. Hence
X, does contain an asymptotically isomorphic copy of ¢; [21], which in turn is
equivalent to the fact that the dual (X,)* contains an isometric copy of L;(0,1)
[18]. Further applying some additional assumptions on X or X’ we get that this
copy is order isometric [46], and then that X(A) = L;(A) as sets with equivalent
norms [1], for every measurable set A with p(A) < oo, which in fact often reduces
X to L, or leads to a contradiction. This method is a base for some general results
on the Daugavet property in Banach function lattices or more specific results for
such spaces as Orlicz, Nakano, Lorentz or Marcinkiewicz.

It is well known that if a Banach space has the Daugavet property, then every
nonempty weakly open subset of its unit ball has diameter two [41, Lemma 3]. The
class of Banach spaces having the latter property is considerably larger than the one
with the Daugavet property. For instance in /., or ¢y every nonempty weakly open
subset of their unit balls has diameter two, while they have no Daugavet property.
It is also well known that every infinite-dimensional C*-algebra satisfies that every
weak neighborhood of the unit ball has diameter two [7] and just some of them
satisfy the Daugavet property [38] (see also [8]). Analogous situation occurs in
interpolation spaces L1 + Lo, and L; N Ly, [5], and we will see similar phenomena in
the class of Orlicz or Nakano spaces. Other results on spaces having the diameter
two property can be found in [4, 9, 37]. A version of the Daugavet property for
polynomials (instead of operators) has been studied in [15].

The paper consists of five sections. In the second section we investigate the Dau-
gavet property for Kothe spaces, called further Banach function lattices. They are
the ideals in the space of all measurable functions L°(u) over the measure space
(Q,S, p). The first result, crucial for further studies, states that if a Banach func-
tion lattice X has the Daugavet property, then its subspace of all order continuous
elements X, inherits this property under mild assumptions (the support of X, is the
entire space 2 and X satisfies the weak Fatou property). It follows that for spaces
X in a large class of Banach function lattices, both X and its Kéthe dual X’ contain
an isometric copy of L;1(0,1). We show further that a large class of r.i. spaces over
atomless measure spaces fails the Daugavet property. In particular, if a r.i. space
X over an atomless finite measure space (2, S, i) has the Daugavet property, with
the assumptions that the norm of X is order continuous and it satisfies the Fatou
property, then X must coincide with L;(u) as sets and the norm of X is equivalent
to the usual norm in L;(x). Under some additional assumptions we get that a r.i.
space X with the Daugavet property must be isometric either to Ly or to L. We
finish this section with the exact formulas of the norms in dual spaces of the inter-
polation spaces X + L., equipped with classical norms, and consequently we show
that the interpolation spaces L1 N X, L,,NX or X + L., fail the Daugavet property
for a wide class of r.i. spaces X.
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In Section 3 we consider Orlicz spaces, an important class of r.i. Banach function
lattices. In the case of the atomless measure space (€2, S, ), we show that many
Orlicz spaces L, := L,(p), equipped with either Luxemburg or Orlicz norm, fail
the Daugavet property. In fact, if ¢ grows essentially faster at infinity than a linear
function, that is, if lim, . ¢(t)/t = oo, then the Orlicz space L, has no Daugavet
property. We show also that the graph of ¢ must be composed of straight segments
whenever L, has the Daugavet property and p(£2) < co. We finish the section by
showing that in function and sequence Orlicz spaces equipped with the Luxemburg
norm, the diameter of any non-empty weakly open subset of the unit ball is equal to
two whenever ¢ does not satisfy the appropriate condition A,. Thus in the class of
Orlicz spaces there exist many examples failing the Daugavet property but having
the diameters of weak neighborhoods equal to two.

Another type of Koéthe spaces, not symmetric in general, is studied in Section 4.
Here we investigate Nakano spaces L, with 1 < p(t) < oo, a direct generalization
of the Lebesgue spaces L,, 1 < p < oo, and a sub-family of much larger class of
Musielak-Orlicz spaces [36]. In particular we show that whenever 1 < p(t) < oo
then L, equipped with either of two standard norms fails the Daugavet property.
Nakano spaces L) are also called variable exponent spaces. However if p(t) takes
only two values, 1 or oo, then the space Ly enjoys the Daugavet property. We
finish the section by proving that whenever esssupg, p(t) = oo, then the diameter of
any weak neighborhood in the unit ball of this space is equal to two.

The last section is devoted to studies of the Daugavet property in the Lorentz and
Marcinkiewicz spaces A, and My, respectively. We prove that for large class of
functions, both spaces fail the Daugavet property. As a consequence, we recover
the analogous result for L, + Lo, and L; N L., equipped with one of the standard
norms.

2. Banach lattices

Throughout this paper, we will consider only real Banach spaces. If (X, | -]|) is a
Banach space, then by Bx and Sx we denote the unit ball and the unit sphere of X,
respectively. As usual by R, R, and N we denote the set of real, non-negative real
and natural numbers, respectively. Let (Q,S, ) be a complete o-finite measure
space, and L° = L%(u) be the space of (equivalence classes of u-a.e. equal) real
valued measurable functions on Q. We say that (X, || - ||x) is a Banach function
lattice Banach lattice for short) on (2,8, ) if X is an ideal in L° and whenever
z,y € X and |z| < |y| a.e., then ||z]x < |lyl|x. If 2 is the set of natural numbers
N, and p the counting measure on subsets of N, then the elements of X are real
sequences and in this case X is called a Banach sequence lattice.

Notice here that for any Banach lattice X on (£, S, i) it is possible to construct
(see [26, Corollary 1, p. 95] or [47, pp. 454-456]) a set Qx € S called the support of
X such that every element of X vanishes p-a.e. on 2\ Qx and every measurable set
E C Qx with p(F) > 0 has a measurable subset F' of finite positive measure with
xr € X. Furthermore (2x is the union of an increasing sequence of measurable sets
(E,) such that xg, € X and p(E,) < oo for each n. Notice that Qx is defined up
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to a null set. As usual the support (2x of a Banach function lattice X is denoted
by supp X.

Let X be a Banach function lattice on (2, S, ). Given a measurable set A C €,
X (A) denotes the space of all elements in X restricted to A, or X(A) = {xxa :
r € X}. By Ly = Li(p) and Ly, = Loo(p) we denote the spaces of integrable
and p-essentially bounded, real valued measurable functions on €2, respectively. An
element z € X is called order continuous if for every 0 < x, < |z| such that
z, | 0 a.e. it holds ||z,||x — 0. By X, we denote the set of all order continuous
elements of X. X is said to have the Fatou property whenever for any z, € X
and z € LY such that x, — z a.e. and sup,, ||z,||x < oo we have that z € X
and ||z||x < liminf, ||z,|x. X is said to have the weak Fatou property whenever
Tp,x € X and z,, — x a.e. we have that ||z|x < liminf, ||z,|x.

The Kothe dual space X’ of X is the subset of all elements y € L° such that

ol =sup { [ fovldis ol <1} < .
Q

It is well known that X’ equipped with the norm || - || x/ is a Banach function lattice
on supp X. Furthermore X” = X with equality of norms if and only if X has the
Fatou property (see [26, Theorem 6, p. 190] or [47, Theorems 3 and 4, p. 472)).

Let X be a Banach lattice. The order in its dual space X* is given by F < G if
and only if F(z) < G(x) for all 0 < z € X. A functional F' € X* is called order
continuous (resp., o-order continuous) if x, | 0 (resp., , | 0) implies F(z,) —
0 (resp., F(xz,) — 0). The sets of order continuous functionals (resp., o-order
continuous) is denoted by X (resp., by X[). It is well known that both sets form
bands in X*. The disjoint complement (X)¢ of X* (in X*) is denoted by X and
is called the set of singular functionals. Thus X* = X @ X is a direct sum of X}
and X.

If X is a Banach function lattice over (2, S, ), then X = X} and F € X if and
only if there exists a unique y € X’ such that F(z) = [, zydu for all z € X, with
|F|lx+ = lly|lx’, and this gives the isometric equality X* ~ X’. Thanks to this
representation, X is called the space of regular functionals and is denoted by X'
Note that supp X, = Q implies X = (X,)*, so every F, € X is identically zero
on the subspace X,. Thus in this case X* ~ X' @ (Xa)L. For details and more
information on Banach lattices we refer to [6, 26, 31, 35].

We say that a Banach lattice X is strictly monotone if for any z,y € X, we have
|lz]| < [|y|| whenever 0 <z <y and z # y.

Given x € L%(p), its distribution function is defined by d,(\) = p ({t € Q : |z|(t) >
A}), A >0, and its decreasing rearrangement by z*(t) = inf{s > 0 : d,(s) < t},
t > 0. A Banach lattice X is called a rearrangement invariant space (in short r.i.
space) if ||z|| = |ly|| whenever d, = d, and x € X. It is well known that for any
r.i. space X we have 41 N Lo, C X C Ly + Ly. If g is an atomless measure,
let ¢x(t) = |Ixallx, where u(A) = ¢t and 0 < ¢t < u(Q), be the fundamental
function of a r.i. space X. The fundamental function of the Kéthe dual X' is given
by ¢x:(t) = t/px(t) for any 0 < t < u(f2). The function ¢x(t)/t is decreasing
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on (0,u(2)). Let further ¢x(0+) = lim; o+ ¢x(t). For r.i. spaces we refer to
[10, 27, 31).

Given two Banach lattices X,Y we will write X = Y whenever the sets coincide
and the norms are equivalent. Two expressions U, V' are said to be equivalent if for
some constants a,b > 0 we have aU <V < bU. In this case we write U ~ V. The
symbol X ~ Y means that X and Y are isometrically isomorphic.

Let (Xo,| - |lo) and (X1, || - ||1) be Banach lattices over the measure space (2, S, u).
Then X = (Xj, X1) denotes a Banach couple in the sense of interpolation [10, 27].
The spaces ©(X) = Xo + X; and A(X) = XN X, are often equipped with the
following norms:

l2lle = llzllsm) = nf{{lzollo + llz1ll : 2 = 20 + 21,20 € Xo, 21 € X3},
[ella = llellac) = max{{lzlo, [l=[1},

el = I#llsx) = mf{max{|[zollo, |71l } = 2 = z0 + 21, 20 € Xo, 21 € Xi},

lella = Nellac) = lzllo + lls-

It is well known that for any couple X of Banach lattices and the couple X’ =
(X§, X1) the following Kothe duality formulas hold with equality of norms:

A la) = EX) - =), (B, - )= (AKX - ),
AL = EX) ), EE), 1) = (A, 1HlLa)-

If Xo =Ly and X; = L., are equipped with their usual norms (|| - ||; and || - ||oc
respectively), then we denote briefly by ¥ = L; + Lo, and A = Ly N Ly, and their
appropriate norms by || - [|s, |-|lx and || - ||a, [|-]|o- It is clear that if (2,8, u) is
a finite measure space, then A = L, and ¥ = L; up to equivalent norms.

We start with a first important observation that the Daugavet property is inher-
ited by the subspace of order continuous elements. This basic fact is an essential
ingredient in the proofs of several further results.

Theorem 2.1. Let X be a Banach lattice on (2, S, ) with the Daugavet property.
If X has the weak Fatou property and supp X, = ) then the Daugavet property is
inherited by X,.

Proof. Notice first that if £ is a Banach function lattice on (€2, S, ) with supp X =
Q) then E is an order dense ideal in LY, i.e. for every 0 < z € L there exists a non-
negative sequence (z,) in E such that z, T x a.e. [26, Lemma 1, p. 95]. Thus
our hypothesis supp X, = 2 implies that X, is an order dense ideal in X. Then
using Lebesgue’s Monotone Convergence Theorem it is easily seen that the following
formula holds with equality of norms

(X,) = X'.

Let T'= F®x be a rank-one operator on X,, that is Tz = F(x)z, for x € X,,. Since
the Banach lattice X, has an order continuous norm, (X,)* is order isometrically
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isomorphic to (X,)’. Thus by the above equality, there exists y € X’ such that
[ F[[x+ = llyllx~ and

F(u):/uydu, u€ X,.
Q

We define a rank-one operator S: X — X by S = F ® x, where

F(x):/mydp, re X
Q

Since Flx, = F and [|Fllx- = lyllx = |Fllxar, we have [|Sllx—x = [T ]x.x..

We fix © € By. By order density of X, in X, it follows that there exists a sequence
(un) in X, such that u,, — x a.e. and |u,| < |z| for all n € N. Since |u,y| < |zy]
for all n € N and zy € Li(u), Lebesgue’s Dominated Convergence Theorem reveals
that F(u,) — F(z). Consequently,

lw, + F(un)x0| — |z + ﬁ’(x)x0| = |z 4+ S(x)| a.e.

Combining now the weak Fatou property of X with F |x, = F and u, € By, we
obtain

|l + S(x)||x <liminf, .||u, + F(un)%HX
< sup lu+ F(u)rolx, = 1+ T|lx,—x.-

llullx, <1

Hence ||[I 4+ S||x—x < |[[I + T|x,—x,- Since ||S||lx—x = ||T||x,—x,, the Daugavet
property of X yields the required inequality

1 + ||T||Xa—>Xa S ||I+T||Xa_>Xa7

and this completes the proof. ]

The next two results state conditions under which the Daugavet property of X
implies that X or X’ contains an (lattice) isomorphic or isometric copy of L;(0,1).

Corollary 2.2. Let X be a Banach lattice on (Q, S, i) with the weak Fatou property
and let supp X, = 2. Suppose X has the Daugavet property. Then we have:

(i)  The Kdéthe dual space X' contains an isometric copy of L1(0,1).
(ii) If X' is strictly monotone, then it contains a lattice isometric copy of L1(0,1).

(ii) If X' is order continuous, then X' contains a lattice isomorphic copy of
L1(0,1).

Proof. (i) It was shown in [18] that a Banach space contains asymptotically iso-
metric copy of ¢; if and only if its dual space contains an isometric copy of L;(0,1).
It is also known that if a Banach space has the Daugavet property, then it contains
asymptotically isometric copy of ¢; (see the proof of [21, Theorem 2.9]).

If X is a Banach lattice which satisfies our conditions, it follows by Theorem 2.1
that X, has the Daugavet property. Since (X,)* is isometrically isomorphic to X,
the proof is complete by the above mentioned results.
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(77) Since by (i), X' contains an isometric copy of L;(0,1), it follows by [46] that
X’ contains also a lattice isometric copy of L;(0,1).

(i73) It was shown in [23, Theorem 3.1] that if a Banach lattice Z contains no
isomorphic copy of ¢y and has a subspace isomorphic to L;(0,1), then Z also has
a sublattice which is order isomorphic to L;(0,1). Since X’ has the Fatou property,
thus our hypothesis implies that X’ does not contain a copy of ¢y. Combining the
above mentioned result we obtain similarly as in (i) the required assertion. O

Proposition 2.3. Let X be a Banach lattice on a measure space (£, S, p) with the
Fatou property. If X has the Daugavet property, then we have:

(i)  If supp(X'), = Q, then X contains an isometric copy of L1(0,1).
(i) If supp X, = supp(X'), = Q, then both X and X' contain isometric copies of
Lq1(0,1).

Proof. (i) It is obvious that a Banach space Y has the Daugavet property once its
dual Y* has it. Our hypotheses imply

((X9a)" = (X0a)" = X" ~ X.

This yields that (X’), has the Daugavet property. Combining the above formulas
with the proof of Corollary 2.2(7), we conclude the result.

(77) The statement follows by (i) and Corollary 2.2. O

In the remaining part of this section we shall investigate the Daugavet property of
r.i. spaces and its relationship to the behavior of the fundamental functions of these
spaces. We start with a result which will be applied to Lorentz and Marcinkiewicz
spaces in the last section (see Theorem 5.3).

Proposition 2.4. Let X be a r.i. space with the Fatou property on an atomless
measure space (2,8, ) and let p be separable in case of infinite measure. If
ox(04+) > 0, X, # {0} and X' is strictly monotone or L(0,1) is order isometri-
cally embedded into X', then X does not possess the Daugavet property.

Proof. Notice that the assumption X, # {0} for r.i. space X is equivalent to
supp X, = §2. Without loss of generality we can assume that ;(£2) = 1 or p(2) = oc.
Assume also that X’ is strictly monotone. If instead we assume that X’ contains
an order isometric copy of L1(0,1) then the proof goes in a similar mode.

Assume that X has the Daugavet property. Then by Theorem 2.1 the space X,
inherits this property. We also have that the dual space (X,)* ~ X', and then in
view of the assumption that X’ is strictly monotone and by Corollary 2.2(i7), X’
contains an order isometric copy of L;(0, 1).

If u(2) =1 then X’ = L. Indeed, since the inclusion L., < X’ holds, we need to
show that X’ < L.,. Assuming on the contrary that there exists x € X’ which is
not bounded, we can find a sequence (A4,) C §2 such that u(A,) > 0, |z(t)| > n for
t € A, and n € N. Hence

[ellx = llexa, x> ngx(0+) — oo,
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a contradiction. Let T": L1(0,1) — X’ = L., be an order isometry. Letting xj €
Ly(0,1), lzgllh = 1, k = 1,...,n, and |zg| A |z;| = 0 for k # j, we have that
12 k=1 #lly = 225=1 lzklly = n. Hence

=3l = [ (=)l ~ I ()1,

k=1
= max || Tog[lee ~ max [Ty = max [lzgfls =1,

3

and we get a contradiction.

Assume now that u(€2) = co. Applying the same reasoning as above we get that
X'(A) = Loo(A) for any measurable set A with p(A) < oc.

By the assumption that p is separable and the Caratheodory Theorem (see, e.g.
Corollary on p. 128 in [29]), L;(p) is isometrically isomorphic to L;(0,1) which in
turn is order isometrically embedded into X’. Hence L; = L;(u) is order isometri-
cally embedded into X’ = X’(€2). Now by Corollary 9 in [1] and its proof, we have
that Ly(A) C X'(A) as sets for every A with 1(A) < oo, which contradicts the fact
that X'(A) = Lo (A). O

Before the proof of the next result let us recall that a Banach space X is said to
be a weakly compactly generated Banach space, or a WCG-space, if X contains
a linearly dense weakly compact subset K, i.e., X = span(K’). Separable Banach
spaces and reflexive Banach spaces are trivial examples of WCG-spaces. It is well
known that in every Banach lattice with order continuous norm, order intervals are
weakly compact [6, Theorem 12.9]. This implies that if X is a Banach lattice with
a weak unit e, then X = span|—e, €] (by [34, Theorems 40.2 and 40.3]) and so X is
a WCG-space.

We will use the following result [17, Corollary 7, p. 83]: If X is a Banach space
whose dual X* is a subspace of a weakly compactly generated Banach space Y, then
X* has the Radon-Nikodym property.

Proposition 2.5. Let X be a r.i. space with the Fatou property on an atomless
measure space (2,8, ). If X is order continuous and has the Daugavet property
then Ly — X. In particular, if p(2) < oo then X = L.

Proof. Let X be order continuous and have the Daugavet property. We claim that
¢x:(04+) > 0. Assuming on the contrary that ¢x/(0+) = 0. Then (X’), # {0}, and
so supp(X'), = Q. Since

(XDa)" > (X)) >~ X"~ X

and X is order continuous with a weak unit (by supp X = ), we conclude by
the above mentioned result that X has the Radon-Nikodym property. However it
contradicts the Daugavet property of X by [45], in view of the well known fact that
the unit ball of a space with the Radon-Nikodym property has a strongly exposed
point. This proves the claim. We can now proceed analogously to the proof of
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Proposition 2.3 and show that X’ < L_. As a consequence L; — X by the Kothe
duality and X = X" isometrically.

We conclude recalling that any r.i. space over a finite atomless measure space is
embedded into L; [10, 27] and so X < L;. By the previous opposite embedding
we get that X = L. ]

Proposition 2.6. Let X be a r.i. space with the Fatou property on a finite separable
atomless measure space (2, S, p). Assume that X has the Daugavet property. If X'
is strictly monotone or X' is order continuous, then X = Lo (p).

Proof. Let X' be strictly monotone and let X have the Daugavet property. Sup-
pose that ¢x(0+) = 0. It follows that supp X, = 2, and thus by Corollary 2.2(ii),
X' contains a lattice isometric copy of L1(0,1). Now by the assumption that p is
separable, L;(0,1) is isometric to Ly (u).

Applying in turn [1], we get that Li(u) € X'. However X' C Ly(u), so X' =
Li(p). Thus X = Loo(p), which contradicts ¢x(0+) = 0. Hence ¢x(0+) > 0, and
consequently in view of finiteness of p, X = Loo(p).

If X’ is order continuous, then by Corollary 2.2(¢i7) and the similar arguments as
above, we obtain that X = L (p). O
The following geometrical characterization of the Daugavet property will be used

later.

Lemma 2.7 ([21, Lemma 2.2]). For a Banach space X, the following conditions
are equivalent:

(i) X has the Daugavet property.

(i) For every x € Sx and y* € Sx+ and every € > 0 there is x* € Sx« such that
z*(z) >1—¢ and ||z* +y*|| > 2 —¢.

(#ii) For every v € Sx and x* € Sx~ and every € > 0 there is y € Sx such that
*(y) >1—cand ||z +y|| >2—e.

In what follows we also need the following technical result.

Lemma 2.8. Assume that f,g € Li(n) and D is a measurable set such that for
a.e. t €D,

0<f(t) and g(t) = —c,
where ¢ > 0. Let A={te D: f(t)<c} and B={te€ D: f(t) >c}. Then

1+ 9)xpll < [ Fxpll + lgxplly — 2cu(B).
Proof. In view of AUB =D and AN B = (), we have that
1fxpll + llgxoll = I fxalls + [ fxall + c(u(A) + p(B)),
and
I+ opol= [ 17 =cldn+ [ 1f=cldu= [ (= paws [ (70 du
A B A B

= c(u(A) = p(B)) = [fxalls + 1 xslh-
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Hence

I/ xolls + llgxolly = I(F + 9)xoll = 2[[fxallL + 2cu(B) = 2cu(B),

and the proof is done. O

The next statement extends [5, Proposition 4.3, ¢] from L, to a wider class of r.i.
spaces.

Theorem 2.9. Let X be a r.i. space on an atomless infinite measure space (€2, S, ).
Assume that one of the following two conditions is satisfied:

(i)  The fundamental function ¢x of X satisfies that ¢x(T) > T for some 0 <
T <1, ¢x(1) =1 and ¢px(ty) < to for some real number to > 1 .

(1) X C Loo(p) and the fundamental function ¢x satisfies that ¢px(1) = 1 and
oOx(to) < to for some ty > 1.

Then the space (L1(p) N X, || - ||a) does not have the Daugavet property.

Proof. Let (E,| - |lg) = (Li(p) N X, - ||la)-

(1) By the assumptions we can choose a real number a such that a > max{ ¢f’(‘T()T_)T Jto}

Now we choose measurable subsets €; and Q, of  such that Q; C Q,, pu(2;) =1
and p(Q,) = a. Take zy = Lxq, and the functional Fy € E* generated by —xq,.

éx (1)

Since the function ¢ — ’

is non-increasing, by the choice of a we have
a
ol = max{ ol o} = oo {1, 242} 1

Since Bg C By, |[Foller < |Ixaullee = 1 and so Fy € Sg by |[xa,|leg = 1 and
Fo(xa,) = —1.

We shall show that for every 0 < ¢ < min{l — XL —L12r _ ¢XT@}, if y e Sg

satisfies Fo(y) > 1 — ¢, then ||zg + y||g < 2 — &, which will prove that E lacks the
Daugavet property by Lemma 2.7.

So assume that y € Sg and Fy(y) > 1 — €. Let us write
C={teQ:—y(t) >0},

and

A={teC: —yt) <a'}, B={tecC:a'<—yt)}
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We clearly have

| < Ry) = /Ql(_” an< [ (=) dn

Z/A(—y) du+/B(—y) dp

1
< —u(A) + lIxalxllyxsllx

1(B)

1
1 u(B)
a  ¢x(u(B))

(since A C )

The function t — is non-decreasing and by the choice of ¢ we know that

t
dx(t)
Iy ¢XL(T) < 1 — ¢, hence we deduce from the above inequality that u(B) > T.

On the other hand, from the definitions of the subsets C, A and B, by applying

Lemma 2.8 we obtain

I(zo + y)xelh < (o + ¥)xells + 1(@o + v)xells — 2u(B)/a
< [[(zo + y)xclli + [I(xo + y)xcl — 2T /a.

Combining the above inequality with ||zo[|r = [ly[[r = 1 and € < 2T'/a we obtain

|70 + ylli = [[(zo + y)xcll + (o + y)xarcll
< llzoxclli + llyxclli = 2T/a + [[zoxa\clli + [lyxarcl
= [|[zolls + llylls — 27'/a
<2-2T/a<2—c¢.

As a consequence, we obtain

2o + yllp = max {||lzo + yll1, lzo + yllx } < max{[lzo + yll1, [|zollx + [lyllx}
dx(a)

a

< max{on—i-yHl, +1}<2—£

and so F does not have the Daugavet property.

(77) By the assumptions we can choose measurable subsets €2; and y of € such that
Q C Qo, () =1 and p(Q) = ty. Take xg = axq,, where a = 1/t, and the regu-
lar functional Fy € E* generated by —yq,. We have ||zo||p = max{||zo||1, ||zo]|x} =

max{1, ¢Xt—gt°)} = 1. Since Bg C By, one has that ||Fyllzr < [|xa,|lec = 1. Indeed

Fy € S since || xa,|lp =1 and Fy(xq,) = —1.

We shall show that for every € > 0 small enough, if y € Sg satisfies Fy(y) > 1 — ¢,
then ||zo+y||p < 2—e, which will prove that E does not have the Daugavet property
by Lemma 2.7.
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Our hypothesis X C L., implies by the closed graph theorem that Bx C c¢By_ for
some ¢ > 0. Without loss of generality we can assume that ¢ > a = 1/t.

We choose 0 < ¢ < min{1 — ¢Xt—ff°), %ZT_ZQ)} Let us notice that ¢x is increasing and
soe<1— % =1 —a. For every y € Sx we clearly have that

Ox(t
2o + wllx < l2ollx + lyllx < @ fl<2—e
0

We fix y € Sg satisfying Fy(y) > 1 — . In order to prove the desired inequality we
will use the measurable sets given by

A={teQ: —y(t) <a}, B={teQ: —y(t) > a}.

We clearly have

1= <Rl = | (0 du= [ (=) dut [ (-9) du (since iyl <)

< ap(A) + cu(B) (since A,B C U, ANB=10)
< a1 - u(B)) + cu(B) = a + (c — a)u(B),
and hence
w(B) > 122
c—a

We write D = Q\;. Then we have
1
[l dn= [ ol du= £ (0(90) - () =1~
D Qo\ Q1 0
Since A, B and D are pairwise disjoint sets, we know that

/ydu—/ydu+||y><nl|1§/|y\ du+/ iyl i+ ol < .
A B A B

Combining this estimate with ||zo||g = ||y||z = 1 and the choice of ¢ we get

lzo +ylli = [ (xo + ¥)xa.ll1 + [[(xo + ¥) XDl

S/\xoﬂ/\ du+/ 20+ du+/ 2ol dyt+ llyxoll

A B D

s/<a+y) du—/<a+y> du+/ 20| di + ol
A B D

:aWQQ—MB»+[ﬁdu—£ﬁdﬂ+1—a+mmﬂl

<a(l=2u(B)) + Iyl +1-a

2e +2a — 2
(1 EEE)
cC—a
2e +2a -2
—o4a 0TS g
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As a consequence we obtain
lzo + ylle = max {{lz + ylh, = + ylx } <2 -,

and so E does not have the Daugavet property. O]

Corollary 2.10. Let X be a r.i. space on (0,00). If the fundamental function
ox of X is concave and non-constant on (T,ty) and constant on [ty, 00) for some
0<T <tyand ¢x/(t) =t/dx(t) is concave and non-constant on (T ty), then the
space (L1 N X, || - [|a) does not have the Daugavet property.

Proof. To see this take s > 0 such that ¢(s) = s/¢x(s) =1 and define a r.i. space
Xo = (X,] - |lo) equipped with the norm ||z||, = mHszHx for v € L1 NA.

Then we have ¢x,(t) = ¢dx(st)/dx(s) for every t > 0 and so ¢x,(1) = 1. Since
T= ﬁ(s)Ds is an isometrical isomorphism between the spaces L; N X and L; N Xy,
Theorem 2.9 can be applied. O]

It was proved in [5] that (L, N Ly, || - ||a) does not have the Daugavet property.
The following result is a far-reaching extension of the mentioned result to a large
class of r.i. spaces (Lo N X, | - ||a)-

Theorem 2.11. Let X be ar.i. space on an atomless infinite measure space (2,8, 11).
Assume that the fundamental function ¢x is concave, continuous at 1, satisfies
ox (1) =1, and it is non-constant on [1,00[. Assume also that there are 0 < ug < 1
and 9 > 0 such that the following condition is satisfied

(G eS8, zeBx, [#]o <1, lzxallx >1—c) = [zxaclx < uo.

Then the space (Lo N X, || - ||a) does not have the Daugavet property.

Proof. We will prove that Y = (LN X, ||-||a) does not satisfy the third condition
of Lemma 2.7.

Let us choose a measurable set €y C Q such that (€;) = 1 and let Fj be the element
of Y’ represented by xq,. Since By C By it is clear that ||Fplly: < [[xa,l1 = 1.
By assumption ¢x(1) = 1, so the element yo = xq, € Sy and F{j(yy) = 1. Hence
Fy € Sy+. Since ¢x is concave and non-constant on [1,+00), ¢x(t) > ¢x(1) =1
for every t > 1. We choose now a measurable set 2o C Q\Q; with u(Qy) = 1/2.

Let s = % Consider the element zy = ¢;_(15) (xa, + Xa,) € Y. It is clear that

1 1

ngX—(s) <1, |xollx = ¢X—(S)¢X(M<Ql UQy)) =1,

o]l =

and so xg € Sy.

We shall show that for every ¢ > 0 small enough, if = € Sy satisfies Fy(z) > 1 —¢,
then ||zg + ||y < 2 — ¢, which will prove that Y does not have the Daugavet
property by Lemma 2.7.
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Since ¢x is continuous at 1 and ¢x (1) = 1, there is 0 < ¢y < 1 such that todx (o) >
1 — eg. So we choose

1
O<€<min{—,1—u0,

T ((bX(S) _ 1) 7(1 . tO)Q} )

(¢x(5))"

Assume that x € Sy satisfies that Fy(z) > 1 —e.

In view of [|zg||e = m < ||z|]|x = 1 and the choice of € we obtain

1
120 + oo < [[Z0lloo + [[#]lo0 € ——= +1 <2~

¢x(s)
Let 0 < 7 < 1 be such that e = (1 —r)? and let
G={teQ  z(t)>r}.

Since z € Sy C By we have

—e < Fylz) = rdu= [ zd rd
1 —¢e < Fy(z) /Ql [ /G M+/§21\G 1
< (@) +rp(W\G) = w(G) +r(1 — u(G)) = p(G)(1 =) + .

That is,

nwG) = 1-

=1-(1—-r)=r
1—r ( r)=r
Hence by the choice of € (and r), since ¢x is non-decreasing we have

lzxellx > Irxellx = rox(W(G)) > réx(r) > todx(to) > 1 — eo,
and so, by the assumption on X, we obtain

lzxonellx < wo.

Observe that for every t € G we have

1 1
0<r— ox(5) <x(t)+xo(t) <1— ox )
and hence
1
(o +)xallx < (1= =5 )ox((G)
1
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Combining the shown above inequalities we obtain

2o + 2||x < ||(zo + 2)xallx + [[(xo + 2)xrallx

< (1= 525) + looxmllx + lrxaal s

<(1- ¢X1<s>) N ¢X1<s>¢X(“ (1 VNG + 0

- (1= ) * et @) o

< (1 - ¢X1($)) + ¢X1<S)¢X(s —7) + ug <since r> %)
<(1- ¢X1<s>) N ¢X1<s)¢X(1) I

(-5 tam e

=1l4u<2—c¢

We have already shown that ||zg 4+ 7||o < 2 — ¢ and so the above estimate yields
20 + 2|y = max{[|zo + 2|, [0 + 2| x} <2 —e.

This shows that Y does not satisfy the Daugavet property and the proof is complete.
m

The next two theorems below provide formulas of the norms in the dual spaces to
(X + Loo, [Ilz) and to (X + Loo, || - [I2)-

Theorem 2.12. Let X be a Banach lattice on (2,S,1). If X C (X 4+ Lu)a, in
particular if X s order continuous, then

(X + Loo, |+ ll2)" = (X' N L) & (X + Leo)z s

and for every F € (X + Lo, || - ||£)* we have F = F, + F,, where Fy € (X + L),
and for some y € X' N Ly,

Fr(ﬁ):/ga:ydu, € X + Ly,

and |[E-|| = [lyllxnz, = max{|[yllx [[yll1}. Moreover,
£} = max{[[yl[x:, [lyll + [|F5]1}-

Proof. By the assumption X C (X + L), we have that supp(X + Le)s = 2.
Moreover by the Kéthe duality formula we have (X + L)' = X' N L; with equality
of norms. Combining with the general representation of the dual space of a Banach
lattice described in the introduction we obtain the first statement of the theorem.
In order to finish we need to show that the formula for the norm of the functional
holds true.
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Fixx=u+v € X + Ly withu € X,v € L,. Then by Holder’s inequality and the
fact that Fs(u) = 0 since u is order continuous, we get

|F(u+0)| < |F(u)] 4 [F(v)] + [Fa(v)]
< [ lugldn-+ [ Jouldu+ 2ol v
Q Q
< lullxllyllx + [lyll:llvlle + [ F5[[v]loo
< max{[[yllx, [yl + [} (lullx + lvflse)-
Taking the infimum over all decompositions of z, we obtain

IE]] < max{[[yllx, [lyll + | F6]l}-

Notice that for every 0 <z =u+4+v € X + Lo with0 <u e X, 0 < v € L, we
have |Fs|(x) = |Fs|(u) + |Fs|(v) = |Fs|(v), since |Fs| € X and so |F|(u) = 0. This
implies that given € > 0 there exist 0 < uy € X,0 < vy € Ly such that

llwollx + [[vol|lee < 14+e and || Fs|| < |Fs|(vo) +&/2.
Since y € Ly, there exists 0 < v; € Ly, with ||v1||oc < 1 such that

IF|(v) = / wrlyldu > lylh — /2

For v =vy Vuv; we have 0 <v € Lo, C X + Lo, and
IF(0) = | |(0) + |Fil () = / olyldu + |Fo|(v)

> / oilyl i+ 1Fal(wo) = (Il — /2) + (1B — /2)

= llyll + [[Fs] — .
Since [|v]joo < 1+ €, we have [|v|| x4z, < 1+ ¢ and hence ||F|| > (||lylls + || Fsl| —

e)/(1+ ¢). Consequently,
IEN = Nyl + (£

To conclude the proof, it is enough to observe that

IFlf = sup [F(z)] = sup [F(z)]

2]l X+ Loo <1 [l x <1

[ zdn| = lyle.
Q

= sup |F.(x)]= sup
llzllx <1 llz||x <1

]

Remark 2.13. The assumption X C (X+ L), is weaker than the order continuity
of X. In fact there exist Banach function lattices X such that X # X, but X C
(X+Loo)a- Indeed let X be ar.i. space over R, not order continuous, and such that
¢x(1) =1 and X(0,1) = (X(0,1)),. Then we have X C (X + Lo),. It is standard
to show that ||z||x+z.. = ||2*X(0,1)lx. Hence given 0 < z € X, and 0 < z, < x,
x, | 0, we have |z, x+z.. = [|Zixo)llx — 0 since z%x©01) € (X(0,1)),. In
particular take X = Ay with ¢(0+) = 0, (1) = 1 and ¥(00) < oo, which is defined
in Section 5.
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Theorem 2.14. Let X be a Banach lattice on (2, S,1). If X C (X 4+ Leo)a, in
particular if X is order continuous, then

(X + Lo, [Fl5)™ 2= (X0 L1) @ (X + Lec)
and for every F € (X 4 Lo, ||'|lx)* we have F = F, + F, where Fy € (X + Loz,
and for somey € X' N Ly,

Fr(a:):/gazydu, € X+ L,

and || = 1yl xnp, = lyllx + [yl Moreover,
IEN = Tlyllx + Nyl + ]

Proof. The proof of the first part goes similarly as the corresponding part of the
proof of Theorem 2.12. Let x = u+v € X + Ly, with u € X, v € L. Then by
Fy(u) = 0 and Holder’s inequality,

|E(u+0)] < ullxllylx + lylhl[ollee + 1 FslHv]loo
< [lullxllyllx + l[ollco(lyll + 1 £
< max{|ullx, [[olleo }llyllxr + Iyl + [[£5]]).

By taking the infimum over all decompositions of x we get
IE < Nyl + [yl + [1F]]-
As before, given £ > 0 there exist 0 < ug € X, vg € L, such that
max{||uo||x, [|[vo]|lo} < 1+e and || Fsl| < |Fs|(vo) + /3.

Since y € L; N X', there exists 0 < vy € Ly, with ||v1]|oc < 1 such that

Fyl(0r) = / orlyldie > [yl — /3,

and there exists 0 < u € X with ||ul]|x < 1 such that

Pl () = / alyl di > [yl — /3.

Letting v = vy Vv we have v € Lo,, 0 <v e X+ Loandsoxr=u+v € X + Ly
with 0 <« € X. Hence

Fl(2) = () + [Fal(2) = || (w) + B l(0) + | Bl (0)
_ / ulyl dia + / olyl dy+ |Fu|(v)

> (||y||Xf—6/3)+/Qvl|y|dM+IFsl(vo)

> (lyllx —¢/3) + (lyll — /3) + (| Fs|l — ¢/3)
= [lyllx + [yl + [ Fs| — e
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Since [|v]joc < max{[volloc; [V1lloc} <1+ ¢, and [lzflx, < max{[jullx,[[v]o} <
L+e, we have |[F'[| = (|lyllx + lylls + [|F[] — €)/(1 + ¢). Thus

IEN = Nlyllxe + gl + 1 Fl

which completes the proof. O]
Remark 2.15. In the case of X = L, Theorems 2.12 and 2.14 were proved in [25].

The concluding two theorems in this section claim that the large class of the spaces
(X + Lo, ||  ||2) and (X + Lo, || - |ls;) do not have the Daugavet property.

Theorem 2.16. Let X be a r.i. space over an atomless measure space (2, S, )
satisfying p(Q) > 2. If X C (X + Loo)a, in particular if X is order continuous,
then the space (X + Loo, || - ||) does not have the Daugavet property whenever ¢x
is strictly increasing and ¢x(t) =t on [0, 1].

Proof. Let A € S be such that u(A) = 1. Choose B € S such that u(B) =1 and
ANB=10. Let z = x4. Then

[2]ls: = min{|[xallx, 1} = min{gx (1), 1}.

Define a regular functional G € (X + Ly.)* by

G(u):/ugdu, u€ X+ Lo,
Q

where
1o
g = 5XaT X5
Then we have |lglli =1, |lgllx' = 5llxausllx = 30x(2) = m < 1, since ¢x(2) >

¢x(1) = 1. Thus, by Theorem 2.12,

IGN = llgllxne, = 1.

Let 0 < e < min{%;@), 1— ¢X1(2)} and F € (X + Ly )* with ||F|| =1, F(z) > 1—e.

Then, by Theorem 2.12, F' can be represented as F' = F,. + F,, where F, is a
regular functional induced by h € X' N Ly, and Fj is a singular functional. Set
C={teQ:h(t)>0}. Since x = x4 € X it is order continuous and so Fs(x) = 0.
Hence

l—e< F(x) = / hdp < |[hxancl|li < R
A

By Theorem 2.12, ||h||; < max{||k||x/, ||kl + [|Fsl|]} = ||F|| = 1, which yields
|hAx(ancy |1 < e. Therefore

L= [IF[| = Al + 1 Fll > 1 = e+ [[E]],
and so ||Fs|| < e. Let

D={teCNA:h(t)<1/2} and E={teCNA:h(t) >1/2}.
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We will show that ||F'+ G|| is far away from 2. To see this observe that F' + G =
F,+ F,+ G and

lg =+ hllxr < llgllx + 1allx: < llgllxr + 1] = 1/0x(2) + 1.
On the other hand, if (CNA) = Q\(CN A), then we have
lg + hlli = ll(g + )xcnall + 19 + R)xcnay s

_ D(%-h)@wﬁé(h—%)mr+Wg+thme

IN

1
5 (1(D) = u(B)) + llhxell + lgxicnay I + Ihxccaay .

Since [[Allx < [|F| = 1 and [[hxsly < [[hllxlxelx < ox(u(E)) = p(E) by
assumption and p(E) < 1, we obtain

1
lg + Rl < 5 (D) + w(E)) + llgxnaylls +e

< llgxplli + llgxeli + lgxcnayli +€ =gl +e <1 +e.

Combining the above estimates, by Theorem 2.12,

IF + G| = max{[[g + hllx, [lg + hlli + [ Fs]l} < max{l+1/¢x(2),1+ 2¢}
=14+1/¢x(2) <2—c.

Hence condition (i7) in Lemma 2.7 is not satisfied, and so the space under consid-
eration does not possess the Daugavet property. Il

Theorem 2.17. Let X be a r.i. space on an infinite atomless measure space (0, S, ).

If the fundamental function ¢x is continuous on [1,00), lim; gy ¢Xt(t) < o0 and

X C (X+Lw)a, then the space (X+ Lo, || - ||s) does not have the Daugavet property.

Proof. We will denote by Y = (X + L, || - [|). In this case we shall also show

1+¢x (1)
éx (1)

a measurable subset (; C  satisfying p(2;) = 1. Let xy = ¢xq,, we have that

I zo|ls = 1. Indeed, o = xq, + ﬁ(l)xgl € Br~+ Bx C By. Moreover, if Fj is the

functional induced by fy = % Xq,, then in view of Theorem 2.14, we have that

and choose

that the second condition of Lemma 2.7 is not satisfied. Put ¢ =

- i+ ox(D)y
156l = olle + 1ol = £ (=5775y) =1

and Fy(xg) = 1. Hence || Fy|| = 1 and thus zg € Sy.

We choose a real number K > ¢. Since ¢x is continuous on [1,00) and ¢ < K,

14+ x (1+mo)
dx (1+mg)

measurable subset (2 C €2 such that u(Qy) = mg and Q2 N QY = 2.

there is a real number mg > 0 such that K = (1 + my) . We choose a
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We will use the element Gy € Y’ associated to the function gy given by
1
Jo = ? (_XQ1 - X92>'

It satisfies

1 <¢ 14+ myg

Goll = 4 =—|—
1Goll = llgollx +llgolls = 5 (L + mo)

+1+m0) = 1,
SO G() S Sy*.

ox(t
t

—

By assumption there is M > max{l, sup{ : t € (0, 1)}} and choose 0 < ¢ <

%. Take now any element F' € Sy« such that
1l—e< F(LC())

and by Theorem 2.14, decompose it as F' = F, + F,, where F, is induced by
h € X'N Ly, and F is a singular functional. Further Theorem 2.14 yields

1] = WAl + Al + [ E5]] = 1

and so ||h||x < 1. We will check that ||h]| < M. Observe that if s > 0 and C' C 2
is a measurable set with 0 < p(C') < 1 such that h(t) > s, then we have

chnzuxﬂxzumuwaleﬁMﬂszmc»

Hence

¢(u(C)) ox(t) .
sgwgsup{ T tE(O,l)}SM

and so h is essentially bounded and ||l < M.
Now we apply Lemma 2.8 for the following sets
1
D:{teﬂlzh(t)zo}, A:{teD:h(t)SE},

B:{teD:h(t)>%},

and the elements gy and h that satisfy the required conditions, and so we obtain
that

I(h+ go)xolls < hxolls + llgoxolly — 2u(B)/ K.

By the assumption X C (X + Lo ), and so Fy(xg) = 0. Since [|hlloc < M we get
a lower estimate of p(B) as follows

1—5<F(x0):Fr(a:0):c/

hdugc/hdu
951 D
c
:c</hd,u—|—/hdu> < —u(A) + cMu(B)
A B K

C

< o( (0= u(B)) + Mu(B)) = u(B)(eM — =) + =
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Hence, p(B) > E=42¢K Linking now this estimate of p(B) to the previous one

shown above we conclude that

2(K —c—e€K)
K(cKM—c) (1)

I1(h+ g0)xpllr < l|hxpllr + llgoxpll1 —

Combining this inequality with Theorem 2.14 we deduce that

1Go+ F|| = [lgo + hllx + [lgo + hl[x + || Fs||
< llgollx* + [|Pllx* + [|(90 + R)xplli + ||(90 + R)xa\nll1 + || F|

2(K — c—eK)
< / h / h -
< HgOHX —+ || ||X + HQOXDHl + H XD“l K(CKM _ C)

+ lgoxannll + llhxavpll + [ |
2(K —c—¢K)

= HQOHX’ + ||90||1 + ||h||X’ + ”hHI + ”FSH - K(CKM _ C)
_, 2AK—c—cK)
- K(cKM —¢)

As a consequence we conclude by the choice of € that |Gy + F|| < 2 — € and thus
Lemma 2.7(i7) implies that Y does not have the Daugavet property. O

Remark 2.18. Theorems 2.16 and 2.17 recover the results from [5] proved for
X - Ll-

3. Orlicz spaces

In this section we investigate the Daugavet property and the weak neighborhoods in
Orlicz spaces. Let ¢: R — R, be an Orlicz function, that is ¢ is even and convex,
©(0) = 0 and ¢(u) > 0 for u > 0. By L, denote the Orlicz space over (€2, S, 1),
that is, the set of all z € LY such that I,(A\z) < oo for some A\ > 0, where

Iof@) = [ o(o)du.

The space L, is a Banach space when equipped with either the Luxemburg norm
| - [, or the Orlicz norm || - ||, defined as

|z]|, = inf{e > 0: I (z/e) < 1},

or

1
0 _ ¢
lzlly = inf - (1 + I, (kz)),

respectively. These norms are equivalent, and in fact ||z]l, < [|z|2 < 2|z[,. The
Orlicz space equipped with either norm is a r.i. space satisfying the Fatou property.
By E, denote the space (L,),, which is the closure in L, of bounded functions
supported on finite measure sets. In the sequence case, the Orlicz space is denoted
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by {,, and ({,), by h,. The sequence of unit vectors (e,) is an unconditional basis
in h,. Recall that ¢ satisfies condition Ay (resp., A3, AY) if

limsup {p(2t)/¢(t)} < oo,

t—o0; t—0

(vesp. lim sup{e(2t)/o(t)} < oo, 1111135119{@(%)/@0(75)} < 00).

The conditions Ay, A, AY always correspond to the measure spaces (£, S, u1) that
are atomless and infinite, atomless and finite, and purely atomic with 2 = N and
i the counting measure, respectively. The Orlicz space L, is order continuous if
and only if ¢ satisfies the corresponding condition A,. It is also equivalent to
L, = (Ly),. Let

(1) = sup{ut — p(u)}

u>0

be a conjugate function to . By Kothe duality we have

(Lso, || ’ ||s0), = (Leow ‘ ) ’

Consequently, by general form of dual spaces of Banach lattices and by supp £, = €2,
it holds

| llg.) and (Lo, |- 115)" = (Lo Il )

* 1
Li~1L, &FE.

It is well known that an Orlicz space L, is reflexive if and only if both ¢ and ¢,
satisfy the appropriate condition Ay. For the theory of Orlicz spaces, we refer the
reader to the monographs [13, 28, 39, 36] devoted entirely to Orlicz spaces and to
[10, 30, 31] containing considerable parts on those spaces.

The next result provides a class of Orlicz spaces defined on an atomless measure
space (2, S, u) failing the Daugavet property. Since L;(u) has the Daugavet prop-
erty for every atomless measure p, some assumption on the function ¢ is needed in
order to obtain such a result.

Theorem 3.1. Assume that the Orlicz function o satisfies N-condition at infinity,
that is lim;_.o ¢(t)/t = oo. Then the Orlicz space L, on an atomless measure
space (2, S, 1) and equipped with either Luzemburg or Orlicz norm has no Daugavet

property.

Proof. We notice first that (L, - ||2) does not contain an isometric copy of ;.
From Theorem 4 in [14] it follows that (L, || - [|7,) contains an isometric copy of ¢,
if and only if A := sup,o{u(lim,— ¢(v)/v) — p(u)} < co. Obviously, if an Orlicz
function ¢ satisfies N-condition at infinity, then A = oo and (L, || - [|7,) does not
contain an isometric copy of /.

It is well known that if an Orlicz function ¢ satisfies N-condition at infinity, then
the Young function ¢, is an Orlicz function also satisfying N-condition at infinity
[13]. It follows that ¢, assumes finite values, and so supp E,,, = Q. Further, by the
Kothe duality formula we have

supp(L;,)a = supp(Ly, )a = supp E,, = Q.
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Since (L, || - [|2) does not contain an isometric copy of £y, it fails the Daugavet
property in view of Proposition 2.3(i).

If L, is equipped with the Luxemburg norm and would have the Daugavet property,
then we would conclude by the Kéthe duality and Corollary 2.2(7) that the Orlicz
space L, equipped with an Orlicz norm would contain an isometric copy of ¢1,
which is impossible since ¢, is N-function at infinity. This completes the proof. [

Before presenting the next result, let us recall some further concepts from the theory
of Orlicz spaces. Let ¢ be an Orlicz function. An interval [a,b] C R is called affine
interval of ¢ provided that ¢ is affine on [a, b] and it is not affine on either [a — ¢, b
or [a,b+ €] for any € > 0. By Ext(p), we define the set of all strictly convex points
of o, i.e. such u € R that there are no s,t € R, s # ¢, satisfying

u =

st @(s;t> :so(S);rso(t)

Let X be a Banach space. A point x € By is said to be a locally uniformly
rotund point (in short LU R point) if for any sequence (z,) C By, the condition
|z, + z|| — 2 implies z, — x in X. Recall also that a subset S of X is a slice of
By if for some F € Sx« and 0 < a < 1, S coincides with

S(F,a)={x € Bx : F(z) >1—a}.

We say that x € By is strongly exposed if there exists a functional F' € Sy« such that
F(z) =1 and for any sequence (x,) C By, if F(z,) — 1 then ||z — x,|| — 0. It is
well-known that if x € Sx is a strongly exposed point then inf,-odiam S(F,«) =0
for the functional F' exposing z. So any space with strongly exposed points has
slices of arbitrarily small diameters. It is easy to show that every LUR point is
strongly exposed.

The criteria for LU R points in Orlicz spaces equipped with the Luxemburg norm
and generated by N-functions are given in [13, Theorem 2.22]. Following its proof
we have the following lemma.

Lemma 3.2. Let ¢ satisfy Ay (resp. A3°) condition. Let L, be the Orlicz space
on an atomless measure space (€2, S, u) with () = oo (resp. p(2) < o00), equipped
with the Luzemburg norm. Assume that x € Sy, satisfies the following conditions.

(i) x(t) € Ext(p) for p-a.e. t € Q,
(i) p({teQ:|z@)|=a})=0,1=1,2, for all affine intervals [a1, as] of .

Then x is a LUR point of By, .

Proof. Since L, is order continuous, it follows from [19, Corollary 1] that L, has
the Kadec-Klee property with respect to measure, i.e., if for any € By and any
sequence (z,,) C By, the conditions ||z, || — ||z| and z,, — x in L°(u) imply x, — z
in X.

Combining the above remark with a careful analysis of the proof of the implication
(13i) = (i) in Theorem 2.22 in [13] shows that the proof works also under the
assumption that ¢ is not N-function, and yields the desired result. O]
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Since every LU R point is strongly exposed, the next result is an immediate conse-
quence of the above lemma.

Corollary 3.3. If ¢ satisfies condition Ay (resp. AS®) when u(Q) = oo (resp.
©(2) < 00) and ¢ is strictly convex on some interval, then L, has slices of arbitrarily
small diameters.

Theorem 3.1 and the following corollary show that the Daugavet property in the
class of Orlicz spaces is rare.

Theorem 3.4. Let L, be an Orlicz space on an atomless measure space equipped
with the Luxemburg norm. Assume that L, satisfies the Daugavet property.

(1)  If n(?) < oo, then L, = Ly up to equivalence of norms and ¢ is not strictly
conver on any open interval in R (the graph of ¢ is composed of straight
segments).

(ii) If u(2) = oo and @ satisfies condition Ay then o is not strictly convex on any
open interval.

Proof. It is obvious that L, < L; for any Orlicz space on a finite measure space.
Assume that L, has the Daugavet property. From Theorem 3.1, it follows that
v is not N-function at infinity. This implies that ¢ is equivalent to the identity
function s(t) = t for large enough arguments, and whence L; — L,. Combining
both continuous inclusions, we conclude that L, = L; in the case ;(£2) < oo.

It follows from the above that ¢ satisfies A3° condition whenever 1(€2) < co. Let’s
also assume that ¢ satisfies condition Ay if ;(€2) = co. Now by applying Corollary
3.3 we obtain the above statement. O

Despite that for a large class of Orlicz spaces the Daugavet property fails, substan-
tially more Orlicz spaces have the weaker property that every nonempty weakly
open subset of their unit ball has diameter two. Of course, all the spaces hav-
ing the last property fail the Radon-Nikodym property. For the Orlicz spaces L,
the Radon-Nikodym property is characterized in terms of ¢ (see e.g. [13, Theorem
3.32]). The assumption of the next result implies non-reflexivity of the Orlicz space
L

-
Theorem 3.5. Let the measure p be atomless. If u(€2) = oo and ¢ does not satisfy
condition Ag, or u(2) < oo and ¢ does not satisfy condition AP, then the diameter
of any relatively weakly open subset of the unit ball in Orlicz space L, equipped with
the Luzemburg norm s equal to 2.

Proof. Let W # & be a weakly open subset of the unit ball in L,. Since p is
atomless and p is o-finite by the initial assumption, it follows that L, is infinite-
dimensional. Then there exists x € W with ||z||, = 1. Choose ¢ > 0 and £ € S
such that u(E) > 0 and |z(t)] < ¢ on E. Suppose that ¢ does not satisfy A
condition in case when p(€2) = oo, and ¢ does not satisfy A® when u(Q) < oo.
Then there exists a sequence (t,,) of positive real numbers such that

(1 +1/n)t,) > 2"p(t,).
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We observe that in the case of finite measure we can always assume that ¢, — oo,
and in the case when the measure is infinite we can suppose that either ¢,, — oo or
t, — 0. In the case when ¢,, — co, without loss of generality we choose a sequence
(E,) of measurable disjoint sets satisfying for each n € N,

p(En) = 1/(2%¢(tn))-

In the case when the measure is infinite and t,, — 0, we choose (E,,) satisfying the
above equation and such that E, C Q\ 0, where (£2,) is an increasing sequence of
sets of finite measure and such that (J>~ | 2, = Q. Define

T, = TXO\E, + taXE, T, = TXO\E, — thXE,-

It is clear that 2/, — x and 2!/ — =z a.e., and thus by the Fatou property 1 =
|z]|, < liminf|z} |, and 1 = [|z||, < liminf|z)||,. On the other hand I,(z]) <
I,(z) +1/2" — I,(x) < 1. Hence limsup I,(z],) < 1 and so limsup ||z, ||, < 1.

n
Since the similar inequalities hold also for x!/, we get that

lin [, ], = Tim [l = 1.

Let now I be a bounded linear functional on L,. Then F' = H + S, where H is the
integral functional associated to a function h € L, , and S a singular functional
identically equal to zero on E,. Notice that x —z), € E, since z is bounded on each
E,, and so

F(x—x;):/ xhd,u—/ toh dp.

Since h € L, we have I, (Ah) < oo for some A > 0. Applying Young’s inequality
we obtain

yF(x—x;)y—‘Al/ oY) du—)\lf tu M du‘

n n

s/ A7 () + pu(AR)) du+/ A7 (p(tn) + 4 (AR)) du

3 [ pla) dut 23 [ OB ik Al (E).

By the choice of (E,), [,¢(x) du < 1 and [, ¢.(Ah) du < oo, the right side
approaches zero. Thus 2/, — x and 2! — x weakly.

We notice also that

125, = 23lle = 2lltaxm.lle = 2tn /7 (1/ p(En)),
and so by o((1 + 1/n)t,) > 2"p(t,) and p(E,) = 1/(2"¢(t,)) we get

tu/ ™ (1/1(En)) = n/(n +1).
Hence
17, = 2nlle — 2.
Finally taking f,, = @, /[|,[le and f = @7 /[la7]le, we have fo, fi € B, fi — @
and f)) — x weakly, and || f} — 27| — 2. This concludes the proof showing that the
diameter of W is equal to two. Il
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The proof of the next theorem is similar as of Theorem 3.5, however it requires
some modifications. We include the proof for the sake of completeness.

Theorem 3.6. If an Orlicz function ¢ does not satisfy condition AY, then the
diameter of any non-empty relatively weakly open subset of the unit ball in Orlicz
space L, equipped with the Luzemburg norm is equal to 2.

Proof. Let W # () be a weakly open subset of the unit ball in £,. Then there exists
x € W with ||z||, = 1. By the Fatou property we have lim, . ||2x (1,0} lle = ||,
Since ¢ does not satisfy AY, there exists a positive decreasing sequence (t,) such
that ¢,, — 0 and

o((1+1/n)t,) > 2"p(t,).

By passing to a subsequence we can assume without loss of generality that there is
a sequence (E,) of finite subsets of N\ {1,...,n} such that

27" < p(ta) | By < 27,
where |A| = card(A) for any A C N. Define the sequences (z,) and (y,) by

Tn = TXN\E, T tnXE,» Yn = TXN\E, — tnXE,-

We have
Io(w) = L(@xang,) + o(ta)| Bal <1427,

This implies, ||2,]l, <1+ 27" Since lzxg,...ntlle — 2]l and

[2nlle = llzxans, e 2 llexqn, nylles
it follows ||z,||, — 1. Similarly we get that [|y,|, — 1.

We show that x,, — x weakly. Since x — x, = xxg, + toXE, € hy, it is enough to
show that H(x — x,) — 0 for any order continuous functional H on ¢,. Let H be
order continuous functional, generated by n = (1,) € Ly, i.e., H(E) = > 07 &

for any & = (&,) € (,.

Since n € {,,, there exists A > 0 such that I, (An) < co. Applying the Young’s
inequality we obtain

Hia =) = | 3 tans] + | D 2

JjeEE, JEER

<N ' Ip(taxe,) + Lo, (AnxE,)) + X (Lp(xxE,) + Lo (AnXE,)-

The right side approaches zero since I (zxg,) < 27" — 0, 3222, ¢.(An;) < o0
and E, C N\ {l,...,n}. Similarly we get that y,, — x weakly in /.

Now observe that

|z, — yn”gp = 2thXEn||<p = 2tn/90_1<1/|EnD-

From the inequalities at the beginning of the proof we have

tu /™ (1/|En]) = n/(n +1).
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Hence
|20 = Ynlly — 2.

Finally taking w, = zn/||znll, and v, = yn/[|ynll,, we have u,,v, € By, un —
and v, — x weakly, and ||u, — v,||, — 2. This shows that the diameter of W is
equal to two, and the proof is complete. Il

4. Nakano spaces

Let (92,8, 1) be a measure space and let p € L° with 1 < p(t) < oo, for t € Q.
Then for a.e. t € 2 and v € R, define

wuP(t) .
&, (u,1) — o0 ifte A,
alu) ift e AC,

where A = {t : 1 < p(t) < oo}, A= {t : p(t) = oo}, and a(u) =0 for 0 < u <1
and a(u) = oo for u > 1. For every t € 2 the function u — ®,(u,t) is an extended
real valued Orlicz function. Denote by ®,(u,t) the Young conjugate function to
®,(u,t). For any x € L° denote by I(z) the modular

1) = 1) = [ B,(la(0).0)du.

By I,(x) we denote the modular determined by the function ®,(u,t). The collection
of all measurable functions x € L° satisfying

Joll = el = it {2 > 05 1(2/3) <1} < o0

is the Nakano space L. It is equipped with either the Luxemburg norm || - ||,
or the Amemyia norm

1
0 __ 0 o -
l2ll® = llzl5) = inf 2 (1 + 2(kx)),

which is identical with the Orlicz norm Hng(t) = sup{ [, lzy| : Iy (y) < 1} where

1/p(t) + 1/q(t) = 1 a.e. with the usual convention that if p(¢f) = 1 then ¢(t) = cc.
The latter fact follows by the same techniques as for Orlicz spaces [28, 39]. By Ly
we denote the Nakano space associated to the modular I,. We have ||z]| < [|z]|° <
2||x|| for every & € L. The Nakano space equipped with either norm is a Banach
function space with the Fatou property. It is also well known that if p(t) < oo
a.e., then supp(Lpw))a = 2 a.e. [24, p. 64]. A Nakano space is not rearrangement
invariant unless the exponent p(t) is a constant function. The Kothe dual spaces
are described as follows

(Lo I Ip) = Taeys 1 o), Loy 1 o)) = (Lagey, |- Nggey)-

Nakano spaces belong to the large family of Musielak-Orlicz spaces, and therefore
many basic properties of these spaces follow from general results on Musielak-Orlicz
spaces [36].
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Theorem 4.1. If 1 < p(t) < oo a.e., then the Nakano space Ly equipped with
either the Luzemburg or Orlicz norm has no Daugavet property.

Proof. We start with L, equipped with the Amemiya norm. Notice that since
1 < p(t) < oo, (1/k)(1 + I(kx)) — oo as k — 0 or k — oo, for any x € L, \{0}.
Hence the infimum in the Amemyia norm is attained on (0, 0o) for any « € Ly \{0}.
Moreover, if x # 0 and I(z) < oo, then I(Ax) < Al (x) for any 0 < A < 1. Hence
for any disjoint non-zero elements x,y € L,y there exist ki,ky > 0 such that
21 = (1/k1)(1 + I(ky2)) and [|ly[|° = (1/k2)(1 + I(k2y)), and

o+ yl® < R (14 (220 1))

1 1 ky + ko Fiko ky + ko kiko
== +—+ 1( )+ 1 )
e ke ks \ky ke bk \Fy+ Ky

1 1 1 1

ki ke ks

Consequently, Ly equipped with the Amemiya norm cannot contain an order
isometric copy of £;. We also observe that L) with the Amemiya norm is strictly
monotone. Indeed, letting 0 < z < y, = # y, we have ||y||' = (1/k)(1 + I(ky)) for
some k > 0. Hence

el < 7 (14 1k)) < 1 (14 1k9)) = ol

Thus the space is strictly monotone and by [46] it cannot contain any isometric
copy of /1 too.

0
p(t

(Lq@y, || - llqry) and supp(Lgwy)a = €2, the space (Lpgw, || - ||2(t)) should contain an

Now assume that (L, || - [|,,) has the Daugavet property. Since (L), || - ||2(t))’ =

isometric copy of ¢; by Proposition 2.3(7), which is impossible.

If (Lpe, || ||pe)) has the Daugavet property, then it follows from Corollary 2.2() that
(L), | - @) = (L, || - Hg(t)) contains ¢; isometrically, which is again impossible
and the proof is completed. O]

The next lemma is surely well-known but we use it in the next result and include
a proof for completeness.

Lemma 4.2. Let X = (X7 ® -+ ® X))o be a finite direct sum of Banach spaces
(Xi, |l - 1), ¢ = 1,...,n, equipped with the norm ||z|| = maxi<;<n ||xill;, where
r = (x1,...,2,), ©; € X;. If X has the Daugavet property, then it is inherited by
each component X;, 1 =1,...,n.

Proof. Without loss of generality assume that n = 2. Suppose that X has the
Daugavet property. It is enough to show that X; has also this property. Let’s take
any normalized rank one operator T' on Xi, i.e., Ty = x7(zy)yr with [|27|x; =
|lyalli = 1. Obviously [|[I + T||x,—x, < 2, thus we need to show the opposite
inequality. Define for any =z = (x1,25) € X,

(@) =ai(@),  y=(y.0) and T(x)=a"(x)y = (xj(z1)y:,0)-
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Since X* ~ (X7 @ XJ)1, ||o*]] = ||«}]

IT|lx—x = ||z*||ly|| = 1. Since T is a rank-one operator on X, so by the Daugavet

x; = 1. This implies by |y|| = |lwl: = 1,

property of X, ||[I +T|x—x = 2. In consequence,

2= sup ||z +2"(2)y| = sup max{ ||z + 27 (z1)y1 |1, [[22]l2}
[l]|<1 lz1]]1<1,[|z2|]2<1
= sup |21+ 27 (2l = [T+ T x,—x, -

lz1 (1 <1, [|lz22<1

This shows the Daugavet property of X; and finishes the proof. O

Theorem 4.3. Let L,y be a Nakano space on (2,8, ). Then for any x € Ly
we have
oo }s

|z]| = max{||zxall, [zXxac
and thus
Lty = (Lp(t)(A) © Loo(A)) oo,

where A ={t € Q:1<p(t) < oo} and A° = Q\A. Consequently, if 1 < p(t) < oo
a.e. and (Lywy, || - ||) has the Daugavet property then Lyuy = Lo with the equality of
norms.

oo}

=||zXx a¢||oo and monotonicity of the norm, max{||xxal|,||zx ac
xxall > ||zxac|lo then

I/ [lexall) = Iexa/llzxall) <1,

and so ||z]| < ||zxal|. In the opposite case when ||xxall < ||z ac

Proof. By ||xx ac
< ||z||. Now, if

- We have

I(x/||zxaclloo) = I(xxa/l|TXac|loc) < I(xxa/llzxal) < 1,

and thus ||z]| < ||xxacllcoc Which proves the desired equality ||x| = max{||xxall,

[xaefloo}-

Applying now Lemma 4.2, both L4 (A) and L. (A) must have the Daugavet
property. However in view of Theorem 4.1, it is only possible if p(t) = co a.e. [

Remark 4.4. If p(t) =1 for t € A and p(t) = oo for t € A, then
Lpwy = L1(A) © Loo(A%),
and for all ¥ € L),
2]l = max{[laxally, lzxaclle} and |l2]” = fzxalls + 2xaclloo-

In this case L, equipped with either Luxemburg or Orlicz norm has the Daugavet
property if the measure y is atomless [45].

If p is atomless, it is known that every slice of the unit ball of L., (x) has diameter
two. Hence, in the case when p(A¢) > 0 and p is atomless, in view of Theorem 4.3,
it is easy to check that L) satisfies the same property. Below we state and prove
a more general result.
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Theorem 4.5. Let (2,8, 1) be an atomless measure space. If 1 < p(t) < oo for
a.a. t € Q) and esssupg p(t) = oo, then the diameter of any nonempty relatively
weakly open subset V' of the unit ball in L,y equipped with the Luzemburg norm is
equal to 2.

Proof. Let z € V with ||z|| = 1, and assume that esssupg, p(t) = co. Let (2,,,) be
an increasing sequence of measurable sets such that J, O, = Q, 0 < p(2,,) < 00
and for every m € N, u > 0,

esssup;eq, u' /p(t) < oo.

A construction of such a sequence is given e.g. in [24, p. 64]. Let (B;) be a sequence of
measurable sets which covers 2 and |z| be bounded on every B;. By the assumption
on p, there is a sequence (C;) of measurable sets in ) satisfying that for every j,
0 < u(Cy), p(t) > 2% for t € C; and u(C;) — 0. Since C;j = Uy, ;(C; N QN B;) for
each j, we can find a subsequence (A,,) of elements in {C; N, N B; : j € Nym €
N,i € N} such that |z| is bounded on every A,, 0 < u(A4,), (u(A,)) — 0 and for
every t € A,
p(t) > 22"

If t € A, then for each n € N,

1\ P() 1\ 22" 1\ n12%"/n
() 2 0y) =[0+0)] =2
n n n

Since for each n, the function u — [, w”®/p(t)dp from Ry to Ry is continuous
and surjective, there exist w,, > 0 such that

[P</U/T7,XAH) = 1/2n

We have for all n,

1 (14 2Oy b
I <<1+—)UnXAn> :/ “ du22”/ = 1.
? n A p(t) A, P(t)

and on the other hand

1> I(upxa,) — 0.
By the definition of the Luxemburg norm this yields

1> funxa, | = n/(n+1).

Define now

Yn = TXag + UnXa, and g =TXag — UnXa,
Since pu(A,) — 0, so y,, — x and y! — x a.e.. Thus by the Fatou property we
have that 1 = ||z|| < liminf|jy,|| and 1 = ||z| < liminf|y”|]. On the other hand
L(y,) < I,(x)+ I,(uyxa,) < 1+1/n. This yields limsup [,(y,,) < 1, which in turn
implies that limsup ||y/,|| < 1. Similarly limsup||y//|] < 1. Finally we have

tim ||y | = lim |y = 1.
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By the choice of A, I,(Bxxa,) < oo and I,(Bunxa,) < oo for every § > 0 and all
n. Hence x — vy, = x4, — UnXa, € (Lpw))a and & — yi = X4, + UnXa, € (Lpw))a-
Let now F' be an arbitrary functional on L,y. By the equality (Lpw))* =~ Lo @
[(Lp@))alts F = H + S, where H is a regular (integral) functional induced by
h € Lgy), and S is a singular functional vanishing on the subspace (L,q)),. Hence
Flx—-vy,) = Hxz -1y, and F(x —y!) = H(x —y). Let § > 0 be such that
I,(Bh) < oco. Then by Young’s inequality uv < ®,(u,t)+P,(v,t), u,v > 0, we have

|F(z—y,)]

_ ‘5—1/ xﬂh—ﬁ‘l/ unﬁh(

/'ﬁ J(2(0)],1) + By(Bh(D)]. 1)) @wﬁ//? (it ) + Do (BIR(D)]. ) dp
—B/ ol (t) Itdu+2ﬁ/ JB1h( )Itdu+ﬁ/ (1 ) .

The right side of the above inequality approaches zero since p(A4,) — 0, I,(z) <
1 < oo and [,(fh) < oo, and by the choice of u,,. Thus F(x—y,) — 0 and similarly
F(z —y) — 0, which means that y/, — x and y! — = weakly. However

1y = Yl = 2llunxan | — 2.

We finish by setting new functions 2z, = .. /||v.ll, zi = vy /||y.|| that belong to the
intersection of V' and the unit sphere of Ly, and since ||z}, — 2| — 2, the diameter
of V' is two. ]

5. Lorentz and Marcinkiewicz spaces

Let P be a class of functions ¢¥: R, — R, that are concave, not trivially equal to
zero and ¥ (0) = 0. Denote ¥ (0+) = lim;—o4 ¢(¢) and ¢ (00) = lim; ., 1(t). Given
Y € P, the Lorentz space Ay over the measure space (£2, u) consists of all z € L°
such that

nww=[%www=wmwmﬂ+lbwwwﬁ<w

where v := p(2) and ¢ is the derivative of 1. Note that the derivative of a concave
function exists except a countable set. The reason that in the definition of A, we use
a concave function is that the functional || - ||, induced by increasing ¢: Ry — R
is a norm if and only if ¢ is concave and ¢(0) = 0 [32].

Let Q be the class of functions ¥: R, — R, that are not trivially equal to zero,
increasing, quasi-concave i.e. t/1(t) is increasing, and (0+) = 0. For ¢ € Q, the
Marcinkiewicz space My over (2, S, ) is the set of all x € L? such that

*

ba
Hx||Mw = sup L — < oo.

0<t<y P(1)
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Observe that P C Q, and a quasi-concave function v is also subadditive, meaning
(s +1) <P(s) + (1)

Unless we say otherwise, any time we discuss the Lorentz space A, we assume a
priori that ¢ € P, and in the case of Marcinkiewicz space My, that 1 € Q.

Both (Ay, [|-[[a,) and (My, ||-||az,) are Banach function lattices satisfying the Fatou
property.

We summarize below the basic facts on Ay, and M, [27]. We note that the proof
of the Kothe duality between Lorentz and Marcinkiewicz spaces stated below can
be obtained in a similar way as corresponding results on the description of the
Banach duality between those spaces in [27]. The strict monotonicity is a direct
consequence of the definition of the norm in Ay.

Proposition 5.1. Let (2,8, p) be an atomless measure space. Then the following
conditions hold true.

(1) The space (My), is not trivial, that is supp(My). = Q, if and only if
limy o4 t/9(t) = 0.
(2) For any ¢ € P it holds

(Ayp)' =My and (My) = Ay

with equality of norms.

(3) Ify € P and limy_oy t/1(t) =0, then

((My)a)* = ((My)a)" = (My)" = Ay,

where the last equation holds with equality of norms.

(4)  If p(2) < oo, then Ay is order continuous (resp. separable) if and only if
¥(0+) =0 (resp. ¥(04+) = 0 and p is separable).

(5)  If u(2) = oo, then Ay is order continuous (resp. separable) if and only if
Y(04+) = 0 and 1 (00) = oo (resp. Y(0+) = 0, ¢(c0) = oo and pu is separable).

(6) The space Ay is strictly monotone if and only if 1 is strictly monotone on
(0,7) and ¥(c0) = 0o when pu() = oco.

We present results on the Daugavet property in Lorentz and Marcinkiewicz spaces
which show that for a large class of concave or quasi-concave functions up to equiv-
alence of norms the spaces are of special types.

Theorem 5.2. Let (2, S, 1) be an atomless measure space. Assume that ¢ € P.
Then the Lorentz space Ay does not have the Daugavet property whenever one of
the following conditions is satisfied:

(1)  Let u(2) < oo, ¥(04) = 0 and limy_o4 t/2)(t) = 0.
(i) Let u(Q) = oo, ¥(0+) = 0 and limy_o1 t/1(t) = 0 and ¥ (c0) = co.

Proof. If ¢)(0+) = 0 and ¢(oc0) = oo provided pu(2) = oo, then X = A, is
order continuous Banach lattices. Since X has the Fatou property, our hypothesis
lim; o t/19(t) = 0 implies by Proposition 2.5 the statement. O
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In the case of separable atomless measure space we have the following result.

Theorem 5.3. Let (2, S, p) be an atomless separable measure space. Assume that
Y € P. Then both Lorentz space Ay and Marcinkiewicz space My do not have the
Daugavet property whenever one of the following conditions is satisfied:

(1)  Let u(2) < oo, ¥(04) = 0 and limy_o4 t/1)(t) = 0.

(71) Let p(Q) = oo, ¥(0+) =0 and limy_y t/1(t) = 0 and (c0) = 0.

(79) limy_o4 t/Y(t) =0, ¥(c0) = 00 in case u(Q) = oo, and ¢ is strictly increasing
on (0,7).

Proof. Case 1°. Consider first the Lorentz space Ay. If the condition () or (i) is
satisfied then Theorem 5.2 applies.

(i73) If ¥(0+) = 0, then we have the case (i) or (i7) above. Assume now that
1(0+) > 0. By Proposition 5.1, our hypotheses on ) imply that (My), is nontrivial
and A, is strictly monotone. We also have the identity

(My)a)" = ((My)a) = Ay

isometrically. Let A, have the Daugavet property. It follows that (M), has also
this property. Apply now Proposition 2.4 to X = (My),. We see that ¢x/(0+) =
¥(0+) > 0, supp X, = Q and X' = Ay is strictly monotone, and so (My), cannot
have the Daugavet property, and this contradiction completes the proof.

Case 2°. Now consider the Marcinkiewicz space M. If (i) or (i7) is fulfilled then
by the isometric identity

(Ap)" = ((Ay)a)' = My,
if M, have had the Daugavet property then A, would have this property, but it is
impossible by case 1°.

(i77) We can assume that ¢)(0+) > 0. Then applying Proposition 2.4 to X = (My),
exactly as in (i77) of case 1°, we get that (My), cannot have the Daugavet property,
and so My, has no Daugavet property. O

The following result can be proved by careful modification of the proof in the case
of @ = (0,1) due to Briskin and Semenov [12, Theorem 3].

Theorem 5.4. Let (2, S, ) be an atomless measure space and ) € P. Let p(c0) =
oo if u(2) = oo, and let 1 do not coincide with a constant on R. Then the following
conditions are equivalent:

(i)  Two dimensional space 652) is isometrically embedded into Ay.

1)  Two dimensional space 09 s order isometrically embedded into Ay.
1 b
(#i) The function 1 is linear in some neighborhood of zero.

If v is constant on Ry, then Ay = Log with || - [|a, = ¥(0+)]| - |, and then 02 s
isometrically embedded into Ay.

In the next proposition, applying the above result, we improve condition (zii) of
Theorem 5.3.
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Proposition 5.5. Let (2, S, 1) be an atomless measure space and ¢ € P. Then
both the Marcinkiewicz space My and the Lorentz space Ay, do not have the Daugavet
property whenever limy_o1 t/1(t) = 0, 1 is not constant on R, and ¥ (o0) = oo if
p(§2) = oo.

Proof. By the assumption lim;_o; t/9(t) = 0, supp(My), = © and so (My)a)" =
Ay. If My, has the Daugavet property then (M), has this property and by Corollary
2.2(i), Ay contains an isometric copy of Ly(0,1). Hence A, contains an isometric

copy of 652), and by Theorem 5.4, v is linear around zero and so limy oy t/1(t) > 0
contradicting the initial assumption.

If Ay has the Daugavet property then by ((My).)* =~ Ay, (M), inherits this
property, but it is impossible by the above considerations. O]

A space without the Daugavet property may satisfy that all slices of the unit ball
have diameter two. This is not the case of Ay under some restrictions on .

Proposition 5.6. Let ¢(0+) = 0, lim; o4 t/¢(t) = 0, p be separable and ¥(oc0) =
oo if p(€2) = oo. Then the function Lorentz space Ay over an atomless measure
space (2, S, i) has slices of arbitrarily small diameter.

Proof. Since the space Ay has the Radon-Nikodym property by the assumptions
and Proposition 5.1, so it has strongly exposed points. Hence there exist slices of
arbitrarily small diameters. O

Observe that under suitable function ¢, (A, ||-||,) and (2, |-|ls) are Ay and M,
respectively. Hence from Proposition 5.5 we will show that some results from [5]
can be recovered.

Corollary 5.7. Both Banach lattices (A, |-||5) and (X, |-|ls) over any atomless
measure space do not have the Daugavet property.

Proof. Letting ¢(t) = 1 +t for every t > 0, we have ¥(0+) = 1 and ¢/(t) = 1
for all ¢ > 0. This implies that Ay, = (A, |-||) with equality of norms. We have
t/1(t) — 0 as t — 0 and 9 is strictly increasing on (0,00). Hence (A, |-||,) does
not have the Daugavet property by Theorem 5.3(¢i¢) applied to Lorentz space Ay.

To conclude, observe that (A, ||| ) = (£, [|-];) with equality of norms, and thus
(2, |Ills) = My with equality of norms, which in turn implies that it does not have
the Daugavet property by Theorem 5.3(éi7) applied to Marcinkiewicz space M. [

Corollary 5.8. Let ¢ € P be a constant function on [ty,00) for somety > 0. Then
the Marcinkiewicz space My over (0,00) has the Daugavet property if and only if 1
is constant on (0, 00).

Proof. Without loss of generality we assume that to = 1 and (1) = 1 (see Corol-
lary 2.10). Define vy(t) = max{t,¢(t)} for every ¢ > 0 and let X = M,, be the
Marcinkiewicz space generated by a quasi-concave function vy. It is easy to check
that

My=LinNX
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with equality of norms. Since ¢x(t) = t/¢o(t) for every t > 0, ¢ox/(t) = t/dx(t) =
Yo(t) for every t > 0. Our hypothesis on concavity of ¢ yields ¢x/(t) = ¥(t) on
(0,1].

If we assume that M,, has the Daugavet property, Theorem 2.9 applies and concludes
that v is a constant function on (0, 00).

If ¥(t) = c for every t > 0, then obviously My = L; with ¢|| - [[ar, = || - [|1, and the
proof is complete by the well known fact that any L, space on an atomless measure
space has the Daugavet property. Il

In view of Theorem 2.9 and Corollary 2.10, we can state the analogous results as
above replacing (0, c0) by an atomless measure space (2, S, ) under the additional
assumption that ¢y = 1.
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