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Abstract. The remarkable points orthocentre H, circumcentre U, in-centre
I, Torricelli’s point 77 and the first isodynamic point Dy (see [3, 4]) of a given
triangle A in the Euclidean plane lie on a naturally defined curve f which we
call the Balaton-curve of A. We determine all triangles for which this curve is
algebraic and investigate it when it is algebraic, and when it is transcendental as
well. In the algebraic case we determine its irreducible equation in the projective
plane over C.
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Figure 1: The Balaton-curve f of a triangle ABC'

Fig. 1 shows the Balaton-curve of a triangle; the right angle at B does not affect generality.
Other points of the curve (indicated by small black squares) may also be considered as being
“remarkable”.
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1. The angle coordinates of a triangle

Let a triangle A with angles «, (3, v and side-lengths a, b, ¢ be given. For many purposes of
triangle geometry it is favourable to introduce a coordinate system (depending on the given
triangle) by relating to every point P(x,y) of the triangle those three angles a*, 5* and ~*
under which the sides a, b and ¢ can be seen from the given point P. As o* + 3* +~* = 2m, it
suffices to assign only two of the three angles o, 3*,v*. We have made the arbitrary choice
(o, 3*) (see also Fig. 2).

In the following let us work out the coordinate transformation between the Cartesian
coordinate system (x,y) and the angle coordinates (a*, 3*). In the sense of geodesy we use
back-cuts. In order to measure angles we shall use the radian measure; furthermore we restrict
ourselves to triangles with the vertices A = (0,0), B = (2,0), i.e., ¢ = 2, and whose third
vertex lies in the upper half plane.

Figure 2: The angle coordinates of the point P

2y
22 +y? -2z’
rsina — Yy cos

tan(a* + %) =
Proposition 1.1 We have
tan §* =

22 4+ y2 —b(rcosa + ysina)
Proof: We follow the notation of Fig. 3 and make repeatedly use of

tanv + tanw
t =TT
an(v +w) 1 —tanvtanw

and notice that tana; = y/x, tan( — v) = cotv, and tan(a* + 8* — 7 — o) = y/(2 — 2).
Therefore (see Fig. 3)

—tan(a* + 3*) =tan(2r —a* — ") =tan (F —a1 + 2 — (@ + f* =71 — ) =
tan(§ — 1) +tan(§ — (@ + 5" —7— 1))

1—tan(Z —oq)tan(f — (@ + B* — 71— 1))

cot oy +cot(a* + * —m—ay) %‘1‘2771 B 2y

:l—cotalcot(a*+ﬂ*—7r—al) 1_I(2gx) _x2+y2—2x‘
Y

This is the first formula. Furthermore, we have cosay = z/+/22? + 92, sinay = y//x% + y?
and therefore

h=+vz2+y?sin(a—ay) = 2?2+ y%(sinacosa; — cosasina;) = xsina — y cos a.
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Furthermore
u= /2% +12cos(a —ay) = /2% + y?(cosacos a; + sinasina;) = z cosa + ysin a.
From h
tan(a — o) = " and tan(mr — 3" —a+ay) = r—
we get

tan §* = tan(g—(a—a1)+g—(7r—ﬁ*—a+a1)) —

tan (5 — (@« — 1)) +tan (5 — (7 — 8" —a + 1))

1—tan (3 — (@ —ay))tan (5 — (7 — B* —a+ o))
cot(aw — ap) + cot(m — B* —a+ aq)

1 —cot(a—ag)cot(m — B* —a+ay)
_ %—i-b_T“ _ h xsin o — y cos a

= =5 .
1— u(?;ﬂ) h? +u? — ub 22 4+ y2 — b(x cos a + ysin )

X 2-X

Figure 3: Illustration to the proof of Proposition 1.1

Conversely we can express the Cartesian coordinates x and y in terms of a* and (3*:
Proposition 1.2 We have

sin(a® — a)(2sina* — asin(a™* 4+ %) cos(B* — (3))
(asin(a” + B7) — 2sina* cos(@" — B) + dsin? a* sin2(F — )
sinfa’ — ) sina” + §*) sin(5" — )
(asin(a* + %) — 2sin o cos(8* — B))2 + 4sin® a* sin®(§* — )

y = —2ab

Proof: Prop. 1.1 implies

22 4+ y* — 22+ 2y cot(a* + 5*) =0,
2?2 4+ y* — br(cos a + cot 3* sin ) — by(sin a — sin * cosa) = 0.
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Hence we get the intersection of two circles. One of the points of intersection is (0,0). From
this it is clear that the other point of intersection has coordinates which are rational functions
of cot(a*+ 3*), sinB* and b. By using bsin o = asin § the formulae can easily be verified. O

Although — from the geometric point of view — these formulae make only sense for
points P which lie inside the given triangle we shall desist from this restriction in the following
investigations.

For later purposes we study the mapping properties of the map (z,y) — (a*, (%) in
Prop. 1.1. It maps the Euclidean plane (the three circles throught the vertices A, B and C
with diameters a, b and c are omitted) onto a dense subset of R?:

Proposition 1.3 Let kq, ky and k3 be the circles defined by the equations

2?2+ y? -2 =0, 22 +y* — b(xrcosa + ysina) = 0 and 2% — 2z + y* + 2y cot(a + B3) = 0,
respectively. Let h denote the hyperbola wv — ucota +vcota + 1 = 0, g; the straight line
u = tan(a + ) and g, the straight line v = tan 3. Then the map

J: R2\ (ki UkyUks) — R*\ (hUg; UgaU{(0,0)}),
B 2y rsina — ycosa
22 +y? -2z’

() = jw.y) = 22 +y? — b(zcosa + ysina)

is an homeomorphism.

Proof: First we prove that the range of j lies in R?*\ (h U g; U go U{(0,0)}): Assume that
(@, y) & k1 U ks U ks,

rsina — ycosa

= — 2y and v=1">0
o242 -2 22492 —b(xcosa +ysina)

If we had (u,v) € hU g1 U g2 we would easily get (z,y) € k3. Obviously the range of j does
not include (0, 0).
For (u,v) € hU g U ga, (u,v) # (0,0) we put

B(v) :=bvcosa+bsina—2v and C(u,v):=2v+ buvsina — bucos a.

Because of v # tan 3 we get B(v) # 0 and (uB(v),C(u,v)) # (0,0). Hence the functions

B(v) + C(u,v)
u?B2%(v) + C?(u,v)’

B(v) + C(u,v)

z(u,v) = 2C(u, v) u2B2(v) + C2(u,v)

y(u,v) = —2uB(v)

are continuous. We put g(u,v) := (x(u,v), y(u,v)). As (u,v) € h, we get B(v)+C(u,v) # 0.
Hence x(u,v)? + y(u,v)? — 2z(u,v) # 0. As u # tan(a + ) we get

2(u,v)? + y(u,v)? — b(x(u,v) cos a + y(u,v) sina) # 0,
z(u,v)? + y(u,v)? — 2x(u, v) + 2y(u,v) cot(a + B) # 0.

By using MATHEMATICA it is easily seen that g and j are inverse to each other. O



H. Dirnbock, J. Schoilengeier: Balaton-Curves 27
2. The Balaton-curve f

For a given triangle with angles a and § the remarkable points orthocentre H, in-centre I,
circumcentre U, Torricelli’s point T}, first isodynamic point Dy (for a detailed discussion see
[3, 4]) have angle coordinates (a*, 5*) which obey the linear law

o 2 [ 1 a—=I
(5)=5(1)re(521) rem

namely with t = —1, t = %, t =2 t=0, and t = 1, respectively. The cases t = —1,
t = %, t =2 and t = 0 are illustrated in Fig. 4. This linear law represents a curve f in
Cartesian coordinates — the Balaton-curve of the triangle, as it was first presented by the
first named author at a congress on the Lake Balaton in Hungary in 1995 ([3]). We notice
that f represents a line in the angle coordinates only in the case (a, 3) # (3, 3). Otherwise
— if the triangle is equilateral — the curve degenerates to the centre of the triangle. As this
case is of no interest we exclude it in the following.

There is a vast literature in connection with triangles on similar locus problems. In place
of other papers we only mention [1] and [2]. See also the references there.

t=2 t=20

Figure 4: The angle coordinates of H, I, U, and T}

f = § implies 3% = %’r and hence Prop. 1.1 results in the equation

2 +y* — b(rcosa + ysina) + —=(zsina — ycosa) = 0.

S

This is a circle with centre (£ (cosa —sina/v3), (sina + cosa/v3)) and radius b/v/3.

From now on we exclude this case.
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Henceforth let
Oé — T

33—7m
Note that o —  (resp. 8 — %) is the deviation (excess or defect) of the angle « (resp. ) from

the most natural angle .

ﬁ;«ég and 6 :=

Theorem 2.1 Let A be the triangle with ang]es a and (8 and side-lengths a, b and ¢ = 2.
Then, with o*(t) := 3 + 0(t — &) or o*(t) := 3 + t(a — §) and B*(t) == F + (6 — %),
respectively, we have the following parameter representamons of the Balaton-curve of A:

“(t) +1t) cos(t — )
)2 + 4sin? a*(t) sin®(t — 3)

( sin(a*(t) — a)(2sina*(t) — asin(«
= 2b
z(t) (asin(a*(t) +t) — 2sina*(t) cos(t — )

sin(a*(t) — a)sin(a*(t) + t) sin(t — 3)

\ ylt) = —2ab (asin(a*(t) +t) — 2sina*(t) cos(t — 3))2 + 4sin? a*(t) sin®(t — 3)
( sin(a*(t) — a)(2sina*(t) — asin(a*(t) + 5*(t)) cos(B*(t) — )
= 2b
ot (asin(a*(t) + B*(t)) — 2sin a*(t) cos(8*(t) — §))? + 4sin® a*(t) sin*(B*(t) — §)

sin(a*(t) — a) sin(a*(t) + B*(t)) sin(5*(t) — 5)
= —2ab '
| v " (asin(a*(6) + 5*(1)) — 2sina* (¢) cos(B(t) — ) + 4sin a* () sin®(B*(¢) — B)

Proof: This follows immediately from Prop. 1.2. O

In the following we always assume that o (t) = 2% + 0(t — ).
Theorem 2.1 requires a supplementary explanation in the cases where the denominator of
x(t) or y(t) vanishes. For this and later purposes we introduce the following functions:

Zi(t) := bsin(a*(t) — a)(2sina*(t) — asin(a*(t) + t) cos(t — 3)),
Zy(t) = —absin(a*(t) — «a)sin(a*(t) + t)sin(t — 3),
N(t) = (asin(a*(t) +1t) — 2sina*(t) cos(t — 8))? + 4sin® a*(¢) sin?(t — ).

Note that x(t) = 2Z1(t)/N(t) and y(t) = 2Z5(t)/N(t). Before we investigate the zeros of the
denominator of the general curve let us consider some special cases which fit into the general
consideration often only afterwards.

(1) a=Z%. Then a*(t) =

3 2t and hence by Prop. 1.1 we have, on the one hand

3

2y tant — \/5

_x2—|—y2—2x 14+ +3tant’

and on the other hand
V3 —y

tant = b )
t 2(x2 + y2) — b(z + yv/3)

This implies

—V3(2? =22+ y* — %y) + (22 = 27+ y* + 2yV/3) tant =
= 2y(1 + V/3tant) + (2? + 5y — 27)(tant — v/3) = 0

and hence

0 =—vB(2? =2z +y? — Zy)(@® + 1% —bE — bLy) + L(@vB - y)(2® — 20 + % + 2V/3)
= —V3(@® +y*)(@” + v —w(b+2) -y 2 + 25)
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ie.,

2
— 2 2 _ v . _b+_2
O=2"+y" —z(b+2) \/g(b+2)+2b—(:c 5 ) +<y

This is the equation of a circle with radius a/ V3.

(2) v=1%. Then o+ =% and hence o(t) +¢ = . As tan I = v/3 we get in this case

3
from Prop. 1.1 the curve 22 — 2z + 9>+ %y = 0, and hence the circle (z —1)?+ (y + %)2 =2

Cb+2 2_b2—2b+4
23 3 '

3
(3) a = . In this case the remarkable points lie on the perpendicular bisector x = 1 of

AB of the side ¢ and one can convince oneself easily with the help of Theorem 2.1 that this
perpendicular bisector is the Balaton-curve of this isosceles triangle.

(4) a=~. In this case we get the perpendicular bisector of the side b. It has the equation
y=(2—x)cota.

(5) B =r. In this case the Balaton-curve is the perpendicular bisector of the side a. It
has the equation y = z cot 3.

In the cases (1) to (5) 0 has the values 0, —1, 1, —%, and —2, respectively. We exclude
these cases in case of need in the following considerations.

Lemma 2.1 If N(ty) = 0, then there are integers m and n such that either (a*(to), to) =
(v +mm, B+ nm) or (a*(ty), to) = (mm, nm). Furthermore there are integers p and q such
that 0 = p/q, ged(p,q) =1, ¢ > 0, and p = g (mod 3).

Proof: This is an exercise in elementary analysis and left to the reader. O

In the first case of Lemma 2.1 the numerators and the denominator of z(t) and y(¢) vanish
of order 2 and hence both functions remain bounded in a neighbourhood of ;. This follows
from the proof of the following Proposition:

Proposition 2.1 Let m and n be integers, to := 3 + nm and o*(ty) = o+ mm. Then

20b(6b — a cos(a + f3)) 20absin(a + )
a? — 2abb cos(a + 3) + 02b?) a? — 20abcos(a + B) + 0202

N(to) =0, z(to) = and y(tg) = —

Proof: 'We have

asin(a*(t) +t) — 2sina*(t) cos(t — )

thI{l — = (=1)""(a(f 4+ 1) cos(a + ) — 20 cos ) =
o —to
= %((0 + 1)sinacos(a + ) — Osin(a + §) cosar) =
= Sii((;ilj_n;)(sinacos(a + () — 0sin )

and N

lim 2 SR OSE=5) o jymin g g,

t—to t—to
Hence

lim MO 1 (sin a cos(ar + 3) — fsin §)* + 4sin® o =

t—to (t —tg)? sin2(a +5)

_ (sin” o 9s1na‘51§ﬁcos(a+ﬁ)+9 sin? 3) — a2 — 2abcos(a + ) + 6%.
sin”(a + )
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Furthermore o
i p S0@* () —a) (—1)™b0
t—to t— 1o
and
tlir? 2sina’(t) - asu;( t( )+ t)cos(t = f) _ (—1)™(a(f@ + 1) cos(a+ ) — 20 cosar) =
—to — 10
2(—1)m

(0 (sinacos(a + ) — cosasin(a + 3)) + sinacos(a + ) =
= (=1)" (acos(a + ) — 6b)

B sin(a + f3)

and hence
Z1(1)

1m
t—to (t — to)?

= 0b(0b — acos(a+ 7).

Finally we have
lim a sin(a’(t) + ) sin(t = B) _ a(—1)"sin(a + )
t—to t— 1o

and hence
lim Z5(t)
t—to (t — tg)?

= —fabsin(a + (). O

The second case, namely (a*(ty), to) = (mm, nr), gives rise to a point at infinity. We
discuss this case in more detail in the next chapter.

3. The algebraic Balaton-curves

In this chapter we prove that the Balaton-curves are algebraic for rational # and show that
their equations are irreducible.

Let integers p and ¢ be chosen such that 6 = p/q, ¢ > 0 and ged(p,q) = 1. It is clear
that x(t) and y(¢) have period gm. Conversely, assume that

(z(to), y(to)) = (z(tr), y(t1)) & {(0,0), (2,0), (beosa, bsina)}.

Then, by Prop. 1.1 we get tant, = tant; and in addition tan(a*(to) + to) = tan(a*(¢1) + t1)
and hence for some integers m and n ty = t; + nm and o*(ty) = o*(t1) + mm. This implies
2+ 0(to— &) = Z +0(t — &) + mm, and hence p(ty — t;) = mgm. Therefore pn = gm

and hence g|n. As a corollary gm is the primitive period of the parameter representation
to (x(t), y(t). £ € R
Lemma 3.1 Let n and m be integers, to := nm and o*(tg) = mn. Then:

(1) N(to) = N'(ty) =0, N"(to) = 2a*(0 + 1)* — 8af(6 + 1) cos 3 + 86 # 0.

(2) Zi(to) = 0 and Z}(ty) = 2b0 cos a(0b cos a« — acos 3) + 2a%(0 + 1) sin? 3.

(3) Za(ty) =0, Z(to) # 0 and ZY(to) = 2ab(0 + 1)(6 cos asin 3 + sin «v cos 3).
Proof: (1) As sina*(t) vanishes at t, exactly of order 1 and as 4sin® o*(t) sin?(t — 3) < N(#),

we get the first two assertions and the last one.
We have N(t) = a?sin?(a*(t) +t) —4asin a*(t) sin(a* (t) +t) cos(t — 3) +4sin? a*(t) and hence

N(t) sin?(a*(t) + t) _

1
_N/l — 1 — 2 1
2 (to) tor (t —nm)? Rl (t —nm)?
sina*(t) . sin(a*(t) +1t) . sin? a*(t)
—14 lim clim /2 2 4 4 lim —/——— % =
a(=1)" cos 8 fonw f—nm o f—nm e (t —nm)?

=a*(0+1)? —4a(—1)"cos B - O(—1)™ - (6 + 1)(=1)"T™ + 462
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(2) The first assertion is trivial. We have

Zi(t) = blcos(a*(t) — ) (2sina*(t) — asin(a*(t) + t) cos(t — ) + bsin (a*(t) — «) -
(260 cos a*(t) — a(f + 1) cos(a*(t) + t) cos(t — B) + asin(a*(t) + t) sin(t — 3))

and hence

Z{(nm) = 2b0cos(mm — «) (20 cosmm — a(f + 1) cos((m + n)7) cos(nm — 3)) +
+ 2ab(0 + 1) sin(nm — «) cos((m + n)7w) sin(nm — ) =
= 206 cos a(20 — a(f + 1) cos B) + 2ab(f + 1) sinasin § =
= 2b6 cos a(bf) cos @ — acos ) + 2a3(0 + 1) sin? 3.

(3) The first assertion is trivial. As sin(a*(f) + t) vanishes at nm of the first order and the
function (asin(a*(t) + ) — 2sin o*(¢) sin(t — 3) does not vanish at nw, we get the second one.
We have
Zi(t) = —abb cos(a*(t) — a)sin(a*(t) + ) sin(t — B) — ab(f + 1) sin(a*(t) — a)-
-cos(a*(t) + t) sin(t — B) — —absin(a*(t) — ) sin(a*(t) + t) cos(t — ).

This results in
Zi(nm) = —2abf(0 + 1) cos(mm — ) cos((m + n)m) sin(nm — B) — 2ab(6 + 1) sin(mn — «)-
- cos((m 4 n)m) cos(nm — 3) = 2ab(6 + 1)(0 cos asin § + sin a cos 3). 0

Theorem 3.1 The Balaton-curve of the triangle A is bounded in R? if and only if p #
q (mod 3). Otherwise it has exactly one asymptote with the equation

. 2a2(0 + 1) sin 3(20 cos B — a( + 1))
(a(@+1)sinf) x + (acos f — Obcos a)y + 200+ 12 — 4a0(0 + 1) cos § + 10

=0.

Proof: ~ Assume first that the curve is unbounded. Then there is a t; € R, such that
N(ty) = 0 and by Lemma 2.1 and Prop. 2.1 p = ¢ (mod 3) and (a*(ty), to) = (mm, nr) for
some m,n € Z.

As z, y have period ¢m we may assume that 0 < n < ¢q. As 3 2 =1L

&, we get q|3n — 2.

3n—

As there is exactly one n in the half-open interval [0, ¢) with this property, the curve has at
most one asymptote.
We prove that, with the abbreviation

b a(f+ 1)sin g3
" 20 —a(@+1)cosB’

the limit d := lim (y(¢) — cz(t)) exists and is equal to

t—nm

2ac(20 cos 8 — a(f + 1))
a?(0 +1)2 — 4a6(0 + 1) cos 8 + 462

(The proof in the case 20 = a(f + 1) cos 3 has to be dealt with separately and is left to the
reader.) The equation of the asymptote is then y = kx + d.
We have

y(8) — ka(t) = —2p 0@ 00 Z @) (1) + ) (sin(t — B) — K cos(t — B)) + 2k sin a*(£)) .
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The limit tlim (y(t) — kx(t)) exists if and only if the factor in the brackets vanishes at nm at

least of order two, i.e., its derivative vanishes. We have to choose k such that
0 = (0 4 Dacos((m + n)x) (sin(nr — 8) — kcos(nmw — () + 2k6 cos m.

This results in the above formula for k.

By DE L’HOSPITAL’s rule

ZY(nm) — kZ{ (nm)
N"(nm)
Using Lemma 3.1 we get the formula for the asymptote.

Conversely assume now that p = ¢ (mod 3), where we do not assume that p and ¢ are
coprime (but 31 ¢). Then we may assume that p = ¢ = 1 (mod 3), for otherwise we replace p
by 2p and ¢ by 2¢. We put n = 9“2 and m = %. Then mr — 3% = @(nw — %), and hence
with to := nm, a*(ty) = mm. As by Lemma 3.1 Z; vanishes at ty exactly of order 1 and N of

order 2, we get thr? y(t) = 0. ]
—10

d=2

Let us define recursively a sequence (Rjy)r>1 of rational functions and two sequences
(Pr)k>1, (Qr)r>1 of polynomials, both with coefficients in Q by

Rk—i-X

Ry =X, Rypy1 = T-XR,’

P =X Qi1=1, Poy1 =P, +XQk, Qrs1 =Qr — XPF.

Obviously Ry = P;/Qy. Then it is easily seen by induction on k that for every real number ¢
Ry (tant) = tan kt.

Proposition 3.1 For k > 1 we have

(1) Po=—-11+iX)"+L(1—iX)F =S ((1+iX)F) = %k ") (=15 x*.

(2) Qr=3(1+iX)"+ 31 —iX)F=R(1+iX)¥) = > (})(-1)2X".

20t<k

Proof:  Each of the first assertions follows by induction on k, the third follow from the
Binomial Theorem. O

Proposition 3.2 For all t € R holds q (a*(t) +t) — (p+ q)t = & (¢ — p).

Proof:  The left hand side is equal to ¢(3F + Bt - Z+t)—p+at=%q—Fp. 0

In the next theorem we find a polynomial F' € R[X,Y] which is satisfied by the given
Balaton-curve. It can be rewritten in a rather catchy way when we use complex variables.
Let us write the complex variable as z = x + iy, where x and y are real. The vertices A = 0,
B =2 and C' = w are interpreted as complex numbers. For an integer p and z € C let

zZZ p>0
5p(2) ::{ 2P p<O0.
Then we have

Theorem 3.2 Tripole-equation: Let ( = —% + z@ Then the Balaton-curve of the triangle
A with the vertex w (= C') in the upper half plane satisfies the equation

S (P 5p(2) - 54(2 = 2) - 8pyq(Z —w)) = 0.
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Proof: Let s :=sgn(p + ¢q) and ¢ € {—1,0,1} be chosen such that p — ¢ = ¢ (mod3). We
have tan 2%(q — p) = ev/3 and hence by Prop. 3.2

ev3 = tan (q(a”(t) +t) — slp + qlt)
which implies

Ry(tan(a(t) + 1)) — sRjpiq(tant) = tan(g(a*(t) + 1)) — stan(|p + ¢t) =
VA1 + stan(a(a® (8) + 1)) tan(p + a11) = =31 + sR,(tan(a*(t) + 1)) Ripsg (tan't)),

hence

0 = Pyftan(a’(t) + 1)Qlpee (tant) — sPyey(tan )@y (tan(a* (1) + 1))~
V3 Qq(tan(a*(t) +t))Qprq (tant) — sev/3 P, (tan(a*(t) +t)) Ppiq(tant) =

= (1 +itan(a*(t) +1)? R(1 44 tant)rra—
— 5(1 +itant)PTa R (1 + 4 tan(a*(t) + 1)) —
— V3R (1 +itan(a*(t) +1))? R(1 + i tant)Prd—
— 5633 (1 4+dtan(a*(t) + 1)) (1 +dtant)lPral =

=S ((1 +itan(a*(t) + 1)) (1 — istant)lPta) —
— V3R ((1+itan(a*(t) +1))? (1 — istant)lrtal) .

)
The formula $((P%2) = L (V3eR(2) — S(2)) for € # 0 and = Sz for & = 0 results in

0 =3(¢P (1 +dtan(a*(t) +1))? (1 —istant)lPral) =

(1 21y ! 1 isb rsina — ycosa lpdl
- 22+ 92— 2 22 4+ y2 — b(x cos a + ysin «) .

Multiplication with (22 + 32 — 22)(2% + y? — b(x cos a + ysin )P+ gives

S (P2 + y® — 22 — 2iy) U (2” + P — (2 — isy)beisa)|p+‘”) =0.

If p4 ¢ > 0, that is if s = 1, the polynomial can be written in the form f(z), where
f(2) =" 2z — 22)Y (22 — Zw)PT? = (P9292PT9 (7 — 2)9(2 — w)PT.

If p > 0 it has the real factor (22)?, if p < 0 it has the real factor (z2)P*7.

If finally p 4+ ¢ < 0, that is in the case s = —1, the polynomial in Theorem 3.2 has the form
Jf(z), where this time

f(Z) = Cp—q(z,? — 22)‘1(25 _ Zw)—l’—q _ Cp—qz—p<2 o 2)(1(2 B U_))_p_q, -
e Assume for a moment that p = ¢ (mod 3). If we write the polynomial

sp(x + 1Y) - sq(x + iy — 2) - Sppq(r — 1y — W)
as a sum of homogenous polynomials, then the one with the highest degree is
(z —iy)P(z — )z +iy)™,  (z+iy) P(z —iy)"(z +iy)"™,
or (z+iy) P(x—iy)(x —1y) P ¢

respectively, according to whether p > 0,0 < —p < g or p+¢ < 0. In any case this polynomial
is real. Hence the Tripole-equation has a degree < |p| 4+ ¢+ [p + q|.

o If p # g (mod 3), its degree is < |p| +q + |p + ¢|.
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Proposition 3.3 Let s4 be the multiplicity of the Balaton-curve f at point A = (0,0), sp
the multiplicity at point B = (2,0) and s¢ that at C' = b(cos v, sin«). Then

_J Ipl p # q (mod 3) [ q p # q (mod 3)
SA—{|p‘_1 forpzq(modi%), SB=Y g1 forpzq(mod?)),
I+ g p # q (mod 3)
= f
oc { lp+q|—1 or p = ¢ (mod 3).

Proof: 'We prove the first two assertions and leave the rest of the proof to the reader.

(1) Let to be chosen such that z(ty) = y(ty) = 0. By Lemma 2.1 and Prop. 2.1 we have N (¢y) #
0. If we had sin(a*(ty) — a) = 0, we would get sin(a*(t) +to) = 0 (and hence sin a*(ty) = 0,
contrary to N(ty) # 0) or sin(to—3) = 0; but then asin(a*(to) + ) —2sin a*(ty) = 0, contrary
to our assumption.
Therefore sin(a*(ty) — a) = 0 and hence for some integer m «a*(ty) = o + mn. Let us
denote these parameter values by t¢,,. We have 2” + 0ty — ?”) = « + mm, and hence
=3+ %+ Z(m —3). We have to ﬁnd the number of integers m, such that ¢,, lies in a
given interval of length ¢m and such that t,, & 6+ 7Z (for otherwise N(to) = 0). In the case
that p is positive we choose the interval [0, ¢m)+ G+ Z(1—3), and if p is negative, we choose
the interval (—gm, 0]+ 8+ 5(1—5). Then the condltlon is equivalent with gmn/|p| € [0, gm)
and %+%(m—%) ¢ 7.
If p # ¢ (mod 3), the second condition is automatically satisfied and the first one is equivalent
with m € [0, |p|). Hence the result.
If p = ¢ (mod 3), then from |p| we have to subtract the number of m € ZN [0, |p|), for which
3+ L(m — 5) € Z, that is, p+ ¢(3m — 1) € 3pZ. As the congruence 232 + gm = 0 (mod |p|)
has exactly one solution mod |p|, the proof is complete.

(2) Let tg be chosen such that x(ty) = 2 and y(ty) = 0. Note that by Lemma 2.1 and Prop. 2.1
N(to) # 0. If we had sin(ty — ) # 0, we would either get sin(a*(fg) — a) = 0 (and hence
x(tg) = 0), or sin(a*(tg) + to) = 0, and hence

sin(a*(tp) — «) sin a*(tp)

2=4b
4sin? a*(to)

)

that is

2sin a*(ty) = bsin(a*(ty) — o) = 2sina*(ty) — asin(a*(ty) + ),
which implies sin(a*(¢y) + ) = 0. But then ¢, — § € 7Z and so sin(ty — ) = 0, contrary to
our assumption.
Therefore sin(ty — #) = 0. There is an n € Z such that ty = 5+ 7n. Let us denote these
parameter values by ¢,. We have to find the number of n such that ¢, € 8+ [0, g7) and to
subtract those n for which o*(t,,) € a+7Z. We have t,, € 5+[0, gr) if and only if 0 < n < g,
and a*(t,) € a + 7nZ if and only if

——1—2 <ﬁ+n7r—%)€oz+7rZ
q

that is p = ¢ (mod 3) and (as £(3 — §) = a — %), pn+ %52 € ¢Z. In the case p = ¢ (mod 3)
there is exactly one such n. O

Lemma 3.2 Let v, for every x € R be the multiplicity with which the Balaton-curve inter-

sects the x—axis at x. Then Y v, > sa+ sp + Sc.
zeR
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Proof:  Let y(to) = 0. Assume first that = z(to) ¢ {0,2}. By Lemma 2.1 and Prop. 2.1
N(tp) # 0. Then we have sin (a*(to) + to) = 0, and, as
bsin(a*(ty) — a) = 2sina*(ty) — asin(a*(ty) + 3),
we get

asin(a*(tg) + B8) — 2sina*(tg)) (—2 sin a* (o)) 9 4 sin(a*(tg) + )

(
=2
* 4sin? a*(tg) sin a* (o)

and a*(tg) + to = km for some k € Z. Let us denote these parameter values by t;. Then we

have
(p+1)tk+—(1——) — k|
q 3 q

kqm 2T p—q

+5 .
p+qg 3 ptgq
There are |p + ¢| such k for which ¢, lies in [0, ¢7) + 2”2 —¢. From |p+ g| we have to subtract
the number of those k for which sin(a*(tx) + ) = 0, or sina*(t;) = sina or sina*(tx) = 0
(two of these cases cannot occur simultaneously).
Assume that o*(tx) + § = mm for some m € Z. There is at most one such ¢ in a half-
open interval of length ¢m, for if mm — 3+ t, = kw and m'm — B + tp = k'w, we would get
tr, —tp = 0 (mod 7) and hence %W = 0 (mod ), which implies ¢(k — k') = 0 (mod |p+q|)
and hence k = k' (mod |p + ¢|). Therefore k # k' implies |t — tx| > qrr.
Furthermore we have o*(ty,) +t;, = km, that is ty — 8 = (k—m)w. Hence sin(t, — ) = 0. The
function y(t), t € R, then has a double zero at t;, and hence vg > sp + 1.
Similarily there is at most one k such that a*(t;) — a € 7Z and ¢, lies in a given interval of
length ¢m. Furthermore asin(a*(ty) + 3) — 2sina*(tx) = 0. y(t), t € R, has then an at least
double zero at t;. We get vq4 > s4 + 1.
Finally we have to investigate under which conditions the case sin a*(tx) = 0 can occur. Then
kq+32(p—q) = n(p+q) for some n € Z and therefore p = ¢ (mod 3) and in that case there is
indeed exactly one such k in the interval [0, |p + ¢|). Therefore Prop. 3.3 implies the result.
O

that is
tr, =

Note that for rational # all Balaton-curves satisfy an irreducible polynomial F' € R[X Y]
For if F'is a polynomial such that for all ¢ in an open interval I of lenght g7 F (z(t),y(t)) =
and if F = F} ... F} is a decomposition into irreducible factors, then

Fy(2(t), (1)) ... Fe (x(t),y(t)) =0
and, as every function F; (z(t),y(t)), t € I, is real-analytic (if I is suitable chosen), there is
some factor F; such that F;(z(t),y(t)) = 0.
Fig. 5 shows the algebraic Balaton-curve f of the triangle with the angles a@ =
B =4, that is with § = 2. Note that 3 # 2 (mod 3). The degree of this curve is 10.

T and

M

Theorem 3.3 Assume that p #Z q (mod 3). Then the Tripole-equation
S (P Usp(x + iy)sq(x + iy — 2)Spq(r — 1y —w)) =0
of the Balaton-curve of the triangle with third vertex w is irreducible and of degree |p| + q +
p+aql.
Proof:  Let F(z,y) = 0 be the Tripole-equation and let G € R[X,Y] be an irreducible

polynomial such that G(z(t),y(t)) = 0. Then G|F and by Lemma 3.2 we have degG >
Ip| + ¢+ |p + ¢q| > deg F'. This implies both assertions. O
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AY

Av’

Figure 5: An algebraic curve f with 6 = g, degree 10 and no real point at infinity

The Tripole-equation is reducible in the case p = ¢ (mod 3). In order to prove this we
introduce the polynomial

b—2cosa

ku(X,Y) = X?+Y?-2X - —————Y € RIX,Y].
S1n &«
ku(x,y) = 0 is the equation of the circumcircle of the given triangle.

Fig. 6 shows the algebraic Balaton-curve of the triangle with angles o = 3?“ and 8 = 7,
that is with 0 = —15—6, and its circumcircle ky, which is drawn in a broken line. The degree of
the curve is 29.

y
f
C / -
I4 h \kU
§ \.

&\\\L ‘ .
e=—
=)° =

A

Figure 6: An algebraic curve f with 6 = —% of degree 29
and exactly one real point at infinity

Theorem 3.4 Assume that p = q (mod 3) and let
F(X)Y) =S (sp(X +1Y)sy(X +1Y —2)s,44(X —iY —w))
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be the Tripole-polynomial of the Balaton-curve of the triangle with third vertex w. Then
ky|F and F(z,y)/ky(x,y) = 0 is the irreducible equation of the Balaton-curve; its degree is
Pl +q+1Ip+ql =3

—7/3
Proof: - We have (p + q)(a = §) = (p = q)(e+ 8) = 2(aq — Bp). As 5= % = 1. we get
aq — 6p c Z and hence ei(p"‘Q)(o‘_ﬁ) — @i(a+ﬁ)(p_Q).
Now let z be a point of the circumcircle. Then 2z — 2z — z — %(z — Z)d = 0, where d :=
- — 2cot . Hence
sin o
s 2—id 92— _(2-2) 2+1d and E_B_Zz—zid—sz—i-Qw—i-idw
- T 2z-2—id’ B 2z —2 —id B 2z — 2 —id '

As w is a point of the circumcircle we get in particular
2w + 2w — 20> — idw + idw = 0 and hence 2w + idw = 2b* + idw — 2w.

Substituting this into the numerator of Z — w we get

2 —1id - 2w

W= (2 -w) oo

Note that all the numbers

2-id___2+id . 2-id-w
22—2—id" 2z—2—1id 22 —2—1d
have absolute value 1 and that for such numbers v and for all integers k si(v) = v=*.

Therefore for z on the circumcircle, we get

) = 8p(2)84(2 — 2)8p1g(2 — W) — 5p(2)84(2 — 2)5p1g(2 —w) =

= 525z = Dspaalc = ) (s (350 ) = 50 (g ) oo (o)) -
— 5)(2)5y(2 — 2)spra(z — W) (22 — 2 — i) [(2 — id — 2) 1 — (2 — id)P(—2 — id) 1]

21 (5p(2)8q(2 — 2)Sp1q(Z —

hence, in order to prove the first assertion, it is enough to prove that the term in the bracket
is 0.
Now () -
29e” U . 92jeta—
=2 and therefore 2—id—2w= "o .
sin(av + ) sin(a + )

Hence it is enough to prove that

2 —

(ie—i(a—ﬁ) )Pl = (ie‘i(‘”ﬁ) )P (iei(CH-ﬂ) )79,

This follows from the discussion at the beginning of the proof. The rest of the proof follows
the same lines as that of Theorem 3.3. O

Note that by Theorem 3.3 and Theorem 3.4 the degree remains unaltered if we interchange
two of the angles «, 3 or v of the given triangle.

Theorems 3.3 and 3.4 enable to investigate the Balaton-curves as subsets of the projective
complex plane and to determine their geometric properties, e.g., the singular points of the
curve, etc.
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iy

»

Figure 7: A transcendental curve f with § = 1+*/_ ; the white squares
represent the vertices A, B, C

4. The transcendental Balaton-curves

S

9—
24

Fig. 7 shows a part of the Balaton-curve of the triangle with angles « = Z and § =7

1
that is 6 = %5 The curve is dense in R? by Theorem 4.1 below.

For real x let {x} = = — [z] be the fractional part of x. In the proof of the following
Theorem we use KRONECKER’s Approximation Theorem in the following form: if u, v are
real numbers such that 1, u, v are linearly independent over the rationals and if ¢ and ¢ are
arbitrary real numbers, then the sequence ({nu + d}, {nv +¢€}), -, is dense in the unit square
[0,1] x [0, 1]. N

Let F C R? be finite, [ := 7Z? and let f : R?\ (F+T) — R2? be a continuous function
with period lattice I' and whose range is dense in R?. Assume further that ¢ : R — R2,
g(t) = (ust +vy, ust+wy) is the parameter representation of a straight line with the irrational
slope us/u;. Then the range of f o g is dense in R?.

This follows from KRONECKER’s Theorem. Assume that e > 0 and that (x,y) € R?
is given. Then, as u;/uy is irrational, there is a real number 7 such that 1, yu /7, yug/m
are linearly independent over Q and g(nvy) € F + I for only finitely many n (choose v ¢
Q(uq,uq,m)). Hence there are integers n, p, ¢ such that

s 7T s s

gnvy) € F+T,

nyul +U_1_ z —p‘ < E’ )n’yug
s m 7T
or what is the same, |g(ny) — (z,y) — 7(p, q)| < ev2. As f is continuous, f(g(nvy)) can be
made by an appropriate integer n arbitrarily close to f(z,y). As f has a dense range, the
result follows.
We apply this consideration to F' = {(0,0), («,3)}, the map f : (a*,3*) — (z,y) in

{
Prop. 1.2 and to g(t) = ((a« — 5)t + &, (B—5)t + 2”) Function f has a dense range due to
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Prop. 1.3 and is continuous on R?\ (F +T'). Hence we have

Theorem 4.1 Let § = za -7

be irrational. Then the Balaton-curve of the triangle A with
-

angles o and 3 is dense in R%. In particular the curve is transcendental.
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