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Abstract. Two synthesis methods for the design of non-circular cylindrical
gears are presented here. One of the methods generalizes the use of n-lobed
ellipses as pitch curves. It is shown that n-lobed hyperbolas and parabolas can
be used as well as internal rolling n-lobed ellipses. The resulting transmission
ratio is determined by the two lobe numbers of the gears and one real design
parameter. The other synthesis method solves the following problem: Prescribed
input and output functions of revolution of two planes rotating about two fixed
points are given. Determine centrodes (pitch curves) which realize this motion
between the two planes by rolling on each other. The general solution takes
account of additional mechanical constraints.
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1. Introduction

First known publications [2, 8, 13| on non-circular cylindrical gears are by H. HOLDITCH
(1842), H.T. BROWN (1871), and F. REULEAUX (1875). The most common form of non-
circular gears is elliptical because of the geometric shape of their centrodes (pitch curves).
Such gears are congruent and rotate about focal points.

In [9], the design of so-called modified elliptical gears was presented by F.L. LITVIN.
WUNDERLICH [15] also investigated such gears in terms of centrodes of a special plane mo-
tion. He calls such centrodes n-lobed ellipses. D.B. DOONER [4] treats basic relations for
generalized function transmission with toothed bodies.

In [7] the synthesis of external non-circular gears is shown where an m-lobed ellipse is
rolling on an n-lobed ellipse given the lobe numbers n and m as well as the maximum and
minimum radii of the m-lobed ellipse. The center distance is then determined. The resulting
transmission ratio and the rack centrode are also calculated. The paper studies relations
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between lobe numbers and other geometric parameters by using extremal radii. Here, we will
show that a restriction on positive radii is not necessary. In this way n-lobed hyperbolas and
parabolas as well as internal running centrodes (internal non-circular gears) are obtained.

In [14], a Fourier series method is used to approximate either one of the pitch curves or
the intended transmission ratio.

Continuing interest in the theory of non-circular gearing is shown by recent papers like
3, 5, 6, 7, 10, 11, 14]. One of the challenges is planar motion generation by link mechanisms
coupled with circular elements. The problem statement is: Given the input and output
functions of revolution of two planes rotating about two fixed points. Determine centrodes
which realize this motion between the two planes by rolling on each other. The paper presents
a general solution which considers additional mechanical constraints.

2. Basic relations for centrodes of non-circular cylindrical gears

Basic relations for centrodes of non-circular gears follow from the theorem by Aronhold-
Kennedy [1] adapted to the pole-configuration of the relative motions of two planes that are
rotating about two fixed points in a third plane. For this purpose, in Fig. 1 we consider
coordinate systems which represent the planes involved: The coordinate system (Oy; 1, Y1)
is attached to a first plane ¥; rotating about the point O; = Oy with angular velocity ¢ ().
The coordinate system (Os; x9,ys) is attached to a second plane Y5 rotating about the point
O, = O, with angular velocity ¢o(t).

> X1

1

< plo *o

Figure 1: Two planes rotating about two fixed points of a third plane

The coordinate systems (Og; xg,yo) and (Oy; 4,y4) are fixed to the ground plane and it
is assumed that their origins have the center distance

ap = 0,0, # 0. (1)

Let Y;, denote a coordinate system (Og; xy, yx) as well as a plane which is represented by
the system. The subscript £ may be 0, 1, 2, 3, and 4. The subscr ipt k is used to indicate
that any point X of the plane is described by the coordinate system ¥, . For instance, X,
indicates a point which is refered to >;: Furthermore, representing the coordinates z; and y,
of a point X} as the real and imaginary parts of a complex number, respectively, we obtain

Xy, =y, + lyx = pre'™

where i? = —1. Here, the second equation is called the exponential representation of X, where
pr is the absolute value (modulus) and Oy the argument of X}, . Let ¢ be the rotation angle
of the frame 3, (k =1, 2).
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With this notation [15, 1] we obtain the coordinate transformations

XQ = Xlei*"l
X4 = Xgei‘”
XO = Qo + X4.

Therefore, the relative displacement of 5 with respect to ¥, is represented by
Xl — aoe*i“"l + XQGMPQ*LPI). (2)

Now we assume that the three planes perform a composite one-parameter motion. Let
t € I C R be the parameter of this motion with revolution angles v, (t) and po(t).

The relative motion of frame ¥J; with respect to frame ¥ is a rotation with respect to the
pole P The relative motion of frame ¥, with respect to ¥; has the pole P?!. According
to the Aronhold- Kennedy theorem the pole distances are related to the angular velocities as
follows:

pa(Py’ — P = o1(By° = B,
With our choice of the motion and the coordinate frames, we have
Py’ =0, B’ =ao,
and
palao — Fy') = —p1 By (3)

When ¢; = 0 and ¢, # 0 the third pole P?! coincides with P%.
In the case ¢ # 0 we define the instantaneous transmission ratio as

_ $a(t)
N0 W

and with (3) the third pole can be determined:

W

Pl =g .
0 w—1

Then the centrodes P;(t) and Py(t) of the motion of frame Y, with respect to frame ¥; are

determined by the transformations of pole P?! into 3, and X, respectively, at each moment ¢.

In this way, the two centrodes (pitch curves) are determined and we find polar representations

of the centrodes:

RO = a0 i T e = @) 0 where () = 0 ®)
and | 1
Po(t) = ra(t) e 2 where ro(t) = ag O (6)

The functions ri(¢) and ry(t) describe the polar radii and ¢ (t) and @9(t) are the polar angles
of the centrodes described with respect to 1 and ¥, respectively.
With (3), (4), (5), (6) we can easily conclude

Proposition 1 a) The pole P?! lies outside the line segment OO0, iff w(t) > 0.
b) If w(t) = 0 then P?* = Oy . That means r1(t) = 0 and 75(t) = —ay.
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The parameter transformation ¢ := ¢(t), 0 < ¢ < 27, introduces the polar angle of P;
and transforms eqs. (4),(5), (6) into

ole) = 2 @
— w(¢p) o — ol
Pi(p) = " ol0) -1 1() (8)
where )
w(p
() = a0 =22 ©
Py(p) = ra(ip)e ¥ (10)
where
ra(p) = ag ! (11)
w(p) =1
By dividing the polar radii, it follows that
wle) = 28 (12)

Furthermore, the center distance satisfies

ag = 11(p) — 12(). (13)

A plane motion described by the equations (1) to (13), together with the given assump-
tions, is called a gear motion (GM). It is called n;/no-periodic if n; full revolutions of the
frame >; about O; and ns full revolutions of the frame ¥, about Oy result in the initial
position ¢; = w9y = 0 mod 27.

Proposition 2 A GM is ny /ny-periodic iff
2T,
w(z)dr = 2mn, .
0

Proof: If a GM is ny/no-periodic, then 27n, is the revolution angle for n; full revolutions
of the frame X»; about O;. The revolution angle for ns full revolutions of the frame ¥,
about Os is p9(27mny) = 27ny. Applying (7) to the left hand side of this equation yields
the ny/ne-periodic condition. If the n;/ns-periodic condition holds for a GM then by (7) it

follows
21Ny

wo(2mny) = / w(x)dr = 2mn,.
0
Therefore, n; full revolutions of the frame ¥; result in ny full revolutions of the frame 5. O
Let us consider the case in which the polar radius r;(¢p) is ?—periodic for some index j.

J
That means

2T .
ri(p) = 71; (<P+—), Jj=12.
U

If r;(p) is i—ﬂ—periodic then it is also k i—ﬂ—periodic with any integer k, as well as 2m-periodic.
j j

By Eq. (13) it follows
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Proposition 3 For each integer k € Z, r(p) is 2?ﬂ-periodic iff ro(¢) is %-periodic.

By Eq. (8) we can easily show

Proposition 4 The centrode P, is a closed curve when 711(yp) is 2m-periodic and finite
for all ¢.

Furthermore, we find

Proposition 5 For j = 1,2, the polar radius r;(p) is i—ﬂ—periodic iff the transmission ratio
j

w(yp) is 2—W—periodic.
n;
Proof: Egs. (9) and (11) yield w(yp) = % and w(p) = %. 0
In order to become more familiar with the relations we study the following

Question: Determine the centrodes for given input and output functions of revolution and
the centre distance.

Solution: The first derivatives of the given functions ¢;(¢) determine the transmission ratio
with (4). Choosing ¢ := ¢;(t) and introducing the transmission-ratio into equations (9)
and (11), the polar radii 7;(¢) are determined. However, for the polar representation of
the centrode (10) we need the revolution-angle function explicitly. It can be obtained by
integration of the transmission ratio (7):

®

oalp) = / w(z) dz + g (14)

with an integration constant o .

Therefore, the solution of the problem depends on the integrability in Eq. (14). This is
not necessary fulfilled for given arbitrary input and output functions ¢;(t). If Eq. (14) is
integrable then () is obtained. Inserting the revolution angles into Eqgs. (8) and (10), the
centrodes are uniquely determined.

0=-3<0 0n=3>0

Figure 2: Constant transmission ratios

Examples: Two numerical examples are given in Fig. 2. In each case the transmission ratio
is chosen to be constant. In this way, the resulting centrodes are circles, rolling externally
(w < 0) and internally (w > 0), respectively, corresponding to Proposition 1.
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10 g

Figure 3: Example centrodes P;(¢) for the position ¢ = 0.1

In the example illustrated in Fig. 3, the transmission ratio is the 2m-periodic function

3+ cosp . _
0 T eose and 5 (@) = 1r1(p)—ag

which are also 2m-periodic. The second revolution angle is po(p) = %gp + %sin . The GM is
2/3-periodic but the centrodes are not closed because r(7) is not finite.

w(p) = S—F% . Then, the resulting polar radii are r1(¢) = a

Proposition 6 The common tangent to the centrodes at a pole P?'(p) has the slope angle

a1(p) = ao(p) — ¢ (15)

with respect to the xy-axis, and the slope angle

(w(p) = Dw(yp)
w(ep)

ap(p) = arctan

with respect to the mg-axis, respectively. If the pole P*(p..) is a point at infinity and
W(Poo) # 0 then ap(ps) = 0.

Proof. The slope angle of the tangent line at a pole P*(p) with respect to the x;-axis is
d . . .

(i) = arg (-Pi(9)) = (1(¢) — ir1 () exp(~ig).

Therefore, a;(¢) = ap(p) — ¢

(w(p) — Dwlp)

w(p) -

ao(p) = arg(r1(¢) —ir1(p)) = arctan

A geometrical interpretation of Equation (15) is given in Fig. 1. The slope angle in
question is shown as «q .

By (9) and (11) we see that each point at infinity of a centrode is also a point on the
other centrode. Such a point at infinity is given by a parameter ¢, € [0, 27| with

W(Poo) = P2(ps0) = 1. (16)

In this case with w(ps) # 0 Equation (15) yields ap(ps) = 0.
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3. Lobed Conics

Let us consider the following problem: Determine the centrode P () and also the transmission
ratio when the centrode Pj(¢p) is given by a generalized non-degenerate conic section, a so-
called nq-lobed conic.

Solution: Let the n;-lobed conic centrode P;(y) be given by the polar equation

hy
1 —¢eicosnip

(1) = (17)
In the case ny = 1 it is well known that this polar equation describes a non-degenerate conic
where ¢ is the polar angle, h; is the half parameter, and €; is the numerical eccentricity.

In particular, the non-degenerate conics are the ellipse (|e1| < 1), parabola (|e;] = 1), and
hyperbola (|e1]| > 1).

In the general case n; is the number of lobes. We see

2T hy
! <<p1 n1 1 — ey cosni(pr + i—f) )

Hence, the polar radius (1) is i—ﬁ-periodic with the lobe number n;. Now we proceed to
1
T (t)

Tg(t)
is determined. Then we try to integrate Eq. (14). In the case of integrability the desired

centrode Py(¢p) is given by Eq. (10).
We can ask for a solution centrode P»(¢) which has a periodic number ny. Then Propo-
sitions 2 and 5 tell us that the following equation has to be fulfilled:

the solution of the given problem. By Eq. (13) we obtain ro(t) = 71(t) —ap. Then w(t) =

2T 2T
2r 1 1 r1(¢)
T fupydp=— [ L2
N9 nq ) ny ) 7”1(@) — Qo

de. (18)

This condition can be used to determine the eccentricity and half parameter for ri(p;) ac-
cording to (17) when the center distance is fixed and the GM is specified to be ny /ny-periodic.
Eq. (18) is integrable in all cases. In the elliptic and hyperbolic case we obtain

(&) ni(1 —m?)

r = a

NG 0 n1(1 —m?) + na(1 + m?) + 2mny cos nypy
(2) —no(1 —m?)

r = a
212 0 n1(1 4+ m?) + no(1 — m?) — 2mny cos nawsy

- 2 m—1 V1
wa(p1) = - arctan (m—i— : tann; 5 ) )

The parameter m € R\{—1,0,1} determines the class of the lobed centrode as given in
Table 1. Note that an arbitrary center distance can be used.
Different cases are illustrated in Figs. 4-7.

In the case of lobed hyperbolas the number of lobes corresponds to the number of pairs
of branches that is also the number of pairs of asymptotes. From the condition for infinite
points,

ny  (m—1)(1+m)

= — =1
W) ny 1+ m?2 + 2mcosnip; ’
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Table 1: Parameter and class of conic

‘ Parameter ‘ ni-lobed centrode Py(p) ‘ ng-lobed centrode Py((p) ‘
0<|m|<1 ellipse ellipse and w(p) < 0
L <|m|]<m*= Zi i_zz hyperbola hyperbola
m =m* and n; # ns parabola parabola
m* < |m] ellipse ellipse and w(y) > 0

Figure 5: 1-lobed with 2-lobed hyperbola

1+3
mEREIE ) m=30
m*="7
Figure 6: 1-lobed with 3-lobed parabola Figure 7: 3-lobed with 4-lobed ellipse
we find

n1(1 —m?) + no(1 + m?)
CcCosSniYr = omn .
2

As in the considered case the absolute value of the denominator is not smaller than the

absolute value of the numerator, the condition has two principal solutions gogl’Q). So, we have

Proposition 7 Both centrodes have infinite polar radii for the parameters

ni—1

9092 ..... 2n1) _ <,0§1’2) + Z 21k /n,.
k=0
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Figure 5 illustrates this proposition. We can summarize:

Theorem 1 For prescribed lobe numbers ny, ny and each real number m € R\{—1,0, 1} with
restrictions according to Table 1, lobed conics of the same class are determined in order to
represent the pitch curves of an ny /ny-periodic motion composed of two rotations about focal
points of the lobed conics.

4. Synthesis of periodic GM with given revolution-angle functions

It may be considered a disadvantage in technological application of lobed conics that the
transmission ratio is determined by the three parameters ni, ny, and m of the design. Moti-
vated by mechanical applications as shown in the introduction, we are now facing a problem
where revolution-angle functions ¢;(t) and @9(f) of a motion composed of two rotations,
are given. We want to find centrodes that generate these revolution-angle functions. The
following ansatz (approach) to the revolution-angle functions is proposed

®,(t) == nt + 5;(t) (19)
where
a; okl
S;(t) = %0 + Z (@i cosmyt + bjpsinmygt), j=1,2 (20)
k=1

. . . . .2
with so-called rotation numbers n;, amplitudes a;i,bj,, periods Tj, frequencies %, and fre-
J

quency multiples mjj, := 2T—7T k.

J
The function S;(t) is known as Fourier partial sum of the first V; terms. The functions
S;(t) and their derivatives are Tj-periodic. So, the first derivative is

] =

(1) =n;+ Y (—ajmyesin(mpt) + bjpmyy cos(mjpt))  for j=1,2. (21)

k=1

Therefore, the transmission ratio is

wlt) = ——2 (22)

Looking at Proposition 5, for (iJj (t) we choose the period

2m
P 23
=7 (23)
with an integer z;, in order to obtain a periodic transmission ratio. Then, the frequency

multiples are

Now it is easy to show:

Proposition 8 With T; = 2—7T, J = 1,2, the transmission ratio w(t) = ng
Zj 1

7w where z = LC'M (21, z3) is the least common multiple of the integers z; and z; .

has the period

2z

T =

2122
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A periodic transmission ratio is necessary but not sufficient for a periodic GM. So, we
now require the period of the revolution-angle function, assuming a common period 7" for the
Fourier partial sums. For any integer g; we have

2mz

Di(t+ g;T) = O;(t) + gjn; T = ;(t) + gjn;

Z1%22 ’

For ¢t = 0 it follows

and there is always a g’ with
D,(g/T) = 0;(0) + 27m; (j = 1,2)
For convenience let us call the approach (19) the Fourier ansatz (FA). Then it is proven:

Proposition 9 Revolution-angle functions of the FA result in an ny/ny-periodic GM if the
Fourier partial sums have the common period of the transmission ratio according to Propo-
sition 8.

Remark: With arbitrary revolution angle functions we get an ny/no-periodic GM only in the
case in which the integral in Proposition 2 exists. With the proposed FA, a ny /no-periodic GM

is easily obtained by choosing coefficients n;; a;i, bj; and a common period of the transmission
ratio.

The Figures 8-10 display some interesting examples.

| —] (pl
— (O | _—
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/‘:
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.
'
’
1

n =1 n,=-2

:b :0 aZl:O‘g

Figure 8: Functions and centrodes of a Figure 9: Functions and centrodes of a
Fourier ansatz with z; = 25 = 2 Fourier ansatz with z; =1, 20 = 2 =2
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®,

a, =b, =0except a, =0.05
b, =0.01

Figure 10: Functions and centrodes of a Fourier ansatz with z; =1, z0 = 2z = 2

Theorem 2 For each given pair of piecewise continously differentiable revolution-angle func-
tions o1 (t) and @o(t) on an nterval 0 < t < T, where T' is a common period for the Fourier
partial sums, the centrodes of a ny/ny-periodic GM are uniquely determined in such a way
that their rolling generates the given revolution-angle functions.

The proof of Theorem 2 is a conclusion drawn from the Dirichlet theorem: For given
@;(t), 0 <t < T, we satisty the condition

D;(t) = nit + S;(t) = ¢;(t)

in terms of Fourier-series convergence determining the coefficients a;, b;, by the Euler formula
applied to the function

Si(t) = ¢;(t) — n t.

Conclusions

With Theorem 1, the paper revealed all types of lobed conics which represent the pitch curves
of an ny /no-periodic GM. Lobed ellipses, hyperbolas, and parabolas can be used as well as
internal rolling lobed ellipses. The transmission ratio is determined by the two lobe numbers
of the gears and one real design parameter.

With Theorem 2, a second synthesis method is presented: For each everywhere-finite and
piecewise monotone driving and driven functions of revolution, an approximating function is
determined which includes a Fourier series. Then, the centrodes can be calculated so as to
realize an ny/ny-periodic GM. Thereby, the coefficients of the driving and driven functions
can be explained geometrically. In an application, the coefficients of the Fourier-series can
be easily calculated by the help of equally spaced control points for the desired driving and
driven functions.
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It is easily possible to obtain closed centrodes. However, segments of centrodes are also
interesting. Engineering requirements like
e Rotation index of a centrode is to be 1

e Curvature of a centrode is to be bounded
e Centrode is to be convex suggest further investigation.

What are appropriate relations for the coefficients of the Fourier-series?

References

[1] O. BorTtEMA, B. ROTH: Theoretical Kinematics. Dover Publ., New York 1990.

[2] H.T. BROWN: Five Hundred and Seven Mechanical Movements. Brown, Coombs & Co.,
New York 1871.

(3] D.B. DOONER: Function generation utilizing an eigth-link mechanism and optimized
non-circular gear elements with application to automotive steering. Proc. Instn. Mech.

Engrs. 215, Part C, 847-857 (2001).

[4] D.B. DOONER, A. SEIREG: The Kinematic Geometry of Gearing — A Concurrent En-
gineering Approach. J. Wiley, NY. 1995..

[5] G. FicLioLiNI, J. ANGELES: The Synthesis of Elliptical Gears Generated by Shaper-
Cutters. ASME J. Mech. Des. 125, 793-801 (2003).

[6] G. FIGLIOLINI, J. ANGELES: Synthesis of the Base Curves for N-Lobed Elliptical Gears.
ASME J. Mech. Des. 127, 997-1005 (2005).

[7] G. FicLiorLint, C. LANNI, M. CECCARELLL: On the Kinematic Synthesis of Non-
Circular Gears. Int. J. Gearing and Transmission 3, 90-98 (2000).

[8] H. HOLDITCH: On rolling curves. Trans. Phys. Soc. (Lond.) (7), 61-82 1842.

9] F.L. LiTvIN: Theory of gearing. NASA Reference Publication 1212, US Army Aviation
Systems Command — Technical Report 88-C-035.

[10] J.R. MCKINLEY et. al.: Planar Motion Generation Incorporating a 6-Link Mechanism
and Non-Circular Elements. Proceedings of DETC 2005. ASME 29" Mech. and Robotics
Conf., Sept. 2005.

[11] K.-H. MODLER et. al.: General Method for the Synthesis of Geared Linkages with Non-
Circular Gears. Mechanism and Machine Theory 44, 726-738 (2009).

[12] U. OLssoN: Non-Circular Cylindrical Gears. Acta Polytechnica, Mech. Eng. Series, 10,
Stockholm, 125-163 (1953).

[13] F. REULEAUX: Theoretische Kinematik — Grundzige einer Theorie des Maschinenwe-
sens. F. Vieweg und Sohn., Braunschweig 1875.

[14] M.-F. TsaAy, Z.-H. FONG: Study on the generalized mathematical model of noncircular
gears. Mathematical and Computer Modelling 41 /4, 555-569 (2005).

[15] W. WUNDERLICH: FEbene Kinematik. Bibl. Institut, Mannheim 1970.

Received August 5, 2008; final form July 7, 2009



