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1. Introduction and preliminaries

The aim of this article is to propose a general scheme for investigating the separable
reducibility of some properties in a metric space (X, d). Let us remind that a
property P considered at the points of the metric space X is said to be separably
reducible (or, equivalently, separably determined) if there is a family F of closed
separable subsets of X such that ∪{Y : Y ∈ F} = X and for every Y ∈ F the
property P is satisfied at x ∈ Y in X if (and only if) the ”natural restriction” of
P on Y is satisfied at x. The restriction of P on Y is usually done in an evident
way. In such a situation we also say that P is reducible by F . Roughly, separable
determinacy reduces the verification of some property in the space X (the latter
might not be separable) to the verification of the same property on separable subsets
of X. Examples of such separably reducible properties are some classical properties
such as the reflexivity of Banach spaces, Radon-Nikodým property in Banach spaces,
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Asplundness of Banach spaces, Fréchet differentiability of continuous functions in
Banach spaces (see [8] for the latter), Fréchet subdifferentiability of functions in
Banach spaces (see [4]) and many others (see the book [7]).
In this paper we will be interested in separably reducible properties by families which
are even richer than merely covering the underlying spaces. Namely, a family R of
closed separable subspaces of X is called rich (see [1]) if the following two properties
are true:
(i) for every separable subspace Y0 of X there is an element Y ∈ R such that

Y0 ⊂ Y (cofinality).

(ii) if {Yi : i ≥ 1} is an increasing sequence of elements of R (that is, Yi ⊂ Yi+1 and
Yi ∈ R for every i ≥ 1) then Y = ∪i≥1Yi is an element of R (σ-closedness).

The terminology rich for such families is justified by the following fact:

Proposition 1.1. [1] The intersection of countably many rich families of closed
separable subspaces of X is again a rich family of closed separable subspaces of X

Thus, in particular, if we have two distinct properties (or even countably many
properties!) that are separably reducible by rich families, then the simultaneous
satisfaction of all properties is also separably reducible by the rich family which is
the intersection of the corresponding families. Sometimes, when we are in the setting
of a Banach space, the (rich) families of closed separable subspaces are constituted
by closed separable linear subspaces of X.
Results involving separable reducibility by rich families can be found in [1] (for min-
imality of Clarke subdifferential and integrability of Lipschitz functions in Banach
spaces), [5] (for continuity and Fréchet subdifferentiability of functions in Banach
spaces) in [2] (for Fréchet subdifferentiability in Asplund spaces) and in [6] (for met-
ric regularity) and in many other papers, where the property of separable reducibility
is considered. A number of various examples of separably reducible properties can
be found also in the lecture notes [3].
In this paper we will continue the above lines of research with the investigation of the
separable determinacy by rich families of other important properties in metric spaces
and Banach spaces. Among them are the local Lipschitz property for functions in
such spaces and some functors transforming functions into another ones (like slopes).
To do this, in the next section we propose a general scheme of separable reducibility
which we apply in the subsequent sections in several concrete situations.

2. A general aproach for separable determinacy
Let (X, d) be a metric space. As usual, the symbol B(x, r), for x ∈ X and r > 0,
will stand for the open ball in (X, d) centered at x and with radius r. Let (P, ρ)
be a given separable metric space and fix a countable dense subset Q of P . Put
Z := X×P and consider on the latter some usual product metric. In such a setting
we will suppose the existence of the following two mappings with the corresponding
properties:
(A1) There is a set-valued mapping G : Z ⇒ X l, for some fixed positive integer

l ≥ 1, with the property:
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(A1.1) for every z = (x, p) ∈ Z the set G(z) is nonempty and for any u ∈ G(z)
and any sequence (xn)n ⊂ X which converges to x, there is a sequence
(pn)n ⊂ Q such that pn → p and u ∈ G(zn) ⊂ G(z) eventually (here
zn = (xn, pn) for every n ≥ 1).

(A2) There is a function Φ : Z × X l → R ∪ {+∞} such that for every z ∈ Z we
have:
(A2.1) for any u ∈ G(z) if (zn)n ⊂ Z converges to z then Φ(zn, u) → Φ(z, u)

(continuity of Φ(·, u) at z for every u ∈ G(z));
(A2.2) for any nonempty set A which intersects G(z) and for any sequence

(zn)n ⊂ Z which converges to z we have
lim sup
zn→z

sup{Φ(zn, u) : u ∈ A ∩G(z)} ≤ sup{Φ(z, u) : u ∈ A ∩G(z)}.

We notice that if the continuity of Φ(·, u) at z ∈ Z from (A2.1) is uniform on
u ∈ A ∩G(z), then the condition (A2.2) is fulfilled.
With the above setting we have the following general separable reducibility result:

Theorem 2.1. Let X, P and Q be as above. Suppose that (A1) and (A2) are
fulfilled. Then the family R of closed separable subspaces of X such that for every
Y ∈ R, for every x ∈ Y and for every p ∈ P we have for z = (x, p) that Y l∩G(z) ̸= ∅
and that

(∗) sup{Φ(z, u) : u ∈ G(z)} = sup{Φ(z, u) : u ∈ Y l ∩G(z)}

is a rich family.

Proof. We prove first that the family R satisfies the condition (i) (cofinality) of the
definition of rich family. To this end, let us, for any z = (x, p) ∈ Z, fix a countable
set D(z) ⊂ G(z) such that

sup{Φ(z, u) : u ∈ G(z)} = sup{Φ(z, u) : u ∈ D(z)}.

Let now Y0 be a closed separable subspace of X and C0 be a countable set in X
such that Y0 = C0. Put

C1 := C0

∪{ l∪
k=1

πk(D(x, p)) : x ∈ C0, p ∈ Q
}
,

where πk, k = 1, . . . , l, are the canonical projections of X l onto the k-th copy
of X. Obviously C1 is a countable subset of Y containing C0. Set Y1 := C1.
Continuing in this way by induction, we obtain an increasing sequence of countable
sets C0 ⊂ C1 ⊂ · · · ⊂ X such that for every i ≥ 0

Ci+1 := Ci

∪{ l∪
k=1

πk(D(x, p)) : x ∈ Ci, p ∈ Q
}
.

Let Yi := Ci, i ≥ 0, and put Y := ∪i≥0Yi = ∪i≥0Ci. The latter is a closed separable
subspace of X and we will show that Y ∈ R. Indeed, let x ∈ Y , p ∈ P and set
z = (x, p). We have to prove that Y l ∩ G(z) ̸= ∅ and that the left hand side of (*)
is less or equal to the right hand one.
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To prove this fix an element u ∈ G(z) where z = (x, p). Let (xn)n ⊂ ∪i≥0Ci be a
sequence which converges to x. By condition (A1.1) there is a sequence (pn)n ⊂ Q
which converges to p and we have that for the sequence zn = (xn, pn), n ≥ 1,

u ∈ G(zn) ⊂ G(z) eventually. (2.1)
On the other hand, let in be such that xn ∈ Cin , n ≥ 0. Then, by the definition
of Cin+1, we have that ∪l

k=1πk(D(xn, pn)) belongs to Cin+1 and thus, D(xn, pn) is
contained in Y l for each n ≥ 1. By (2.1), this, in particular, implies that Y l intersects
G(z). Thus, we have proved that Y l ∩G(z) is nonempty.
Further, suppose first that Φ(z, u) is finite. Fix any ε > 0. Let n be so large such
that (2.1) is fulfilled and also, using (A2.1) and (A2.2), that for any such n we have
in addition,

Φ(z, u) ≤ Φ(zn, u) + ε (2.2)

and sup{Φ(zn, v) : v ∈ Y l ∩G(z)} ≤ sup{Φ(z, v) : v ∈ Y l ∩G(z)}+ ε. (2.3)
Then, using the last two inequalities, the fact that D(xn, pn) ⊂ Y l for every n, the
definition of D(xn, pn) and that by (2.1) forn large enoughwe have D(xn, pn)⊂G(z),
we obtain that the following chain of inequalities holds true for large n:

Φ(z, u) ≤ Φ(zn, u) + ε ≤ sup{Φ(zn, v) : v ∈ G(zn)}+ ε

= sup{Φ(zn, v) : v ∈ D(zn)}+ ε ≤ sup{Φ(zn, v) : v ∈ Y l ∩G(z)}+ ε

≤ sup{Φ(z, v) : v ∈ Y l ∩G(z)}+ 2ε.

Since ε > 0 was arbitrary this shows that Φ(z, u) is less or equal to the right hand
side of (*). In the case when Φ(z, u) = +∞ the reasoning is similar: for any M > 0
we have that Φ(zn, u) > M eventually and then we use the same argument (and
chain of inequalities) as above to show that sup{Φ(z, v) : v ∈ Y l ∩ G(z)} > M ,
which, since M > 0 was arbitrary, implies the equality in (*).
To prove the second property (ii) (σ-closedness) from the definition of rich family
suppose that Y1 ⊂ Y2 ⊂ · · · ⊂ X is an increasing sequence of elements from R.
Put Y := ∪i≥1Yi, which obviously is a closed separable subset of X and let x ∈ Y
and p ∈ P . Let u ∈ G(z) (with z = (x, p)) be arbitrary. Let (xn)n ⊂ ∪i≥0Yi be a
sequence which converges to x. Condition (A1.1) gives the existence of a sequence
(pn)n ⊂ Q which converges to p and we have that the sequence zn = (xn, pn), n ≥ 1,
satisfies (2.1). Suppose that xn ∈ Yin for some in, n ≥ 1. Since Y l

in ∩G(zn) ̸= ∅ and
G(zn) ⊂ G(z) eventually, we obtain that Y l ∩G(z) ̸= ∅.
Again, suppose first that Φ(z, u) is finite and fix any ε > 0. Let n be so large that,
in addition to (2.1) we have also (2.2) and (2.3) fulfilled.
Then, having in mind that Yi ∈ R for any i ≥ 1, we obtain the following chain of
inequalities for large n:
Φ(z, u) ≤ Φ(zn, u) + ε ≤ sup{Φ(zn, v) : v ∈ G(zn)}+ ε

= sup{Φ(zn, v) : v ∈ Y l
in ∩G(zn)}+ ε ≤ sup{Φ(zn, v) : v ∈ Y l ∩G(z)}+ ε

≤ sup{Φ(z, v) : v ∈ Y l ∩G(z)}+ 2ε

obtaining the desired inequality in (*) since ε > 0 was arbitrary. The case when
Φ(z, u) is infinite is treated analogously. The proof is complete.



M. Fabian, A. D. Ioffe, J. P. Revalski / A General Scheme ... 869

Remark 2.2. Observe that, if we are in the setting of a Banach space X and we
want to work only with closed separable linear subspaces of X, then in the above
constructions we simply have to consider instead of Ci the sets C ′

i which consist of
all rational linear combinations of elements from Ci. As noticed by the referee, the
same conclusion can be obtained also, first, by applying Theorem 2.1 in the setting
of a Banach space X, and then intersecting the obtained by the latter theorem rich
family R by the family {V : V is a closed seprable linear subspace of X} which is a
rich family as well. This intersection is also a rich family by Proposition 1.1.
We have a ”dual version” of the above result replacing the supremum with infimum
provided we suppose instead of (A2.2) the following property:
(A2.2 ′) for any nonempty set A which intersects G(z) and for any sequence

(zn)n ⊂ Z which converges to z we have
lim inf
zn→z

inf{Φ(zn, u) : u ∈ A ∩G(z)} ≥ inf{Φ(z, u) : u ∈ A ∩G(z)}.

Then, with similar arguments we can prove the following general separable reducibil-
ity result:
Theorem 2.3. Let X, P and Q be as above. Suppose that (A1) and (A2) are fulfilled
replacing (A2.2) with (A2.2 ′) and supposing that Φ is with values in R ∪ {−∞}.
Then the family R of closed separable subspaces of X such that for every Y ∈ R,
for every x ∈ Y and for every p ∈ P we have for z = (x, p) that Y l ∩G(z) ̸= ∅ and
that
(∗∗) inf{Φ(z, u) : u ∈ G(z)} = inf{Φ(z, u) : u ∈ Y l ∩G(z)}
is a rich family
At the end of this section we will investigate separable reducibility in the above
general form when the space X is of the form of Cartesian product X = X1 ×X2,
where (X1, d1) and (X2, d2) are two metric spaces and on X we consider some usual
product metric generated by d1 and d2. In particular, we will see that in such a
case we can restrict ourselves to rich families consisting only of elements of the form
Y1 × Y2, where Yi ∈ S(Xi), i = 1, 2 (where the symbol S(M) for a metric space M
means the family of all nonempty closed separable subsets of M). Namely, we have
the following result:
Theorem 2.4. Let P and Q be as above and let X = X1 ×X2, where (X1, d1) and
(X2, d2) are metric spaces. Suppose that G : X1 × P ⇒ X l

1 is a mapping satisfying
(A1) with respect to Z := X1 ×P . Let Φ : Z ×X l

1 ×X2 → R ∪ {+∞} be a function
such that for every y ∈ X2 the function Φ(·, ·, y) satisfies (A2.1) and (A2.2) with
respect to Z and, in addition, for every z ∈ Z the function Φ(z, u, ·) is continuous at
any y ∈ X2 uniformly on u ∈ G(z). Then, the family R of closed separable subspaces
of X such that every Y ∈ R is of the form Y = Y1 × Y2, where Yi ∈ S(Xi), i = 1, 2,
and, in addition, for every (x, y) ∈ Y = Y1 × Y2 and for every p ∈ P we have for
z = (x, p) that Y l

1 ∩G(z) ̸= ∅ and that

(∗ ∗ ∗) sup{Φ(z, u, y) : u ∈ G(z)} = sup{Φ(z, u, y) : u ∈ Y l
1 ∩G(z)}

is a rich family.
Proof. To prove the cofinality of R, let Y0 be a (closed) separable subspace
of X = X1 ×X2. Then, we can find closed separable subspaces Y 0

1 ∈ S(X1) and
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Y2 ∈ S(X2) such that Y0 ⊂ Y 0
1 × Y2. Take a countable set C ⊂ Y2 which is dense in

Y2. For every fixed y ∈ C, let Ry be the rich family of closed separable subsets of
X1 which is provided by Theorem 2.1 for the function Φ(·, ·, y) and which for every
Y1 ∈ Ry, every x ∈ Y1 and p ∈ P will satisfy Y l

1 ∩ G(z) ̸= ∅ and (***) for the
fixed y and z = (x, p). Set R′ := ∩{Ry : y ∈ C}. This is a rich family of closed
separable spaces in X1 according to Proposition 1.1. Find an element Y1 ∈ R′ such
that Y 0

1 ⊂ Y1. It can be seen, using the fact that for every z = (x, p) ∈ Z the
function Φ(z, u, ·) is continuous at any y ∈ X2 uniformly on u ∈ G(z) that the
closed separable subspace Y1 × Y2 belongs to R.
Let us further prove the σ-closedness of R. To this end, let L1 ⊂ · · ·Ln ⊂ · · · and
M1 ⊂ · · · ⊂ Mn ⊂ · · · be increasing sequences of closed separable subsets of X1 and
X2 correspondingly, such that Ln ×Mn ∈ R for every n ≥ 1. Set Y1 := ∪n≥1Ln and
Y2 := ∪n≥1Mn. We will prove that Y1 × Y2 ∈ R. Indeed, let C be a dense countable
set in Y2. Fix y ∈ C and let again, Ry be the rich family provided by Theorem 2.1
for the function Φ(·, ·, y) and which satisfies that for every Y1 ∈ Ry and for every
z = (x, p) ∈ Y1 × P the set Y1 intersects G(z) and (***) is true. Then, obviously
Ln ∈ Ry for every n ≥ 1 and, therefore, Y1 ∈ Ry as well, because Ry is rich. Now,
the property that for every z = (x, p) ∈ Z the function Φ(z, u, ·) is continuous at
each y ∈ X2 uniformly on u ∈ G(z) implies that we have (***) for each y ∈ Y2 and
therefore, Y1 × Y2 belongs to R. The proof is complete.

3. Separable reducibility of the continuity and the Lipschitz property
In this section we will investigate the separable determiness of the continuity and
the Lipschitz property of functions in metric spaces applying our general scheme.
As we mentioned, the separable reducibility of the continuity property can be found,
say in [5]. Here is how it can be derived from the above general theorems.
Theorem 3.1. Let f : (X, d) → R be a function defined on the metric space X.
Then there is a rich family R of closed separable subsets of X such that for every
Y ∈ R and every x ∈ Y we have
(a) lim infy→x f(y) = lim infY ∋y→x f(y);
(b) lim supy→x f(y) = lim supY ∋y→x f(y);
(c) limy→x f(y) = f(x) if, and only if, limY ∋y→x f(y) = f(x).

Proof. To prove (a) we apply Theorem 2.3. Let P := R++ := {r ∈ R : r > 0}
and Q be the set of all strictly positive rational numbers. For Z := X × P and
z = (x, r) ∈ Z, let G(z) := B(x, r). The mapping G is easily seen to satisfy (A1).
Let the function Φ : Z × X → R be defined as Φ(z, u) := f(u), z = (x, r) ∈ Z,
u ∈ X. The verification of (A2.1) and A(2.2′) are immediate. Therefore, there is a
rich family R1 of closed separable subsets of X such that for any Y ∈ R1, for any
x ∈ Y and any r > 0 we have inf{f(u) : u ∈ B(x, r)} = inf{f(u) : u ∈ Y ∩B(x, r)}.
By the definition of lim inf it follows that for every Y ∈ R1 and for any x ∈ Y we
have lim infy→x f(y) = lim infY ∋y→x f(y). In a similar way, using Theorem 2.1 we
obtain a rich family R2 of closed separable subsets of X such that for every Y ∈ R2

and for any x ∈ Y we have lim supy→x f(y) = lim supY ∋y→x f(y). To complete the
proof, it remains to take the intersection of the two rich families R := R1 ∩ R2

which, according to Proposition 1.1, is again a rich family.
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We continue now with the investigation of the separable determinacy of the Lipschitz
property. We start with the following proposition:

Proposition 3.2. Let f : (X, d) → R be a function defined on the metric space X.
Then there is a rich family R of closed separable subsets of X such that for every
Y ∈ R, every x ∈ Y and any r > 0 we have

sup
{ |f(u1)− f(u2)|

d(u1, u2)
: u1 ̸= u2, u1, u2 ∈ B(x, r)

}
=

= sup
{ |f(u1)− f(u2)|

d(u1, u2)
: u1 ̸= u2, u1, u2 ∈ Y ∩B(x, r)

}
.

Proof. The proof is a straightforward application of our Theorem 2.1. First, put
P := R++ = {r ∈ R : r > 0} with the usual metric in R and let Q be the set of
all strictly positive rational numbers. Let us for z = (x, r) ∈ Z := X × P define
G(z) := {(u1, u2) ∈ X2 : u1 ̸= u2, u1, u2 ∈ B(x, r)}. It is easy to see that G satisfies
(A1.1). Let Φ : Z ×X2 → R be defined by Φ((x, r), u) := |f(u1)− f(u2)|/d(u1, u2),
where z = (x, r) ∈ Z and u = (u1, u2) ∈ X2. Since the values of Φ do not depend on
z, the conditions (A2.1) and (A2.2) are trivially fulfilled. Thus, it remains to apply
Theorem 2.1

With the above proposition in hand, we can prove that the (local) Lipschitzian prop-
erty of a function on X is separably reducible. Using the above function Φ(u1, u2) :=
|f(u1) − f(u2)|/d(u1, u2), u1, u2 ∈ X, recall that for a function f : (X, d) → R the
Lipschitz modulus Lip f(x) of f at x ∈ X is defined as

Lip f(x) := inf
{
c > 0 : ∃r > 0 : sup

{
Φ(u1, u2) : u1 ̸= u2, u1, u2 ∈ B(x, r)

}
≤ c

}
.

The following theorem shows that the local Lipschitz property of a function on
metric spaces is separably reducible. As usual, for a function f : X → R and a set
A ⊂ X, the symbol f |A means the restriction of f on A.

Theorem 3.3. Let f : (X, d) → R be a function defined on X. Then there is a
rich family R of closed separable subsets of X such that for every Y ∈ R and every
x ∈ Y we have

Lip f(x) = Lip (f |Y )(x).

Proof. Given f let R be the rich family provided by Proposition 3.2. Let Y ∈ R
and x ∈ Y be fixed. Let Φ(·, ·) be as above and consider the two sets of possible
Lipschitz constants on balls (centered at x) in X and in Y respectively:

A :=
{
c > 0 : ∃r > 0 : sup{Φ(u1, u2) : u1 ̸= u2, u1, u2 ∈ B(x, r)} ≤ c

}
, and

AY :=
{
c > 0 : ∃r > 0 : sup{Φ(u1, u2) : u1 ̸= u2, u1, u2 ∈ Y ∩B(x, r)} ≤ c

}
.

Obviously, A ⊂ AY and therefore, inf A ≥ inf AY (with the convention inf ∅ = +∞).
To prove the inverse inequality, take and fix some ε > 0 and suppose AY ̸= ∅
(otherwise we are done). Let c̄ ∈ AY be such that c̄ < inf AY + ε. Therefore, for
some r > 0 we have

sup{Φ(u1, u2) : u1 ̸= u2, u1, u2 ∈ Y ∩B(x, r)} ≤ c̄.
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By Proposition 3.2 we have

sup{Φ(u1, u2) : u1 ̸= u2, u1, u2 ∈ B(x, r)} =

= sup{Φ(u1, u2) : u1 ̸= u2, u1, u2 ∈ Y ∩B(x, r)},

and therefore, c̄ ∈ A. Consequently, inf A ≤ c̄ < inf AY + ε and since ε > 0
was arbitrary we obtain that inf A ≤ inf AY . This completes the proof of the
theorem.

Remark 3.4. If X is a Banach space, then, having in mind Remark 2.2, the separa-
ble determinacy of the Lipschitz property can be obtained only by closed separable
linear subspaces of X.

Remark 3.5. As observed by the referee, with essentially the same arguments as
above, one can show that, more generaly, the (local) Hölder continuity with a fixed
exponent for a function in X is separably reducible.

4. Separable reducibility of slopes

Let (X, d) be a metric space and f : X → R ∪ {+∞} be a proper extended real-
valued function on it. Recall that the slope of f at x ∈ X is given by the expression:

|∇f |(x) := lim sup
x̸=u→x

(f(x)− f(u))+

d(x, u)
, x ∈ X,

where the symbol s+ for a real number s has the usual meaning (0 of s ≤ 0 and
s otherwise) and we adopt the convention +∞ − ∞ = 0. We will show that the
slope of a function is a functor which is separably reducible by rich families of
closed separable sets in X. By this we simply mean that if Y is a member of
such a family and x ∈ Y then |∇f |(x) = |∇(f |Y )|(x). To prove it, we need the
following proposition which is a consequence of our main theorem. Below, given
a point x ∈ X and real positive numbers r, s such that 0 < r < s we denote
by T (x, r, s) := {u ∈ X : r < d(x, u) < s} the torus in X generated by these
parameters.
Proposition 4.1. Let f : X → R ∪ {+∞} be a proper extended-real valued function
on X. Then the family R of closed separable sets in X such that for every Y ∈ R, for
every x ∈ Y , for every t ∈ R and every r, s with 0 < r < s we have Y ∩T (x, r, s) ̸= ∅
and

sup
{
(t− f(u))+

d(x, u)
: u ∈ T (x, r, s)

}
= sup

{
(t− f(u))+

d(x, u)
: u ∈ Y ∩ T (x, r, s)

}
is a rich family.

Proof. To apply our general theorem, let P := {(t, r, s) ∈ R3 : 0 < r < s} with the
inherited standard metric from R3. Consider as Q the triples (t, r, s) belonging to
P whose coordinates are rational numbers.
Let Z := X × P and for Z ∋ z = (x, p) ∈ X × P , p = (t, r, s), define G : Z ⇒ X by
G(z) := T (x, r, s). It is easily seen that the so defined G satisfies (A1.1).
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Define now the function Φ : Z ×X → R ∪ {+∞} by

Φ(z, u) :=
(t− f(u))+

d(x, u)
, z = (x, (t, r, s)) ∈ Z, u ∈ X.

Observe that for z = (x, (t, r, s)) ∈ Z and u ∈ G(z) the distance d(x, u) is always
greater than r > 0. Therefore, for any u ∈ G(z) the function Φ(·, u) is continuous
at z ∈ Z, thus (A2.1) is fulfilled. To check (A2.2), take z ∈ Z and let A be a
subset of X intersecting G(z). If sup{Φ(z, u) : u ∈ A ∩G(z)} = +∞ then (A2.2) is
obviously satisfied. If the latter supremum is finite then this implies, in particular,
that f is bounded below on A ∩ G(z) (remember that 0 < r < d(x, u) < s for any
u ∈ G(z)). In the latter case it can be seen that Φ(·, u) is continuous in z uniformly
on u ∈ A∩G(z). But in this situation, as it was mentioned after the formulation of
(A2.2), the latter property is satisfied. Therefore, we can apply our Theorem 2.1 to
get the conclusion of the proposition, which completes the proof.
Having in mind the above, we can prove the separable determiness of slopes.

Theorem 4.2. Let (X, d) be a metric space and let f :X → R ∪ {+∞} be a proper
extended real-valued function on X. Then there is a rich family R of closed separable
sets in X such that for every Y ∈ R and for every x ∈ Y we have

|∇f |(x) = |∇(f |Y )|(x).

Proof. Let R be the rich family provided by the previous proposition. Then for
every Y ∈ R and x ∈ Y we have

|∇f |(x) = inf
s>0

sup
r∈(0,s)

sup
{
(f(x)− f(u))+

d(x, u)
: u ∈ T (x, r, s)

}
= inf

s>0
sup

r∈(0,s)
sup

{
(f(x)− f(u))+

d(x, u)
: u ∈ Y ∩ T (x, r, s)

}
= |∇(f |Y )|(x),

Indeed, when x ∈ dom f this is immediate from the previous proposition. To see
that it is true also for x /∈ dom f , let us just observe that the previous proposition
shows also that the case dom f ∩ T (x, r, s) ̸= ∅ and dom f ∩ Y ∩ T (x, r, s) = ∅ is
not possible and thus, we have that both inner supremums above are either 0 or
+∞.

We continue with the study of the separable reducibility of slopes in the following
setting. Let (X1, d1) and (X2, d2) be two metric spaces and f : X1 ×X2 → R be a
real-valued function on the Cartesian product of these two spaces, which is Lipschitz
in the second variable, in a sense that there is k > 0 such that

|f(x, y′)− f(x, y′′)| ≤ k d2(y
′, y′′), for every x ∈ X1.

On the Cartesian product X1×X2 we consider some usual product metric generated
by d1 and d2. Then, we have the following theorem:

Theorem 4.3. Let (X1, d1), (X2, d2) and f : X1×X2 → R be as above. Then there
is a rich family R of separable subspaces of X1×X2 of the form Y1×Y2, Yi ∈ S(Xi),
i = 1, 2, such that for every Y1 × Y2 ∈ R, and for every (x, y) ∈ Y1 × Y2 we have
|∇f(·, y)|(x) = |∇(f |Y1×Y2)(·, y)|(x).
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Proof. Let d be some product metric in X := X1 × X2. We proceed first as in
the proof of Proposition 4.1: let P := {(t, r, s) ∈ R3 : 0 < r < s} and let Q be
the set of the rational triples (t, r, s) belonging to P . Let Z := X1 × P and for
Z ∋ z = (x, p) ∈ X1 × P , p = (t, r, s), define G : Z ⇒ X1 by G(z) := T (x, r, s), the
latter being the corresponding torus in X1. The mapping G satisfies (A1.1). Define
the function Φ : Z ×X1 ×X2 → R ∪ {+∞} by

Φ(z, u, y) :=
(t− f(u, y))+

d1(x, u)
, z = (x, (t, r, s)) ∈ Z, u ∈ X1, y ∈ X2.

It can be easily seen, using the Lipschitz property of f wrt to the second variable,
that for every z ∈ Z the function Φ(z, u, ·) is continuous at each y ∈ X2 uniformly
on u ∈ G(z). As in the proof of Proposition 4.1, for every fixed y ∈ Y2, the function
Φ(·, ·, y) satisfies (A2.1) and (A2.2). Then, by Theorem 2.4, there is a rich family
R of separable subspaces of X of the form Y1 × Y2, Yi ∈ S(Xi), i = 1, 2, such that
for every Y1 × Y2 ∈ R, for any (x, y) ∈ Y1 × Y2 and for any (t, r, s) ∈ P we have

sup
{
(t− f(u, y)+

d1(x, u)
: u ∈ T (x, r, s)

}
= sup

{
(t− f(u, y))+

d1(x, u)
: u ∈ Y1 ∩ T (x, r, s)

}
.

Further, the proof follows the steps from the proof of the previous theorem.
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