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Abstract. In the paper a special caseof Desar gues' con guration will be dis-
cussedwhereonetriangle is inscribed into a conic and the other is circumscribed
about the sameconic. Thesetwo triangles are in a corresppndencecalled a De-

sar gues collineationK p. Three theoremshave beenformulated and proved. One
of them characterizesthe certral collineation K. In a Desar gues collineation
the baseconic will be transformed into another conic. Di®eren casesare dis-
cussed. In the caseof a basecircle the certer of the collineation K coincides
with the Ger gonne point.
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1. Intro duction

If two triangles are in Desar gues' con guration then the straight lines connectingpairs of
correspnding verticesintersectat a singlepoint while the three points of intersectionbetween
correspnding sidesare collinear (Fig. 1). This planar gure consistsof ten points and ten
straight lines. This gure createsa con guration [10;] as eat point of this con guration
coincideswith three di®eren straight lines and simultaneously on ead line there are three
speci ¢ points creating a Desar gues' con guration [1].

In this work a special caseof Desar gues' con guration will be discussedwhere one of
the two triangles is inscribed into the other.

2. Description of a special case of Desar gues' con guration

Let line p be given together with three points A; B; C coinciding with this line. We then
specify three lines a;; by; ¢; sudh that they make sidesof a triangle with verticesA; = bcy,
B, = ajci, C; = aiby. Let us now draw linesa, = AA;, b = BB4, ¢, = CC;. Linesa,, b,
and c, make a triangle with verticesA, = b,¢;, B, = a,¢;, C, = axly (Fig. 2).
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Figure 1: Desar gues' con guration

The pairs of correspnding sidesof the given triangles intersect on the line p at points
A; B; C, respectively. Therefore accordingto Desar gues' Theorem the straight lines con-
necting opposite vertices, namely c = C;C,, b= B;B, and a = A;A,, meet at one point
W.

Figure 2: Special caseof Desar gues' con guration
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3. On some prop erties of Desar gues' con guration

Theorem 1 There is one and only one conic k? that is circumscribed about the triangle
A1B;C; and inscribed into the triangle A,B,C.,.

Proof: The tangert lines a,, b, ¢, and two respective tangency points A; 2 a,, B; 2 b,
determine a conic s, which cortacts line ¢ at somepoint. We will prove that this point
coincideswith C; and thus the conicsk? and s? coincide.

Let us considerthe straight lines a,, b, and ¢, to be the sidesof a degeneratedhexagon
circumscribed about conic s?. According to Brianchon 's Theorem, opposite sidesof this
hexagondetermine three lines, which meet at one point. The two joins of pairs of opposite
vertices of the hexagon,namely a = A;A, and b= B;B,, intersectat Brianchon 's point
W. Thus, if we join point W with point C,, aline cis created. Line ¢ de neson the opposite
line ¢, the opposite vertex C;. At this point the conic s? touchesline c,. This completesour
proof to Theorem 1 concludingthat the conicsk? and s? coincideas stated. O

Theorem 2 Point W is the pole of line p with respect to the conic k2.

Proof: Point B, is the pole of line by, while B, is the pole of b,. The linesb, and b, meet
at point B, and thus point B is the pole of b= B,B,. In analogypoint A is the pole of line
a= A;A,. Hencepoint W asthe meetingpoint of the polars a;b is the pole of line p joining
A:B. O

It is easyto notice that the Desar gues' point W is the certer and the Desar gues' line
p is the axis of a collineation K, which transforms one triangle into the other. Let us call
Kp the Desar gues' central collineation.

Theorem 3 The characteristic crossratio of the certral collineation K p, which transforms
the triangle A.B,C; into A,B,C,, equalsj 1=2.

Proof: Let us denotewith B, the point of intersectionof any ray b of the collineation with
the axis p (Fig. 2). It is suxcient to prove that the crossratio (B,B;B,W) of these four
points equalsj 1=2.

Figure 3: Proving the characteristic crossratio of K in a special position
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We rst assumethat A;B; is a diameter of an ellipseand C; is located on the conjugate
diameter. Let then the triangle A,B,C3 be circumscribed to the triangle A;B1C; (seeFig.
3)

We determinethe certer W and the axis p of the certral collineation K and the point
Bp = bp Then the crossratio under considerationis

e Db Bl 11

If we transform the con guration presened in Fig. 2 in a certral collineation so that the
vanishingline of this collineation passeghrough points C and C,, then we obtain the con g-
uration preserted in Fig. 3. Sincecrossratios are invariant under projective transformations,
the crossratio of the four points (B,B1B,W) in Fig. 2 and in Fig. 3 are equalto eadt other
and equalto j 1=2 asstated. O

The discussedtransformation has been preserted in Fig. 4, in which the vanishing line
g = CC,, the certer S and the axis t have beenspeci ed. Sincerangesb and b’ of points
are mutually perspective, the crossratio for any four correspnding points on theselines are
equal,i.e.,

K(B2B1B,W) = F(BIBIBIWY) = j

NI

Figure 4: The certral collineation usedin the proof of Theorem 3

If the characteristic crossratio of a certral collineation betweentwo planar sets(! ;) and
(! 2) is equalto j 1=2, then the distance betweenthe vanishing line g, of the set (! ;) and
the certer W of the collineation is equalto onethird of the distancebetweenthe axis p and
certer W (Fig. 5), as
. .' P I
WG, WE} 1 1
WPG,G} ) = A : 2 =jZ:1= Z:
( 192 ) B—B? B“E%— I 2 I >



B. Wojtowicz: Desargues'Con guration in a Special Layout 195

Figure 5: The Desar gues collineation hasthe characteristic crossratio j %

Figure 6: k? and k3 are two conicsin closureposition accordingto Poncelet

The certral collineationK p transformsthe conick?, which is circumscribedto the triangle
A;B;Cy, into aconick3 circumscribedto A,B,C, (Fig. 6). Accordingto Poncelet 's Closure
Theorem' there is an in nite set of triangles A,B,C, inscribed to k3 and circumscribed to k2
with cortact points A;B,C; (note the triangles A,B,C, and L,M,N; in Figs. 10 and 12).

The Desar gues certer W is the pole of the Desar gues axis p with respectto the conic
kZ. The conicsk? and k3 have W and p asa commonpair of pole and polar line. Continuing
the procedureof constructing a triangle Az;B3;C; from A,B,C, and soon will leadto a special
set of conicswithin the pencil of conicsspannedby k2 and k3.

4. Ger gonne point in Desar gues' con guration

One of the special points in the con guration of a triangle inscribed into a circle is the so
calledGer gonne point. The three segmets joining the verticesof a triangle with the points
of tangencywith the incircle intersectat this Ger gonne point [3] (Fig. 7).

We now considerthe following construction (Fig. 8): Let a circle k? and an internal point
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Figure 7: Ger gonne point G of the triangle AB C

G, begiven. Determineatriangle A,B,C, circumscribed about this circle sothat the point G,
is the Ger gonne point of this triangle. Then point G, = W is the certer of the collineation
Kp of two planar sets(! ;) and (! ;) while its polar p is the axis.

Let us determinethe vanishing line z, of the set (! ;) for which the distancefrom line p
is onethird of the distancebetweenpoint W and line p. Through an optional point A; 2 k?
we draw the tangert line a; to the circle. The line a; correspnding to a, in the collineation
Kp intersectsthe circle at points B; and C;. Conversely we obtain the correspnding points
B, and C, on line a,. The linesb, = B;C, and ¢, = C;B, are the two other sidesof the
triangle to be constructed. They intersect at point A,, which lies on a ray of collineation
passingthrough point A;.

Figure 8: For given circle k? and Ger gonne point G, nd atriangle A,B,C,
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5. Particular cases of Desar gues' con guration

The conick3 can be a parabola, a hyperbola or an ellipse depending on the position of point
W in relation to the circle kZ: Let two circlesk? and k? with the commoncerter O be given.
Let the radius R of k? doublethe radiusr of k? (seeFig. 9).

Figure 9: Discussingspecial cases

Case |. If point W = G, lies on the circle k?, then the distance d betweenthe axis p and
the certer W of the collineation equals3r. This meansthat the vanishing line g; (passing
at distanced from point W) is tangert to the circle k. Hencethe conic k3 is a parabola
(Fig. 10). Howewer, if line p passingat the distanced = 3r from point W is an axis of the
collineation K, it should be proved that it is the polar of point W: The line a = OW
intersectsthe conic k? at points A and B, and line p at point P. For the crossratio of these
four points we obtain
N\IN jﬁ\!P br [3r i 3
(ABWP) g—wgﬂg 7;'\—127 3 i 1:
We concludethat p is the polar of W (Fig. 9).

Case II. If point W = G, lies betweenthe circlesk? and k?, then line p is nearerto point W
and thus we have the distanced < 3r. We may concludethat the vanishingline g; (parallel
to p at distanced from W) intersectsthe circle k? and thus the conick? is a hyperbola (Fig.
11).

Case I1I. If point W = G, lies inside the circle k?, then the distance d betweenthe line p
and the certer W obeysd > 3r. The vanishingline g; will be externalin relation to the circle
k2, and thus the conick3 is an ellipse (Fig. 12).

Case Illa. If point W = G, coincideswith the certer O of the circles k? and k2, then
the certral collineation K is a certral homothety with the characteristic ratio j 1=2. The
triangle circumscribed about ki becomesequilateral and the conicks is a circle.

All the caseddiscussedabove respectively illustrated in Figs. 10{13.
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Figure 10: Casel: k2 is a parabola. Both triangles A;B,C, and L ;M ;N>
are circumscribed k# and inscribed k3

Figure 11: Casell: k2 is a hyperbola Figure 12: Caselll: k3 is an ellipse
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Figure 13: Casellla: k3 is a circle
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