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Abstract. Polygons in the plane with coordinates of points from the Fibonacci
and Lucas sequences are considered. Certain area formulas for these polygons are
explored. Restricting these polygons to triangles, some geometric properties are
also studied.
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1. Introduction
The Fibonacci and Lucas sequences {F},} and {L, } are defined by the recurrence relations
F():O, Flz]_, Fn: n—1+Fn—2 for n22

and
LQ = 2, Ll = 1, Ln = Ln—l + Ln_g for n 2 2.

The Binet forms of Fibonacci and Lucas sequences are

o™ = p" 1+5 1-V5
, L,=a"+ ", where a= , .

V5 ’ 2

Using these Binet forms, one can easily have F_, = (—=1)""'F,, and L_, = (—=1)"L,,.

E, =

CERIN in [3] studied some geometric properties of triangles such as orthologic and par-
alogic triangles in the plane with coordinates of vertices from Fibonacci and Lucas sequences.
He also studied certain area properties, Brocard angles and distances between circumcen-
ters of these triangles. In this paper, we work on areas of polygons whose coordinates are
from Fibonacci and Lucas sequences. Restricting the polygons to triangles, we explore some
geometric properties like orthology and paralogy for these triangles.
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2. Area of polygons

For k € Z%, let ABC and PQR denote the triangles with vertices A = (Fy, Fji1),
B = (Fi41, Fit2), C = (Fig2, Fiys) and P = (L, Lyt1), @ = (Li+1, Lit2), B = (Li+2, Lits),
respectively. The following theorem was proved by CERIN [3] using the Binet forms of Fi-
bonacci and Lucas sequences.

Theorem 2.1. For all k € Z* the areas |ABC| and |PQR| of the triangles ABC and PQR

respectively are as follows:
[ABC| =5 and |PQR|=5|ABC| =2
In this section, we consider some results relating to area of the polygons involving Fi-
bonacci and Lucas numbers as coordinates of vertices. The following index reduction formulas
of Fibonacci and Lucas numbers (see [4]) will be frequently used in evaluating determinants
occuring in the proofs of main theorems, without further reference.

Theorem 2.2 (Index reduction formulas of Fibonacci and Lucas numbers).
If a,b,c,d and r are integers and a + b = c+ d then

(a) Fan - Fch - (_]-)T[Fa-l—er—i-r - Fc—H“Fd—i-r]a
(b) FoLy — Folg = (_]-)T[Fa-l—rLb-‘rr - Fc+rLd+r]~

Let Aok = {(Frpi, Frpizr) 1= 0,1, ,(n+ 1)} and Vo = {(Liti, Liyiv1) -
i=0,1,---,(n+ 1)} for n € Z* and k € Z denote the polygons with (n + 2) vertices and
the area of these polygons be denoted by |A,12x| and |V,12|, respectively. The following
theorem provides a formula for |A,, s |.

Theorem 2.3. Forn € Z* the area |ANn1o| is independent of k, and

1 . .
= Fo if n is odd,
|An+2,k| - { 2

1

5 (Faq1 — 1) if n is even.

Proof. The proof is based on induction on n. By virtue of the Theorem 2.1, |Ag x| = % = %Fg
and hence the statement is true for n = 1. Let us assume that the statement be true for

n =p. For n = p+ 1, we distinguish two cases.

Case I, p is odd:
The area of |A, 43| is obtained by the sum of |A, ;2| and the area of the triangle formed
by the vertices (Fiipi1, Fripr2)s (Fripra, Friprs) and (F, Fiia).

Fripr1 Frapra Fi

Apiskl = |Dpiop| + 3 abs | Fyipr2 Fraprs Frn
1 1 1
) Fript1 Frypro  Fi

= §Fp+1 + B} abs Fk+p+2 Fk+p+3 Frqr
1 1 1
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) ] Frip1 Fryp  Fi
= §Fp+l t3 abs [ Fripr2 Frppr1 Frn
1 0 1
1 1
= §Fp+1 + 2 abs [Fk+ka+1 - Fka+p+1 + Fk+p+1Fk+p+1 - Fk+ka+p+2]
1 1
= §Fp+1 + 5 abs [(—1)ka + (—1)k+pF1]
1 1
= 5lp t §(Fp - 1)
1
= §(Fp+2 - 1).

Case II, p is even:
The proof in this case is similar to that of case I; moreover,

1 Freipr1 Fripra Ly
|Apisn] = g(FpH - 1)+§ abs | Fript2 Friprs Fri

1 1 1
1 1
= §(Fp+1 - 1)+ 5 abs [(=1)*E, + (=17 R
1 1 1
= §(Fp+1_1)+§(Fp+1): 9" Pt D

The proof of the following theorem is similar to that of Theorem 2.3 hence it is omitted.
Theorem 2.4. Forn € Z* and k € Z we have |V ok = 5| Dokl

Let Ao p = {(Fry2i, Frroiyr) 10 =0,1,--- ,(n+ 1)} and V] o, = {(Lisai, Lrroivr)
i=0,1,---,(n+ 1)} for n € Z* denote the polygons with n + 2 vertices and let the area of
these polygons be denoted by |A] ,, ;| and |V] ., [, respectively. The following two theorems
give the area of these polygons.

Theorem 2.5. Forn € Z* the area |, ,,,| is independent of k, and
|A;1+2,k| = %(F2n+2 —n—1).

Proof. The area of the triangle formed by the vertices (Fy, Fi11), (Fi2, Fri3) and (Fyya, Fris)
is

] Fr  Fiyo Fryq Fr  Fiio Frys
2 abs |Fry1 Frys Frys| = BY abs | Fii1 Fiis Frga
1 1 1 1 1 0
1
= 3 abs [FiiaFiya — F g — FuFrpa + Fop1 Fris)
— % abs [(—1)FF — (—1)F3 ]
1 1
= 5 = R—-1-1]

Hence the statement is true for n = 1. Let us assume that the statement is true for n = p.
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For n =p+ 1, we have

Al

Friopto Frgopra Fi
!
|2kl + B abs | Fiiop43 Fryoprs Fri

1 1 1
1 Fyvopyo Frioprs  Fi
3 (Fopro—p—1)+ 3 abs | Fyiopi3 Fropia Fri

1 0 1

L 1
2 (Foppa—p—1) + 3 abs [Fyyopr3Fret — Felhyopra + FrpoproFriopia — Fk2+2p+3]
1 1
B} (Fopyo —p—1) + 3 abs [(—1)’fF2p+3 + (_1)k+2p+3F1]
1 1
2 (Foprz —p—1) + §[F2p+3 — I
1
B —p—2)

So the statement is true for n = p + 1, and by induction the statement is true for all n. O

Theorem 2.6. Fork € Z |Vy,|=5|A3,].

Proof.

Ly Lgyo Lgya
‘vék| = abs |Lyt1 Lpys Liys
1 1 1

Ly Lpy1 Lpyo

= — abs|Fyy1 Fris Fies
1 1 1

Fr Fryo Frya
= - abs|Fry1 Frys Frgs
1 1 1

N —

DO | Ot

= 5|Aé,k|-
[l

The proof of the following theorem is similar to that of Theorem 2.5; hence it is omitted.

Theorem 2.7. Forn € Z* and k € Z holds |V, 5| = 5| 54l

Let Ay o) = {(Fryi, Leyi) i = 0,1,--- ,(n+ 1)} for n € Z" and k € Z denote the
polygon with (n + 2) vertices, and let the area of this polygon be denoted by [A} ., ,[. In the
following theorems we give the formulas for A, .

Theorem 2.8. Forn € Z* |A;,,| is independent of k, and

. F,i1—11if n s even,
|An+2,k| = . .
F.i1  if nis odd.
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Proof. The area of the triangle formed by the vertices (Fy, Ly), (Fxi1, Lry1) and (Fii2, Lgi2)
is

Fry Fri1 Frio ) Fy  Fryr Fipo
s abs|Ly Lyy1 Ligo| = BY abs | Fipi1 Fryo Fris
1 1 1 1 1 0

= % (2F,)  (using Theorem 2.3)
- 1 - F1+1.

Hence the statement is true for n = 1. Let us assume that the statement is true for n = m.
For n = m + 1, we distinguish two cases.

Case I, m is even:
In this case

Fyime1 Frimt2 Fi
|Aianl = |A:n+2,k‘+§ abs | Lyymi1 Liymez Li
1 1 1

Fretm1r Frymyo Fi
= Fop—1+ 3 abs | Litmt+1 Lg4me2 Li
1 1 1

Frimsr Frgmyo Py
= Fo — 14+ abs | Fiimio Frimes Frn
1 1 1

Frimsr From Fi
= Fo — 14+ abs | Fipmio From Fra

1 0 1
= Fm+l_1+Fm+1
= Fm+2-
Case II, m is odd:
In this case
Frymi1 Frgmez i
[Antskl = Fmpr 45 abs | Lismir Liemro Li
1 1 1
= Fopn +[Fn—1]
— Fm+2 - ]_
So the assertion is true for n = m + 1 and by induction the statement is true for all n. O

Let @ny0kp = {(Fheyis Fhaprd) 11 =0,1,--- ,(n+1)} and @), = {(Liyi; Liipri)
i=0,1,---,(n+1)} forn € Z" and k, p € Z denote the polygons with n + 2 vertices and let
the area of these polygons be denoted by [®,,42%,| and |®] . | respectively. The following
two theorems present formulas for |®,,9 [ and |®] 5, |.
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Theorem 2.9. Forn € Z* and p € Z the area |®, 1ok ,| is independent of k, and

o - Y E, i if nois odd,
n+2,k.p %Fp(Fn-i-l — 1) zfn 18 even.

Proof. The area of the triangle formed by the vertices (Fi, Fitp), (Fkt1, Fript1) and
(Frgas Frgpy2) is

1 Fr  Fiy1 Frpe Fr Fr O
3 abs | Fryp Fripr1 Frapi2| = 3 abs | Fryp Fiqpy1 O
1 1 1 1 1 1
1 1
== §Fp == §FpF2.

Hence the statement is true for n = 1. Let us assume that the statement is true for n = m.
For n = m + 1, we distinguish two cases.

Case I, m is odd:
In this case

Frimir  Frgmyo  Fi

[ Prgs ] = [Prror] + B abs | Friprmi1 Fraprmiz Frip
1 1 1

! ! Feimer Frymy2 By
= Ep(Fnir) + 5 abs | Fippimit Forprmiz Ly
1 1 1

1 1 Feimir Feem By
= §Fp(Fm+1) + 2 abs Friptm+1 Freprm Frip
1 0 1

1 1
= §Fp(Fm+1) + §[Fme - Fp]
1
— §Fp[Fm+2 - 1]
Case II, m is even:
In this case
) Fermer Frymy2 i
|(I)m+3,k| = §Fp(Fm+l —1)+ BY abs | Fripims1 Friprmez Frip

1 1 1
1 1
— §Fp(Fm+1 - 1) + g[Fme + Fp]
1
== §Fme+2-
So the assertion is true for n = m + 1 and by induction the statement is true for all n. O
The proof of the following theorem is similar to that of Theorem 2.9; hence it is omitted.

Theorem 2.10. Forn € Z* and k,p € Z we have |®) 5, | =5|®p o4l
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FormneZ " keZandp e Zlet Vyiogp={(Frri, Lkipti) 11 =0,1,--- (n+1)} and

mi2kp = L Lkris Frapri) 4= 0,1, (n+ 1)} denote the polygons with n + 2 vertices

and let the area of these polygons be denoted by |V, 4o ,| and |W] ., [, respectively. The
following two theorems give the formulas for [, 9, and [¥] ., .

Theorem 2.11. Forn € Z" and p € Z, | V24| is independent of k and

v B % L,F,11 ifn is odd,
5 Lp(Fry1 — 1) if n is even.

Proof. The area of the triangle formed by the vertices (Fy, Lg+yp), (Fit1, Lptpr1) and
(Fryo; Liypio) is

] Fro  Fepo Frpo 1 Fre Fr O
5 aP8 | Litp Litpsr Lieps2| = 5 abs| Lty Liipsr 0
1 1 1 1 1 -1

1 1
— in — §LPF1+1'

Hence the statement is true for n = 1. Let us assume that the statement is true for n = m.
For n = m + 1, we distinguish two cases.

Case I, m is odd:

Froimyr  Fipmyr Fi

Wit npl = [Yimtzkpl + 3 abs | Liypim+1 Lktptme2 Litp
1 1 1

Froimyr  Fipmyr Fi

1 1
= §Lp(Fm+l) + 5 abs |\ Lispimit Litprmez Litp

1 1 1
] ) Fromer  Frpm  Fi
= §Lp(Fm+l) + 3 abs | Liqpimt1 Liyprm Litp
1 0 1
1 1
= §Lp(Fm+1) + §[FmLp - Lp]
1
- §Lp[Fm+2 —1]
Case II, m is even:
] Fetmir Frpmee i
\Vishp| = §Lp(Fm+1 —1)+ B abs | Liqpimt1 Liiprmie Ligp
1 1 1
1 1
== §Lp(Fm+1 - 1) + g[FmLp + Lp]
1
= §Lme+2

So the assertion is true for n = m + 1 and by mathematical induction the statement is true
for all n. 0
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Theorem 2.12. Forn € Z* and k,p € Z holds |V o, | = [Vniok,|-

Proof. Recall that the area of the triangle formed by the vertices (ay,a2), (b1,b2), (c1,co) is
equal to the area of the triangle formed by the vertices (ag,a1), (b2, b1), (¢2,¢1). Now the
proof follows from Theorem 2.10 and 2.11. O

3. Geometric properties

Recall that the triangles ABC and XY Z are called orthologic triangles when the perpendic-
ulars at vertices of ABC onto the corresponding sides of XY Z are concurrent. Let the point
of concurrence be [z,y]. It is also well known that the relation of orthology for triangles is re-
flexive and symmetric. Hence, the perpendiculars at vertices of XY Z onto the corresponding
sides of ABC' are concurrent at the point [y, x].

By replacing perpendiculars with parallels in the above definition we get the analogous
notion of paralogic triangles. In this section, we frequently use formulas stated in Theorem 2.2.

Theorem 3.1. For k € Z the triangles A3, and Vy . are orthologic.

Proof. 1t is well-known (see [1]) that the triangles ABC' and XY Z with coordinates (a4, az),
(b1,b2), (c1,c2), (z1,22), (y1,y2), and (21, z2) are orthologic if and only if

a; by ¢ as by co
Ty Y1 21|+ |2 Y2 22| =0.
1 1 1 1 1 1

Since
Fy Fryo Frya Fry1 Frys Frys
Ly Lyyo Lyqa| + |Lpg1r Liys Lpgs
1 1 1 1 1 1
Fy Fryo Fiys Friv1 Frys Frga
=L Lpyo Lpys| + [Litr Liys Liga
1 1 0 1 1 0
Fi Frpr Fregs| |[Fipr Fipo Frga
=L Lpy1r Lpys| + [Legr Ligo Liga
1 0 0 1 0 0
= [Frg1Lpss — FrqpsLpsr] + [FrpoLiys — FrpaLpyo]
— (—1)k[F1L3 - F3L1] + (—1)k+1[F1L3 — F3L1] - O,
Ay, and V3, are orthologic triangles. O

Theorem 3.2. For k € Z the triangles Ay, and Vy . are paralogic.

Proof. Recall that the triangles ABC and XYZ with coordinates (aq,as), (b1,b2), (c1,c2),
(x1,2), (y1,¥2), and (z1, 29) are paralogic if and only if

ar by ¢ az by cy

T Y2 22| —|x1 Y1 21| = 0.
1 1 1 1 1 1
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Since
Fr  Firo Frya Fri1 Figz Figs
Livi Lipgs Ligs| — | Ly Lpyo Lpga
1 1 1 1 1 1
Fr  Fiio Fiys Fry1 Fiyz Figa
=|Lit1 Liys Liga| — | Le  Liy2 Ligs
1 1 0 1 1 0
Fr  Frpr Frys| (Frpr Froo Fraa
=|Lit1 Liyvo Liga| — | Le  Liy1 Ligs
1 0 0 1 0 0
= [Frp1Lpys — FrpsLlpyo] — [FeroLigs — FryaLlpi]
= (=[P Ly — F3Ly] — (—1)*[FyLs — FyL1] = 0,
Ay, and V3, are paralogic triangles for every k. O

Theorem 3.3. For k € Z the triangles Ay, and Vy, are reversely similar.

Proof. 1t is well known that two triangles are reversely similar if and only if they are orthologic
and paralogic (see [2]). Hence the proof follows from Theorems 3.1 and 3.2. O

Theorem 3.4. For k € Z and p € Z the triangles ®3 ., and @, = are orthologic if and only
if p is odd.

Proof. Since

Fe Frp Frpo Frerp Fripr1 Frapro
Ly Lyyv Liggo| + |Litp Liypr1 Liipro
1 1 1 1 1 1

= [Fos1Lie — FuLpga] + [Frgpr1 Liep — FrpLigp]

= (—1)*[FLo] + (=1)*P[F L]

= (-DF21+ (=17 = 0
if and only if p is odd, the result follows. O
Theorem 3.5. For k € Z and p € Z the triangles ®3 , and ¥y,  are paralogic for all p.

Proof. Since

Fre  Frrn Frge Fretp Fripr1 Frypro
Livp Lgyprr Livpr2| —| L Lgyr Lige
1 1 1 1 1 1

= [Frr1Lisp — FrLlpypi1] = [Fregpr1lr — FropLliia)
= (_1)k[Fle] - (_1)k[Fp+1L0 - Fle]
(-D)*[L, — 2F,11 + F,] = 0,

the result follows. O

Theorem 3.6. For k € Z and p € Z the triangles @3, and 3,  are reversely similar if
and only if p is odd.
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Proof. The proof follows from Theorems 3.4 and 3.5. O

Theorem 3.7. Fork € Z and p € Z the triangles W3y, and Vg, = are orthologic if and only
if p is even.

Proof.

Fy Fron Frgo|  |Litp Liipr1 Ligpro

Ly Lyt Lito| + [ Frvp Fropr1 Fripto
1 1 1 1 1 1

= [Fis1Li — FpLpga] + [Lispt1 Frgp — Frgpr1 Lt

= (=D)*[F Ly — 0] + (=1)**?[0 — F, L]

= (=121 - (-1)7] = 0
if and only if p is even. O
Theorem 3.8. For k,p € Z the triangles V3, and Wy, . are paralogic if and only if p = 0.
Proof. Since

Fe  Frpo Frypo Lty Liyprr Ligpro
Forp Frypr1r Frypro| — | L Ly Ligo
1 1 1 1 1 1
= [Frt1Frvp — Frgp1Fr] — [Ligpr1 Lk — LigpLita]
= (DR F) = (=1)*[Lys1 Lo — LyLy)
= (- 1) [Fp — 2Lp41 + Ly
— ( )k+14F =0
if and only if p = 0, the result follows. O

Theorem 3.9. For k € Z the triangles V3o and Vs, o are reversely similar.

Proof. The proof follows from Theorems 3.7 and 3.8. O
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