Journal for Geometry and Graphics
Volume 19 (2015), No. 2, 161-177.

The Extended Oloid and Its
Contacting Quadrics

Uwe Bisel!, Hans Dirnbock?

! Faculty of Mechanical and Energy Engineering, HTWK Leipzig,
Karl-Liebknecht-Strafie 134, 04277 Leipzig, Germany
email: uwe .baesel@htwk-leipzig.de

2 Nussberg 22, 9062 Moosburg, Austria

Abstract. The oloid is the convex hull of two circles with equal radius in perpen-
dicular planes so that the center of each circle lies on the other circle. It is part of
a developable surface which we call extended oloid. We determine the tangential
system of all contacting quadrics Q) of the extended oloid O where A is the sys-
tem parameter. From this result we conclude parameter equations of the touching
curve Cy between O and Q,, and of the edge of regression of O. Properties of the
curves C, are investigated, including the case that A — oo. The self-polar tetra-
hedron of the tangential system Q) is obtained. The common generating lines of
O and any ruled surface 9, are determined. Furthermore, we derive the curves
which are the images of C, when O is developed onto the plane.
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1. Introduction

The oloid was discovered by Paul SCHATZ in 1929. It is the convex hull of two circles with
equal radius r in perpendicular planes so that the center of each circle lies on the other circle.
The oloid has the remarkable properties that its surface area is equal to 47r? and the two
circles terminate on each generator a segment of the same length 7v/3. The boundary of the
oloid is part of a developable surface [3, 9].

In the following this developable surface is called extended oloid. According to [3, pp. 105-
106], in an appropriate cartesian coordinate frame the circles with » = 1 can be defined by

ka= {(z,y,2) e R® | 22+ (y+1/2)? =1Az =0},
kp:= {(z,y,2) eR®|(y—1/2)* + 2 =1Az=0}.

ISSN 1433-8157/% 2.50 (© 2015 Heldermann Verlag



162 U. Basel, H. Dirnbock: The Extended Oloid and Its Contacting Quadrics

Figure 1: The extended oloid O, the circles k4, kg (dashed lines), and the edge
of regression R (solid lines) in the box —2.5 < z,y,2 < 2.5

In this case we denote the extended oloid by O (see Figure 1).
Now we introduce homogeneous coordinates xg, z1,x2, 3 with © = x1/x¢, y = x2/x0,
z = x3/xo. Then the real projective space — as a set of points P = [xg, 21, T2, 3] — is given
by
]P’g(R) = {[l’o, 1'1,1’2,1’3] | (l‘o,l’l,l’g, 1'3) S R* \ {0}} ,
where [xo, 1, T2, 23] = [Yo, Y1, Y2, ys] if there exist a p € R\ {0} such that z; = uy; for
7 =0,1,2,3. If necessary, complex coordinates will be used instead of the real ones. For the

description of the corresponding projective circles K4 and Kp to ks and kg, respectively, we
write

Ka= {[a:o,xl,xg,xg] € P3(R) ! 373 — 4wowy — 427 — 42 =0 A w3 = 0} ,
Kg= {[a:o,xl,xg,xg] € P3(R) ! 373 + 4wowy — 403 —dri =0 A1) = 0} )

2. Contacting quadrics

Lemma 1. The sets of the tangent planes @ = [ug, .. .,us] of the circles K4 and Kp satisfy
the respective equations

Fo(u) = 4ud — duguy — dui — 3u3 =0 and Fy(a) = dud + dugug — 3us — 4ui = 0.

Proof. Instead of following [4, pp. 41-42] or [5, pp. 160, 164-165], we conclude as follows: The
plane [ug, u1, ug, ug] is tangent to the circle K4 if and only if its intersection with the plane
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x3 = 0 satisfies the tangential equation of 4. Therefore, the coefficient matrix of Fy(u) is
obtained — up to a real factor # 0 — by inverting the symmetric 3 x 3 coefficient matrix of

the equation of IC4,
3.0-2\" |/ 4 0-2
0-4 0| == 0-4 o],
2 0 -4 6\ 5 03

hence Fy(u) = 4u? — 4uguy — 4u? — 3u3. Analogously, one finds Fi(u) from the coefficient
matrix of Kp. O

Remark 1. If the coordinates uq, ..., us are considered as homogenized cartesian coordinates
xg,...,x3 (cf. [1, p. 139]), then the equations in Lemma 1 define elliptic cylinders. Their
inhomogeneous equations are

2 2 2 -9 2 2
VRS T RN VT
(2/V3) (4/3) (4/3) (2/V3)
This means that the extended oloid, which is the connecting torse of the two circles k4 and

kg, is dual to the curve of intersection of two elliptic cylinders. The equations in Lemma 1
were already given in [3, p. 115].

Theorem 2. All regular quadrics which contact the extended oloid O along a curve are given

by
o)\ = {(x,y,z) cR3 ‘ J‘}\(;c’y,z):(]}7
where ) ( N 2
£ Yy— A+ z¢ ,
hz,y, 2) = = T i e Ty L AERV{01),
:172—22—|-2y if A\ =o0.

Proof. Because of the homogeneity of the coordinates we may write the tangential equations
of all contacting quadrics in question as linear combinations of Fy(u) and Fi (@) (see Lemma 1),

Fy(u) :== (1= X) Fo(u) + A Fi(u) or Fy(u):=—Fy(a)+ Fi(a).

The formula for Fi.(u) is the limit of Fj(u)/A for A — co. The homogeneous point equation
fa(zo, x1, T2, x3) = 0 of any regular Q) is obtained — up to a real factor # 0 — by inverting
the symmetric coefficent matrix of Fy(u),

3 1—-2X

4 0 22 -1) 0 \ T e
0 4N —1) 0 0 1 0 T—x 0 0
222 -1) 0 -3 0 Ty 1—2) 0 1 o |
0 0 0 —4\ 2(1 - A+ A%) I—X+ X2 |
0 0 0 5
hence
- 3z3 z? 3 22 (1 —2N)zomy

A TGRS WS oy Rl R WL B WIS UL WS B W

3 (G -Nw)’ 3,
T 1 T—ata T T (1)
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and
foo(o, 1, T2, T3) = Alggo M (@o, 71, T2, 13) = — (2] + 22022 — 73) -

We write the equations in inhomogeneous coordinates as

- x? (y—A+1/2)2 22
f)\(xayaz> f>\( ,LL’,y,Z) 1_)\+ 1— N4+ )2 + by ’

(T z:—;olx 2) =2 — 22+ 2y. O
fool(,y,2) foo(1L, 2,9, 2) Y

Corollary 3. a) Every quadric Qy and the extended oloid O are symmetric with respect to
the planes © =0 and z = 0.

b) The azial symmetries (x,y,z) — (z,—y,x) and (z,y,z) — (—z,—y,—x) exchange the
quadrics Qy and Q1_.

Proof. a) Since fi(—x,y,2) = falz,y, 2) and fr(z,y,—2) = fa(x,y, 2), every quadric is sym-

metric with respect to x = 0 and z = 0. The symmetry of O with respect to these planes
follows immediately.

b) From
I e ST
2 (_y —AT 1/2)2 + $_2 —1= f)\(za —y,l’)

) 1T— A+ A2 )

and fy(x,y,z) = fi_a(z, —y, x) follows that the isometry (x,y, z) — (z, —y, z) exchanges the
quadrics Q, and Q;_,, while all points (¢,0,¢) with ¢ € R remain fixed. The same holds for
(x,y,2) — (—z,—y, —x), which fixes all points (¢, 0, —t). O

Table 1: Types of contacting quadrics Q)

Parameter Equation of Q) Type of QO

2 — 1/2)2 22
% + W - 2—2 =1 | Hyperboloid of one sheet

A=0 |22+ (y+1/2)2=1A 2=0] Circle ky
2 (- A+12? 2

A<0

0<A<l1 =1 | Ellipsoid

a? b2 c?
A= (y—1/2)2+22=1 A z=0 | Circle kp
_ 2 2 2
A>1 W=A+1/2) +2 -2 o Hyperboloid of one sheet
b2 2 a?
A = 00 22— 2242y =0 Hyperbolic paraboloid

Table 1 shows the classification of the quadrics Qy, A € RU{o0}, in the Euclidean space.
In this table the abbreviations a? := |1 — \|, b := 1 — A+ A\? > 0 and ¢ := |\| are used.

A point of the circle k4 is given by

A= (on(t), 0n(t), a5(t))  with an(t) =sint, as(t) =—3 —cost, as(t) =0.
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There are two points By, B, of the circle kg such that the connecting lines AB; and AB; are
generators of O:

B, = (Bl(t)v 52(t>7ﬁ3(t)) ) By = (Bl(t)v 52@)7 _53(t)) )

where
1 cost V14 2cost
1) = = _ 7" =~
Ai(t) =0, B(?) 2 1+4cost’ Bs(t) 1+ cost

(see [3, pp. 106-107]). Hence, for fixed t € [—27/3,27/3], a parametrization of the line AB,

is
wi(m,t) == (1 —m)ay(t) + mp;(t), i =1,2,3, with m € R.

We obtain
wi(m,t) = (1 —m)sint,
2(m — 1) cos®*t + (2m — 3) cost + 2m — 1
t) =
wa(m:t) 2(1 + cost) ’ (2)
m+/1+42cost
ws(m,t) = :
1+ cost
Consequently,
1) z=w(m,t), =wo(m,t), z= w3(m,t),
) 1lm, ),y = walm, 1) s(m, ) t e [-2n/3,2n/3], m € R,
2) x:wl(mat)> y:w2(mat)> Z:—W3(m,t )

is a parametrization of O with the generators as m-lines. The restriction of m to the interval
0, 1] yields the oloid in the narrow sense, which is the convex hull of k4 and k.

Corollary 4. For a fized value of A € R, we can parametrize the touching curve Cy between
O and Q) as
m(A\t) if t e [-2n/3,21/3],

YA 2): [27/3, 2n] - R®, t = y(\t) = { (N t) i t e (2n)3, 27,

where
’}/1()\,t) = (Hl()\,t), HQ()\,T,), Iig()\,t)) y
72()‘7t) = (Hl(Av 47T/3 - t)v ’%2()\7 47T/3 o t)? _H3()‘7 47T/3 - t)) )
and
_ (I1=XA)sint 2 =1+ (A —=2)cost  AV1+2cost
At = 14+ Acost ’ ra(At) = 2(1+ Acost) (A ) = 14+ Acost

Proof. For a fixed t the generator
Ly={(x,y,2) R’ |z =wi(m,1), y = wa(m, 1), 2 = ws(m, t); m € R}
of O is tangent to Q) for one value m of m. As a double root of the equation

falwi(m, 1), wa(m,t), ws(m,t)) =0
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we find

_ _ A(1+cost)
=D = et
and consequently
(1= X)sint 2A =1+ (A —2)cost
wi(Y(A 1)) = 1+ \cost wa((A,8),8) = 2(1 + Acost) ’
M/ Zcost
sl 0,0 = st

We put k(A1) :==w;((A, 1), t) for j = 1,2,3. This yields
(A t) = (Hl()\,t), Ka(A, 1), Iig()\,t))

as the contact point between £; and Q, for all lines £; with ¢t € [-27/3, 27/3]. Due to the
symmetry of O with respect to the plane z = 0, we have

L 47 47 4am
’72()\,15) = (K,l ()\, ? —t), /€2<)\, ? —t), —Kg()\ ? —t))
if t € (27/3, 27]. Obviously,
V2N, 2m/3) = y1(A,27/3)  and (A, 2m) = Y1 (A, —27/3)
for every A € R. O

Examples with contacting quadric and touching curves are shown in the Figures 2 and 3.

Remark 2. In the special case A = 1/2 one gets the equations of the central inscribed ellipsoid,
as mentioned in [3, p. 115, Eq. (27)].

3. Properties of the touching curves C)

From Corollary 3 follows that all touching curves C, are symmetric with respect to the planes
x =0 and z = 0. We denote by X;, X5 the intersection points of C, with the plane x = 0,
and by Z;, Z5 those with the plane z = 0, and find

X0 = 2000) = (0,38 VN = 0 2= (YN, )
X0 =100 ) = (0,20 V) )= 9z = (Y, o),

"3 2(14+A)7 14+ 2—-X 22—
(3)
One easily finds a parametrization 7, of the tangent to C, at the point (A, t):
{(z,y,2) e R¥ |z = (N t, 1), y = 72\, t, ),
z=m13(\t,p); peR} if te[-2n/3,271/3],
Ta(t) = (4)

)€R3‘1’271()\, %T_ta :U)a y:TQ()‘a %T_ta :U)a
—7'3()\, T —t,p); peR} i te(2m/3,2n],

{(z,

||@

with de (0t
Tj()\atnu“) :'%J()‘?t)_l_lu“"{'j()\at)a "%'j = % for ]: 1a2>3>
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Figure 2: Touching curves Cy for A =0, 0.1, 0.2,..., 0.9, 1, and the ellipsoid Qg 3 in the
box —1.5 < x,y, z < 1.5; the dashed line belongs to C 3.

where

(I —A)(A+cost) in(A 1) = (1 =X+ A?)sint
(1+Acost)2 = 277 (1 + Acost)?
(A1) = AA(1 + cost) — 1] sint

S (14 Acost)2/1+2cost

Now we consider the function 1 4+ A cost in the denominators of k1, ko, k3. It vanishes in the
interval [—27/3, 27 /3] for t = arccos(—1/A) if A € R\ (—1,2). (For A = —1, we have t = 0;
and for A = 2, t = +£27/3.) 1+ Acost has no zeros in [—27/3, 27 /3] if A € (—1,2). Therefore,
K1, kg, k3 are continuous functions if A € (—1,2); they are not continuous if A € R\ (-1, 2).
So we have to distinguish the following cases:

/%}1()\, t) —

Case 1, —1 < A < 2: Since k1, kg, k3 are continuous functions, and

Yo(A, 27/3) = Z1(A) = (N, 27 /3), 72(A, 27) = Za(A) = (A, —27/3),

the curve C, is closed (see Figure 2).

Case 2, A € R\ [—1,2] : The parametrization (A, t) of Cy has poles for

1 1 47 1 47 1
t; = —arccos -3 ty = arccos -3 t3 = 5 - arccos ) ty = 3 -+ arccos -3/

Therefore, C, consists of four branches. We calculate the asymptotes of C, at the poles.
For t € [—2m/3, 2n/3] the tangent T,(t) intersects the plane x = 0 at the point with the
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Figure 3: Extended oloid O (left) and hyperboloid Q4 (right) together with the touching
curve C4 (solid lines) and the four common generators G;(4), j = 1,2, 3,4, (dashed lines)
within the box —4 < x,y,z < 4.

coordinates
fia(\, 1) A—2+ (2\ — 1) cost
= ro(\, 1) — At) =
y = ra(\ 1) fer (M, £) r1(A1) 2(\ + cost) 7
W) A(1+ cost + cos®t)
= K3(\, t) — = At) = )
z = K3(\, 1) 1) r(Ast) (A4 cost) VI + 2cost
and z =0 at
_ ) A= D+ cost + cos?)
€Tr = /{1()\,75) /%3()\’75) /‘433(>\7t) - [)\(1 4 COSt) _ 1] sint
ey D TR e
v =m0 = e o M = TR eost) - 1]

For t = t; one finds that the asymptote 7,(¢;) intersects the plane z = 0 at the point

( (e [T 2w
z = —— PR — -
SR (N Wy v X2 o(h—2) )

and the plane x = 0 at

Gz = 0 I—4X+ A7 1—- X4\ A
T1,Y1,%21) = ) 2()\2_1) ) A2 —1 \—2

Hence, a parametrization A;(\) of the asymptote T, (t1) is
AN = {(z,y,2) €R? ’ r=1(\v), y="n\v), z="7\v); veR}
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with
5 3 1—A+ N 1
T1(>\,I/)Z:x1+y($1—$1):m 1—ﬁ(1—y),
. . 2 — 2\ — \? 1— X+ \2)?
7—2()\71/) = yl‘l‘l/(yl_yl): 2)\(}\_2) V)\(()\_2)()\2_>1)7
-+ N A

BAV)=zntv(Zi—z)=v 2 —1 A—2°

In order to abbreviate the notation, we set
AN ={(F(\,v), (AN, v), T3(\,v))|v eR}.

The remaining asymptotes are

t=ty: A(N) ={(—11(\,v), (N, v), T3s(\,v)) | v € R},
t=t3: As(A\) ={(—(\,v), =\, v), —T3(\,v))|v € R},
t=ty: AN ={((\v), (N v), —T3(\,v)) | v € R}.

169

Figure 4 shows as an example two projections of the touching curve C_; 4 (thick lines). The
projection onto the plane z = 0 (see left-hand picture) is part of a hyperbola with the center

(y = 71/238 ~ 0.208, = = 0).
Case 3, A = 00 : For 7*(t) := lim)_o ¥(A, t) one easily finds

v [=2m/3, 2n] — R, t s At(t) = {

with

M) = (ri(1), K1), K3(1))

vi(t) ifte[-2n/3, 2m/3],
vs(t) ift € (2n/3, 27,

Figure 4: Projections of C_; 4 and its asymptotes Ax(—1.4), k = 1,2, 3,4, onto the planes

x =0 and y = 0, within the box —12 < z,y, 2z < 12.
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where
. . 1 1
Ki(t) = limy oo k1 (A, 1) = —tant,  k5(t) = limy o0 k2(\, t) = 5T ol
cos
) V1+2cost
k3(t) = limy o0 k3( A\, 1) = ———.
cost
The parametrization v*(t) of C has poles for
m T 4w  om 47w 11w
1 9 2 9 3 3 2 6’ 4 3 + 2 6 '

Figure 5: Projections of Cs, and its asymptotes Ag(o0), k = 1,2,3,4, onto the planes
x =0 and y = 0 within the box —5 < x,y,z < 5.

For the asymptotes of C,, we find
Alim AN ={(v—-1,v—-1/2,v) |v e R}, /\lim AN ={(1—-v,v—1/2,v) |v € R},
—00 — 00
)\lim As(N) = {1 —-v,v—1/2, —v) |v € R}, /\lim AN ={(v—-1,v—1/2, —v) |v € R}.
—00 —00
By virtue of (3), the intersection points with the planes of symmetry are
lim Xi(\) = (0, 3/2, \/§) lim Zy()) = (ﬁ ~3/2, o),
A—00 A—00
lim X,(0) = (0, 3/2, —V3), lim Z00) = (-3, =3/2, 0).
A—00 A—00
From the parametrization v*(t) of Co, we have

1 — cos?t 1 1 1+ 2cost
2 2 2
* an Y 2+cost’ y cos?t
After the elimination of cost we find the following algebraic equations of the projections of
Coo onto the planes x =0, y =0, and z = 0:
r=0: (y+1/2)?-22=1, (5)
y=0: (2 —2%)*—-2(2*+2%) =3, (6)

z=0: (y—1/2%—-2*=1. (7)
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The Egs. (5) and (7) define hyperbolas with the respective centers (0, —1/2, 0) and (0, 1/2, 0).
The actual projection of Cs, onto the plane z = 0 (plotted with thick lines) is part of the
hyperbola (5).

Case 4, A € {—1,2} : C, consists of two branches. From (3) follows for A = —1

lim X, (=1 —¢) = (0,00,00),  lim Xy(=1 +¢) = (0, =00, —00),
lim X5(—1 —¢) = (0,00, =00}, lim Xp(—=1+¢) = (0, =00, 00),
Zi(—1) = (2/v/3, —1/2, 0), Zy(—1) = (=2/V3, —1/2,0),
and for A = 2,
X1(2) = (0, 1/2, 2/V3), X5(2) = (0, 1/2, —=2/V/3),

ll_f)f(l) Z1(2 —¢) = (—00,00,0), l% Z1(2+¢€) = (00, —00,0),
lim Z5(2 — ¢) = (00, 0, 0), lim Z5(2 4 ¢) = (—o00, —0,0) .
e—0 e—0

4. The edge of regression

In the following we denote by R the edge of regression of the developable surface O (see |8,
pp. 119-125], and Figure 1).

Theorem 5. Fort € [—27/3, 21/3], the parametric equations of R are given by

0 sint — tant t) 2+ 3cost — 3cos?t — 2cos>t
:L' = = - g =
9 3 S 6(1 4 cost) cost ’
1 4 2cost)?/?
z::tgg(t)::t( + 2 cost)

3(1 + cost)cost

Proof. R is the solution of the system of equations

0 , 2
f)\(x7y7z> :Ou f)/\(xvyvz):afk(x7y7z):07 )\/(x7y7z>:Wf)\(xay7z>:O

with variable A (see [2, pp. 523-524]). Since the touching curve C, is the intersection curve
of the quadric Q) and the quadric defined by fi(x,y, z) = 0, the parametric functions sy, ka,
k3 of Cy are not only solutions of

(k1N 1), ka(N 1), k3(A, 1)) = 0, but also of  f5(k1(A, ), ke (A, t), k3(A, 1)) =0.
Furthermore, one finds

72 3P A— DA —y (2 —=3X —3X2 +2)3) 2?2 9N —1)A

" _ e L A —
)\(x7y7z)_(1_>\)3+ (1_>\+)\2>3 >\3 (1_)\+)\2>3
We solve the equation f{(k1(A,t), ka(A, 1), k3(A, 1)) = 0 for A and obtain
1+ 2cost
A=o(t) =

(2 + cost)cost

This yields z = g1(t), y = g2(t), z = g3(t), where g;(t) := 5;(4(t),t) for j = 1,2,3. Due
to the symmetry of O with respect to the plane z = 0, we also have x = ¢1(t), y = g2(¢),
z = —gs(t). O
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Corollary 6. In terms of the parameter X\, the edge of regression is given by

R = {(r1(A), r2(A), r3(A)) [A € RA[0, 1} U {(=r1(A), m2(A), 73(A)) [ A € R\ [0, 1]}
U (=71 (A), m2(A), =r5(A) [A € R\ [0, 1]} U {(r1(A), m2(A), =r3(A)) [A € RA[0, 1]},

where

N 42X =24+ (A=2)p(N)

r ()\) _ \/()‘_ 1)3 [2—)\+20()\)]
! IN[2 = A+ p(N)] ’

eoary 0 WS

ra() = B X_A f;p? ;) 2001 0 = san(\) VI AT e,

Proof. We consider the function

1+ 2cost

¢: [2m/3,2x/3] — R, ¢ — ¢(t) = (24 cost) cost’

used in the proof of Theorem 5. We denote by ¢; the restriction of ¢ to the interval (—27/3,0),
and by ¢ the restriction of ¢ to (0,27/3). One easily finds the respective inverse functions

61" (A) = —arccos M . 63" (A) = arccos M
with p(A) :=sgn(A\) VI — XA+ A2 and A € R\ [0, 1], hence
RO = (o () = YO ;é)i[i;j)&;p S
() = ma(h o) = SR 2L ORI,
o) 1= m (.67 0) = WAL= BT,

and
ri(A 03 (V) = =ri(A), ma(X, 931 (N) = 72N, ms(A o5t (N) =13(N).

This implies z = £r1(\), y = r2(A\), 2 = r3(A\), and, due to the symmetry of O with respect
to the plane z = 0, also © = £r1(A), y = ra2(A), z = —r3(A). O

5. The self-polar tetrahedron

Theorem 7. The faces of the common self-polar tetrahedron P of the inscribed quadrics Q)
are formed by the planes 1 = 0, 3 = 0, 225 = /3 iz, and 2z, = —/3 iz.

Proof. In a tangential system of quadrics there are four which degenerate to conics, and their
planes are the faces of the common self-polar tetrahedron [6, pp. 205], [7, p. 254], or [1, p. 136].
Q, degenerates if in (1) one of the denominators in fy (g, 21, &3, x3) vanishes.

For A = 0 follows 22 = 0, and therefore the plane x3 = 0 delivers the first face of the
tetrahedron P. For A = 1 we have z? = 0, and therefore z; = 0 is the second face of P.
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The two remaining faces correspond to the roots of the equation 1 — X + A2 = 0, i.e., to
M= (1+iv3)/2and Ay = (1 —1v/3)/2. So we have

(LL’Q + (% - )\1)5(70)2 = (LL’Q — §i$0)2 = 0, (LL’Q + (% - )\2)1’0)2 = (LL’Q + ? iSL’Q)2 =0.
Hence, the planes 2z, = v/3izy and 225 = —v/3iz, are the remaining two faces of P. O

The degenerate quadrics Qg and Q; are the circles k4 and kg, respectively. The conics of the
degenerate quadrics Q), and Q,, have the equations

1 V3
(o)

6. Common generating lines of Q) and O

fAl(:z:,y,z): 2+ 2 -1, fAz(x>y>Z): 2+ - L

Only two of the conic sections Qp, Q1, Qy,, Qy, are real. Therefore (see [6, p. 206]), the
quadrics Q) are divided into two sets; one of these sets consists of ruled surfaces, each having
four common generating lines with the developable surface O. Clearly, these ruled surfaces
are the one-sheeted hyperboloids Qy, A € R\ [0, 1], and the hyperbolic paraboloid Q...

Theorem 8. (i) For fized value of A € R\ [0,1], the four common generating lines of the
one-sheeted hyperboloid Q and the extended oloid O are

gl()‘) = {( @1(771, )‘)> @2(ma )‘)> 0’53(771, )‘)) |m GR}a
QQ()‘) = { (_wl(ma )‘)> @2(ma )‘)> 0’53(771, )‘)) | m e R} s
g3()‘) = { (_wl(ma )‘)> @2(ma )‘)> —@3(771, )‘)) | me R} s
g4()‘) = { ( @1(771, )‘)> @2(ma )‘)> —@3(771, )‘)) | m e R} s
with

ajl(m7 )\) _ (1 . m) \/()‘ B 1)(3‘_)\|)‘ + 2p0‘)) ’

_ - N—2-2p(0)  2A—1—p())
wWa(m, A) = (1 —m) o +m 20T 00))

sen()) V3B AT 200

aj3(m7 )‘> =m 1 +p()\) )

where p(A) = sgn(A\) V1 — A+ A2,
(ii) Gi(A), G2(A), G3(N), Gu(A) are the tangents to R, and to Cy, in the respective points

Pi(A) = (ri(A),m2(A),13(N), Pa(A) = (=r1(A), m2(A), m3(N))
Py(A) = (=11(A), m2(A), =13(A)) 5 Pa(A) = (r1(A), r2(A), =73(A))

with r;(X) according to Corollary 6 for j =1,2,3.
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Proof. (i) As already known, the parametric equations of the generating lines of O are

x= wi(m,t) =1—m)sint,
1 1 cost
- st =1 () )
Yy wo(m,t) = (1 —m) 5 cost | +m 5~ T+ cost
Z::l:w3(m’t): iw
1+ cost

We substitute ©z = wi(m,t), y = wa(m,t), 2 = ws(m,t) in fr(z,y,z) = 0 and solve this
equation for ¢. Thus, we find

N . NI s v
t ==+t(\) with t()\):arccos1 At /\1 A—I—)\.

Since we are only interested in real solutions, we can write

I =X+ p(N)
A

t(A\) = arccos

with the function p from Corollary 6. This implies

VO=DE =X+ 500)

Al ’

A—2—2p(}) 20 —1—p(})
1—m) 22— 2P\ AT T AR
(1= m) 2\ TN
sgn(A) VA2 — A+ 2p(N))

L+ p(A)
We put @j(m, \) = w;j(m, —t(\)) for j = 1,2,3. This yields G;()\) and Gy()\). Due to the
symmetry of Q) and O with respect to the plane z = 0, the lines G3(\) and G4(\) follow.

wi(m, £t(N\)) = £(1 —m)

way(m, £E(N))

wy(m, £t(N)) =

(ii) By virtue of (4), the tangent
ﬂ(t) = {(7_1()" t,,U), 7_2()" tnu)’ 7_3()‘>ta ,u)) | IS R} , te [_27T/3> 2W/3] )

to C, is a generating line of Q) for all values of ¢ that are solutions of

I (Nt ), 7o (At ), m3(N t, 1) = 0.

One finds t = +£()\) with £()\) from (8). At first we consider only t = —#()\). Calculation
shows that

k(A —t(\) =r;(N), j=1,2,3.
Hence, the tangent 7M(\) := TA(—£()\)) touches Cy at the point Py(\) = (r1(N), ra(N),
r3(\)) € R. According to [2, p. 489], T™W()) is equal to the tangent to R at this point. The
common generating lines are tangents to the edge of regression [6, p. 206]. Thus one finds

1+ p(N)
2—A+p(A)

G1(N). Due to symmetry with respect to the planes = 0 and z = 0,

w;(Mm(A),X) =r;(A) for j =1,2,3, where m(A) :=

It follows that 7™M () =
A =T,

with 7; (A, p) :== 7;( i) we also have
TAW) = {(=n(\ ), (A p), (A p) [neER} = G(N),
TOW) = {7\ 1), 2\ 1), =\, 1) [ 1 € R} = Gs(N),
TOWN) = {( A ), 2\ w), =T\ w) [neR} = Gi(N). 0
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As an example, Figure 3 shows the common generating lines G;(4), G2(4), G3(4), G4(4) of
Q, and O.

7. The development of O

Now we consider the development of the extended oloid O onto its tangent plane E. For
this, we define a cartesian (£, n)-coordinate system in E as follows: Let E touch O along the
generating line

Ly = {wi(m,0), we(m,0), —wsz(m,0) | m € R}

(see (2) and the proof of Corollary 4). Then L, is the n-axis, and the line perpendicular to
Ly at the point m = 0 is the £-axis.

Any curve C C O is developed onto a plane curve C* C E. A parametrization of C* by the
arc length ¢ of the double circular arc Cy can be obtained from the vector transformation in
[3, p. 114, Theorem 4]. For the sake of brevity, we set in the following ¢ = cost and s = sin ;
while |-| denotes the integer part of ‘-’

Theorem 9. The development of the touching curve Cy into the plane E is the curve
Cx = {(s1(\ 1), k3(A 1)) [t € R}
with the parametrization

31t EJ Am +sgn(h(t)) - B\ R(E), K3\ t) = Ra(N, A(t)),

K1\ t) = sgn(t) - {4% + 2| 33

where

Ri(At) = 23 arccos V2c + (1—2)) s| v/2(1 +20)

DR Vite (1+ X)) VI+c ’
V3 2 4+ TA+ (1IN —4)c
9 (1 + )

Fa(M1) = =~ "Tre 1+ Ac
B 3¢ 1] 4w
h(t) =t —sgn(t) - {EjLiJ 3

Proof. After the substitution x = k1 (A, t), y = k2(\, 1), 2 = —kr3(A, t) (see Corollary 4) in the
vector transformation [3, p. 114, Theorem 4], a straight-forward calculation yields

2\/§<arccos Vie | (1-2))s 2(1—0—20))

E=m\t) == Vite (Ltrgvirte
V3 <1 2 +4+7A+(11A—4)C)

= Ro(A\, ) = —
n=FRe(A ) =g \In 1+ Ae
Ra(A,t) is valid for t € [—27/3, 2w /3]. The periodic continuation of Ry(\,t) gives k3(A, 1),
which is valid for ¢ € R.
F1(A, 1) is valid only for ¢ € [0, 27/3]. The restriction of £7(A, t) to t € [-27/3, 27/3] must
be an odd function. Replacing sint by [sint| in &1(\, 1), we get the even function &i(\, ),
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n A=1
3

O

/=0
6 g &

A=0.5

Figure 6: The curves C§ for A =0, 0.1, 0.2,..., 0.9, 1

t € [—2n/3, 2m/3]. Now, k(A t) :=sgn(t) - K1(A, ) is the required restriction of xk}(\, ). We
get

KT\, 21 /3) — K{(\, —27/3) = Wk

and therefore, using the step function

sgn(t) - LM X }J AT

dr 2| 343’

we have found k7 (A, t), valid for ¢t € R. O

Examples of curves C; with A € [0,1] are shown in Figure 6. The curve C% and the
development of the edge of regression R are shown in Figure 7.

Figure 7: C% (thick), development of R (thin), Cj and C} (dashed)
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