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Abstract. A real affine plane A, is called an isotropic plane I, if in Ay a metric
is induced by an absolute figure (f, F'), consisting of the line f at infinity of A,
and a point F € f.

This paper gives a complete classification of the second order curves in the isotropic
plane Iy. Although conics in I, have been investigated earlier, e.g. in the standard
text-book of H. SACHS [8] or in the paper of MAKAROWA [7], this paper offers a
new method based on Linear Algebra. The definition of invariants of a conic with
respect to the group of motions in I, makes it possible to determine the type of
a conic without reducing its equation to canonical form. The obtained results are
summarized in an overview table.

Such an approach can also be understood as an example of classifying quadratic
forms in n-dimensional spaces with non-regular metric, e.g. quadrics or pencils of
quadrics in the double isotropic space I [2].
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1. Isotropic plane

The isotropic plane I5(R) is a real affine plane A, where the metric is introduced by a real
line element (f, F') [8, 9]. The ordered pair (f, F') with F' € f is called absolute figure of the
isotropic plane I5(R). In the affine model, where

T = 551/550, Yy = 552/550, (1)

the absolute figure is determined by f =29 =0, and ' = (0: 0: 1). Any line through F' is
called isotropic.
All projective transformations that keep the absolute figure fixed form a 5-parametric
group
T =cC + ..
G5 {y262+63$+05y s Cl,...,C5€R,C4,C5#O. (11)

ISSN 1433-8157/$ 2.50 (© 2002 Heldermann Verlag



18 J. Beban-Brkié: Classification of Conics in the Isotropic Plane

We call it the group of similarities of the isotropic plane I.

After defining in I, the usual metric quantities such as the distance between two points or
the angle between two lines, we look for the subgroup of those transformations in Gy which
preserve these quantities. In such a way one obtains mappings of the form

Gy Tt (ii)
Y =C+Cc3Tr + Y.

Their group is called the motion group of the isotropic plane II,. Hence, the group of isotropic

motions consists of translations and rotations, that is

r==x
Yy =c3r + Y.

(iv)

T{i‘zcl—i‘l‘

J=coty and R{

In the affine model, any rotation is understood as stretching along the y-axis.

2. Conic equation
The general second-degree equation in two variables can be written in the form
F(z,y) = ana® + 2a107y + agey® + 2a01 + 2a02y + ago = 0 (1)

where a1, ...,a00 € R and at least one of the coefficients a1y, a2, ass # 0 [3]. The solutions
of the equation (1) represent the locus of points in a plane which is called a conic section or
simply a conic.

Using the matrix notation, we have

agp Qo1 Qo2 1
F(ry) = [ Lz vy ] Qo1 @11 Q12 T | =
Qo2 Q12 a2 Yy (2)
a1 a2 X x
= T +2| a a +agp =0
[ y]{alz 622}[y] [01 02}{9] %
where
oo Qo1 Ap2 a a
A= apl Q11 Q12 and o = |: 1 12 :| (3)
a1z Q22
Qo2 dA12 A2
are real, symmetric matrices. In the sequel we will use
A :=|Al=detA, o:=|o|=detoc and A;;(i,7=0,1,2), (4)

where A;; are the minors of the matrix A.
The goal is to determine the invariants of conics with respect to the group Gz of motions
in I,. For that purpose let’s apply on the conic equation (1) the mapping from Gj given by

rT=2x
{yzai‘—i—gj’ aeR. (5)

One obtains

—_

Qoo Qo1 Qo2
Fz,y)=[1 z § ]| @ an ax
Qoo Q12 Q92

@ R
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where
Qo = Ao, Qp1 = Qo1 + Qp20, Qoo = Qp2, (7)
_ 2 _ o
ajp = ajp + 2a1200 + a0, A1 = a1z + Ay, A = aga.

This yields - -
A:A,E:O', A11:A117
and directly from (7)
a2 = 22, G2 = g2
For example,

2
ail + 2@120é + (450104 a12 + A99 (X
Q12 + Aga0x a22

a1 Q12
Q12 Q92

— 2

3. Diagonalization of the quadratic form

The quadratic form included in eq. (1) is the homogenous polynomial of the second degree

K(z,y) = anz® + 2a1020y + any® = [ = i S 8
(z,9) 11 127Y 22Y [ y] 1y (g y (8)

The question is whether and when it is possible to obtain a;5 = 0 using transformations of
the group Gs. It can be seen from (7) that

d12 = Q12 + apa =—> a=——— ag #0. (9)

One obtains
o o a 0 T
ke =[] % 2[5 ] (10
where

apG=——"=—), Qoo = U922. (11)

4. Isotropic values of the matrix

Definition 1 Let 0 := [ le 312 ] be any real symmetric matrix. Then for o := det o the
12 a2

values

Il =, IQ = 29, ((122 7é 0), (12)
Q22

are called isotropic values of the matrix o.

Definition 2 We say that the real symmetric 2 x 2-matrix o allows the isotropic diagonal-

ization if there is a matrix G = [ ; [1) } such that GToG is a diagonal matrix, i.e.,

r ~_ | Ii 0
GO’G—|:O IQ}’ (13)

where 1,1, are the isotropic values of the matrix o. We say that the matrix G isotropically
diagonalizes o.
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It can be seen from what has been shown earlier that the following propositions are valid:

Proposition 1 The isotropic values 11,15 as well as their product 111, = o are invariants
with respect to the group Gs of motions in the isotropic plane I,.

Proposition 2 Let 0 be a matrix from Definition 1. Then there is a matrix

G:{l 0] with a:—%
«

1 22
which under the condition ass # 0 isotropically diagonalizes o.

Proposition 3 It is always possible to reduce the quadratic form (8) by an isotropic motion
to the canonical form (10) except for

a) axp =0, o #0; and
b) 99 = 0, o=0. (14)
The meaning of the main invariants is as follows:

asy #0 <= conic section without isotropic direction,
o#0 <= conic section with center,
A =0 <= degenerate conic section.

5. Isotropic classification of conics

1st family of conics

Let’s assume that it is possible to reduce the quadratic form in the conic equation (1) to
the canonical form (10). This implies according to Propositions 1 and 2 that either as # 0,
o #0,o0r ayx #0,0=0.

I. Let’s consider ass # 0, o # 0: The isotropic values are

o
11:—7&0, IQZGQQ%O,
Q92

wherefrom it is possible to write down the conic equation (1) in the form
F(z,9) = 12* + Ly + 20,7 + 28029 + oo = 0. (15)
After a translation of the coordinate system in Z- and y-direction we have
F(z,9) =L + Ly* +t=0. (16)

One computes

L aooli I — a3 I — a2, 1y _A ' (17)
1112 o

Hence ¢ is invariant. Let’s introduce:

t t
a::HE, b::“E. (18)

The values a and b shall be called isotropic semiazes.

The possibilities for the conic sections with equation (16) are:
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(i) sgnl; =sgnly =sgnt and t # 0:
The conic equation (16) under conditions (i) can be written in the form

=2 =2
Z )
po) + i —1. (19)
The conic is called imaginary ellipse meeting the conditions A # 0, o > 0, asy # 0,
a22A > (.

(ii) sgnl; =sgnly #sgnt and ¢ # 0:

! (20)

This is a real ellipse meeting the conditions A # 0, o > 0, ass # 0, and axA < 0.
(iii) sgnI; =sgnl, and t = 0:
1,7° + Ij* = 0. (21)
This is the equation of an imaginary pair of straight lines. The corresponding conditions
are A=0,0 >0, axp # 0.
(iv) sgnl; #sgnly and tI; > 0:

=2 =2
T Y
L-ra (22)
We call this conic a first type hyperbola obeying A # 0, o < 0, as # 0, axA < 0.
(v) sgnly #sgnly and tI, < 0:
(16) turns into the form
:%_2 332
2 + 5 =1, (23)
that we call the equation of a second type hyperbola meeting A # 0, o < 0, ags # 0,
a22A > 0.
(vi) sgnl; #sgnly and ¢t = 0:
L] 7° — || > = 0. (24)

This represents a pair of intersecting straight lines and we have A =0, o < 0, ag # 0.

In order to figure out the geometrical meaning of the isotropic semiazxes (18) we note:

Let’s consider a conic section equation F (z,y) = a112% + 2a107y + any? +t = 0, supposing
that the conic’s center coincides with the origin of the coordinate system. From z = 0 and
an? + 2a127y + agey? +t = 0 we obtain

Hence 2b is the length of the cross section of the conic along the y-axis and invariant with
respect to isotropic motions.

The condition

— = 2a19% + 2a9y = 0 implies y = —%x.
dy 22

This reveals that the slope of the obtained straight line equals the parameter « of the isotropic
rotation used to obtain a canonical form of the conic.
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The conditions

y = ~22 and a117” + 2a100y + any® +t =0 give z=44/——.
22 L

So 2a is the length of the cross section with the straight line y = ax.

II. Let’s now consider agy # 0, o = 0:
The isotropic values of the matrix o are

ILL=—=0, I, =ax» #0
&57)

which implies that one linear term can be eliminated by a translation. , i.e.,
F(z,9) = Ly’ + 20,7 +t = 0. (25)
One computes
A=-a} I, A =tl. (26)
We distinguish
(vii) If ag; # 0, the equation (25) represents a parabola meeting A # 0, o = 0, ag # 0.

(viii) sgnly # sgnt and ag = 0:
L|y* —[t]=0. (27)

This is a pair of parallel lines obeying A =0, o0 =0, ayy # 0, Aj; < 0.
(ix) sgnly, =sgnt and ag; = O:

Ly +1t=0. (28)
This is the equation of an imaginary pair of parallel lines with A =0, o = 0, ags # 0,
All > 0.
(x) Under t =0 and ap; = 0 the equation (25) can be written in the form
7 +t=0 (29)

and represents two coinciding parallel lines obeying A =0, o =0, as # 0, A1; =0 .

We are going to demonstrate at one example that the conditions on the invariants characterize
the types uniquely: Let us presume A # 0, o < 0, ass # 0 and aA < 0: We conclude from
o < 0either Iy >0 and I, <0 orI; <0 and Iy > 0. This results in

I, <0

I, >0 and I, <0 — I,bA =a»A <0 — t<0
A>0
I,>0

I, <0 and I, >0 — I,bA =a»A <0 = t>0
A<O

Thus we have got
sgnl; #sgnly and tI, > 0,

and this is the condition (iv). All the other cases can be checked in a similar way.

Let’s assume furtheron that it is not possible to diagonalize the quadratic form in the
conic equation (1). Then according to Proposition 2 we have to distinguish a) ass =0, 0 # 0
or b) azg =0, 0 =0.
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2nd family of conics

The conditions a) agy = 0, o # 0 imply o = —a?, < 0. The conic equation (1) is of the form
F(r,y) = ana®+ 2a17y + 20017 + 2a02y + ago =
ajlr Q12 X X (30)
= |z +2| an a +agp =0
[ y][au 0][3/} [01 02}{3/] 00
After the isotropic rotation with a = _ o and a translation in direction of the z and i axes
ai2

we obtain

with the remaining coefficients

2001002
a2 = V=0, t=ayp — g =
12

(32)

alp

Corollary 1 For any conic obeying the conditions a) of Proposition 2 there is an isotropic
motion to reduce its equation to the form (31).

The possible cases to distinguish are
(xi) Under t # 0 equation (31) represents a special hyperbola with A # 0, o < 0, ag = 0.
(xii) Under t = 0 we get from (31)
zy = 0. (33)
This is a pair of intersecting straight lines from which one is isotropic. The invariants
are A =0,0 <0, ayp # 0.
3rd family of conics

Let’s assume that the conditions b) of Proposition 2 are fulfilled, that is ass = 0, & = 0, and
let’s assume ay; # 0 which implies a;2 = 0. The conic section equation (1) has now the form

F(:C, y) = (leﬂfz + 2&011‘ + 2&023/ + agp —
= [:c y} a0 v —|—2[a a } * + app =0 (34)
0 0 y 01 02 y 00 .

We can always transform it into
F(Z,9) = a@* + 2ag2y +t = 0, (35)

where
A= —a32 arr, A= —aﬂ, Ay =tan (36)

are invariants.

Corollary 2 For any conic section obeying the conditions b) of Proposition 2 and with
a1 # 0 there is an isotropic motion to reduce its equation to the form (35).

We distinguish

(xiii) Under age # 0 we get with (35) the equation of a parabolic circle with A # 0, o = 0,
a9y = 0.
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(xiv) Under sgnay; # sgnt and age = 0 the equation (35) turns into
’CLH‘ (Z’Q — |t’ =0 (37)

which represents a pair of isotropic lines obeying A =0, 0 =0, ag =0, Agy < 0.
(xv) sgna;; =sgnt and agy = 0:
lai| 2%+t =0 (38)

gives an tmaginary pair of isotropic lines with A =0, o =0, agy = 0, Ags > 0.

(xvi) Under a;; =0 and ¢t = 0 eq. (35) can be written in the form
* =0, (39)
which represents two coinciding isotropic lines and A = 0, 0 = 0, agss = 0, Ags = 0,
a11 7£ 0.
4th family of conics

Suppose the conditions b) of the Proposition 2 are fulfilled, that is ass = 0 and o = 0, and
let’s assume aq; = 0. The conic section equation (1) has now the form

ago Qo1 Go2 1
Flz,y)=[1 = y]|au 0 0 z | =0, (40)
az 0 0 Y

that is in homogenous coordinates (zg : x7 : x2)

Qoo Ap1  Go2 g
F(I'Oa X, IL'Q) = [JZQ 1 fL’Q] agr 0 0 1 — (41)
ag 0 0 T

= apozg + 20012071 + 2002702 = To (agoTo + 2a0171 + 2a272) = 0,
where all the remaining coefficients are invariants.

Corollary 3 For any conic section obeying the conditions b) of Proposition 2 and with
ain = 0 there is always an isotropic motion to transform its equation into the form (41). This
reveals that the conic consists of two straight lines including the absolute line f.

The possibilities for the other line are the following:

(xvii) Under agy # 0 the second line of (41) is non-isotropic. The invariants are A = 0,
0':0, CLQQZO, A117é0.
(xviii) Under age = 0 and ag; # 0 we get from (41)

Tol1 = 0. (42)

Now the second line is isotropic. We note A =0, o = 0, ass = 0, A3 =0, a1 # 0,
A22 == O

(xix) If ago =0, ag; = 0 and agy # 0, eq. (41) takes the form
z3 =0, (43)

this is f as a double line with A = 0 = a9 = A1 = a;1 = Agsy =0, agg # 0.
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A #0|axA >0 imaginary ellipse

o>0 axrA <0 real ellipse

A=0 imaginary pair of straight lines

A #0|axA>0 2nd type hyperbola

o<0 agA <0 1st type hyperbola

a9y # 0 A=0 pair of intersecting straight lines
A#0 parabola

o=0 A <0 pair of parallel lines

A=0| A;; >0 imaginary pair of parallel lines

A, =0 two coinciding parallel lines

oc<0]|A#0 special hyperbola

A=0 pair of lines, one is an isotropic line

A#0 parabolic circle

Ay <0 pair of istropic lines

as =10 Ay >0 imaginary pair of istropic lines
oc=0 Ay =01]a;#0 two coinciding istropic lines

A=0| A1 #0 straight line + f

Ay #0 isotropic line 4 f

A 1=0[Ax=0]a;1=0]ayp#0 double f

apgo = 0| all points € I,

Table 1: Classification of second order curves in I,

(xx) Under ags = ag; = ago = 0 we get in (41) the zero polynomial. The conditions are
A=0=uayn=A;=a1=~A»=ay=0.

Thus, we have partitioned the set of conic sections k of the isotropic plane I, into four families
according to their relation to the absolute figure (f, F'):

Lst family: The conic section k doesn’t contain any isotropic direction, i.e., F' ¢ k;
2nd family: The conic section k has one isotropic direction, i.e., F' € k;
3rd family: The conic section k has a double isotropic direction;

4th family: The conic section k contains an absolute line f.

We conclude with

Proposition 4 In the isotropic plane I, there are 20 different types of conic sections to
distinguish with respect to the group Gs of motions (see Table 1).
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