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Abstract. Rational trigonometry is a purely algebraic approach to trigonome-
try which uses quadrance and spread instead of distance and angle for metrical
measurements. In this paper we introduce a variant called vector trigonometry,
which is useful for planar applied engineering problems where vector quantities
are involved. We derive basic trigonometric laws involving rotor coordinates of
length and half-slope.
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1. Introduction

Rational trigonometry, introduced in 2005 in [8], see also [9], is a purely algebraic approach
to trigonometry which uses quadrance and spread instead of distance and angle for metrical
measurements. This approach has now led to a range of new developments in planar Euclidean
geometry [5], [6], chromogeometry [10], [11], and non-Euclidean geometries [12], [13], [14], [15],
[1], and [2].

In this paper we introduce a variant of rational trigonometry called vector trigonometry,
which is useful for planar applied engineering problems where vector quantities are involved.
This is an applications oriented framework which replaces the usual polar coordinates r and
0 of a vector v with rotor coordinates r and h, and we write v = |r, h). The quantity r
is the usual length, so this trigonometry does have an approximate aspect, in that approxi-
mate square roots will be needed. The half-slope h may be defined in terms of the rational
parametrization of the unit circle ¢y with equation 22 + y? = 1, given by

o(h) = G%Z? %) = (C(h), S(h)). (1)

We say that h is the half-slope of the vector v = e(h), or any positive multiple of v. It turns
out that A = tan (6/2); but the actual definition is independent of both angles and circular

functions. Figure 1 shows a vector v and its half-slope h, viewed geometrically.
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Figure 1: Rotor coordinates |r, h) Figure 2: Rational parametrization
for v = (z,y) of the unit circle

Aspects of this theory will be familiar to readers, coming from stereographic projection and
the projective rational parametrization of a conic, and connecting to the Cayley transform of
linear algebra, and also to well-known trigonometric formulas. The half-slope as the quantity
tan (0/2) is implicit in the Weierstrass substitution when integrating circular functions, and
has also historically played an important role in kinematics. In fact the kinematic mapping
developed by W. BLASCHKE and J. GRUNWALD (1911) maps the point (x,y, z) of Euclidean
3-space onto the rotation in the plane z = 0 with center (x,y) and angle 6 such that z =
cot (6/2) = 1/h (see [4, p. 399ff], [3]). The present paper attempts to frame the corresponding
trigonometry, avoiding transcendental functions, and hence allowing a wider range of practical
examples and computations with vectors, even by hand.

1.1. A quick review of RT

We now give a brief overview of the principal notions of Euclidean rational trigonometry
(8], [9]) and then introduce the corresponding ideas for vector trigonometry. Given a vector
v = (z,y), its quadrance is the number Q(v) = 22 + y*. Length is then regarded as a
secondary concept, namely the square root of the quadrance. Given two vectors vi = (z1,y1)
and vy = (x9,99), the spread between them is the number

(T13y2 — x2y1)2 (2)
(o1 + i) (23 +3)
The spread s(vy,vs) is the square of the usual sine of an angle between v; and vg, but
pleasantly requires no prior definitions of angular measure or circular functions. The purely
algebraic aspect means that quadrance and spread are valid concepts over a general field F,
and in fact they can be framed in more general geometries built from other bilinear forms.

If lines 3 and [y have direction vectors v; and vy, then we define s (ly,ly) = s(vy,va).

Note that this quantity is independent of order or orientation, and of re-scaling; the spread
is really defined between lines, not rays. There are some closely related secondary concepts.
The cross between the two lines is

S (Vl, Vg)

(w129 + y1y2)2
(23 +y7) (23 + v3)

C(ll,lg)E :l—S(ll,lg)

while the twist is

t(l1, 1) = s (l1,19) _ (212 — xzyl)z
b c(ly,lz) (2129 +y1y2)2 '
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Since the twist is always a square, we define also the turn

T1Y2 — T2l

ly,1
ulh, ) T1%2 + Y1y

which is an oriented quantity; in fact u (lo, 1) = —u (l1,l3). These concepts were introduced
and applied in [8].

In this paper we introduce a directed version of these ideas, allowing us to define a
trigonometry on the (oriented) vectors themselves. This is well-suited for practical engineer-
ing and scientific applications in which direction plays a role. We will develop some basic
trigonometry with this new technology, and see that the associated algebra itself is quite
symmetrical and pleasant.

2. The unit circle and the Cayley transform

Polar coordinates arise from the transcendental parametrization of the unit circle ¢y with
equation x? + y* = 1 given by ¢(0) = (cosf, sinf). In practice this generates vectors which
are only approrimately of unit length. There is a much older, and more exact, rational
parametrization:

e(h) = (C(h), S(h)) (3)

where

(4)

are the capital C' and capital S functions respectively.

This implicitly goes back to Euclid’s construction of Pythagorean triples. Geometrically
e(h) is the point where the line [ through [—1,0] and [0, A] meets ¢y. If b is rational, then [
will have rational coordinates, and since one of its meets with ¢y is rational, the other will be
also. The converse also holds; any rational point on ¢y is of the form e(h), provided we also
allow h to take on the extended value oo, so that e(co) = (—1,0). Other common examples
are e¢(0) = (1,0), e(1) = (0,1) and e(—1) = (0, —1).

The rational parametrization has a modern formulation in terms of linear algebra. If X
is a skew-symmetric matrix for which I 4+ X is invertible, then the Cayley transform of X
may be defined to be the orthogonal matrix

In the 2 x 2 case, if

X = (2 _Oh) then ¢(X) = (_S(hh) g(h)) = oy (5)

Too = <_01 —01> ! (6)

which is consistent (in a limiting sense) with h = oo, then the orthogonal matrices oy, for h
an extended rational number (that is, including the value oo) bijectively represent rational
rotations. This gives us an algebraic alternative to the usual complex exponential map between
the line and the group of rotations.

If we also define
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3. The rational functions C, S, T' and M

The capital C' and S functions C'(h) and S(h) given by (4) may be combined to define the
capital T function

S(h)  2h

C(h)  1-—h2"

These three functions have graphs, over the rational numbers, as shown in Figure 3.

-
S(h)
C(h/
| | | 0 | |
-4 -3 -2 -1

T(h)

T(h) =

-5

27

Figure 3: Graphs of C(h), S(h) and T (h)

They satisfy analogs of well-known properties of the transcendental circular functions
cos @, sinf and tan . The most obvious such relations are
C(h)*+S(h)*=1 (7)
together with the symmetry conditions
C(=h)=C(h), S(=h)=-=S(h) and T(—h)=-T(h).

Another important function is the capital M function

(h)Em:

whose main significance is that it describes the rotationally invariant measure on the circle.
It is also involved in the following formulas.

Theorem 1 (C and S derivative). The derivatives of C' and S are

ac as
—(h) = =S(h)M(h d —(h)=C(h)M(h).
o (h) = —SUM(R) and () = CUM(R)
Proof. This is a first-year calculus computation. O

Theorem 2 (C and S second order derivative). Both C(h) and S(h) satisfy the second order

differential equation
1 d 1 df B
M(h) %(M(h) %) f=0

Proof. This follows by combining both formulas of the previous theorem. O
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4. Rotor coordinates

If h is a rational number, then e(h) = (C'(h), S(h)) is a rational vector of unit length. For
any rational number r > 0, the vector v = re(h) is then also a rational vector, and the usual
Cartesian coordinates for v are

1—h? 2h
xr=TrT (m) and y=r (m) . (8)

r=r(v) =22+ y? (9)

The number

is the length of v, and
h=h(v)

is the half-slope of v. In the special case of w = (0,—1), we define h(rw) = oo for any
r > 0.
The quantities » and h determine v, and will be called rotor coordinates for v, written

v=|rh).

The above formulas extend to more general vectors v = (z,y), but in this case r will typically
exist in a quadratic extension of the field containing x and gy, which also contains h because
of the following important result. We give two proofs.

Theorem 3 (Half-slope formula). If v = (z,y) has length r = \/x? + y? and y # 0, then

h(v) =" ; a (10)

Proof. To find h = h (v), normalize to obtain the unit vector

=7
r \r’r

which is collinear with the vectors (—1,0) and (0,%) as in Figure 1. It follows from similar
triangles that

h y/r Yy r—=x

1:1+:L’/r_r+x— Yy

the last equality since y? = r? — 2%, Alternatively, use (8) to see that

r—x_1+h2 1—h2_
y  2h o2h

h. O

In the special case when y = 0, the half-slope A is either 0 or oo, depending on whether
x is positive or negative. In a diagram we represent the half-slope h of a vector v as shown
in Figure 1.
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5. Examples of half-slopes for unit vectors

Rotor coordinates describe rational vectors in the plane without prior set-up of the full real
number system. They provide a useful, simpler and often more powerful alternative to polar
coordinates.

The table below gives some examples of unit vectors v = (z,y), so that r = 1, together
with their half-slopes h = h (v), and their corresponding angles 6, where we write § ~ h. We
restrict to the cases for which h is positive, so that y > 0, with corresponding angles 6 in the
range 0 < 6 < 180°. If we negate a half-slope, then the corresponding angle is also negated.

Unit vector v Half-slope h Angle 0

1- 1/\/§ _ _ o

(1/v2, 1/v?2) e V2 -1 45
(~1/v2, 1/v/2) fléf —V2+1 | 135
1—+3/2 o

(V3/2, 1/2) G =2-v3 | 30
(—v/3/2, 1/2) LR _gp v | s0r
1-1/2 o

(1/2, V3/2) e = 1/V3 60

- 1+1/2 o
(—1/2, V3/2) NeTE =3 120

(\/54—1’ 101’2\/5) 5_2\/3 720
(‘“i‘l, 104‘2“5) 5+ 2v/5 144°

6. Projective formulation and the circle sum

While the half-slope h is very convenient for applications, having to treat the special case
h = oo separately becomes an inconvenience for theoretical work. This may be overcome
by moving to the more natural projective parametrization of the unit circle, which we now
explain.

The projective line over the rationals consists of proportions

a=[t:u

where ¢ and u are rational numbers, not both zero. By scaling these may be taken to be
integers. The rational half-slope h = h(v) = t/u of a vector v corresponds to the projective
half-slope

a(v)=[h:1] =1t u

while the extended rational half-slope h = h (w) = oo of the vector w = (—1,0) corresponds
to the projective half-slope

a(w)=[1:0].
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In this way both cases can be dealt with uniformly. The bijection between projective half-
slopes and the unit circle is

e([t:u])

w? — 12 2ut
w2+ 2w+ £

In parallel with (5), for a proportion o = [t : u] define the rotation matrix

1 w? —t*  2ut
Ta (u2 +t2) \ —2ut u? —t?

acting on a (row) vector v = (x,y) on the right by v.— vo, . Here is a key theorem.

Theorem 4 (Circle sum). If a1 = [ty : uy] and agy = [ty : us] then
Oy Oay = Oa

where
a = [urty + usty : ugus — tite] = g B g

defines the circle sum of the two proportions oy and as.

Proof. Note first that the circle sum a = a1 @ as is well-defined, in that if we scale the entries
in either oy or aw, the proportion « is unchanged, and because Fibonacci’s identity

(urty +ugty)® + (tits — ugug)? = (5 +ui) (3 + u3) (11)

ensures that the entries of o are not both zero. The latter also ensures that we need only

check that
U% — t% 2u1t1 u% — t% 2U2t2
—2U1t1 U% — t% _2u2t2 Ug — t%
_ (Ul’lLQ — t1t2)2 — (Ultg + UQt1)2 2(’&1U2 — tltg)(ultg + Ugtl)
—2(u1u2 — t1t2)(u1t2 + u2t1) (u1u2 - t1t2)2 — (u1t2 + u2t1)2 '

This in turns rests on the identities

(u% — t%) (ug — tg) — (2u1t1) (2u2t2) = (u1u2 — t1t2)2 — (Ultg -+ U2t1)2 (12)
(u% — t%) (2u2t2) + (2U1t1) (u% - t%) =2 (u1u2 — tltg) (u1t2 + u2t1) . (13)
[

The circle sum is associative (since it corresponds, by the theorem, to matrix multiplica-
tion), commutative, and has identity [0 : 1]. The inverse of [t : u] is [~ : u]. The map a — o,
defines a homomorphism between the group of projective half-slopes under circle sum, and
the multiplicative group of rational rotation matrices.

7. Rational circle sums and half-slope functions

When we restate the Circle sum theorem in terms of rational half-slopes h, we find that

0h10h2 = Op
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where

~ hi+hy
1—hyhy
This rational circle sum extends to values of oo by limiting arguments, or by going back
to the projective formulation. The identity is A = 0, and the inverse of h is —h, so that

(—=h1) & (=hy) = — (h1 & h2). (15)
Ezample 1. The half-slope that corresponds to an angle of 45° 4+ 30° = 75° is

(V2-1)+ (2—V3)

h:(Vﬁ_l)@(2_¢®::y_@@_¢)@_yﬁ):V§+V%_Vr_2
The addition formulas for C' and S are
C (h1 @ ha) = C (h1) C (ha) = S (h1) S (h2) (16)
S (h1® hg) = C (h1) S (ha) + C (hg) S (hy) (17)

which are essentially contained in the identities (12) and (13). The addition formula for T’
relates directly to the circle sum:

T (h1® hy) = 1T_(;;1)(}Z)TT(ZZ) =T (h1) ®T (hy)

and is a consequence of the identity

2h; 2ha
(i) () (25)
1-— hlhg — 1 1- hg
1_<h1+h2>2 L 2m 2h,
1 —hihe 1—h? 1— h2
The circle sum operation is commutative and also associative, so that

hi + hy + h3 — hihohs
hy @ hy) ® hs = hy & (hy @ hy) = 18
( 1D 2)@ 3 1@( 2 ® 3) 1— (h1h2+h2h3+hlh3) ( )

and similarly

hl + h2 + h3 + h4 - (hlhghg + h1h2h4 + h1h3h4 + h2h3h4)
1 — (hihs + hihg + hohs + hohy + hshy + hihs) + hihohshy

hy @ hy @ hs @ hy = (19)

Theorem 5 (Multiple circle sums). For any natural number n, any rational numbers
hi,ho,..., hy, and any natural number k in the range 1 < k < n, let

SkESk(hl,hQ,...,hn)E Z h“hwhlk
{i1,02,...,ik }C{1,2,-- ,n}

If n = 2m is even then

s1— 83+ -+ (=1)" SS9
i B he®--Dhy =+ (=1 oml
1—82—|—84—"'—|—(—1) Som

while if n = 2m + 1 is odd then

s1— 834+ (—=1)™Som11

hi®hy®---®h, = .
! 2 1—82+S4—"'+(—1)m82m
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Proof. We proceed by induction. We may check that for n = 1 and n = 2 the formulas are
correct. Assume they are true for n, and now to prove the corresponding formulas for n + 1,
for k in the range 1 < k < n+ 1 set

pr = pii (i, hoy oo By hygr) = Z hiyhiy « . Dy
{i1,92,...,i, }C{1,2,...,n+1}

If n = 2m then

s1—83+ -+ (=1)" lsg,
+h
( 1_52++(_1)m52m n+1

s1— 53+ + (=1)" lsom 1
1-— X h
( 1—82+"'+(—1)m82m n+1

(i ®he® - B hp) ® hpyq =

while if n = 2m + 1 then

1—52—|—S4—"'+(—1)52m

— +...+(_1)m52m+1 ’
1_ S1 S3 2z Xh
(1—82+S4—~-~+(—1) Som ntl

(31 _83+..-+(_1)m82m+1) +hn+1
(hy@®ho® - D hy) ®hpyy =

The induction then rests on two identities, the first when n = 2m being

(sl — s34+ (=)™ sZm_l) + 1=+ 4 (=1)"s0m) g1 = p1 — pi3 + -+ (=1)™ promi1

and the second when n = 2m + 1 being

(s1 =83+ -+ (=1)"somy1) + (L —s2+ 54— -+ (=1) S2m) b1 = p1 — p3 + - - -+ (=1)"™ pi2m1-
]

Taking the circle sum of h with itself yields a rational function of h which we call Uy (h),

namely
2h

1 — h?
Continuing, we get a sequence U, (h) of rational functions, which we call the half-slope
functions:

h®h= = Us(h).

3h — h3
4h — 4h3
h@h@h@h—m=U4(h)
Su—10u® +u®
h@h©h®h®h=T—57—F7=Us(h).

The pattern of binomial coefficients follows directly from the Multiple circle sums theorem.
These functions have been known for centuries (see [7, p. 155]), although our name for them
is new. They warrant more study.

Example 2. 1f we wish to bisect the sector created by two vectors vi and vy with h = h (v, va),
then we need find a half-slope k satisfying

2k
1—k2
This quadratic equation hk? + 2k — h = 0 has discriminant 4(1 + h?), so that we require 1 + h? to
be a square.

Us(k) =k @k = = h.
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Figure 4: Half-slope functions U, (red), Us (blue), and U, (green)

Example 3. If we wish to trisect the sector created by two vectors vy and vo with h = h (vy, va),
then we need find a half-slope k satisfying

3k — k3

= h.

This yields the cubic equation k* — 3hk? — 3k + h = 0 which we may transform in the usual way by
setting k =y + h to get

v =py+q
where p = 3 (1 + h2) and g = 2h (1 + hz). The discriminant 4p? — 27¢> is 108 (1 + h2)2.

Ezxample 4. Suppose we want to verify the half-slopes h associated to the fifth roots of unity. It
means solving Us(h) = 0, namely

5h —10h* + h° = h (h* — 10h? 4 5) = 0.

Besides the obvious solution h = 0, we also get h = :I:\/ 5 — 2/5, :l:\/ 5+ 2v/5, as in our earlier
table.

8. Half-slope transformations

Since this paper is oriented to applications, we will stick with the view of half-slopes as
extended rational numbers h, and refer to (14) as simply the circle sum. The reader should
have little difficulty in formulating projective versions if required.

Theorem 6 (Half-slope transformations). Suppose that the vector v has half-slope h. Then
the reflection of v in the x-axis has half-slope —h, the reflection of v in the y-axis has half-
slope h™!, the vector —v has half-slope —h~', while the reflection of v in the line y = x and
the rotation of v by a one-quarter of the full circle in the positive direction have respective

half-slopes

1—h and 1+h
1+h 1—h

Proof. These are easy calculations, such as

l®(-h)=— and 1®&h=—-. O
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The theorem can also be used to relate angle transformations to half-slope transforma-
tions. Denote 6 =~ h the relation between an angle and a half-slope as before. Then —0 ~ —h
and

o Nl o N—l
180 0 ~ h and  180° + 6 ~ h

o Nl—h o Nl—l—h
90 6’~—1 3 and 90 +6’~—1 5

Figure 5 shows the effect of reflections in the coordinate axes and the lines y = £x on the
half-slope h.

)
e((1+h)/(1-h)) e((1-h)/(1+h))
e(1/h) e(h)
-1 1 i
e(-1/h) e(-h)
e(-(1+h)/(1-h)) e(-(1-h)/(1+h))

Figure 5: Reflections and half-slopes

One can also easily check that

1 1

hl@hz =—(h1 @ hy).
Ezample 5. Many unit vectors, of interest already to the Pythagoreans, have corresponding angles
which do not have tidy values in the radian or degree systems, and so are seldom used in high school
examples or tests, despite their simplicity and attractiveness. For example the vector (3/5, 4/5) has
half-slope h = 1/2, the vector (4/5, 3/5) has h = 1/3, the vector (5/13, 12/13) has h = 2/3 and the
vector (12/13, 5/13) has h = 1/5.

Example 6. To find the product of the rotations o, corresponding to the unit vectors (3/5, 4/5)
and (5/13, 12/13), compute

| o=
DO +
X |eono

w0

o 7
1

)

- 0 —7/4\\ _1(-33 56
91/292/3 =914 =\ \7/4 0 ~ 65\ —56 —33)

FEzample 7. Here are a few rotor forms for non-unit vectors. If v = (1,2) then 7 = /5 and

Vh—1
2

N
Wl Do
—_

so that

h = ~ 0.61803

is the Golden ratio. If v = (2,1) then
h=V5—2=0.23607.
If v = (1,3) then r = /10 and

h = ~ 0.72076.

v10 -1
3

Clearly once we have found the length 7, (10) makes it easy to compute the half-slope h.
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9. Relative half-slopes between vectors

Up to now we have defined the half-slope of a single vector, which depends on the choice of

positive z-axis. We now define the half-slope between two vectors v; = |7y, hy) and
vy = | ra, ho), or their relative half-slope, to be
hy — hy
h=nh =———=h —h1).
(Vi, v2) 1t il 2@ (—h1)
It follows that
hy ® h = hs.

If v; and vy are in opposite directions, then hihy = —1, so that h = h (vy, vq) is interpreted

as having the value co. The relative half-slope is an oriented quantity, in that
h(Vg, Vl) = —h (Vl, V2) .

Example 8. If vi = (3,2) and vy = (2,5) then

) ()

h(vi, va) =ha @ (—h1) = 1<+ (5@> (@) :1—11@—%-

If we want an undirected quantity between v; and vo, we may take the square H = h? of
the half-slope h = h (vy, vy). Note that the spread s between v; and vy is

4h? 4H

A+h22  (1+H)?

While the half-slope between vectors is unchanged if either is multiplied by a positive number,
this is no longer true if we multiply by —1.
Ezample 9. For any vectors vy and v,

1

SR TNa)

This follows from the half-slope transformation theorem; for if hy = h(vy) and he = h (—vy) then

1
h — = —
( Vl) h17
so that
he — (=1/hq) _ 1+ hiho 1

h(— = = T '
V) S T s~ T ke (i, va)

Ezample 10. Applying the previous example twice we see that for any vectors vy and va,

h(—Vl, —V2) = h(Vl, Vg).

Theorem 7 (Relative half-slope formula). If vi = (z1,y1) and vy = (22, y2) with 11 = r(vy)
and ro = r(vy), then

h = h(vi, vs) = yi(ra — 2) — ya(r1 — Il).
y1ye + (11 — 1) (1o — 2)
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Proof. From the half-slope formula

rn—n Ty — T2

and  hy = h(vy) = :
hn Y2

hi = h(vy) =

so that

hy—hy <T2y—2$2>_<7°1y—1$1> oy (re — @) —ya (11— 11)

1—|—h1h2 o 1+ (Tl—fﬁl) <T2—$2> o y1y2—|—(7”1 —LE‘l) (TQ —Ig).
Y1 Y2

The next result shows that the relative half-slope is invariant under the rotations oy,
introduced in (5) and (6).

h = h(vy, vg) = D

Theorem 8 (Half-slope invariance). For vectors vi and vy and any half-slope h
h(vi, vo) = h (viopn, vaoy) .
Proof. If hy = h(vy) and hy = h(vy) then
h(viop) =h;i ®h and h(veo,) = hy @ h.
Now use (15), and the group properties of the circle sum to get

h(vion, vaon) = (ha ©h) © (= (M1 @ h)) =ha ©h & (—h1) ® (=)
=hy® (~h1) @h® (—h) =hy @ (=h1) DO
= hQEB(—hl) :h(Vl, V2). O

Theorem 9 (Triple C formula). If hy®hy = hy and Cy; = C(hy), Co = C(hs) and C3 = C(hs),
then
C? + 02 + 02 =1+ 20,0,5,0s.

Proof. Combine (16) with (7) to obtain
(Cy — C1Co)* = (1 — CF)(1 - C2).
Now expand to get the result. O

There is no such simple relation between the three values S; = S(hy), So = S(hs2) and
Ss = S(h3). However their squares, the spreads s; = S7, sy = S5 and s3 = S, satisfy the
Triple spread formula

(814 82+ 83)% = 2(s] + 85 + 53) + 4518953, (20)

one of the main laws of rational trigonometry. This can be derived directly from the Triple
C formula by rewriting and squaring it to obtain

(2= (s1+82+53) " =4(1—51)(1—82)(1—s3),
and then rearranging.

Theorem 10 (Three half-slopes). If vi, vy and vs are three vectors with his = h(vy,Va),
h23 =h (Vg, Vg) and h13 =h (Vl,Vg) then

hiz = hia © hos.
Proof. If hy = h(vy), ha = h(vs) and hy = h (v3), then
hia @ hog = (ha ® (—h1)) ® (hs ® (—ha)) = hs © ha & (—ha) ® (—h1) = h3 ® (—hy) = hy3. D
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10. The Cross law and vector trigonometry

In this section we establish formulas of vector trigonometry relating to an oriented tri-

angle A;A;As with respective side lengths 71,79 and r3, and relative half-slopes h; =
e S S PR S

h (AlAQ, AlAg), hg =h (AgAg, A2A1) and hg =h (AgAl, A3A2).

Ay

Ay
Rt
Figure 6: Lengths and relative half-slopes of an oriented triangle A;A5A3
Throughout we work in the realm of extended rational numbers and quadratic extensions.
We will state the main result in terms of two vectors and the half-slope between them.

Theorem 11 (Cross law—rotor form). If vectors vy and vy have respective lengths r1 and ro,
and half-slope h = h (v, Vs), then v3 = vy — vy has length r3, where

r3 =17 + 15 — 2rr9C(h).
Proof. Suppose that vi = |ry, hy) and vy = |ry, hy) so that
Vi = (7’1C(h1), 7’15<h1)) and Vo = (TgC(hg), TgS(hg))

and
hy — hy

hEh(Vl,Vg) :m

Then
V3 = Vg — V] = (TQC (hQ) — 7’10(h1),7’25(h2) — rlS(hl)) .
Now compute that
72 = (roC (hy) — 71C (h1))? + (135 (hg) — 1.5 (hy))”
=77 (C(h)* + S (l)?) + 72 (C (ha)® + S (ha)?) — 21172 (C (k1) C (ha) + S (h1) S (h2))
=12+ 15 — 21190 (he @ (—h1)) = 7} + 15 — 2r179C(h)
where we have used (7) and the addition formula (16) for C'(h). O

Recall that the triangle inequalities for a triangle with side lengths 71,75 and r3 are
(ry — r2)2 <ri<(r+ 7"2)2.
So 72 is a convex combination of (r; —ry)” and (ry 4+ 75)?, and the Cross law above makes
this explicit, as it may be rewritten in the form
1 h?
0o L2, A 2 _
ik e s A O w7 1+H

where H = h%. The next result provides an alternative to the Relative half-slope formula.

(ry — 7“2)2 + (r1 + 7“2)2
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Theorem 12 (Vectors half-slope). If vi = (x1,41) and vo = (22,y2) are vectors with respec-
tive lengths r1 and 1o, and relative half-slope h = h (vy,vs), then

o mra— (mwg +yiye) (2 +ui) (03 + y3) — 2mre (miwe + y1ye) + (w122 + y1y2)2
h* = .

1Ty + (172 + Y1Y2) (212 — x2y1)2

Proof. Apply the Cross law to the triangle formed from the vectors v; and vy, with side
_ 2 2
lengths ry, 79 and 73 = (v9 — 1) + (y2 — 11)°, to get

C(n)

_ 1—h? _ 24713 —1r3 _ 1%+ Y1y
14+ h2 21179 1T

and solve for h? to get
p2 e T (2122 + y12) '
17Ty + (2172 + Y13)2)
Now multiply numerator and denominator by the numerator, and use Fibonacci’s identity
(11). O

Example 11. For vi = (3,2) and vy = (2,5) we get

B2 _ rire — (w122 + y1y2) V13129 — 16 _ 633 32 a7
rire + (z122 + v1y2)  V13vV29+16 121 121 ‘

Comparing with Example 8, you may check that this is indeed (1—11 V3TT — %)2.

Theorem 13 (Triangle half-slope). If an oriented triangle A1 As A has respective side lengths
ri, ro and r3 and half-slope hs = h (AgAl, A3A2> , then
73— (ry — r)’ (ri—re—13) (ro — 1 —13)

hy = = . 21
’ (ri+79)° =12 (r1+ra473) (r 412 —73) (21)

Proof. We know from the Cross law that 72 = r? + r2 — 2r;7,C' (h3) so that

2 2 2

C(hs) =
( 3) 27’17"2
It follows that
1— r% + r% — 7‘% 9
B2 — 2r1719 _ T?% —(r1 — 1)
3 l_l_r%"'rg_rg (T1+7’2)2—T§

2T1T2

Now rewrite this as

hgz(ﬁ—rz—rs)(ﬁ—ﬁ—ﬁ). (22)
(ri+ro+r3) (r1 + 12 —713) O

If the quadrances of the triangle A; Ay Az are denoted Q, = r}, Q@ = 73, and Q3 = r2,
then by a rational version of Heron’s formula, which we call Archimedes’ formula (see |8,
Theorem 29, page 70]), the quadrea of the triangle

A= (Qi+ Qo+ Qs)" —2(QF + Q3 + Q3)
= (ri+ro+ry)(=ri+ro+rs) (1 —rotrs) (r1+ry —13)

is 16 times the square of the triangle’s area.
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R
Theorem 14 (Sine law-rotor form). If an oriented triangle A1AsAs has respective side

lengths 11,79 and rs, half-slopes hq h <A1A2, A1A3>, hy = h (A2A3, A2A1> and hs =

h (AgAl, A3A2>, and quadrea A, then

S(hi)  S(hy)  S(hs) VA

1 T2 T3 N 2’/"17’2’/"3'
Proof. Given h% as in (21),

R ol G ek Arirs
’ (7“14—7’2)2—7“32, (ri+ro+r3) (r1+1r2 —13)

Now combine this with (21) to get

6o — 4}1,% _(7’1+7’2—|—T3)(—7’1+7’2+7’3)(7’1—T2+T3)(7’1+7’2—T3)
o (1 —i—h%)z B 4r2r3 ’
So
(5(h3))2: 4h3 :(7’1+7“2+7“3)(—7’1+7’2+7°3)(7“1—7’2+7’3)(7’1+T2—7’3)
3 (1 +h§)2r§ 4r2rir3

But this is symmetric in the three indices, so that

(S (h))* _ (S(he))” _ (S(hs))* _ A
7’% 7’% 7’% 47’%7"%7"

5 -

Now take square roots to get the result, since if one relative half-slope is positive, the others

are also. 0J

Theorem 15 (Triple half-slope formula). For any three vectors vy, ve and vs, suppose that
hia = h(v1,va), hes =h(ve,vs) and hg = h(vs,vy).

Then
hia + has + hsy = highashs; .

Proof. 1If hy = h(vy), ha = h(v2) and hg = h (v3) then the result follows from the identity
hg—h2+h1—h3+h2—h1_ hg—hg hl—hg hg—hl O
1+ hohs 1+ hsghy 1+ hihy - 1+ hghg 1+ hghl 1+ hihs ’

As a consequence, if two of the half-slopes his, hos, h3; are known, we get a linear equation

for the third. The next result is the rotor analog of the fact that the angles of a triangle add
to m, using the notation of Figure 6.

—
Theorem 16 (Triangle half-slope formula). Suppose that A1 AsAs is an oriented triangle with
half-slopes

hlzh(m,M), hzzh(m,m> and h35h<m,M).

Then
hth + hlhg + hghg - 1
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Proof. Apply the previous result to the vectors vi = A1 As, vo = AyA3 and vz = A3A;, so
that hlg = —1/h2, h23 = —1/h3 and h31 = —1/h1 Then

After clearing denominators, this becomes
h1h2—|—h1h3+h2h3 =1. O

We may now analyze more general triangles more accurately, without relying either on the
usual 30°,45°,60° or 90° formulas, or approximate values obtained for the circular functions
by our calculators. In a future paper we will show how this technology clarifies considerably
aspects of the metrical geometry of quadrilaterals, and in another paper we will apply vector
trigonometry to explaining the Kepler-Newton resolution of the planetary motions as conic
sections.
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