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Abstract. This is a contribution to triangle geometry. Two amicable triangles
are inscribed in any circle which is related to a reference triangle ABC'. Amicable
triangles give rise to some family of circles — so-called perfect circles. In this way it
is possible to generalize geometrical objects like the Soddy and Gergonne Line, the
Gergonne Point, the Fletcher Point and the points of Eppstein, Griffith, Rigby and
Nobbs as well. Amicable triangles and perfect circles have numerous and unusual
interesting properties, and only a small part is presented in this article. Some
of these results are still lacking of a rigorous mathematical proof; they only have
been numerically confirmed.
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1. Introduction

This paper presents generalizations of several well known geometric objects, whose special
cases are described in numerous sources. Despite of an intensive literature recherche, to the
author’s best knowledge these generalizations seem to be new. This is why references to this
article contain only four positions, which I mainly used.

All these considerations take their beginning from two triangles inscribed in any circle ac-
companying to the reference triangle ABC'. These triangles, which I called amicable triangles,
allowed me to define some family of circles — perfect circles. On their base it was possible to
build generalizations of geometrical objects like the Soddy and Gergonne Line, the Gergonne
Point, the Fletcher Point and the points of Eppstein, Griffith, Rigby and Nobbs as as well as
the pair of other points, which do not exist for the incircle. Amicable triangles and perfect
circles have numerous and unusual interesting properties. I have been working on this theme
for ten years and I put it together on over 200 pages of my elaborations. This article shows
only a small part out of these properties.
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2. Amicable Triangles

Given any reference triangle ABC'. Let’s join each of its vertices A, B and C' with correspond-
ing points Sy, Ty and Uy lying on the opposite sides. So we obtain the three cevians ASy, BTy
and CUy. These cevians intersect at three points Ky, Lo and M, forming a triangle (cevianic
triangle), which in special cases according to Ceva’s Theorem degenerates to a single point.
Let’s now circumscribe the circle ¢(Op, r¢) on the triangle KoLoM, (Fig. 1). Thereafter, let’s
modify the points Sy, Ty and Uy along the sides BC', AC and AB such that the circle ¢(Oy, 1)
becomes the incircle of the triangle ABC'. There are exactly two such triples of points S, T
and U as well as S7, T1 and U; for which it is satisfied.

Figure 1: The Golden Theorem
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and ¢ for the golden mean we obtain a theorem which I called the Golden Theorem.

Theorem 1. Golden Theorem: The triangles KLM and KL M, which sides lie on six

cevians passing pairwise through the vertices of the triangle ABC' and meeting on the incircle
of ABC', define ratios which satisfy

(2)

1 +1+v5\° g

The same formula holds also for any ellipse inscribed in the triangle ABC'.
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B

Figure 2: Amicable triangles in the incircle Figure 3: General amicable triangles

The last remark follows by applying an affine transformation.

The two triangles K LM and K;LyM; are called amicable triangles. They mutually in-
tersect on the cevians AA;, BBy and C'C] called main cevians, which meet at the Gergonne
Point @ (Fig. 2).

There exist at least two proofs of the Golden Theorem (2). One originates from Vladimir
SHELOMOVSKII [2] and another from the young Chinese mathematician YUMING Li1. The
second proof — yet unpublished — is based on Ptolemy’s Theorem and on harmonic quadri-
laterals.

Based on the Golden Theorem we get for s, ¢, u, s1, t; and u; the following equations:

8_3—1—\/5 a—b+e _3—1—\/5 B 5 _3—\/5 a—b+c _3—\/5 B
- a+b—c) 2 ’ 1= 2 a+b—c) 2 ’

2 rC rC
t_3+\/5_(b—c+a)_3+\/5_7“c t1_3—\/5_(b—c+a)_3—\/5_7“c 3)

2 b+c—a 2 ra’ 2 b+c—a 2 A
u:3+\/5.<c—a+b>:3+\/5'm u1:3—\/5.<c—a—|—b>:3—\/5.m

2 ct+ta—>b 2 rg’ 2 ct+a—>b 2 rg’

where 74, rg and r. are the radii of three mutually tangent vertex circles of the triangle ABC.
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We get then the coordinates of the points S, T', U, Sy, T, and Uy:

1

@5) T GrvBa- (1100 :2(“”_6)@?)+(3+‘/5)(a_b+c><§g>:
<§§> N (5+\/5)b—(1+\/5)(c—a) :2(“0_&)@2)+<3+\/§)(a+b_c)<§j>: @
<§5> - (5—1-\/5)0—(14—\/5)(@—6) :2(a_b+c)<§j> +<3”5>“’+‘/“a><§§):
() = sovemavam=a [2e+e a5 ) +6-voe-vra(3e)
() = sovm—a=vaea 120 e ) +e-viare-a ()] @
(r) = s=vmemavmasy et + 6= vBere—a((2)

and resulting from above the coordinates of the points K, L, M, K, L, and M;:

TR\ _ 1 :
<?JK> ) [(7T+3V5)be + (3 + v/5)(ab — ) + (1 + V/5)a?(4 + 2v/5)b% + 2ac]

[<7 +3v5) [a® — (b—0)’] (ﬁj) +2[12 — (c-a)?] (yg) + 3+ vE) [ - (a—b)’] (0)]

rr\ _ 1 :
<yL> ) [(7T+3V5)ac+ (3+ V5)(be — a?) + (1 + V5)b2(4 + 2v/5)c? + 2ab]

789 - -0 (72) 4 05— -] (22) w21 ms] ()]

Yyc
(o) - 1 |
ym) 2 [(7T+3V5)ab+ (3+ V5)(ac — b?) + (1 + V5)c2(4 + 2v/5)a? + 2bc]

[(7 +3V5) [ — (a—b)?] (‘52) + (34 V5) [12 = (c—a)?] (‘;”g) +2[a% — (b—c)?] (”““Aﬂ

YA

TR\ _ 1 .
<yK1> B [(7 3\[ )ab —V5)(ac — b?) — (\/5 —1)c?(4 — 2v/5)a? + 2bc]

+(
=309 o1 () 08 e () o200 ()
(Zi) N [(7 3[ B)be + (3 — V/5)(ab — 021) (\/5— Da2(4 — 2V5)1 + 2ac] (7)
(s o) (1) ¢ 5Dt (50) + 200 tee) ()]

—

@Z) " 2[(T=3vB)ac+ (3 — V5)(be — a2)(4 — 2V/5)c? — (+/5 — 1)b2 + 2ab]
(L T )

Yo
The amicable triangles based on the incircle have many interesting properties. Here are two
of them:
K2+ +m? KB+ P2+m? 1 1 1 1 1 1
= , STt =3+t (8)

PKLM PK1L1M1
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where k, [, m, ki, [y, m; are the respective lengths of the sides of the triangles K LM and
KLy M, while Pgpy and Py, p,a, are the surface areas of these triangles. This result has
been proved by V. SHELOMOVSKII [2]. The above equations hold also for generalized amicable
triangles.

The segments A;S, A1S1, BiT, BiT;, C1U, and C1U; have the following property —
among numerous other properties:

1oL 111
|ALS| BT |CU AW BT [CLUy| (9)
1 1 1 1 1 1

ASE [B.TE T GUE

+ +
|A1S1)2 | BiTh)?  |ChUL 2
and resulting from these equations:

ALS| + [BJT| + [ChU|  |AsS]-|BiT| - |CyU|

— 10
|A1S| + | B T| + |CLU| |A1S| - |B.T| - |CLU| (10)

I called the pairs of triples of numbers satisfying above and similar equations quadratic ter-
tionals. Quadratic tertionals are the form of multigrade equations with negative powers.

3. Perfect circles

The tangent lines to the circle ¢(O, r) circle at the points K, L, M, K, Ly, and M, intersect
the sides of the triangle ABC' at the points Uy, Sy, Ty, T, U, and S, respectively. This
property distinguishes the family of circles with radii 0 < r, < R, where R denotes the radius
of the circumcircle of the triangle ABC' (Fig. 4). I called these circles perfect circles. The
smallest of them is the Fermat Point and the biggest one the circumcircle of ABC.

The incircle is obviously the perfect circle (Fig. 4). Based on these circles we can generalize
the Soddy Line, Circles and Points, the Gergonne Point and Line, Griffiths, Righy and Nobbs
Points. We can also define the other points, which don’t exist for the incircle of the triangle
ABC.

The perfect circle can be also defined through following equations:
—:—:—:\I/:(s-z%u)% (11)

The coordinates of the vertices of the both amicable triangles based on perfect circles can
be presented using the cubic root of the product of stu and all three radii of the generalized
vertex circles r,, g, and r¢,. The cubic root of stu appears here in the first and second
power.

The following equations have been calculated using the program Mathematica.
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TK\ 1 .
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[ v (stu)? rg,ro, < A ) +ra,rc, < i > + Vstura,rp, ( o )]

L\ 1 .
< YL ) ¥/ (stu)? ra,re, +ra,rB, + Vsturgre,

(12)
B xrc 3 TA
[ S/ (stu)? TA,TC, ( Vi > +74,7B, ( o ) + Vsturp,ro, ( YA )]
() - 1 |
YMm W rA,TB, +TB,TC, + I stu TA,TC,
rc TA 3 B
[ v/ (stu)? ra,7rB, < ye ) +rp,rc, < s > + Vstura,re, ( un )]
() -
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{W B ( Yo > BTG ( ya > VT rare, < YB >]
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YL, V (stu)=2rp rc, +ra,rc, + v/ (stu)"tra,rp, (13)

[W rBPTCp(Zi) —i—fr’ApGC(;]j) + 3 (stu)—l TAPTBP<§E>]

<$M1 ) . 1
Y,y V/ (stu)=2ra,re, +14,7B, + v/ (stu)"t rp rc,

f — z z , — TA
{3 (stu) 2 rApGC<y§> —i—T’Aper(yg) + /(stu) 1 rBPrCP(yA >]

For each perfect circle the points S, T', U, Si, T, and U; are located on the ellipse, whose foci
lie on the generalized Soddy Line. Any line passing through the generalized Gergonne Point
intersects this ellipse in two points. The both tangent lines to this ellipse in those points
intersect on the generalized Gergonne Line.

The generalized Soddy Line is always perpendicular to the generalized Gergonne Line and
cuts it at the generalized Fletcher Point.

Each perfect circle can still be defined in a different way — without being based on amicable
triangles. Let’s draw three pairs of cevians coming out of all three vertices of the triangle ABC
and tangent to the circle ¢(O,r) on the left and on the right. Let’s denote the six tangents
as follows: t4,, ta,, tp,, tB,, tc,, and tc,. These tangents intersect mutually in twelve points.
On each cevian there are four points of intersection with other cevians, but only every second
and third of these points are significant for us.

Let’s denote these points (intersections) I4,p, = C4, Ia,c, = Bs, Ip,c, = A4, Ipa, = Cs,
Ic, s, =By, and I¢,p, = As. The points I¢,p, and Ip,c, lie on the line «, the points 14,¢, and
Ic, 4, on the line 3, and the points Ip,4, and I4,p, on the line . Let’s move now the circle
c(O,r) circle so that the lines «, 5 and 7 pass through the vertices A, B and C|, respectively
(Fig. 5). We need only two coincidences of them. At this moment the circle ¢(O, r) becomes a
perfect circle ¢(O,, 7). The lines «, 8 and v meet at one point @), the generalized Gergonne
Point. The tangent lines t4,, ta,, 5, ts,, tc,, and t¢, passing through the vertices A, B and
C' are tangent to the perfect circle ¢(O,,r,) at the points Ay, Agr, By, Bg, Cr, and Ck.
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Figure 4: Locus of incenters of all perfect circles

So we obtain six triples of collinear points: {Aj, Br,CL}, {A1,Cr, Br}, {B1,CL, AL},
{By, Ar,CRr}, {C1, A, Br} and {C}, Br, Ar} (Fig. 5). Denoting the lengths of the line seg-
ments connecting the vertices with the points of their tangency to the circle ¢(O,,r,) by
A, =TAR =TA, "B, =7TBr =TB,, ', = Tcp = Tc, We get:

rC, rA, _ uTB” _ 3

s—+ =1 stu
B re TA
,,,.B P TCPP P rAp (14)
P = /581, = /tty, = ./ uu;.
TAp ’I"Ap ’f’Bp

The trilinear coordinates of the generalized Gergonne Point (), are then:

b b
a:ﬁ:vz—c:ﬁ:a— (15)

’I“Ap T‘Bp rc,

and using the Cartesian coordinates we get:

rQ 1 rA TR rC
) = rg.T +rar +rar 16
( YQu > TByTCp +TA,TC, T TA,TB, { Bl < ya ) At ( YB ) Ao B < Yo >} (16)
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Figure 5: Alternate definition of perfect circles

The centers O, of the perfect circles ¢(O,,r,) belonging to the same family lie on the curve
connecting the Fermat Point Fp (r, = 0) with the circumcenter (r, = R) (Fig. 5). The locus
of the generalized Gergonne Points (), is the curve beginning at the Fermat Point and ending
at the Symmedian Point Sp.

The lines «, 5 and ~ intersect the circle ¢(O,, ;) at two points each: a at Ay and As, 5 at
By and Bz and «y at Cy and C3. Let’s define the following three cross ratios: [A, Ay, Az, Aq].,
[B,BQ, Bg, Bl]c and [O, 02, Og,cl]c as Crp — |NN3| : |N2N1|/(|NN2| : |N3N1|) The values of
these ratios are not only equal but they are also maximal from all values of cross ratios based
on the circle ¢(O,, ;) circle and on the sides a, b and ¢ of the reference triangle ABC' (Fig. 5).
All other cross ratios in this paper are used in the same form as ¢,,. It is worth noting, that
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for any triangle K LM (not necessarily inscribed in a perfect circle) we get:
[A,K,M,S).=[B,L,K,T|.=[C,M,L,U|. = stu. (17)

Each perfect circle has an interesting property:

- ()= () - ()

4. Further properties

Let’s draw the ellipse e4 tangent to the sides b and ¢ of the triangle ABC' at the points T’
and U; and simultaneously passing through the point A;. It turns out that the ellipse ey
is also tangent to the side a at this point. The remaining two ellipses eg and e have the
same property. However it happens only if the circle ¢(O,,r,) circle is the perfect circle in
the triangle ABC.

The tangent line 4, intersects the ellipses e4, ep and ec at the points {Arpa,, Ara,},
{ALB17ALB2} and {ALCI7ALCQ}' We also get {ARA17ARA2}7 {ARB17ARB2} and {ARCI7ARCQ}
for t4,.. For both remaining vertices there are: {Bra,, Bra,}, {Brs,, Brs, } and {Brc,, Brc, }
for By {BRA17 BRA2}7 {BRBl7BRB2} and {BR017BRC2} for lB,, {CLANCLAz}v {CLBl7CLBQ}
and {CL017CLCQ} for tcl and {CRAU ORAQ}J {ORBl7ORBQ} and {ORC17 ORCQ} for tcr.

The points Bra, and By, lie on the line AS and the points Cp4, and Cgra, on the line
AS;. We find same properties for the lines BT, BTy, CU and CU;.

Among all circles ¢(O,, ) there are at least five, which can be defined as special cases:

e Fermat Point (7, =0, stu =1),
e Circle I (stu=2++/5),

e Circle II (stu=38),

e Incircle (r, = r, stu = ¢),

e Circumcircle (7, = R, stu = 00).

The Fermat Point, the incircle and circumcircle do not require any comment, but also the
Circles I and IT (Fig. 6) have very interesting properties. For the Circle I there are:

e the lines ST, TU and US are tangent to the circle ¢(O,,r;) at the points M;, K; and
Ly;

e the lines 5,71, T1U; and U;S; are tangent to ¢(O,,r,) at the points M, K and L;

e the quadruplets of points { Ay, M, My, B1}, { By, K, K1,C1}, {C4, L, L1, A;} and the sex-
tuplets of points {T,Cy,J,G,Cr,S1}, {U, AL, E, J, Ag,T\}, {S,Br,G, E,Bg, U} are
collinear;

and for the Circle II (Fig. 6):

e the lines SBy, T'Cy, UA;, S;Cy, T1A; and U; B, are tangent to the circle ¢(O,, ;) at
the points M,, Ky, Ly, L, M and K;

e the cross ratios [A, Us, Uy, Bl., [B, Ss, S, C]., [C, T, Ty, A, are all 17 4+ 12v/2;

e the ellipse e4 tangent to the triangle ABC' triangle at the points T, U; and A; is tangent
to the circle ¢(O,,r;) circle at the points L and M;

e the ellipse ep tangent to ABC' at the points U, S1 and Bl is tangent to ¢(O,, ;) at
the points M and Ki;
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Figure 6: Special case of amicable triangles

e the ellipse ec tangent to ABC' at the points S, T'1 and C1 is tangent to ¢(O,,r,) at the
points K and L;

e the cross ratios satisfy

[A7 BRA27 BLA27 S]c == [Aa CLA27 CRAQ? Sl]c =17 + 12\/§
= [A, Aga,, Aray, S2)2 = [A, Ay, ALa,, S3)%;

similarly for the other vertices B and C’

e the ellipse tangent to the sides a, b and ¢ at the points Ay, By and (' is also tangent to
the lines TUy, U Sy, ST and passes through 15 other special points in the triangle ABC';
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Figure 7: Special case of amicable triangles and their properties

the both foci F} and F; of this ellipse lie on the generalized Soddy Line and we get the
following equation which holds for any perfect circle): |O,F1|/|O.F>| = |QF1|/|QF>|
(Fig. 7).

The Nobbs Points Oy4,, Op, and O¢, are the points of convergence of three groups of the
lines related to the incircle of the triangle ABC triangle and especially to three main cevians
AA;, BB; and CC;. In case of incircle all three Nobbs Points are collinear and lie on the
Gergonne Line. The first Nobbs Point Oy, lies on the extension of the side a, the second
Op, on the extension of the side b, and the last one Og, on the extension of the side ¢ of
the reference triangle ABC'. Let’s draw the midpoints of the segments M L, M;L and KK,
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Figure 8: The vertical circles of perfect circles and common tangents

and call them V., Vi and Vg, . Now, let’s draw the circle ¢(Var,, Var o, Vick, ) passing
through these points. It turns out, that this circle passes also through the incenter O and
through the points A;, A and the Nobbs Point Oy4,, as well. These properties hold for each
perfect circle. We get here the generalized Nobbs Points.

We ask now, where lies the center O4 of the circle ¢(Vir,, Varn, Vkr,)? The cen-
ter O4 is the midpoint of the line segment O4s,0. All three circles ¢(Vyr,, Vanr, Vi, ),
c(Viear s Vieoar, Vir,) and ¢(Vig,, Vi, i, Varu, ) intersect at two points: at the incenter O and
at the Fletcher Point F'I — the point of intersection of the Soddy Line and the Gergonne Line.
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Figure 9: One of the various properties of perfect circles

All described above holds also for any perfect circle (Fig. 8), but with the points Az, B3 and
Cj5 instead of Ay, By and (', respectively, which in case of the incircle cover mutually.

The lines tangent to each perfect circle at the points Ny and N3 intersect at the generalized
Nobbs points Oy, lying on the side n (or its extension) of the triangle ABC. For each (not
necessarily perfect) circle we get the very important equation:

[OAuCa Ala B]C = [0317A7BI> C]C = [0017 Bacla B]C =2. (19)

Both amicable triangles in each perfect circle have common Brocard Points, but the first
Brocard Point for one of the triangles is the second Brocard Point for the other triangle.
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Let’s take the pair of amicable triangles (always based on any perfect circle) and let’s
connect the generalized Gergonne Point ), with all vertices of these triangles (Fig. 9). We
get six line segments: QK, QL, QM, QK,, QL, and QM,. Each of them intersects one of
the sides l;, my, k1, m, k and [ at the respective points K,,,, Ly, M,,, K.,, L., and M. . We

obtain the following equation:

QK| | |QLn,| | QM| [QK.| | [QLe| | QM|

+ + = - +
[Koy K| Ly L] [My, M| [Ke K| [Ley L] [ M, M|

S+ S1 t4+ 1 U+ Uy

= ry) = = = )
() Vs+s1 Jt+ VU + U

@
I §
\ J
[ &
S
-
&
&
&

1Y

e/ B Si

c/

Figure 10: The cevianic triangle K LM and its ‘amigo’ KL M;
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The following three properties I'd like to present in this paper are based on the cevianic
triangle K LM and its ‘amigo’ KL M, (see Fig. 10). The first property holds for each circle:

|AK| |BL| |C’M|
. . =1. 21
Aky] 1BL |0 (21

However, the second and third property are fulfilled only for perfect circles:

\KK)|-|ML| - |MLy| = |LLy| - | K, M| - |[KM,| = [MMy| - |LK| - |LEKy|. (22)

| K M| . | LK, | . |M L et (23)
|[KKy|  |LLi|  |MM;
The perfect circles allow to generalize many points and lines related to the incircle. Under
the generalizations almost all properties of these objects are preserved from the special case
— also the modes of construction.
We conclude with two theorems:

Theorem 2. The amicable triangles K LM and KyL, M, have a common Symmedian Point,
which coincides with the generalized Gergonne Point Q. of the reference triangle ABC.

Theorem 3. The amicable triangles K LM and KL, M, share also other triangle centers
(according to Clark Kimberling’s Encyclopedia [1], in particular the first isodynamic point
Xi5, the second isodynamic point Xig, the third power point Xso, the Brocard midpoint Xsg,
the first isogonal conjugate point Xg1, the second isogonal conjugate point Xgo, the midpoint
Xig2 of the Brocard diameter X3Xg, and the Schoute Center Xg7.
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