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Abstract. In this paper it is shown that the projection of an ellipsoid’s limb in
a direction perpendicular to a principal plane is an ellipse in that plane. Then a
method for reconstructing an ellipsoid from three projections of its limbs on the
three principal planes is introduced. This supports the work of reconstructing a
shape from its projections, views, or images which is of special interest in appli-
cation areas like pattern recognition, computer vision, and medical imaging.
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1. Introduction

Reconstructing a 3D object from its orthographic projections, perspective views, an image
sequence, or a collection of planar contours representing cross-sections through the object
is a task that emerges in various applications. Biologists try to understand the shape of
microscopic objects from serial sections through the object. In clinical medicine, the data
generated by various imaging techniques such as computed axial tomography (CAT), ultra-
sound, and nuclear magnetic resonance (NMR)) provide a series of slices through the object of
study. In computer aided design (CAD), lofting techniques specify the geometry of an object
by means of a series of contours. Also, this task has important applications in solid modelling,
industrial inspection, computer vision, video coding, and pattern recognition.

In this paragraph a sample of the work in this area is given. In [1] it is shown that the
curved surfaces can be reconstructed from their apparent contours viewed from an uncali-
brated camera with linear translation, up to a 3D affine ambiguity. In [2] a least squares
estimation of 3D shapes from their orthographic projections is considered. In [3] the shape
reconstruction problem is considered on two bases: First is to use a minimum number of
images, i.e., three images. Second is to use a weak perspective projection which is a scaled
orthographic projection. It is different from orthographic projection by a scaling of the image
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according to the distance of the object. In [4] the concern is with the problem of reconstruct-
ing the surface of 3D objects, given a collection of planar contours representing cross-sections
through the objects. In [5] a method of extracting, classifying and modelling non-rigid shapes
from an image sequence is presented. A non-rigid shape is described by a fixed number of
points.

While the work for the general problem is in progress, important special cases should be
treated separately. This is the viewpoint reflected in this paper where the reconstruction of
an ellipsoid from its limbs’ projections is considered. Ellipsoids are of the most commonly
used primitive models in various applications, see for example [6], [7], [8], and [9].

2. Preliminaries

2.1. The limb

Following [10], the limb of a surface is outlined. From a particular viewpoint, a surface “fold
in back of itself”. The locus of points where this happens is the limb. That is the limb is
the virtual edge of a surface seen from a particular viewpoint. More precisely, the limb is the
locus of points on a surface where the normal to the surface is perpendicular to the line of
sight. These points must satisfy the surface equation f(x,y, z) = 0 and the perpendicularity
condition 5+ V f = 0, where § is the line of sight vector and V f is the surface normal.

For an ellipsoid we have

f(z,y,2) = A2® + By* + C2* + Day + Eyz + Fex + Go + Hy + [z + J (1)

where A, B, C, Ty = (AB + BC + AC) — (D*> + E* + F?)/4, and Ty, = (ABC + DEF/4) —
(AE? + BF? + C'D?)/4 are all positive.

To find the equation of the limb of the ellipsoid, let the line of sight vector be § = (p, q,r)
and the normal to the ellipsoid be

Vf= (%,%,%) =(Arx+Dy+ Fz+G, 2By+ Dx+ Ez+ H, 2Cz+ Ey+ Fx + 1),

then
§-Vf=pRAr+Dy+ Fz+G)+q2By+ Dx+ Ez+ H)+r(2Cz+ Ey+ Fx + 1I).

Thus the equation of the limb is given by

2.2. Projection of a space curve on a principal plane

Following [11], let a space curve be given by the two algebraic equations f(x,y,z) = 0 and
g(x,y, z) = 0, then the orthogonal projection of this curve on a principal plane is the resultant
of f and g taken in direction d perpendicular to this plane. This is expressed symbolically as

Ra(f,9) =0. (3)

For instance, the resultant in the z-direction is the equation obtained from f and g after
eliminating z between them.
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3. Projection of an ellipsoid limb on a principal plane

The ellipsoid limb is direction dependent, so the ellipsoid limb in z-direction will be denoted
by Limb,, that in y-direction by Limb,, and so on. Due to Egs. (1) and (2) Limb,, Limb,,
and Limb, are defined, respectively, by

flx,y,2) =2C2+ FEy+ Fo +1=0, (4)
flz,y,2) =2By+Dx+ Ez+ H =0, (5)
f(z,y,2) =2Ar+Dy+ Fz+G=0. (6)

Using Eq. (3), the projections of Limb, on the zy-plane, of Limb, on the xz-plane, and of
Limb, on the yz-plane are defined, respectively, by

(4AC — F2)22 + (ABC — E2)y2 + 2(20D — EF)xy +
+2(2CG — IF)z +2(2CH — IE)y + (4CJ — I?) = 0, (7)

(4AB — D*)2* + (4BC — E*)2%2 + 2(2BF — DE)xz +
+2(2BG — HD)x + 2(2BI — HE)z + (4BJ — H?) = 0, (8)

(4AB — D?)y? + (4AC — F?)22 + 2(2AE — DF)yz +
+2(2AH — DGy + 2(2AI — FG)z + (4AJ — G?) = 0. 9)

The nature of the projection of the ellipsoid limb on a principal plane is shown in the following
theorem.

Theorem 1. The projection of an ellipsoid limb in a direction perpendicular to a principal
plane is an ellipse obeying (7), (8), and (9), respectively.

Proof. For Eq. (4) to represent an ellipse, its discriminant ¢ should be negative, where

§ = (20D — EF)* - (4AC — F?)(4BC — E?) =
= —16C ((ABC + DEF/4) — (AE® + BF? + CD?)/4)

and refer to the conditions put on Eq. (1) to represent an ellipsoid, then § = —16CT, and
note that C' and T, are positive, then § is negative as required. Similarly, it can be proved
that the projection Limb, on the xz-plane and Limb, on the yz-plane are ellipses. O

4. The proposed ellipsoid reconstruction

Rewrite Egs. (7), (8), and (9) as follows:

a12” + agy® + asry + aur + asy + ag = 0, (10)
Bra? 4 o2 + Bsxz + Bux + Bsz + B = 0, (11)
1Y + 722 + V3Yz + Ny + Y52 + Y6 = 0. (12)

This results in the following three sets of equations

4AC — F? = oy 4CD —2EF = a3 ACH —2FE] = a5
4BC — E? = ay 410G - 2F1 = oy 4CJ — I* = ag
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4AB — D? = 3, ABF — 2DE = (35 A4BI —2EH = 35 (14)
ABC — E? = 3, 4BG —2DH = (3, 4BJ — H? = (4
4AB — D? =y, 4AE — 2DF = 3 4AI — 2FG = 5 (15)
The objective in what follows is to express A, B,C,...,J in terms of oy, 3;, and ;,
1 =1,2,...,6. Thus the ellipsoid is reconstructed from the projections of its limbs. This will

be done in three stages:

The first stage is described in Theorem 2 where Egs. (10), (11) are the input and the output
is two ellipsoids.

The second stage is described in Theorem 3 where Eqgs. (11), (12) are the input and the
output is two ellipsoids.

The third stage is to compare the output of the first and second stages and the common
ellipsoid is the required one.
Now, rewrite Eqgs. (13), (14), (15), respectively, as follows

A= (F?+a1)/(4C)

D= (2EF +a3)/(4C)  H = (2EI + a5)/(4C) } (16)
B=(E24a)/(4C) G = (2FI + ay)/(4C) J = (I* + ag)/(4C)
A= (D?>+p1)/(4B) F = (2DE+ f33)/(4B) I =(2FH + (35)/(4B) } (17)
C=(E*+3)/(4B) G = (2DH + f5,)/(4B) J = (H?+ Bs)/(4B)
B=(D*>+m)/(4A)  E = (2DF +3)/(44) I'=(2FG +75)/(4A) } (18)
C = (F?+7)/(4A)  H = (2DG +v4)/(4A) J = (G* +)/(4A)

Merge (16) with (17) to get

)
)
B=(F+a)/(4C) C=(B+8)/(4B)  (F'+ap)/C=(D*+5)/B }
D = (2BEF +05)/(AC) F = (2DE + f5)/(4B) (2FI +a4)/C = (2DH + ,)/B
H = (2EI +as5)/(4C) I = (2EH + 35)/(4B) (I* + ag)/C = (H* + )/ B
(19)
Merge (17) with (18) to get

A= (D*+p1)/(4B)  B=(D*+m)/(44) (E? + (2)/B=(F? + ) /A }
F= (2D + 5)/(AB) E = (2DF +,)/(1A) (2EH + ) /B = (2FG + ) /A
G = (2DH + $4)/(4B) H = (2DG + )/ (44) (H? + B5)/B=(G*+7)/A (20)
20
Consider (19) to express D, F', H, and [ in terms of B, C, and E:
Solve D = (2EF + a3)/(4C) with F = (2DE + f35)/(4B) then

D = (2Baz + EB33)/(8BC — 2E?) and F = (20835 + Ea3)/(8BC — 2E?).
Also, solve H = (2E1I + a5)/(4C) with I = (2EH + (35)/(4B) then

H = (2Bas + Ef3;)/(8BC — 2E?) and I = (20835 + Eas)/(8BC — 2E?).
Note that B = (E? + ay)/(4C), that is 4BC — E? = as then

D = (2Bas + Ef3)/(2a2)  H = (2Bas + Efs)/(20s) }

F = (208 + Fag)/(200) I = (2CB5 + Eas)/(2as) (21)
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Now substitute for D, F, H, and I from Eq. (21) in (F? 4+ ay)/C = (D*+ 31)/B, (2FI +
ay)/C = (2DH + (34)/B, and (I* + a5)/C = (H? + 35)/B to get, after simplification

B/C = (46152 — 33) /(4o — o)
B/C = (28504 — B3035) [ (2aacs — zrs) (22)
B/C = (483235 — 52) / (dascg — ).
Finally, from B = (E? 4+ a3)/(4C) and C' = (E? 4+ 3;)/(4B) it can be noted that
4BC — E? = ag = [3s. (23)
Now the first stage is described in the following

Theorem 2. To reconstruct the ellipsoid Ax? + By* + C2* + Dxy + Eyz + Fzx + Gx +
Hy+ 1z +J = 0 from the two ellipses ayz* + aoy? + azzy + aur + asy + ag = 0 and
Bia? + Bo2? + B3xz + Bax + P52 + B = 0, do the following four steps:

1st step: Check the compatibility of the two ellipses through
1. ag = (o, if not satisfied then rescale one of the two equations of the ellipses,

4610 — B _ 20261 = Bafls APl — 5 - if not satisfied then stop.

" dojag — ok 20004 —agas dasag — a2

2nd step:

_ 32 _ 32
1. LetE—M then BC = (M) 02;

C  dojag —az dorag — a%

ii. Choose C arbitrarily such that E is real, where E* = 4BC — ay (two solutions),

_ 2
1i. Determine B from B = (M) C.

4o — a%

3rd step: Determine D, F', H, and I from the following equations:

D= 2Bag + E B3 F— 2C 03+ FEag H— 2Bas + Ef55 B 2C 05 + Eas
- 2a2 ’ - 2042 ’ - 20&2 ’ - 20&2 '
4th step: Compute A, G, and J from the following equations:
A - F2—|—a1; G = 2FI—|—oz4) J— —72"‘046'
4C 4C 4C
Proof. See the previous derivations. O

The second stage is described in the following theorem that will be stated without proof
since it is similar to Theorem 2 but with a different input ellipse

Theorem 3. To reconstruct the ellipsoid Az? + By*> + C2* + Dxy + Eyz + Fzx + Gx +
Hy +1z+J = 0 from the two ellipses $12% + (222 + Bsxz + Byx + P52 + B = 0 and
1Y? 4+ 722% + Y3Yy2 + 1y + V52 + Y6 = 0 do the following four steps:

1st step: Check check the compatibility of the two ellipses through

1. 1 = P, if not satisfied then rescale one of the two equations of the ellipses,

A= 2 _ v —ai :
1. = = ;if not satisfied then stop.
4B1Bs — B3 26105 — B3Bs  4AB1Ps — O3
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2nd step:

. A dyy—1 (47172 i/ ) 2
i Let = =12 B thepy AB= | 213 ) B2,
B 4513, — 2 46132 — 33

ii. Choose B arbitrarily such that D be real, where D* = 4AB — v, (two solutions),
. 4172 — 73 >
11. Determine A from A= ———= | B.
f (45152 - 53
3rd step: Determine E, F', G, and H from the following equations:

Dﬂ3 + 23’}’3 F— D"}/g + QAﬂg G _ D’}/4 + 2A,64 and H = Dﬁ4 + 23’}’4

FE =
27 27 2m 27

4th step: Compute C, I, and J from the following equations:

F? v _ 2FG+ 5 G? + v

C=—m o 1=—n AA

=

The third stage: Compare the two ellipsoids obtained from the second stage with the two
obtained in the third stage and the common one is the required ellipsoid.

5. Example
For the ellipsoid

622 + 3y% + 32 — day — 2yz + 4z — 675z — 8v/5y + 4v/5z + % =0 (24)
the coefficients are A=6, B=3,C =3, D=4 FE=-2 F=4, G =65 H = -85,

I=4V5,J=1.
The projection of Limb,, Limb,, and Limb, onto the corresponding principal planes is

5622 + 32y — 32zy — 104V51 — 80VBy — 74 = 0 (25)
5627 + 322 + 3222 — 136V52 + 16v52 — 314 = 0 (26)
56y% + 5622 — 16yz — 240v/5y + 14452 — 168 = 0 (27)

that is:

a; =56, as =32, as=-32, ay=—104v5, as=—80V5, ag=—T4,
B =056, Ba=32 [3=32, [y=-136V5, f(5=16V5, [s=—314,
=56, Yo=>56, v3=—16, 4= —240V5, ~5=144V5, ~5= —168.

Now use Egs. (25) and (26) as input data and apply Theorem 2 to reconstruct the underlying
ellipsoid:

1st step: Check the compatibility of the two ellipses through
1. Qg = 62 = 32, O.k.,
40102 — B3 2B2fa— P3fBs _ APafe — B 1 ok
> =1,0k

dogag — ag 2004 — azas dosag — i

2nd step: i. B/C =1 then BC' = C?, ii. choose C = 3 then E = 42, iii. B = 3.
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rdstep: f B=3,C =3, FE=2,then D=—-2, F=2 H=—-7V5,and [ = —/5,
andif B=3,C=3,E=—2then D= -4, F=4, H= -85, and I = 4V/5.

4th step: IfB:?),C’:3,E:2,thenA:5,G:—9\/5,andJ:—%,
andifBzS,023,E:—Z,thenA:6,G:—6\@,andJ:%.

Thus the two reconstructed ellipsoids are

522 + 3y? + 322 — 2xy + 2yz + 222 — 9V5x — TV5y — 5z — % =0, (28)
622 + 3y° + 322 — 4oy — 2yz + 4zx — 6vV6x — 8V5y + 4V5z + % = 0. (29)
Similarly the two reconstructed ellipsoids using Theorem 3 are
2 9 131 o 2 20 162V5 1245 24/5 10249
6x” + 3y T +4xy+?yz+7zx - — Y+ T 53 =0, (30)
622 + 3y° + 322 — 4oy — 2yz + 4zx — 6vV5x — 8V5y + 45z + % =0. (31)

The common solution given by Eqgs. (29) and (31) agrees with the source ellipsoid.

6. Conclusions

The problem of reconstructing a shape from its projections, views, or images is of special im-
portance in application fields like pattern recognition, computer vision, and medical imaging.
In this paper a trial is made to solve this problem for ellipsoids.

Two concepts play a central role in the treatise. The first is the surface limb and the
second is the algebraic resultant and its relation with the concept of projection.

A method is described to reconstruct an ellipsoid from projections of its limbs on the
principal planes. To start from a solid ground a theorem is proved stating that projection
of an ellipsoid limb, in a direction perpendicular to a principal plane, is an ellipse in that
plane. Then having three ellipses in the three principal planes, the ellipsoid reconstruction is
performed in three stages. In the first stage two out of the three ellipses are used as input
and the output is two ellipsoid. In the second stage the third ellipse together with one of the
two ellipses used in the first stage are used as input and the output is also two ellipsoids. In
the third stage a comparison is made between the output of the first and second stages and
the common ellipsoid is the final solution of the problem. The method is demonstrated by a
numerical example.

The method can be viewed as a linear 2D alternative to the non-linear 3D method of
fitting an ellipsoid to a set of data.
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