
Journal for Geometry and Graphics
Volume 15 (2011), No. 1, 93–99.

Building a Torus with Villarceau Sections
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Abstract. A new method to build a ring torus is given using only pieces obtained
by Villarceau sections. These pieces have the interesting characteristic that all of
them are congruent, so we can build a ring torus using an even number of copies
of a unique piece. A template of the moon-shaped piece is given.
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1. Introduction

Sliceforms were described briefly in Cundy and Rollett’s book [1] and they are geometric
models constructed from interlocking sets of planar pieces. Slicing is a technique for building
models of surfaces that recently have received some attention ([3, 4]).

The usual way to build surfaces is using sections obtained with planes parallel to the
coordinate planes. Therefore, the first step to design a sliceform is to create two sets of
slotted pieces (“slot-from-the-top” and “slot-from-the-bottom” sets) that intersect at right
angles. In the case of the torus such sections include curves often known as ovals of Booth,
and also lemniscates of Booth, after James Booth (1810–1878). But such kind of sliced
model do not use one of the most important properties of the ring torus, it is a surface of
revolution.

In this note, we propose a construction of the ring torus thanks to the existence of a
special section in that surface of revolution (see [2, 5]). The proposed construction has three
main properties.

• First, it uses a remarkable section, the Villarceau circles.

• Second, all the pieces of both sets of slotted pieces are congruent. The unique difference
between both sets are the slots.

• And third, the fact that the ring torus is a surface of revolution is clear.
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Notice that the Villarceau circles intersect with all parallels of the surface of revolution.
This fact implies that when the circles rotate around the axis they generate the complete
surface. However, a similar construction for a sphere with a section produced by an oblique
plane does not generate all the surface because the section does not intersect all the parallels.

2. The Villarceau circles

Let Ψ be the ring torus given by
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Moreover, it is a double tangent plane because it is also tangent at
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(see Fig. 1, left).

Figure 1: Left: the double tangent plane; Right: the Villarceau circles
as the section of the torus by the double tangent plane

As it was observed by Yvon Villarceau in 1848, the intersection of this double tangent
plane with Ψ gives rise to two circles of the same radius a and with centers (±b, 0, 0) (see
Fig. 1, right). The part inside the torus of each Villarceau circle is like a moon-shaped region
(see Fig. 2).

An important property of the Villarceau circles is that they are loxodromic curves of the
torus. The angle between a Villarceau circle and the parallel curves of the torus is constant.

Figure 2: The two moon-shaped pieces which are the main ingredients of our construction
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Let us define the angle ϕ such that

tanϕ =
b√

a2 − b2
.

Thus, the implicit equation of the tangent plane defining the Villarceau circles is z = y tanϕ.
A simple computation shows that ϕ is the loxodromic angle.

The proposed construction consists in applying a rotation with z-axis to both moon-
shaped pieces.

3. Computation of the intersection segments

When the rotation process is applied to just one of the two moon-shaped pieces there are
no intersections (see Fig. 3, left), but when the two moon-shaped pieces are rotated with the
z-axis as axis of rotation they intersect themselves (see Fig. 3, right). Moreover, thanks to the
loxodromic property of the Villarceau circles, the angle of intersection of any pair of circles
is always the same because it is twice the loxodromic angle.

Figure 3: Left: Rotation of one of the two moon-shaped pieces; Right: Intersections of the
right moon-shaped piece with three copies of the left moon-shaped piece after rotation

Therefore, to construct a real model of Ψ, we have to compute the intersection segments.
Since the Villarceau circles are included in a plane, the intersection segments are the piece
inside the Villarceau circles of the intersection line between a plane and the rotation of that
plane.

Let Pt be the image of the plane P0 after a rotation about the z-axis through the angle
t, t ∈ [0, 2π]. The normal vector to the plane Pt is Nt := (sinϕ sin t, − sinϕ cos t, cosϕ),
where ϕ is the loxodromic angle. Notice that P0 is the initial double tangent plane, this is,
the plane passing through the origin and with normal vector N0 := (0, − sinϕ, cosϕ).

Therefore, let us compute first, in general, the intersection line between the planes P0 and
Pt: The intersection of the planes P0 and Pt is the straight line passing through the origin
and in direction of the cross product N0 ∧Nt. An easy computation shows that

N0 ∧Nt = λ
(
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2
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2

)

,

for λ = sin(2ϕ) sin
t

2
and where ϕ denotes the loxodromic angle obeying sinϕ =

b

a
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The normalization of this vector gives
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Notice that −→vπ = (−1, 0, 0), thus, for t = π, the intersection line is the x-axis.
Let θt be the angle between −→vt and

−→vπ. Therefore

cos(θt) =
sin t

2
√

1 + tan2 ϕ cos2 t

2

.

For a = 2b (therefore, the loxodromic angle is ϕ =
π

6
) and tk :=

kπ

6
, k = 0, 1, . . . , 12, the

oriented angles of the intersection lines are

−90◦, −76.9◦, −63.4◦, −49.1◦, −33.7◦, −17.2◦, 0◦, 17.2◦, 33.7◦, 49.1◦, 63.4◦, 76.9◦, 90◦.

4. The template

All we have to do is to design the moon-shaped template. In Fig. 4 a template is shown for
a torus with a = 2b made of 24 pieces, half of them of the left kind. The straight segments
indicate the intersections between the different pieces.

Figure 4: The template for a torus with a = 2b and 24 moon-shaped pieces

Notice that all the pieces are congruent, but recall that the intersection lines of half of
them must be cut from one of the boundary curves to the central curve. The slots for the
other set of pieces goes from the other boundary curve to the central curve. Therefore, we
have to determine the central curve of the moon-shaped template.

For each angle t ∈ [−π

2
, π

2
], the straight line passing through the origin and defining and

angle t with the positive x-axis intersect the two arcs of the Villarceau circles, (x±b)2+y2 = a2,
at two points c1(t) and c2(t), whose explicit expressions are:

c1(t) =
(

b cos t +
√

a2 − b2 sin2 t
)

(cos t, sin t),

c2(t) =
(

−b cos t+
√

a2 − b2 sin2 t
)

(cos t, sin t).

Notice that the scalar product c1(t) · c2(t) is equal to a2 − b2. This means that the image of
the curve c1 by the inversion with respect to the circle centered at the origin and of radius√
a2 − b2 is the curve c2, and reciprocally. This is a geometric property inherited from the
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Figure 5: The central curve of the moon-shaped piece

Figure 6: A multiple template for the same torus

Villarceau circles: if we consider the sphere centered at the origin and passing through the
bitangency points defining the Villarceau circles then, the inversion with respect to the sphere
maps one family of circles onto the other. Combining this with the previous fact about the
curves c1 and c2, we have proved that each moon-shaped piece of our construction is self-

inverse with respect to the sphere which is concentric with the torus and passing through the
corners of the moon-shaped piece.

Figure 7: The virtual model
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The central curve is the curve of the medial points between c1(t) and c2(t)

c(t) =
c1(t) + c2(t)

2
=

√

a2 − b2 sin2 t
(
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)

, t ∈
[

−π

2
,
π

2

]

.

To optimize the construction process and to avoid material waste one can use a multiple
template like in Fig. 6 .

Notice that it is impossible to build this model of ring torus with rigid materials. The
reason is the following: The cuts of each piece are not mutually parallel, they are diameters
of a circle. This fact implies that when we have the model almost built, we must separate the
pieces to introduce a new one. This is possible with flexible material like paper, but not with
wood or similar.

5. Final construction

Figure 7 shows a virtual model made thanks to Mathematica. Notice that any two intersecting
disks are symmetric with respect to the incident meridian plane. Finally, Figures 8 and 9 are
photos of a real materialization, but just with 20 pieces.

Figure 8: The real model and two of the moon-shaped pieces used to built it

Figure 9: Side view of the same real model

This model has been made with paper of 600 gr., but it is also possible to build a ring
torus with paper of 180 gr. or less.
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