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Abstract. Here we continue from the paper [1] our study of the following ge-
ometric configuration. Let BR;RC, CR3R4A, ARsR¢B be rectangles build on
sides of a triangle ABC such that oriented distances |BR;|, |CRs|, |ARs| are
A|BC|, N|CA|, N|AB| for some real number \. We explore the homology and
orthology relation of the triangle on central points of triangles ARyR5, BRgR1,
CRsyR3 (like centroids, circumcenters, and orthocenters) and several natural tri-
angles associated to ABC' (as its orthic, anticomplementary, and complementary
triangle). In some cases we can identify which curves trace their homology and
orthology centers and which curves envelope their homology axis.
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1. Introduction

This paper is the continuation of the author’s preprint [1] where an improvement of three
recent papers [3], [6], and [7] by L. HOEHN, F. VAN LAMOEN, and C.R. PRANESACHAR and
B.J. VENKATACHALA was presented. These articles considered independently the classical
geometric configuration with squares BS195C, CS3S54A, and AS;S¢B erected on sides of a
triangle ABC' and studied relationships among central points (see [4]) of the base triangle
7 = ABC' and of three interesting triangles 74 = ASySs, 78 = BSsS1, 7¢ = C'S253 (called
flanks in [6] and eztriangles in [3]). In order to describe their main results, recall that triangles
ABC and XY Z are homologic provided lines AX, BY, and C'Z are concurrent. The point P
in which they concur is their homology center and the line ¢ containing intersections of pairs
of lines (BC, YZ), (CA, ZX), and (AB, XY) is their homology azis. In this situation we

use the notation ABCD;XYZ where ¢ or both ¢ and P can be omitted. Let X; = X,(7),
X! = X;(r;) (for j = A, B,C), and 0; = XAXEXC, where X, (for i = 1,...) is any of the

7 )

triangle central point functions from KIMBERLING’s lists [4] or [5].
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Instead of homologic, homology center, and homology axis many authors use the terms
perspective, perspector, and perspectriz. Also, it is customary to use letters I, G, 0, H, F, K,
and L instead of Xy, X5, X3, X4, X5, X5, and X5y to denote the incenter, the centroid, the
circumcenter, the orthocenter, the center of the nine-point circle, the symmedian (or Grebe-
Lemoine) point, and the de Longchamps point (the reflection of H about O, respectively.

X ..
In [3] HOEHN proved 7 <1 03 and 7 0; for (i, j) = (1, 1), (2, 4), (4,2). In [7] C.R.
PRANESACHAR and B.J. VENKATACHALA add some new results because they show that

X .o .
T10; for (i, j) = (1, 1), (2, 4), (4, 2), (3, 6), (6, 3). Moreover, they observe that if 74
XaXpXe and Y, Y4, Yp, and Y are isogonal conjugates of points X, X 4, X5, and X with

respect to triangles 7, 74, 75, and 7o, respectively, then 7 DYQ Y.YgYc. Finally, they also answer
in negative the question by Prakash MULABAGAL of Pune if 7 >x XY Z, where X, Y, and Z
are points where incircles of triangles 74, 75, and 7¢ touch the sides opposite to A, B, and
C, respectively.

In [6] VAN LAMOEN says that X, befriends X; when 7 1 o; and shows first that 70,

implies T)D(éll om Where X, and X,, are isogonal conjugates of X; and X;. Also, he proves that
X . ; X .
T X 0; is equivalent to Té(QO'j and that 7>10; for (7, j) = (1, 1), (2, 4), (3,6), (4,2), (6, 3).

K(5-9)
Then he notes that 7 Ba K (¢), where K(¢) denotes the homology center of 7 and the

Kiepert triangle formed by apexes of similar isosceles triangles with the base angle ¢ erected
on the sides of ABC. This result implies that Té(qiai for i = 485, 486 (Vecten points — for

¢ = £7) and Té(éai for (i, 7) = (13, 17), (14, 18) (isogonic or Fermat points X3 and X4
— for ¢ = £3 and Napoleon points X7 and X3 — for ¢ = £%). Finally, VAN LAMOEN
observed that the Kiepert hyperbola (the locus of K(¢)) befriends itself; so does its isogonal
transform, the Brocard axis OK.

The idea of our generalization in [1] was in replacing squares with rectangles whose ratio
of nonparallel sides is constant (see Fig. 1). More precisely, let BR; RyC, CR3R4A, AR5 R¢B
be rectangles build on sides of a triangle ABC' such that the oriented distances |BR;|, |C' R3],
|ARs| are X\ |BC|, \|CA|, M| AB| for some real number \. Let 7} = ARyRs, 73 = BRgR;,
and 72 = CRyR; and let X/(\) (for j = A, B, C) and o} have obvious meaning. The most
important central points have their traditional notations so that we shall often use these
because they might be easier to follow. For example, H4()\) is the orthocenter of the flank
74 and o is the triangle GA(\)GE(A)G(A) on the centroids of flanks.

Since triangles AS,S5 and AR4Rs5 are homothetic and the vertex A is the center of this
homothety (and similarly for pairs BSgS;, BRgR; and CS3S3, CRyR3) we conclude that
{A, XA XA}, {B, XB, XB(\)}, and {C, X, XF()\)} are sets of collinear points so that

(2 (2
most statements from [3], [7], and [6] concerning triangles o; are also true for triangles o3.

But, since instead of a single square on each side we have a family of rectangles it is possible
to get additional information. The results in [1] explored cases when the base triangle 7 is
either homologic or orthologic with the triangles 3.

The purpose of this paper is to investigate the relations of both homology and orthology
for triangles o7 with some important triangles associated to 7 like its anticomplementary
triangle 7,, the first Brocard triangle 7, the Euler triangle 75, the complementary triangle
T4, the orthic triangle 73, the tangential triangle 7, the Torricelli triangles 7, and 7, and the
Napoleon triangles 7, and 7.
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R5 R6

Figure 1: The triangle ABC with three rectangles and three flanks

2. The anticomplementary triangle 7,

Let 7, denote the anticomplementary triangle A, B,C, of ABC whose vertices are intersections
of parallels to sidelines through opposite vertices.

Theorem 1 For every A € R the triangles 7, and o}, are homologic and their homology
centers trace the Kiepert hyperbola of 7, (see Fig. 2).

Proof:  In our proofs we shall use trilinear coordinates. Recall that the actual trilinear
coordinates of a point P with respect to the triangle ABC are signed distances f, g, h of P
from the lines BC, C A, and AB. We shall regard P as lying on the positive side of BC' if P
lies on the same side of BC as A. Similarly, we shall regard P as lying on the positive side of
C A if it lies on the same side of C'A as B, and similarly with regard to the side AB. Ordered
triples x : y : 2z of real numbers proportional to (f, g, h) (that is such that x = mf, y = myg,
and z = mh, for some real number m different from zero) are called trilinear coordinates of
P. The advantage of their use is that a high degree of symmetry is present so that it usually
suffices to describe part of the information and the rest is self evident. For example, when we
write X;(1) or I(1) or simply say I is 1 this indicates that the incenter has trilinear coordinates
1:1:1. We gave only the first coordinate while the other two are cyclic permutations of the
first. Similarly, X5 (%) or G (%) say that the centroid has trilinears % : % : %, where a, b, ¢ are
the lengths of sides of ABC'.
The expressions in terms of sides a, b, ¢ can be shortened using the following notation.

dy=b—c¢, dy=c—a, do=a—-0b, z,=b+c, z=c+a, z.=a+b,
t=a+b+c¢c, t,=b+c—a, typ=c+a—-0b, t.=a+b-—c,
m = abc, m,=0bc, my=ca, m.=ab, T = /tt tpt..
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R2

Rs R,

Figure 2: The homology centers of triangles 7, and o}y trace
the Kiepert hyperbola of 7, (Theorem 1)

For an integer n, let ¢,, = a™ + 0" 4+ ¢" and d,,, = b" — ¢" and similarly for other cases. Instead
of ty, to,, top, and to. we write k, k,, ky, and k.. Let w denote the Brocard angle of ABC'.

In order to achieve even greater economy in our presentation, we shall describe coordinates
or equations of only one object from triples of related objects and use cyclic permutations
¢ and 1 to obtain the rest. For example, the first vertex A, of the anticomplementary
triangle A,B,C, of ABC has trilinears —% : % : % Then the trilinears of B, and C, need
not be described because they are easily figured out and memorized by relations B, = ¢(A,)
and C, = ©¥(A,). One must remember always that transformations ¢ and 1 are not only
permutations of letters but also of positions, i.e., ¢(a, b, ¢, 1,2,3 — b, ¢, a, 2,3, 1) and
Y(a, b, c, 1,2, 3 — ¢, a, b, 3, 1, 2). Therefore, the trilinears of B, and C, are % : —% : % and
1.1, _1

a b’ ¢’
The trilinears of the points R; and R, are equal to

=2 m (T + Ak.) : ANbky and  — 2Am @ Acke = b(T + Aky)

(while R3 = ¢(R1), Ry = ¢(R2), Rs = Y(Ry), angl Rg = ¢(Ry)). It follows that the centroid
X3'(\) or GA(N) of the triangle AR, Rj is % : kz)\ : %
Hence, the line A,GA()\) is

z=0.

3T + 6d,2, TN+ 3(k, + 2b2 TN+ 3(ky + 262
a : T (—b )y+ (c C)
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(T2 + 2kpko) A2 — 6Tk A — 9T
a

It follows that the homology center of 7, and o is . This point

traces the conic with the equation
a?(b* — ) x? + 0*(* — a®)y? + *(a® — b*)2z* = 0 or (in shorter notation) 3 a’d,z,2* = 0.

Since the vertices of 7,, the common centroid G of 7 and 7,, and the orthocenter of the

T2 42k ke
Th (

anticomplementary triangle Xy < known also as the de Longchamps point L of

ABC) are on this curve, we conclude that it is the Kiepert hyperbola of the anticomplementary
triangle. O

Theorem 2 The homology axis of 7, and 0, envelope the Kiepert parabola of 7.
Proof: The line B,C, has the equation by + cz = 0 while the line GB(A\)GY()) is

a (TN +6(b* + )X+ 9T) x + bA(TA + 3k.)y + cA(TA + 3ky)z = 0.

6daza . TN +6(0>+)A+9T | TA+6(0* + A+ 9T
a b ’ c ’
Hence, the homology axis of 7, and ¢ has the following equation

It follows that their intersection is

S a[T?(81 — A — 6TA(k + a®) (N +9) + 18N} (T? — 4a*(b* + ¢*))]z = 0.

It envelopes > [a?(k, — a?®)?2® + 2bc(T? + b*k. + *ky + m2)y 2] = 0. In order to see that
this is the Kiepert parabola of 7, it suffices to check that lines B,C,, C,A,, A,B,, the line at
infinity, and the Lemoine line of 7, (the homology axis of 7, and its tangential triangle) are
its tangents (see [2]).

Indeed, by +cz =0, cz+ax =0, ax+by =0, > ax =0, and > a3(b*+ %) z = 0 are their
equations. By solving in one variable any of them and substituting into the left hand side of
the equation of the above conic we get remaining variables in a complete square which means
that these lines have a point of tangency with the conic and our proof is accomplished. O

Recall that triangles ABC and XY Z are orthologic provided the perpendiculars at vertices
of ABC onto sides YZ, ZX, and XY of XY Z are concurrent. The point of concurrence
of these perpendiculars is denoted by [ABC, XY Z]. It is well-known that the relation of
orthology for triangles is reflexive and symmetric. Hence, the perpendiculars at vertices of
XY Z onto sides BC, CA, and AB of ABC' are concurrent at the point [XY Z, ABC].

Since G befriends H it is clear that triangles 7, and o are orthologic and [0, 7.] = H
(the orthocenter). Our next result shows that points [7,, 03] trace the Kiepert hyperbola of
Ta-

Theorem 3 The locus of the orthology centers [1,, 0] of 7, and ¢} is the Kiepert hyperbola
of A,B,C, (see Fig. 3).

Proof: The perpendicular from A, onto the line GB(X\)GY()\) has the equation
6adyer + b(TA + 3ke)y — ¢(TA + 3kp)z = 0.

v o T2A2 4 6T Akg + 9(T2 — 2kyke)

Therefore, the orthology center [7,, 02 is . This point traces the

a
conic with the equation Y a?dy,x? = 0 that was recognized as the Kiepert hyperbola of 7, in
the proof of Theorem 1. O
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R1

R4

Figure 3: The orthology center [r,, 0] of triangles 7, and o} traces
the Kiepert hyperbola of 7, (Theorem 3)

B, C A,

line GK

Ca

Figure 4: The homology centers of 7, and ¢} trace the line GK (Theorem 4)
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Theorem 4 For every A € R the triangles 7, and o are homologic and their homology
centers trace the line GK (see Fig. 4).

Proof:  The point Thzmad X % is the circumcenter O ()\) of the flank AR,;Rs. The line

—m C
A,04(0) is aAdae + B(T + \02)y — o(T + A?)z — 0. Hence, Mot T

a
of 7, and 0. It traces the line Y ady,x = 0 that goes through points G (%) (the centroid)
and K (a) (the symmedian or Grebe-Lemoine point). 0

is the homology center

Theorem 5 For every A € R\ {—cotw}, the triangles 7, and o} are orthologic. The orthol-
ogy center [ T,, 03] is the de Longchamps point L or Xy of 7 (or the orthocenter of 7,) while
the orthology centers [0y, T,] trace the line HK (see Fig. 5).

GC°(\)
R
Rs
B. A,
AN
s
N | "/ line HK
~ ‘ ol
~
-
~L _ "
I~ 1
S
R, 2 S1
e ~
P T~ ~
A |
= ‘ B~/

| N

[

G | GB(\)
|
R5 ‘ R6
|

Figure 5: The orthology center S} = [7,, 0] is Xy while the orthology centers
Sy = [0, 4] trace the line HK (Theorem 5)

Proof: The triangle 0 degenerates to a point if and only if A = — cot w. Since the triangles 7
and ¢ are homothetic and their center of similitude is the symmedian point K, the triangles
7, and o} have parallel corresponding sides. It follows that 7, and o are orthologic and that
[7a, 03] = X20. The perpendicular from O#()\) onto the line B,C, is

aAdQGkax + b()\dgak’a — ka)y + C()\dgak’a + TkC)Z =0.
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(kkyke — a®T)N\ + Thyk.

Hence, [0}, 7,] has coordinates . We infer that this orthology center

a
traces the line HK because we get its equation > ady.k?z = 0 by eliminating the parameter

. O

Since H befriends G and the line AH#()) is the median AG that goes through the point
A,, it is clear that triangles 7, and o7, are homologic and that their homology center is G
(the centroid). The axis of these homologies envelope a complicated quartic.

Theorem 6 The locus of the orthology centers [1,, 03] of 7, and o7y is the Kiepert hyperbola
of 7,. The locus of the orthology centers (o3, 7] of 07 and 7, is the line HK (see Fig. 6).

R2

Rs
C /
B, N\ () Aa
\\ —_— Sl R4
R4 \\ A A
/
|
A \/ /B
line HK /
HC()\)/
/
/
Ca
R5 R6

Figure 6: The orthology centers S; = [r,, 03] and Sy = [03, T,] trace
the Kiepert hyperbola of 7, and the line HK (Theorem 6)
T—2\ka A

el N 2 is the orthocenter H*(\) of the flank AR R5. The line

Proof: The point
HB(\)HC()) is

3kpko A2 — 4a2T\ + T2 Mep(Bke N —T Mk (Bkp\ =T
b CTA+T® b ( ) Y+ (3K )
be ca ab

z=0.

The perpendiculars from A, and H4()\) onto lines HZ(A\)H%(\) and B,C, have equations

2dgzq(T — 2kN) Tk. + (T2 — 2kke)A Tky + (T2 — 2kkp) A
T+ Yy — z
be ca ab

=0

and

2dgza ko Tky + 2d,zako ) Tk. — 2d,zaka )
—Y T+ Y+ z
bc ca ab

=0.
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The orthology center [7,, o7 ] is

be [(8a2kT? — 16a%k?k, + 8kk,T? — TY)N? — 2T ((6a> — k)T?+
+dk, (kyke — 4a*))\ + T? (2kyk. — T?)]

while the orthology center [0}, 7,] has coordinates Tkyk,. + 2(a*T? — kkpk.) X. In order to see
what curves trace these orthology centers we must eliminate the parameter \. For [7,, o3 ]
we get the equation for the Kiepert hyperbola of 7, as in Theorem 1 and for [0}, 7,] the
equation for the line HK as in Theorem 5. O

3. The first Brocard triangle 7,

Let 7, = Ay ByC), denote the first Brocard triangle of ABC'. Its vertices are projections of the
symmedian point K onto perpendicular bisectors of sides.

Theorem 7 For every A € R the triangles 7, and o3, are homologic and their homology
centers trace the Kiepert hyperbola of 7, (see Fig. 7).

R1

Figure 7: The homology centers of 7, and o trace the Kiepert hyperbola of 73, (Theorem 7)

Proof: The line A,G4()) is

kdgza\ a’kX\ + 36T a’?k\ 4 3¢2T
T+ Y z=0

be ca ab
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Kiepert hyperbola of 7,

G|
C
= [Tb’ Ué;]
By -
\
Gj/
Ay, Cp e
B
A
A

Figure 8: The points [7,, 03] trace the Kiepert hyperbola of 7, (Theorem 8)

line Xngg

Figure 9: The orthology centers [0}, 73] trace the line Xy Xgg (Theorem 8)
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bR @kak? N + 3T (b + A + 9ImiT?

since A, is abe : ¢ Hence, is the homology center of

a
7, and 0. This center will trace the curve Y dyzq(a*2? + ma(b? + ¢*)yz) = 0 while the
parameter A changes. Since the vertices of 75, the common centroid G (%) of 7 and 7, and

the orthocenter 2a(T? — a?k, — 2m?) — bhoke

a

of the first Brocard triangle 7, are on this curve,

a
we conclude that it is the Kiepert hyperbola of 7,. Notice that the circumcenter O(a k,) and
the 3rd Brocard point Xz (a%) are also on this hyperbola. |

Theorem 8 For every A\ € R the triangles 7, and o) are orthologic. The locus of the
orthology centers [y, 03] and [0}, 7] is the Kiepert hyperbola of 7, and the line X;Xog
joining the centroid with the Tarry point of ABC, respectively (see Figs. 8 and 9).

Proof: The perpendicular from A, onto the line GB(A)GC()\) has the equation
adaq (T + 3k) x + b(T 29\ + 3ak) y — (T 2.\ + 3a%k) z = 0.

2 2\y2 2 2
Therefore, the orthology center [r,, o] is T2k = aD)A" + 6T A0 ke + 210) + 9a"kk

” . This point
traces the conic with the equation > do,(a’z? + me29.yz) = 0 that was recognized as the
Kiepert hyperbola of 7, in the proof of Theorem 7.

The perpendicular from G4()\) onto the line B,Cj, has the equation
ado T + b (dogTA — 3(c* — a® ko)) y + c(doo TA + 3(b* — a® k,))z = 0.

2/ 27 op2 2 4 2 4 2
So, the orthology center [0, 73] is T(kkyke + a”(aka — 217) + 2m°)A + 3(b° — a”ka)(¢” — a’ka) ~rpypao

a
point traces the line with the equation Y da, (kpke + a®k, — 2m2)z = 0. The points X, (é)
and ng ( L

a(z4q — a%224)
(a®k — T?)(24q — a%224)

a

) are on it. Note that the points X1 (d—> (the focus of the Kiepert
2a

d3,kaq

parabola), X4 < - > (the Kiepert antipode), and X5 ( ” ) (the center
of the Jerabek hyperbola) also belong to this line. O

Since the vertices of 7, are on perpendicular bisectors of sides of 7 and triangles 7 and o
are homothetic it follows that 7, and o}y are orthologic and [ 7, 03] = O.

Theorem 9 The locus of the orthology centers [0, 7] of the triangles o and 7, is the line
X¢Xog joining the symmedian point X with the Tarry point Xog (see Fig. 10).
Proof: The perpendicular from the point O“(\) onto the line B,C), has the equation
Adagkq Adogkq — Tk Adaogke + Tk
20K - Ad2 by 4 202 .

be ca ab
M kkyke — a®T?) + Thyk,

= 0.

Hence, - is the orthology center [0}, 7]. It traces the line with the
equation

S adya(a® kg +2m?) (240 — a® 20)x = 0.
One can easily check that the points Xg and Xgg are on this line. O

Theorem 10 For every number A € R and j = 4, 5, 20 the triangles 1, and a; are orthologic.
The locus of the orthology centers [, 03\] of the triangles oj-‘ and T, is the Kiepert hyperbola
of 7,. The orthology centers [aj)-‘, 7] trace the line X,;Xog for j = 4, the line through Xog
parallel to the line X3Xg¢ for j = 5, and a line through Xog for j = 20.

Proof: We leave proofs of the statements of this theorem to the reader as an exercise because
they are similar to the above proofs. O
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[Jga Tb]
N
c o
GS(\) / \\\
N
Q /AT N :
/ NN
/ N\
[ \\
w By N
| 0. N
Y K Co RN
/! \
b N
I A N\ /B \\
AN .
GA(N) / \ — ’ GB())
line X6X98

Figure 10: The orthology centers [0, T3] trace the line XX (Theorem 9)

4. The Euler triangle

The Euler triangle 7 = AgBrCE has the midpoints Ag, Bg, Cg of segments AH, BH, CH
joining vertices with the orthocenter H as vertices.

Since the lines AGA()\), BGB()\), CGY()\) are altitude lines of ABC' it is obvious that
for every A € R the triangles 7z and o} are homologic and their homology center is the
orthocenter H of 7.

Theorem 11 For every A\ € R the triangles 75 and o, are homologic and their homology
centers trace the line HK (see Fig. 11).

Proof: Since 1]; —a: ];—Z : ? are trilinears of Ag and from the proof of Theorem 4 we know
ak, c
2 2
w ; % : % are trilinears of O(\), we infer that ApO%()) is

that

Nadao k23 + b[AM,. + Thoky)y + c[AM_ + Thkok.)z =0,

where My = zp,a* — 222 a2 + dyq(doq20q & 4Ma,). Note that the lines ApO4()\), BpOB()),

kpkoT + (3z24a* — 2d3,a% — 224d3,)
a(2kA+1T)

the line HK whose equation is Y ady k?x = 0. O

and CgO%()\) are concurrent at the point A This point traces

Theorem 12 For every A\ € R the triangles 75 and o7, are homologic and their homology
centers trace the Kiepert hyperbola of Tg (see Fig. 12).
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line HK

# homology center of o and TR

Kiepert hyperbola of g

mology center of oy an
>

Figure 12: The homology centers of 07, and 75 trace the Kiepert hyperbola of 7 (Theorem 12)
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Proof:  Since P % : % : % are trilinears of H*()\) and from the proof of the previous
theorem we know that a:;; —a: % : % are trilinears of Ap, we infer that Ax HA()\) is

2 adyg ko — My (b)y — M_(c)z = 0, where M.(b) =b [2)\(d2aa2 —dy £ T) F ka} .
The lines ApHA()\), BeHB()\), and CgpH()\) are concurrent at the point

4T (a* + z9q0° — Qd%a))\2 — 2(329q0" — 2d§aa2 - zgadga))\ + Tkyk.
a

that traces the conic whose equation is
> dogla®k2a® + be(a* + 22940° — 3d3,)yz] = 0.

at + zp40? — 2d3,

Since it goes through the vertices of 7g, its centroid , and the common ortho-

a
center H of 7 and 7g, we conclude that it is the Kiepert hyperbola of 7. O

The proof of the following theorem is left to the reader.

Theorem 13 For every number A € R and j = 2, 3, 4, 5, 20 the triangles 75 and 0]5 are
orthologic. The orthology centers [tg, 03] and |03, Tg] are the orthocenter H. For i =
2, 4, 5, 20 the locus of orthology centers [T, 03] is the Kiepert hyperbola of 7. The locus of
the orthology centers [0, 7] is the line HK for i = 3, 4, 5, 20.

5. The complementary triangle

The complementary triangle 7, = A;B,C, has the midpoints A,, By, C, of sides BC, CA,
AB as vertices. It is also the Cevian triangle of the centroid G.

Since the lines AHA()\), BHZ()\), CHY()) are median lines of ABC' it is obvious that for
every A € R the triangles 7, and o7, are homologic and their homology center is the centroid
G of 7.

Theorem 14 For every A € R the triangles 7, and ¢, are homologic and their homology
centers trace the Kiepert hyperbola of 7.

3T +2a*\ kA kpA

Proof: Since from the proof of Theorem 1 we know that ;o are trilinears
C

—a
of GA(\) while the trilinears of A, are 0 : ¢ : b, we infer that A,G*()\) is

2Xady, + M(b)y — M(c)z = 0, where M(b) = b(2X\a* + 3T).

4kaa® X% 4 6T 290\ + 9T

The lines A,G4()\), B,GB()\), and C,G()\) concur at the point that

a
traces the conic whose equation is > dog[a®x? + beyz] = 0. Since it goes through the vertices
of 74, the common centroid G of 7 and 7,4, and the orthocenter O of 7, it follows that this is
the Kiepert hyperbola of 7. O

Theorem 15 For every A € R the triangles 7, and o}y are homologic and their homology
centers trace the line GK (see Fig. 13).
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OB())
line GK

Figure 13: The homology centers of 03, and 7, trace the line GK (Theorem 15)

Proof: Now we recall from the proof of Theorem 4 that Tti;j“)\ ; % ; % are trilinears of
O*()\). Hence, the line A,04(\) is Aady,x + M(b)y — M(c)z = 0, where M (b) is equal to
b(Az9q + T). The lines A,04()\), B,OB()\), and C,O%()\) concur at the point 2 AT T g

a
traces the line whose equation is ) ads,x = 0. One can easily check that the points G (i)
and K (a) are on this line. 0

Theorem 16 For every number A € R and j = 2, 3, 4, 5, 20 the triangles 7, and 0]5 are
orthologic. The orthology center [r,, 03] is the circumcenter O and [03, 7,] is the orthocenter
H. Fori = 2,4,5, 20 the locus of orthology centers [1,, o}| is the Kiepert hyperbola of 7,.
The locus of the orthology centers [0}, 7,] is the line HK for i = 3, 4, 5, 20.

2 _
Proof for the locus of [r,, op]. Since FA(N) is (a” — ka)A+ 2T . ng)‘ : di"c)\ , the perpendicular

p (A, FB(A)FY())) from the point A, onto the line F¥(X)FY(X) has the equation
adaq (kX — 2T)x + M (b)y — M(c)z = 0, where M (b) = b[(2a* — 294a* + d5,)\ — 2a°T).

Then the perpendiculars
p(Ag, FEOVFC(N), p(By FEOVFARN) . and p (Cy, FAOFZ(V))
concur at the point

(240 — 2240%)(2a* — 2940% + dga))\2 + T(2a5 — 290" — zmd%a)A + 242k, T2
a

that traces the Kiepert hyperbola of 7, (see the proof of Theorem 14). O
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6. The orthic triangle

The orthic triangle 7, = A, B, C), has the feet Ay, By, C), of altitudes of ABC' as vertices. It
is also the Cevian triangle of the orthocenter H.

Since the lines AGA()\), BGB()\), CGY()\) are altitude lines of ABC' it is obvious that
for every A € R the triangles 7, and 03 are homologic and their homology center is the
orthocenter H of 7.

Theorem 17 For every A € R the triangles 7, and oy are homologic and their homology
centers trace the equilateral hyperbola that goes through the vertices of 1, and the central
points H (the orthocenter), K (the symmedian point), X5, (the orthocenter of the orthic
triangle), and Xi13 (Jerabek antipode) of the triangle ABC. The homology axis trace a
parabola.

o a1 Ay -
Proof:  Since Ay is 0 : E o and O7(A) is —

T + 224\ : % : %’ the line AhOA()\) has the

equation
Aadagkqx — M(b)y + M(c)z = 0, where M (b) = bky(Azeq + T).
It follows that the lines A,04()\), B,OB()), and C,O(\) concur at the point
20220, + T(k + a®>)\ + T?
ak,
that traces an equilateral hyperbola with the equation Y da,(a?z? + bekyk.yz) = 0. One can

easily check that the vertices of 73,, the orthocenter H (%), the symmedian point K'(a), the

orthocenter X, (a(a?k, — T?)(2m2 — T?)) of the orthic tariangle, and the Jerabek antipode
X3 ((T2 — 30%ka) (200" — 2za0 = m3)a” + 2205,)
a

all lie on it. O

Theorem 18 For every real number A and for j = O, K the triangles 7, and 03\ are ortho-
logic. The orthology center |1, 0] is the orthocenter H and |03, 7,] is the circumcenter O.
The locus of orthology centers |1y, o] is the rectangular hyperbola A, B,Cy,H. The locus of
the orthology centers [0y, T3] is the line OK (see Fig. 14).

Proof for the locus of [, o]. Since the point K4()) is
2[T(3kq — 2a2%) + (22q40% — d3,)\]
—a
where the function M (b, ¢) is bt.[(ky + 2my)? — T?], the perpendicular p (An, KZ(A)KY()))
from the point A, onto the line KZ(\)K¢(\) has the equation

2 adaok,Tx — M(b,c)y + M(c,b)z =0,
where the function M (b, c) is bky[T(k + 2a*)X + (3k — 4b?)(3k — 4¢?)]. Then the lines
p (An, KENKC(N)) . p (B, KYAKA(N), and p (Cr, KAA)EE (V)
concur at the point
T?(k 4 2a?)\? + 2T (3a* + Tz24a% + 8m2)\ + (3k — 4a?)(3k — 4b)(3k — 4c?)
kq
that traces the rectangular hyperbola with the equation

3 (3k — 4a®)dog[a*K22* + makykeyz] = 0.

It is easy to check that the vertices of 75, and the orthocenter H lie on it. O

: M(b,c): M(c,b)
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Figure 14: Orthology centers [0}, 7,] and [0}, 7] trace the line OK (Theorems 18 and 19)

7. The tangential triangle

Let p., p», and p. be perpendiculars at vertices A, B, and C' to segments AO, BO, and
CO joining the vertices with the circumcenter. The tangential triangle 7, = A;B,C} has the
intersections py, N pe, pe N Pa, and p, N pp as vertices. It is also the antipedal triangle of the
circumcenter O.

Since the lines AO%()\), BOZ(\), COY(\) are the symmedians of ABC' it is obvious
that for every A € R the triangles 7; and o)y are homologic and their homology center is the
symmedian point K of 7.

Theorem 19 For every number A € R and j = O, K the triangles 7; and 03\ are orthologic.
The orthology centers 1, 0] and [o7, ;] are the circumcenter O. The locus of orthology
centers [T, a}\(] is the rectangular hyperbola A;B;C;O. The locus of the orthology centers
(03, 7] is the line OK (see Fig. 14).

Proof for the locus of [0, 7). Since the point O4()) is Tti;j“/\ : % : % and A; has trilinears

—a : b : ¢, the perpendicular p (OA(/\), BtC’t) from the point O4(\) onto the line B,C; has
the equation
2Xabcdy,w + c[2\b%dag + k Ty + b2\ doe — ki T)z = 0.

Then the lines
b (OA()\)7 Btct> y P (OB()\)7 OtAt) ) and p (OC<>\)a AtBt)

concur at the point a(2(z2,a% — 22,) —k,T') that traces the line with the equation > m,do,z =
0. It is easy to check that the circumcenter O and the symmedian point K lie on it. O
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8. The Torricelli triangles

Let A,, B,, and C, be vertices of equilateral triangles built on sides BC, C A, and ABb of
ABC' towards inside. When they are built towards outside then their vertices are denoted
A,, B,, and C,. The negative Torricelli triangle 7, is A,B,C, while A,B,C, is the positive
Torricelli triangle 7, of ABC.

Theorem 20 For every A € R the triangles 7, and o} are homologic and their homology
centers trace the Kiepert hyperbola of T, that goes through the vertices of T, and the central
points G (the centroid), O (the circumcenter), and X4 (the negative isogonic point) of the
triangle ABC'.

Kiepert hyperbola of 7,

Ay
V4
/i
7 \
e
/ \
g \
C e
/ \
|
C |
/ \
/ \
/ A B())
B
B, \\ homo center of gy fand Ty
/
\ /
O”(N) \ /
\ /
N\ |/
/
Cy

Figure 15: The homology centers of ¢ and 7, trace the Kiepert hyperbola of 7,
(analogue of Theorem 20)

TV3 —3k. T3 — 3k
6ab ’ 6ca

the line A,G()\) has the equation

Proof: Since the point A, has trilinears —1 : and the point G4()\) is
3T+ 20 Mo, | Ak

—a b e’

Nadae(3ke + TV3)x — M(b)y + M(c)z = 0,

where the function M (b) is equal to b[A(3kedaq — 22aTV/3) + (3ky — T/3)T). Hence, the lines
AGA(N), B,GB()), and C,GY(\) concur at the point

2kaqa? N2 + 3[204T — (2240 — d%a)\/g])\ +9[a* + (224 — TV3)a? — Qd%a]
a
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that traces the conic > dyg[a?(3k, — TV3)x? —m,(3ke +T+/3)yz] = 0. It is easy to check that

this is the Kiepert hyperbola of 7, because it goes through the vertices of 7, the common cen-
(ko — 2a%)TV/3 + a* + 22940% — 3d3,

troid G of 7, and 7, and the orthocenter of 7, with trilinears

a
In the same way one can prove that O (the circumcenter), and X4 (the negative isogonic
point) of the triangle ABC' are also on it. 0

Theorem 21 For every A € R the triangles 7, and o7y are homologic and their homology
center is the negative isogonic point X4.

Proof: The point X{5()\) is f: g(b,¢) : g(c,b), where
g(b, ¢) = Amyty(3k, 4 6m, + TV3) (ke + 2m, — TV3),

and
. 4T?myg [((ko — 3a*)TV3 + 3294a% — 3d3,) A + 3(3ka + 2a2)T — 5T%V/3]
a ta(ka +TV/3) '

One can easily check that this point lies on the line A, X4 and thus complete the proof. O

Theorem 22 The triangle 7, is orthologic to o} for i = 2, 3,4, 5, 14, 20. The orthology
centers |1, 03] and [0}y, 7,] are the circumcenter O and the second Napoleon point Xig,
respectively. The locus of the orthology centers [T, 0?] is the Kiepert hyperbola of A, B,C,, for
j =2, 4,5, 20. The orthology centers [r,, 03] trace a hyperbola that goes through the vertices
of 7, and the circumcenter O. The locus of the orthology centers [0, 7,] for k =2, 3, 4, 5, 20
are the lines GX1g, K X153, HX15, X15X1s, and a line through Xg, respectively.

Proof of the case i = 14. The point X{;()\) has trilinear coordinates f : g(b) : g(c), where
g(b) = dmy(3b%ky + T(2k, — b?)V/3) and

f =m, [((31% — @) TV3 - 3d2, + 322aa2) A+ 3(3ky + 2a2)T — 3723 .
We infer easily that the perpendicular p (X{}()), B,C,) from the point X{}()) onto the line

B,C, has the equation b(k, — Tv/3)y — c¢(k. — T/3)z = 0 and it goes through the point Xg
a* + (T3 — 3z94)a® + 2d3,

with the first trilinear coordinate . This shows that the triangles o3,

a
and 7, are orthologic and that [07,, 7,] = Xis.
On the other hand, the perpendicular p (A,, X{(A)X{;())) from the point A, onto the
line X2 (A\)XG()\) has the equation f,x — g, (b, c)y + g_(c,b)z = 0, with

fo = adw(giA+ g2),
g = a*+10290a% — 5z4q + 16m2 + (20 — 3k)T/3,
g2 = (3a* 4 6224a% — 3240 + 8M?)V/3 — 3(k + 2a*)T, and

gr(b,c) = b{[9a® + 4(dyy — V*)a* + (2m?2 & Tdy, — 4ch)a® + 2(c F doy)d3,+
+(—a* + (262 F dyg)a® & 20%dye ) TV3]\ + goa®}.

The lines

P (Au, XGNXGMN) . p (Bay XGNXEW)) . and p (Cu, X (NXTN)
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concur at the point hoA\? + 2y A3 — 3a2k,hg, where

hy = hyoV3+ 3T hoy,
haoy = 18al® — 6529,a% + (68244 + 49mM2)a’® — 29,(3324, — 40m?2)a*+
+(1428, — IM2 244 — 22mMyq)a® — 229,d3, (240 — 5M32),
hoy = 12a% — T29,0°% — (240 + TM2)a* + 204(2244 + 3m2)a® — 2d3, (3240 + m?2),
hi = h10\/§ + 3T ho,
hip = 12a'° — 3229,a® + (12244 + m?2)a® + 3294(3240 — m2)a*+
+(2244 + 17m§)d§aa2 - 3Z2ad%a(d§a - mg),
ho = hooV3+21T(m? +m? +m?), and at last
hoo = 6a°% — 929,a* — (9240 + 29m?2)a® + 329, (2da, + ¢*)(daq — ¢2).

In order to find the curve which traces this point we must eliminate the parameter A\. We
obtain an equilateral hyperbola that goes through the vertices of 7, and the circumcenter O.
(I

Of course, there are versions of the above three theorems for the positive Torricelli triangle
7, of ABC' (see Fig. 15). Instead of numbers 18 and 14 now the numbers 17 and 13 play
important role.

9. The Napoleon triangles

Let A,, B,, and C, be centers of equilateral triangles built on sides BC, C'A, and AB of
ABC towards inside. When they are built towards outside then their vertices are denoted
Ay, By, and C,. The negative Napoleon triangle 7, is A,B,C, while A,B,C, is the positive
Napoleon triangle 7, of ABC'.

Theorem 23 For every A € R the triangles 7, and o) are homologic and their homology
centers trace the hyperbola that goes through the vertices of 7, and the central points G (the
centroid), O (the circumcenter), and X3 (the second Napoleon point) of the triangle ABC'.

ke —TV3  ky—TV3

2me. ' 2my,
2Xadoaw +b(2Ma? — /3 ky +3T)y — c(2Xa? — /3 k. +3T)z = 0. It follows that the lines A,G%,
B,G#%, and C,GY concur at the point

Proof: Since A, has coordinates —1 : , the line A,G4 has the equation

202k, A% + (32007 — V/3(22402 — d3,))\ — 3V/3a>T — 3a* + 929402 — 6d3,

a

This point traces the equilateral hyperbola with the equation

S dog[a? (ke — TV3)2? — ma(ka + TV3)yz] = 0.
It goes through the vertices of 7., the centroid GG, the circumcenter O, and the second Napoleon
point Xig. O
Theorem 24 For every A € R the triangles 7, and o3, are homologic and their homology
center is the second Napoleon point Xig.

Proof: The point X7}()\) whose coordinates have been described in the proof of Theorem 22
is easily seen to lie on the line A, Xi3. O



Z. Cerin: Homology and Orthology with Triangles 21

Theorem 25 The triangle 7, is orthologic to o} for i = 2, 3, 4,5, 18, 20. The orthology
centers [7,, 03] and |07y, T.] are the circumcenter O and the second isogonic point X 4. The
locus of orthology centers [T, 0?] is the hyperbola that goes through the vertices of 7, and
points G, O, and X3 of the triangle ABC for j = 2, 4,5, 20. The locus of the orthology
centers [0}, 7, for k = 2, 3, 4, 5, 20 are the lines GX 14, KX14, HX14, X14X16, and a line
through X4, respectively. The orthology centers [0, T.] trace a hyperbola that goes through
the vertices of T, and O.

Proof: 'The proofs of the claims in this theorem are left to the reader as an exercise (see the
proof of Theorem 22). 0

Of course, there are versions of the above three theorems for the positive Napoleon triangle
7, of ABC'. Instead of numbers 18 and 14 now the numbers 17 and 13 play important role.
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