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Abstra
t. This arti
le is devoted to the problem of des
ribing similarity types

of geometri
 obje
ts. We give a solution of this problem for the 
ase of four

points in plane. The general 
ase is subdivided into several sub
ases depending on


on�gurations of points in maximum distan
e. Similarity types are parametrized

by a point or a pair of points in the plane.
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1. Introdu
tion

The problem of de�ning normal forms in Eu
lidean geometry up to similarity and a solution

of this problem for triangles was des
ribed in [2℄.

A next step is to solve this problem for quadrangles or, more generally, for 4-multisets
of points in a plane. This means to des
ribe a set S of mutually non-similar 4-multisets
of a plane with a �xed Cartesian system su
h that any 4-multiset in this plane would be

similar to a unique element of S. In Se
tion 3.2 we des
ribe uniquely de�ned representatives

of similarity 
lasses of plane 4-multisets. These representatives 
an be 
onsidered normal

forms of 4-multisets. Furthermore, in Se
tion 3.3 we deal with similarity 
lasses of plane

quadrangles. Thus we obtain a 
lassi�
ation of quadrangles up to similarity.

We assume that �xed Cartesian 
oordinates are introdu
ed in the plane, S is designed

using the Cartesian 
oordinates. These normal forms may be useful in solving geometry

problems involving similarity and tea
hing geometry.

2. Notations and review

2.1. Sets and multisets

In this arti
le we use multisets to take into a

ount 
ases of 
oin
iding points. We denote

multisets using \mathbf letters and double 
urly bra
kets, e.g. M = {{a, a, b, c}}. Sets are
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denoted using bla
kboard bold letters (\mathbb). The set 
orresponding to the multiset M

is denoted by Set(M). If Set(M) ⊆ A where A is a set, we also use the notation M ⊆ A. If

a multiset happens to be a set, we may also think of and denote it as a set. We use normal

letters to denote �xed obje
ts and 
alligraphi
 letters (\math
al) to denote obje
ts as variable

elements of some ambient set.

2.2. Graphs

In this arti
le we use undire
ted graphs Γ = (V,E) de�ned by a vertex set or a multiset V
and an edge set E. We denote adja
en
y of verti
es a and b as a− b.

2.2.1. Geometry

Consider R
2
with a �xed Cartesian system of 
oordinates (x, y) with origin O. Our obje
ts

of study are multisets of points in R
2
having 4 elements (4-multisets, 4-submultisets of R2

).

Additionally we require that no point has multipli
ity 4: |Set(M)| ≥ 2.

It is known that a�ne transformations generate the dilation group of R
2
, denoted by some

authors as IG(2) (see Hazewinkel [3℄). Two multisets M1 and M2 are similar (denoted as

M1 ∼ M2) if there exists an a�ne transformation g ∈ IG(2), su
h that g(M1) = M2 (as

multisets). In this arti
le by mappings we mean a�ne transformations applied to the plane


ontaining the given multiset. The 
onvex hull of the multiset M is denoted as Conv(M) (see
Audin [1℄ and Venema [4℄ for 
omprehensive modern expositions of Eu
lidean geometry).

Let M ⊆ R
n
. Let d be the maximal distan
e between two points in M. Re
all that the

undire
ted graph ∆M = (M, E(∆M)) su
h that {u, v} ∈ E(∆M) i� dist(u, v) = d, is 
alled
the diameter graph of M.

2.3. Review of a normal form of triangles

We review one of our previous results given in [2℄, the Theorems 2.2 and 2.3: Ea
h triangle

is similar to a unique triangle △ABC su
h that A = (0, 0), B = (1, 0), C ∈ SC = {(x, y) | y ≥
0, x ≥ 1

2
, x2 + y2 ≤ 1} (see Figure 1). We will use the symbol SC in this arti
le.
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Figure 1: The domain SC .
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3. Main results

3.1. Diameter graph of a planar 4-multiset

We note that a�ne transformations preserve the isomorphism type of the diameter graph.

Proposition 1. M ⊆ R
2
, |M| = 4, |Set(M)| ≥ 2.

1. 1 ≤ |E(∆M)| ≤ 5.

2. All isomorphism types for ∆M, subje
t to 1., are possible.

Proof. 1. We have to ex
lude the 
ase |E(∆M)| = 6. Let M = {{X, Y, Z, T}}. If |E(∆M)| =
6 then using M we 
onstru
t two equivilateral triangles △XY Z and △Y ZT . Clearly |XT | 6=
|XY |, thus we get a 
ontradi
tion.

2. This statement is proved by giving examples for all 
ases.

• Case |E(∆M)| = 1 happens for

M1 =
{

(0, 0), (1, 0),
(

1

2
,

1

2

)

,
(

1

2
,
1

2

)}

.

• There are two possible isomorphism types of graphs with |E| = 2 � two disjoint edges or

two in
ident edges and a vertex of degree 0. Disjoint edges happen for vertex sets of squares,

in
ident edges happen for

M2 =
{

(0, 0), (1, 0),
(

cos
π

6
, sin

π

6

)

, p
}

,

where p belongs to the interior of the 
onvex hull of the �rst three points.

• There are three possible isomorphism types of graphs with |E| = 3 � the triangle and a

vertex of degree 0, the path of length 3 and the 4-vertex tree with a vertex of degree 3. The
triangle happens for

M31 =
{

(0, 0), (1, 0),
(

cos
π

3
, sin

π

3

)

,
(

1

2
,
1

2

)}

.

The path of length 3 happens for

M32 =
{

(0, 0), (1, 0),
(

cos
π

6
, sin

π

6

)

,
(

1− cos
π

6
, sin

π

6

)}

.

The tree with a vertex of degree 3 happens for

M33 =
{

(0, 0), (1, 0),
(

cos
π

6
, sin

π

6

)

,
(

cos
π

6
, sin

π

6

)}

.

• There are two isomorphism types if |E| = 4: 
omplements of 2 in
ident edges (the triangle

with another vertex atta
hed) and 2 disjoint edges (the 4-
y
le). The 
omplement of two

in
ident edges happens for

M41 =
{

(0, 0), (1, 0),
(

cos
π

3
, sin

π

3

)

,
(

cos
π

6
, sin

π

6

)}

.

The 4-
y
le happens for
M42 = {(0, 0), (0, 0), (1, 0), (1, 0)}

or

M43 =
{

(0, 0), (0, 0), (1, 0),
(

cos
π

6
, sin

π

6

)}

.

• |E(∆M)| = 5 happens if three points of M are verti
es of an equilateral triangle and the

fourth point 
oin
ides with one of these three points.
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3.2. Normal forms of plane 4-multisets

3.2.1. General algorithm

We de�ne A = (0, 0), B = (1, 0). Let M be a 4-multiset. Our general algorithm to �nd

similarity types and normal forms of plane 4-multisets has the following steps.

1. Do a mapping g su
h that some two points with maximal distan
e are mapped to

{A,B}.
2. Find a point X ∈ g(M) maximizing max(|XA|, |XB|). Map X to SC , using the re�e
-

tion in the line x = 1

2
and the y-axis, if ne
essary. Denote this third point by C. Find

the set of possible positions of C.
3. Having �xed the set {A,B, C}, �nd the set of possible positions of the fourth point,

denote it by D. By the previous step we have that |AC| ≥ |AD| and |AC| ≥ |BD|. Use
transformations preserving {A,B, C}, if desirable. Find the set of possible positions of

D.

3.2.2. Diameter graphs 
ontaining a triangle

Proposition 2. Let M be a 4-multiset su
h that ∆M 
ontains a triangle. Then M is similar

to exa
tly one 4-multiset {{A,B,C,D}} su
h that

C =
(

cos
π

3
, sin

π

3

)

, D ∈ D1 =
{

(x, y)
∣

∣x ≥ 1

2
, y ≥

(

tan
π

6

)

x, x2 + y2 ≤ 1
}

.

A B

C

x

y

x2 + y2 = 1 (x− 1)2 + y2 = 1

(x− cos π

3
)2 + (y − sin π

3
)2 = 1

D1

Figure 2: The domain D1.

A B

CαD2,α

x

y

α/2
α/2

α

x2 + y2 = 1 (x− 1)2 + y2 = 1

Figure 3: The domain D2α with α =
π

5
.

Proof. We have to show that any 4-multiset M, su
h that ∆M 
ontains a triangle, 
an be

mapped to a multiset in the des
ribed form. First we map any three points ofM 
orresponding

to a ∆M-triangle to {A,B,C}. Then we map the fourth point to D1 using re�e
tions in

bise
tors of △ABC (Figure 2). Note that

1) if D = C then |E(∆M)| = 5,

2) if D belongs to the unit 
ir
le then |E(∆M)| = 4,

3) otherwise |E(∆M)| = 3.
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Now we have to prove that two distin
t multisets of the des
ribed normal form are not similar.

Let Mi = {{A,B,C,Di}}, with Di ∈ D1, i ∈ {1, 2}. Any a�ne transformation must preserve

{A,B,C}, thus it 
an only be a rotation by ±2π

3
or a re�e
tion in bise
tors. If D1 6= D2, then

g(D1) 6= g(D2) for any su
h a�ne transformation, thus M1 6∼ M2.

Remark 3. M is a proper multiset i� D = C.

3.2.3. Trianglefree diameter graphs 
ontaining paths of length 2

Proposition 4. Let M be a 4-multiset su
h that ∆M 
ontains a path of length 2, but does
not 
ontain a triangle. Then M is similar to exa
tly one 4-multiset {{A,B, Cα,D}} su
h that

Cα = (cosα, sinα), 0 ≤ α < π/3, D ∈ D2α = D3α ∪ D4α ∪ D5α

(see Figure 3), where

D3α =
{

(x, y)
∣

∣ y ≥
(

tan
α

2

)

x, (x− 1)2 + y2 < 1, x2 + y2 < 1
}

,

D4α =
{

(x, y)
∣

∣x > 0, x2 + y2 = 1, tan
α

2
≤ y

x
≤ tanα

}

,

D5α =
{

(x, y)
∣

∣ (x− 1)2 + y2 = 1, x− 1 < 0, 0 ≤ y

1− x
≤ tanα

}

.

Proof. The maximal angle between two intervals XY and XZ of maximal length having a


ommon vertex X is less than

π

3
. Let this angle be equal to α. We map X to A and {Y, Z} to

{B, Cα}. If ne
essary we make the re�e
tion in the line y =
(

tan α
2

)

x so that the fourth point

is mapped above this line, we denote its image by D. We 
he
k that D ∈ D3α ∪ D4α ∪ D5α.

Note the following sub
ases.

1) D ∈ D3α 
orrespond to 
ases of ∆M having two in
ident edges and an isolated vertex;

2) D ∈ D4α 
orrespond to ∆M being the tree with a vertex of degree 3;

3) D ∈ D5α 
orrespond to ∆M being the path of length 3.

Cases with any Cα and D = (0, 0) 
orrespond to ∆M being a 4-
y
le.
Let Mi = {{A,B, Cαi

,Di}}, with Di ∈ D2αi
, i ∈ {1, 2}, D1 6= D2. If α1 6= α2 then M1 6∼

M2 sin
e a�ne transformations preserve the maximal angle between intervals of maximal

length. If α1 = α2 but D1 and D2 belong to di�erent sets Dk,α1
, k ∈ {3, 4, 5}, then M1 6∼ M2

sin
e a�ne transformations preserve the isomorphism type of maximal distan
e graph. If

α1 = α2 and D1 and D2 belong to the same set Dk,α1
then any a�ne transformation must �x

{A,B, Cα1
} and Di, thus M1 6∼ M2.

Remark 5. M is a proper multiset in the following 
ases: 1) C = D = Cα, 2) C = Cα, D = A,
3) C = C0 = B, D ∈ D2,0.

3.2.4. Diameter graph 
onsisting of two disjoint edges

Proposition 6. Let M be a 4-multiset su
h that ∆M has only two disjoint edges. Then M

is similar to exa
tly one 4-multiset {{A,B, C,D}} from the following list

1. (both longest intervals 
rossing in midpoints)

C = Cα =
(

1

2
− 1

2
cosα,

1

2
sinα

)

, D = Dα =
(

1

2
+

1

2
cosα, −1

2
sinα

)

,

where 0 < α ≤ π

2
.
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2. (at least one longest interval 
rossed not in its midpoint)

C = Cαtu = (t− u cosα, u sinα) , D = Dαtu = (t+ (1− u) cosα, −(1− u) sinα) ,

where

1

2
< t < 1,

1

2
≤ u ≤ t,

t2 + u2 − 1

2tu
< cosα <

1− t2 − (1− u)2

2t(1− u)
. The set A of

possible values of (t, u), for whi
h sets of C-values and D-values are nonempty, satis�es

an additional inequality t2 − (u− 1

2
)2 ≤ 3

4
(see Figure 4).

t

u

1

2
1

1

2

1

A

Figure 4: The set A.

A BE

Cα

Dα

x

y

α

x2 + y2 = 1 (x− 1)2 + y2 = 1

Figure 5: Cα and Dα for α =
π

6
.

Proof. First we note that the two intervals of largest distan
e must interse
t in interior points.

We map M to {{A,B, C,D}} so that the following 
onditions and notations hold:

1) the intervals of maximal distan
e are mapped to AB and CD,

2) denote AB ∩ CD := E ,
3) |AE| = t ≥ |EB|,
4) |CE| = u ≥ |ED|, u ≤ t,

5) C is above the x-axis,

6) denote α := ∠AEC.
We des
ribe possible positions of C and D.

(1) Case t = u =
1

2
. In this 
ase both intervals of maximal distan
e interse
t in their mid-

points. Applying the re�e
tion in the line x =
1

2
, if ne
essary, we get that C = Cα and D = Dα,

0 < α ≤ π
2
(see Figure 5). Note that this 
ase 
overs all re
tangles.

(2) Case t >
1

2
. For all α ∈ [0, π] we have |CB| < 1 and |DB| < 1. The parameters t, u and

α must satisfy the system

{

|A C| < 1
|AD| < 1

whi
h is equivalent to

{

t2 + u2 − 2tu cosα < 1

t2 + (1− u)2 + 2t(1− u) cosα < 1
(1)

It follows that

t2 + u2 − 1

2tu
< cosα <

1− t2 − (1− u)2

2t(1− u)
, (2)
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whi
h gives the stated 
ondition on α. In this 
onstru
tion we denote Cαtu := C andDαtu := D.

The inequality (2) has a solution with respe
t to α for the given values of t and u, i�

t2 − u2 − 1

2tu
≤ 1− t2 − (1− u)2

2t(1− u)
,

whi
h is equivalent to the hyperbole-type inequality

t2 −
(

u− 1

2

)2

≤ 3

4
.

Consider the two distin
t 4-multisets, Mi = ABCiDi, i ∈ {1, 2}. They must di�er in at least

one of the parameters α, t or u. It implies M1 6∼ M2.

Example 7. If t = 0.8 and u = 0.6, then α satis�es arccos(0.3125) ≤ α ≤ π

2
(see Figure 6).

A BE

C

D

x

y

x2 + y2 = 1 (x− 1)2 + y2 = 1

Figure 6: The admissible positions of C
and D for t = 0.8, u = 0.6 .

A BE

C

D

x

y

x2 + y2 = 1 (x− 1)2 + y2 = 1

Figure 7: Some nonadmissible positions

of C and D for t = 0.9, u = 0.6 .

Example 8. If t = 0.9 and u = 0.6, then there are no admissible points C and D, sin
e

|AC| > 1 or |AD| > 1 (see Figure 7).

3.2.5. Diameter graph having one edge

Proposition 9. Let M be a 4-multiset su
h that ∆M has one edge. Then M is similar to

exa
tly one 4-multiset {{A,B, C,D}} from the following list (see Figures 8 and 9).

1. (C not on the line x = 1

2
) Crα = (r cosα, r sinα), 1

2
< r < 1, 0 ≤ tanα <

√
4r2 − 1,

D ∈ D6rα = (D7r ∪ D8rα ∪ D9rα) ∩ D10rα , where

D7r = {(x, y) | x2 + y2 < r2, (x− 1)2 + y2 < r2} ,

D8rα =
{

(x, y) | x2 + y2 = r2, − tanα ≤ y

x
≤ tanα

}

,

D9rα =
{

(x, y) | (x− 1)2 + y2 = r2, − tanα ≤ y

1− x
≤ tanα

}

,

D10rα = {(x, y) | (x− r cosα)2 + (y − r sinα)2 < 1} .

2. (C on line x = 1

2
) Ch =

(

1

2
, h

)

, 0 ≤ h <

√
3

2
,

D ∈ D11h =

{

(x, y)
∣

∣x ≥ 1

2
, x2 + y2 ≤ 1

4
+ h2,

(

x− 1

2

)2

+ (y − h)2 < 1

}

.
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A B

C

D6rα

x

y

α α

x2 + y2 = r2 (x− 1)2 + y2 = r2

(x− r cosα)2 + (y − r sinα)2 = 1

Figure 8: The domain D6rα with r = 0.9, α =
π

5
.

A B

C

D11h

x

y

x2 + y2 = 1

4
+ h2

(x− 1)2 + y2 = 1

(x−

1

2
)2 + (y − h)2 = 1

Figure 9: The domain D11h with h = 0.6 .

Proof. We apply an a�ne transformation so that the endpoints of the interval of M of longest

distan
e are mapped to {A,B}. Using re�e
tions in the y-axis and the line x = 1

2
(thus �xing

{A,B}) the remaining two points are mapped to some points C,D so that the following


onditions are satis�ed:

1) C ∈ SC ,

2) |CA| ≥ |DA|,
3) |CA| ≥ |DB|,
4) if |CA| = |DA| then ∠CAB ≥ ∠DAB,

5) if |CA| = |DB| then ∠CAB ≥ ∠DBA.

In other words, we map to SC the point p in the image of M under previous mappings whi
h

has the largest distan
e to A and the largest angle formed by the y-axis and the line through

A = (0, 0) and p.

1. If C does not belong to the line x = 1

2
, then any a�ne transformation �xing {A,B, C}

setwise must �x it pointwise. Two distin
t 4-multisets of this type must di�er in at least one

of the points C and D and therefore are nonsimilar.

2. Let C belong to the line x = 1

2
and have 
oordinates (1

2
, h). Then we do an additional

re�e
tion in the line x = 1

2
(whi
h �xes {A,B, C}) and map the fourth point to the half-plane

x ≥ 1

2
. Two distin
t 4-multisets of this type are nonsimilar for the same reason as in 1.

Remark 10. M is a proper multiset in the following 
ases: 1) D = Crα, 2) D = Ch.

3.3. Normal forms of plane quadrangles

In this subse
tion we 
onsider 4-multisets M whi
h are 4-sets and su
h that Conv(M) is not
an interval.

Given su
h a 4-set, a quadrangle is asso
iated with an undire
ted 4-
y
le graph having

the given points as verti
es. We distinguish three 
lasses of quadrangles: 
onvex, non
onvex

and self-interse
ting. We 
all a 4-set M 
onvex i� the boundary of Conv(M) is a quadrangle.

For a given 4-set a quadrangle 
an be 
onstru
ted in three ways. A non
onvex 4-set gener-
ates three (non
onvex) quadrangles. These quadrangles are similar i� the verti
es are verti
es

of an equilateral triangle and its 
enter. A 
onvex 4-set generates one non self-interse
ting
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quadrangle and two self-interse
ting quadrangles. These self-interse
ting quadrangles are

similar i� the verti
es are verti
es of a rhomboid.

De�nition 11. Given two quadrangles R1 and R2 
onstru
ted using a 4-set M we 
all them

similar (R1 ∼ R2) i� there is an a�ne transformation s : M1 → M2 su
h that for any a, b ∈ M1

we have a− b i� s(a)− s(b).

Proposition 12. Re
tangles 
orresponding to nonsimilar 4-multisets are not similar.

Proof. Re
tangle similarity implies multiset similarity. The statement follows by 
ontraposi-

tion.

4. Possible uses of normal forms in edu
ation

Normal forms of 4-multisets and quadrangles 
an be used to represent their similarity types.

It may be useful to have an example for students showing that the similarity types of any

quadrangle 
an be parametrized by the 
oordinates of a pair of points.
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