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Abstract. The geometry of equiangular spirals, i.e., discretized logarithmic
spirals, never ceases to attract interest in the broad mathematical world where
professionals and amateurs belong to [1]. Voronoi and general hexagonal spiral
systems have the unique attraction of offering opportunities for research with
interesting results in geometry as well as in botany. The aim of the present work
is to study the geometrical characteristics of such systems using synthetic and
analytic methods.
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1. Introduction

In the sequel the term spiral stands for the orbit AgA1 A, ... of a point under iterations of a
stretch-rotation, which is the commutative product of a dilatation with factor £ <1 and a
rotation with the same center S through the signed angle ¢, where 0 < |¢| < 7. If we apply a
second stretch-rotation with the same center, but different factor A <1 and signed angle )
with 0 < |¢| < m we obtain a spiral system AgoA10A20 ..., Ao1A11A421 ..., AgaAsq.... The
orbits of the two defining stretch-rotations are called branches of the system or, more precisely,
r-branches and A-branches.

In botany, such systems are known as spiral phyllotazris. Relevant mathematical models
for Voronoi spirals (or tilings) are presented in [7]. In [2] a series of synthetic and analytic
properties in the phyllotaxis context is provided. In the present work, the synthetic and
analytical approach of [3] is extended to Voronoi and other hexagonal spirals.

We can generate a spiral system also by applying the stretch-rotations to the quadrangle
ApopAi0A11A1 1, called a defining quadrangle. Thus we obtain a quadrangular net consisting
of similar quadrangles. It is called a quadrangular spiral system. In Figures 1, 2, 3, 4, and 5
typical examples of quadrangular spiral systems are shown. Our notation of parameters and
the numbering follows [3]. This means

/{:Ai71S/Ai7os:Ai7QS/Ai71:"' s Q/g: AmJ:Am,QZ'” fOFiZO,l,Q,...
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Figure 1: Quadrangular spiral system and Voronoi hexagonal spiral system

and

)\:ALJ’S/AQJS:AQJS/ALJ':"' y &5: Aml,j:AﬂZj:'” fOI“j:O,l,Z,...

It is a well-known property of orientation-preserving similarities that the angles also show up

as angles between corresponding directed line segments:
4141‘,0142;1 Ai,lAi,é = ZAi,lAi,é AigAiz =
L Ao A AvjAsy = LA Ay As Ay

and

I
) S

(1)

(see also [3]). In Figures 1 and 2 ¢ is positive, i.e., the corresponding stretch-rotation Ao Ain

anti-clockwise, and ¢ negative, the stretch-rotation Ag; — A; ; clockwise.

A quadrangular spiral system is called closed if there are m,n € N such that

n|5\ $m]<$| = 21 and

A" = k™

(2)
(3)
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Figure 2: Typical cyclic Voronoi hexagon and its V-line

If the sign in (2) is negative the branches co-rotate; otherwise they contra-rotate. We say
(gg, K, 5, A, n,m) are the parameters of this system.

A hexagonal Voronoi spiral system can be produced from a quadrangular spiral system
by applying the Delaunay triangulation to the quadrangles, as seen in Figure 2. We insert
the diagonal which connects vertices whose sum of interior angles is > 7. For example, in
Figure 2 the diagonal AgA;, is a Delaunay edge (see [7]). This diagonal separates the defining
quadrangle into the triangles AAgAp1A11 and AAggA19Ar1. Now we define point By as
circumcenter of the first triangle and Cj as circumcenter of second.

After applying iteratively the given stretch-rotations, we obtain centers B, ; of triangles
similar to AAgpAp1 411 and centers C;; of triangles similar to AAggA;9Ai;1. For this
triangulation, the circumcenters of all triangles sharing the vertex A; ; define the hexagon
By 0Co,0B1,0C1,1B1,1Co1 whose sides are respectively the orthogonal bisectors of the edges
through A, ;. This hexagon bounds the Voronoi cell of A, ; with respect to our spiral system.
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As shown in Figure 1, the transformed hexagons form a hexagonal net.

In Sections 2 and 3, the properties of hexagonal spirals (Voronoi or not) are presented.
In Section 4 it is proven that there is no spiral system with polygons with a number of sides
higher than six.

2. Voronoi hexagonal spirals and properties

A mathematical description based on complex numbers and properties for Voronoi spiral
systems can be found in [7]. In [2] it is shown that for a given set of points different spirals
can be defined. In the present work, we provide a study of the properties of any given set of
spiral points plus an enhanced list of properties of Voronoi systems, and we put emphasis on
how these spiral points affect the produced hexagonal spirals.

One of these properties is that the transition of the Voronoi hexagons into quadrangles
(Figure 3) is only possible when the branches of the defining quadrangles contra-rotate and the
defining quadrangles have a circumcircle, i.e., they are cyclic ([7], Appendix). The Figures 3,
4 and 5 show three possibilities of Voronoi quadrangles:

a) Figure 3: Cy; = B;; (=circumcentre of 0A;1A4;9425A451) and Cpo = By, since the
branches of the given spiral system contra-rotate.

b) Figure 4: Cy; = By (=circumcentre of alternative OA; 1 Ag1A412459) and Cyg = By .
This condition can take place either when the branches of the given spiral system co-rotate if
|¢| < |0], or when they contra-rotate if |¢| > |0]. If |¢| = |#| and A =1 then Cy; = By and
Coo = By for all k.

C) Figure 5% Cl,l = Bl,O (: circumcentre of alternative DA1,1A1’0A271A2’2) and CO,l = BO,O' If
|¢| = 10| and k =1 then C1 1 = By and Cy1 = By for all \.

For given &E, 9 and OA; 1401402412, if A1; and A; o remain constant and Ap; moves
along the ray SAp 1, then the points Ay, and Az move respectively along the rays SAg
and SAs5 (note A;ﬁo,g = A@LQ = @\) So B and Cj; converge until they coincide
(second possibility). Also, By ; and C}; can converge until they coincide (first possibility, if
the defining branches contra-rotate and |$| < |§|) Similarly we can get the third possibility.
By variation of one vertex the solution will always be bound by a combination of two of the
three possibilities.

Based on the possibilities b) and c¢), as given above, there is an alternative set of a-
branches AgoA11429..., A1oAa1 ..., etc. with dilation factor a and clockwise (]5] > \5]) or
anticlockwise (6] < |¢|) rotation. The combination with the A-branches creates the alternative
spiral system of the possibility b) (Figure 4). When combined with the s-branches, we obtain
the alternative spiral system of possibility ¢) (Figure 5). Since |§] > \$|, we get: in the
Figures 1, 2, 3, and 5, where the A-branches rotate clockwise and the x-branches anticlockwise,
we have o = k. In Figure 4, where M- and k-branches rotate anticlockwise, we have oo = K/ \.

As can be seen in Figure 4, OA; 1A 1A 2422 has a circumcircle only when the a- and
A-branches contra-rotate. This is possible only when either the branches of the given spiral
system co-rotate and |¢| < |6| (the a- and A-branches contra-rotate), or, when the branches
of the given spiral system contra-rotate and |$| > |§| (the a- and A-branches contra-rotate,
because they both change orientation), assuming in these two cases that the x-branches keep
the same orientation. (There is a duality, qg & 0 and K A, note Lemma 4.) The case, where
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Figure 3: Quadrangular spiral system with cyclic quadrangles and a Voronoi quadrangle

|g/b\| < |§| and the branches of the given spiral system contra-rotate, is related to the third
possibility. As can be seen in Figure 5, OAj A1 A4 241 has a circumcircle only when the a-
and k-branches contra-rotate. This is possible when |$\ < ]5] and either the branches of the
given spiral system co-rotate or contra-rotate, as long as the a- and s-branches contra-rotate,
assuming that the k-branches keep the same rotation.

All the above constitutes the proof of the following

Lemma 1. For any given spiral system, formed by the k- and \-branchesA;gA; 1 A2 ... and
Ap ;A1 ;A ..., we can define an alternative set of a-branches AggA11 A2 ..., AigAz1...,
etc. where the endpoints of the Delaunay edges (such as Agy v+ Ajo in OAg1A02A12411) are
corresponding under the related stretch-rotation.
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Figure 4: Cyclic alternative A-spiral system and Voronoi quadrangles

Lemma 2. The combination of the alternative a-branches, as introduced in Lemma 1, with
the A-branches Ag ;A1 ;A ;As ;... creates the ‘alternative A-spiral system’ with defining quad-
mngles DAO,QAL()AQ,:[ALl, etc.

Lemma 3. The combination of the alternative a-branches from Lemma 1 with the k-

branches A;0A;1Ai2A;3. .. creates the ‘alternative k-spiral system’ with defining quadrangles
OAp A1 A1 2411, ete.

Theorem 1. There are three cases of quadrangular spiral systems, where the Voronoi hexagons
become quadrangles:
a. the defining quadrangles of the given spiral system (see OA; 1Ag1A02412 in Figure 3)
are cyclic only, when the defining branches contra-rotate.

b. the defining quadrangles of the alternative \-spiral system (see OA;1Ap1A12A25 in
Figure 4) are cyclic, when the a- and A-branches contra-rotate and either the defining
branches co-rotate if |p| < |0] or contra-rotate if |¢| > |0| (duality in ¢ <> 60 and Kk <> \).
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Figure 5: Cyclic alternative s-spiral system and a Voronoi quadrangle

c. the defining quadrangles of the alternative k-spiral system (see OAggAp1A1 2411 in
Figure 5) are cyclic, when the a- and k-branches contra-rotate and the defining branches
either contra-rotate or co-rotate.

It is known that, in the sense of graph theory, the Delaunay tessellation is dual to the
Voronoi tiling 7], and this can be further extended in spiral systems as follows:

Lemma 4. The alternative - and k-spiral systems are duals of the defining spiral system,
since one system is derived from the other by inserting the Delaunay edges in every quadrangle
of the other system. For closed spiral systems the parameters ¢, k, m are duals of 6, A\, n

(Egs. (2) and (3)).

Given gg, n, m, we can calculate 9 from Eq. (2). According to [3], following the notation
in Figures 2-5, we have

tan(w + 7) = Asin ]5]/(1 - )\cosg), tano = ksin ](E\/(l - ricosc/b\),
and solving for A we obtain

sin |0] + tan @ cos § — k(sin(|0] — |@]) + tan@ cos(|6] — |B]))

tan @ — x(tan @ cos ¢ — sin \(ZD

Also from [3] and from Figure 2 we have 7, = AI’Q/AE)?AOJ = & + |0 — ||, and if the
condition Aj9A;1A01 + A12402401 = 7 holds we obtain & = (7 + |ng5| — |§|)/2, hence
(161 - 19D)

tanw = 1/tanT.
Since tan(a://\Q) =sinZ/(1 + cos ), we derive from all the above

)= cos ¢ + cosf — k(1 + Cos(@ - ]<$| )
1+ cos(|0] — |@|) — #(cos d + cosd)
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The parameter k is in inverse variation with respect to A in the above equation. Also from
Eq. (2) we get that the parameter & is in direct variation with respect to A. So from these two
relations, since A € [0, 1] and x € [0, 1], we always get a solution with A and x satisfying (2)
and the above equation. We notice in the above equation that for k =0

A= [COS$+ COSé\]/[l + COS(|§| — |g/5|)] <1,

and for A =0 R R L
Kk = [cos ¢ + cosb]/[1 + cos(|0] — |¢])] < 1.

This implies

Lemma 5. Given gg, n, m of a closed defining quadrangular spiral system, we can always
calculate 6, k and X in order to obtain cyclic defining quadrangles.

As displayed in Figures 1 and 2, each vertex of the hexagon By (Co0B1,0C1,181,1C01
is the circumcenter of a triangle in the triangulation. The stretch-rotation with factor
A maps OAg1A41 1412402 onto OA; 1Az 14224, 2. Therefore 0 = C’@Ll, and similarly
g/b; = C’@O,l. Consequently we get le,l =0+ g/b\, B@l,o = 5, B@Ll = éﬁ\ and
B@Ll =0+¢ (note in Figures 1 and 2¢ >0, 0 < 0 and |§| > |$|) From all the above, we
get the following:

Lemma 6. At the Voronoi hexagon ByoCopoB10C1,1B11Co1 (see Figure 1) and similarly at
its 1mages under the stretch-rotations we recognize:
a. Triangle ACyoC11Coq: COTSEM = @\, 00,05507\1 = a and C@l,l — 0+ q/g
b. Tm’angle ABO,OBLOBLI: BO,/O‘S@LO == /9\, Bl,OS-é-l,\l == a and B@Ll == §+ 5
c. The sides of these triangles define siz spiral branches per hexagon (Figures 1, 2):
cl. Cp1C11C1 ... and BygB1oBay ... are two A-branches .
c2. Cop0Co1Coza... and B1gB11B1 ... are two k-branches.
c3. Cp0C11C22 ... and ByoyB11B232 ... are a-branches.
d. From cl and c2 we get two quadrangles, OCy1C,1C1 2Co 2 and OBy 1By 1B 2By 2 which
define separate spiral system with quadrangles similar to the given OAggA;0A11401.

The defining quadrangle OAg¢A; 0A1140,1 of our quadrangular spiral system is split by
the Delaunay edge into two triangles with respective circumcenters By o and Cp (see Figure 2).
We connect these centers with the vertices of the corresponding triangles and obtain isosceles
subtriangles with congruent signed interior base angles, which we denote as given below:

Ol = AO,OAl,lBO,O = BO,OAO,OAl,ly 02 = Al,lAO,OCO,O = CO,0A1,1A0,07
OS = A1,0A1,100,0 = C10,0141,0141,17 O4 = AO,OAI,UCO,O = CO,OAO,OAI,Oa (4)

o~ o~

—_— —_— —_— —_—
Os = A11A01Boo = BopAi1401, O = Ap1A0,0Boo = BooAo, Aoy,

—

where —= < O; < =. Of course,

T T
2 2

O3+ 03+ 05 =05 + 05 + Oy = 7.
All angles remain the same when at each involved point the first subscript is increased by 1;

and this can be iterated. The same holds for the second subscripts.
With this observation we will be able to prove the following
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Theorem 2. Fach Voronoi hexagon of a given quadrangular spiral system, as displayed in
Figures 1 and 2, has the following properties:

a. The three main diagonals meet at a point which is a quadrangle’s verter inside the
hexagon.

b. The hexagon has a circumcircle.

c. For any spiral system with a cyclic defining quadrangle (OA;1Ap1A02A12 in Figure 3)
the Voronoi hexagons become quadrangles, too (Theorem 1a). For each quadrangle of
the spiral system the intersection points of the two pairs of opposite sides are collinear
with S, the centre of the spiral system. This line (ESD in Figure 8) can be called cyclic
spiral line. Analogue results hold for the cases of Theorems 1b and 1c.

d. At each Voronoi hexagon the intersection points of the three pairs of opposite sides are
collinear with the center S of the spiral system. This line can be called V-line of the
hexagon (V' stands for Voronoi). Also the pairs of opposite diagonals meet on this line
(see Figure 2). This line is polar with respect to the circumcircle to the quadrangle’s
vertex inside the hexagon. The center S is the pedal point of the V-line with respect to
this vertex.

Proof. a. Using the notation defined in Eq. (4), we calculate

B19A11Co1 = BioAiaA g+ A1pA1 1400 + AooAi1A01 + Ao1A11Con
= O+ (O3 +O03) + (01 +05) + Oy = .

So, the points By, A11 and Cy; are collinear. Similarly we can prove that also the points
Coo, A11 and B;; are collinear as well as the points By, A1 and Cy;. Thus, the main
diagonals share the vertex A ;.

—

b. From Figure 2 we get A1,1/B—1,?Co,o = %—6\67 A1,1/B$C1,1 = %_6\5 and Cl,lELTALl =20
At the quadrangle OC, 1By 1Cp0B1 o the sum of the opposite angles is

C11B1iCho + CogBroCia = 5~ O 47— (O34 O9) = 2~ 03~ Oy~ O = 7.
Therefore the quadrangle OC, 1 By 1Cy 0B is cyclic.
Similarly we can prove that the quadrangles 0OC,)1B8,,Cy1B10, OCi1B11Cy1By,
0B1,1Co,1B0,0Co,0, BC0,1B0,0C0,0B1,0, and OBy Cp 0 B1,0C1,1 are cyclic. So the Voronoi hexagon
By 9Co,0B1,0C1,1B1,1Ch,1 is cyclic.
c. Let E denote the point of intersection of Ag;A;; and Ag24:2, and D denote the
intersection of Ap;Ap2 and A;;14;,. In Figure 3 we notice that OFA; ;A5 is cyclic
since A@LQ = ALTE\ALQ = ngS (see [3]). Similarly, OSA; 402D is cyclic, because
AOZS’ILQ = A@l,g -0 (see [6]), and TOA;1A01A02A12 is cyclic, because we have
the conditions of a Voronoi quadrangle, by virtue of Theorem la (Figure 3). There-
fore A1/72§D + DA/(),Q\ALQ = T, E?A\m + A;fEE = m, furthermore E?f?m = 7T —
AL;{TJE = AQJLTALQ = DA/M\ALg, hence

A§§D+E/S-z4\172:7T—D14/072\A172+D14/0;2\A172:7T.

This means that £, D and S are collinear.
Similarly the case of Theorem 1b (Figure 4 with the cyclic quadrangle OA0A; 1431 410) can
be treated as well as that of Theorem 1lc (Figure 5 with the cyclic 0AggAp1412411).
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d. A standard result of Projective Geometry states that, due to item a, the pairs of opposite
points of the Voronoi hexagon define a perspective collineation which maps the circumcircle
onto itself. The common point of the main diagonals (A;; in Figure 2) is the center of this
collineation and its polar line with respect to the circumcircle is the axis, called V-line. Pairs
of corresponding lines like opposite sides or diagonals intersect on the axis.

It remains to show, that also the center S of the spiral system lies on the axis. We refer to
Figure 2 and denote with G; the intersection of the sides Cy B and Cp1B; ;. Point Gy is
the intersection of Bl OBI 1 and CO 000 1-

The quadrangle OCy B 0B1,1Co, in Flgure 2 is cyclic, and B, 05’31 1= C’O 05’001 = (;5 by
Lemma 6¢2. By Eq. (1) we have ¢ = /O, 0]31000 15’11 and COOSBlo = Co 15B11, as
shown in Figures 1 and 2 In Figure 1, we have the sprral branches of Lemmas 6¢1, 6¢2 and
663, therefore by ( ) CO ()SBl 0 — =/ B1 0B1 1 CO OCO 1 = CO 1SBl 1- Taklng into account that
0Cy,0B1,0B1,1C,1 of Figure 2 and 0OA; 1 Ag1A¢24: 2 of Figure 3 are both cyclic plus all the
above, including the result that £, D and S are collinear, we concclude that G, S, G, are
collinear.

Finally we show that the line through S and orthogonal to the V-line passes through the
center RO o of the circumcircle and therefore also through the pole Aqq:

Since Bl OSBl 1 = qb and /£ C() QBl ,0 C() 1B1 1 = Bl OGlBl 1 = ¢, the quadrangle GlBl OBI 1S
is cyclic. At Figure 2, Br,oG1Bl,1 = MlGlMg, where M; and M, are the midpoints of the
segments Cp 0B and Cp 1B, ;. Since the triangles AMSB; o and AM,SB, ; are similar, we
have By (S/B11S = M1S/MyS and also By (S/B11S = By 0000/31 1Co1 = 31 oM,y /By Ms.
Therefore A B, 0531 1 and AM;SM, are similar and also B; OSBl 1= MISMQ So we get
M18M2 B OSBl 1= gzﬁ From all the above follows that OM;G1SM, is cyclic and, since

GlMlRO,O = g , also the pentagon M;G1SMyRyo. G1Ryp is a diameter of the circumcircle
and GI/S?O,O = g . ]

All Voronoi hexagons are cyclic. The numbering or their circumcenters Ry, Rio,
Ri1, ..., as shown in Figure 1, is related to the hexagons: Ry, belongs to the hexagon
B0700070B170017131710071 with the vertex B()’[), RI,O to Bl,00170B270027132710171 with the vertex
B, etc. The centres Ry, R0, 211 and Ry 1, form a quadrangle which is similar to the defin-
ing quadrangles. Furthermore, the segment Ry R, o is parallel to A; 1A, because Ry Ry is
the perpendicular bisector of By oC1 1, which is the perpendicular bisector of A; 1 A5 ;. Similarly,
R1,0R1,1 H A2,1A2,2, Rr,rRo,r || A2,2A1,2 and Ro,rRr,r || A1,2A1,1~ The sides of DRO,ORLORLIRO,I
are perpendicular bisectors of the sides of the adjacent Voronoi hexagons; so it is the Voronoi
polygon of these hexagons and can be called VV-quadrangle (‘VV’ stands for Voronoi to
Voronoi).

As shown in Figure 1, OR oR1,0R11Ro1 is the VV-quadrangle of the hexagons By ¢Co 0B,
C11B11Co1, B1oCioBoCo1Bo1Cry, B1,1C11B21C22B22C 2, and By 1Cy1B11C12B812C .
Each one of these hexagons is the Voronoi polygon of the relevant four adjacent defin-
ing quadrangles, i.e., By oCo0B1,0C1,1B1,1Cp1 is the Voronoi polygon of OA¢A1 0411401,
OA;0A20A21A11, OA;1 14214294, 2, and DAO,lAl,lAliAﬂ- ByA(l) we have RyoSRio =0
and Ry 0S/RyoS = A. Since RyoR1p || A11A21 and A;15As; = 6, the points Ry, A1 and
S are collinear as well as R; g, A21 and S, in order to maintain the ratio A of similarity of the
stretch-rotation with OA; 1451420419 — OAy1A31A432A59. Moreover, we notice that Ry
is the circumcenter of the hexagon By (Co0B1,0C1,1B81,1Co,1 which has the vertex A, ; in its
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interior. So this is the relation between Ry and A;; which are collinear with S. Point .S can
be considered as homothetic centre of the segments Ry (R0 and A;1A45;. We summarize:

Lemma 7. In a Voronoi spiral system, the circumcenters of the hexagons form quadrangles,
called VV-quadrangles, which are similar to the defining quadrangles. The VV-quadrangles
(like DRy oRy 0R11Ro1 in Figure 1) are the Voronoi polygons of the Voronoi hexagons.

FEach vertex of a VV-quadrangle is related to a specific hexagon as both share in their iterior
exactly one vertex of the defining quadrangles. The circumcenter of the hexagon and this
unique vertez (e.g., Roo and Ay, in Figure 1) are collinear with S.

3. General hexagonal spirals and properties

Figure 6: General convex hexagonal spiral system

In Figure 6 the hexagonal spiral system is based on Lemma 6, which is applicable in the
general case of hexagonal spiral systems under the following conditions of construction. Under
these conditions, we can control the design of any hexagonal system:

a) Given the angles gg and 5, we can construct the first triangle AB; ¢By 1By by placing its
vertices on the rays of angles as we want, as long as the two angles share a common vertex
and ray (see Figure 6, S and SB o, clockwise). The vertices define the similarity ratios as
By 1S/ B1oS = A clockwise, By S/ By0S = r anticlockwise, and By 15/By S = « clockwise. If
Egs. (2) and (3) are valid, the spiral system is closed.

Giving names to the hexagon’s vertices is a process which follows Lemma 6 with the relevant
triangles and spiral branches. Specifically in the example of Figure 6 two hypotheses were
made:
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1. For the spiral branches passing through the vertices B; ; and C; ; the index ¢ was chosen to be
related in the k-rotation and similarity ratio (Byo — Bi) and the index j to o (Bog +— Bo.1).
2. The names of the vertices of the starting hexagon B (Cy 1B01C1,181,0C1,0 were given in
such a way that we do not have negative indices.

These hypotheses can change and another naming process can be applied.

b) Assuming that the hexagon is convex, we place Cp 1, forming the angle @ = 6’07/15?070 and
we get the ray SCj ;. Since each side of the triangle ACy C4 (Cy 1 cuts two sides of the first
triangle and accordmg to Lemma 6c¢l, the sides Cj, 101 o and By 1B o should not intersect and
should form an angle 0 with S, we define the angle 0 with one of its sides passing from vertex
Co,1 and point S, anticlockwise (in order to cut the other two sides of AB; 0By1Cp0). As a
next step we define C o on the other side of the angle, taking care that A = C15/C10S in
order to have the same ratio of similarity and the same orientation in the two spiral branches
(see [3]). We continue the next step by defining the angle (§ — ¢) with one of its sides passing
from vertex C o and point S, defining also C'; ; on the other side of the angle, taking care
that o = C115/C1 S in order to have the same ratio of similarity and orientation in the two
spiral branches, so ACy1C (¢Cy ;1 is formed.

From these triangles, the rotation of spiral branches and ratios of similarity, we get
A= By15/B10S = Cyp15/C10S and C@l,o = B@I,O =0 Therefore, from the similarity
of the relevant triangles, C 1By 1/C1,0B1,0 = A. Similarly we can obtain C}1B1,0/Co1Bop = K
and Cl,lBO,l/Cl,OBO,O = .

In order to construct the next hexagon By ¢Co0B-10C_-11B-11Cp 1, the point C_; ; is defined
by rotating the segment Cy;C} 1 anticlockwise by an angle m — § about the vertex Co1 and
angle O—m&l — 0; similarly point B_ is defined. The point Cj is defined by the angles
B070§-_1\700070 = B170§£0170 and B—LO/BO\,OCO,O = B070/B;0170, and similarly pOiIlt B—l,l' AIly
other hexagon can be constructed in a similar way. So the spiral branches equivalent to
Lemmas 6¢l, 6¢2 and 6¢3 are as shown in Figure 6:

a) C_12Cp1C ... and B_12By1B1p...; the vertices of each segment form 0 with S due to
the A-stretch-rotation. R

b) 00,000’100’2 ... and B—I,OB—LIB—I,Q c. forming then angle 0 — §b with S, due to the a-
stretch-rotation. R

c) C_11Cp1Cy1... and B_10ByoBip..., forming ¢ with S, according to the r-stretch-
rotation.

As in the case of Voronoi hexagons, the similarity ratios x, A, a are related to spiral branches
of which any two of them can co-rotate and the third contra-rotate or any two of them contra-
rotate and the third co-rotate or three of them co-rotate. Also in Figure 6 we have a = k),
since BOJS/BQ()S = Q, BOJS/BLOS = /\, BL()S/B0,0S = k and B@OJ = C@l,l = é\— éﬁ\
Similar to Lemma 6d, the combination of vertices of general hexagons can form two types
of quadrangles (note OCj(¢C_11Cy1C1 and OBy ¢B_; 1By 1B in Figure 6). Each type is a
defining quadrangle of a spiral system. The method of defining the hexagon is the same for
concave hexagons. We conclude:

Theorem 3. The construction of the starting hexagon B oCo1B801C1,1B81,0C1,0 of a general

hexagonal spiral system (see Figure 6) is based on the position of S, on the angles éﬁ\ and (/9\,
one the vertices of AByoB19Boa (similarity ratios and rotations of k-, A- and a-branches),

on 0 = C’OTSEQO plus point Cy 1. The other hexagons follow by Lemma 6.
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4. Spiral systems beyond hexagonal spirals

Let AgA1As... A,_1 be a convex polygon with n sides and interior angles and let R be
a point in its interior. Each triangle, which is formed by two consecutive vertices and
point R, has the following angles: RA/iA\iJrl, Aﬁi:R and AﬁAi (0 <7< n-—2and
le + Ai/AH\lR + Ami = 7). The sum of all interior angles of the polygon is

S, = RAGA, + AgA R+ A, RAy + RA Ay + A, AR + AyRA, + . ..

+RA, 1 Ag+ A1 AR + AgRA,
= nm — (A RAy + ARA, + - + AgRA,_1) = (n — 2)m.

The same formula exists for non convex polygons, following the same proof. The average size
of each angle at the polygon must be A, = S,/n.

Each n-polygon spiral system has N polygons/N angles per vertex. So for all spiral systems
n = N.p, p € N, plus the sum of angles at each vertex of the system must be 27. Hence
average size of a polygon angle is A, = 27 /N, and we get:

Remark 1. S, =(n—2)mrand n= N.p,p € N.
Remark 2. A, =S,/n and A, =27/N.

For n = 8 and for N = 4, we get from Remark 2 that A, = %” and A, = %’r, SO 1o
solution exists. If N increases, then A, becomes smaller, so again no solution. When n
increases, A, increases too, since A, = S,/n = (n — 2)w/n =7 — 27 /n, so no solution exists
for n > 6, since A, = 2{ for N = 3 and less for N > 3. For n = 6 and for N = 3, we get from
Remark 2 that A, = %’r and A, = %”, so no solution exists. For n = 5 there is no solution for
N € [3,4,5] because of Remark 1 when N =3 and N =4, also A, = 3?” and A, = %’r when
N = 5. However, when n = 6, N = 3 and three consecutive vertices become collinear or three
consecutive vertices form a zero angle, we have a pentagon spiral system (with six vertices
per pentagon). Similarly, for n = 3 there is no solution for N € [3,4] because of Remarks 1
and 2, since 4 does not divide 3 in case of N =4, also A, = § and A, = %’T in case of N = 3.
However, when n = 4, N = 4 and three consecutive vertices become collinear, we have a
triangular spiral system (with four vertices per triangle), as seen in [3], [5] and [7]. Similarly,
there is no solution for n =7 and N € [3,4,5,6,7] for obvious reasons. From all the above,

we get

Theorem 4. Spiral systems can have either J or 6 vertices per polygon, forming triangles,
quadrangles (4 vertices), pentagons and hexagons (6 vertices).

5. Appendix

In Figure 4, by applying the Law of Sines, from AAj2A¢1E, we have

sin ¢ sin 7, sin 75

Ap2Ao 1 B FEAp, B EAOQ.

Similarly from AA; 14"
sin ¢ sin W sin 73

Ai,A1,  EA,  EAy,
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and, since the branches co-rotate,

A5 A
_ A12fo2

K= , A=
A1 Ao A 1A

<l = > .
A0,1A0,2 A1,1A1,2

From the above relation and from the two applications of the Law of Sines, we get

sin 7 sin W

>
EAOJ E'/XLQ7

(i)

sin 7o sin 73 .
> . 1
EAOQ EAl,l ( )
If we assume E'Ag; > EA; 5, then from (i) we get sin 7y > sind, otherwise, if EAg; < EA; o,
from (ii) we get sin7y > sin 73. So it is impossible to have a cyclic OAg Ao 1411410, as this
would require sin 77 = sin@ and sin 75 = sin 73, provided that the branches co-rotate.
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