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Abstract. New developments of the author’s research project |3, 4, 5, 6] on the
geometry of conics are presented. Special attention is paid to the relationships
among the ellipse and three circles — denoted by ®,, &5 and &3 — previously
introduced by the author [6] and belonging to the elliptic and hyperbolic pencil
of circles defined by the ellipse foci. Among the newly defined points, arising
as intersections of the geometrical objects under examination, eight triplets of
collinear points (Theorems 10 and 13) and as many quadruplets of concyclic points
(Theorems 11 and 14; Figures 4 and 5) are recognized. Eight new special points
are shown (Theorem 17) to be concyclic on the well known circle through P and
the ellipse foci.
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1. Introduction

In an orthogonal reference frame (Figure 1), let H be the ellipse

2 2

%+Z—2:1, a>b, (1.1)
whose foci are Fi(—c,0) and Fy(c,0), where ¢ = v/a? — b%. Throughout this paper, the ellipse
general point — that is, any point different from the vertices — is denoted by P(a cose; bsine)
or simply P. Nevertheless, to avoid the exceeding verbal complexity, T will formulate any
statement assuming that P lies in the first quadrant (xr > 0, y > 0). For the reader’s
convenience, some geometrical objects frequently referred to throughout this paper are listed

and previous results are summarized.

1. The ellipse diameters with slope m, = tane and m. = — tane, which have been given by
the author [3] the names eccentric line (1.2) and symm-eccentric line €' (1.3), respectively,
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y = xtane, (1.2) y = —xtane. (1.3)

2. The tangent ¢ (1.4) to the ellipse H at P and its respective z- and y-intercepts T, and T,

b b b
y=—x—cote + ——, (1.4) T, ( ‘. O) , (1.5) T, (0; @> . (1.6)

a SIRIRS)

3. The normal n (1.7) to the ellipse H at P and its respective z- and y-intercepts N, and N,

a . c? .
y:xgtang—zsme, (1.7) N, Ecosg;() . (1.8) N, ( 0; — sine ). (1.9)

4. The following points £ (1.10) and I (1.11), where the normal (1.7) meets the eccentric
(1.2) and the symm-eccentric (1.3) line of P, respectively,

E ((a+b)cose; (a+b)sine), (1.10) I((a—b)cose; —(a—0b)sine).  (1.11)

This paper deals with relationships among the ellipse H (1.1) and the following circles
(Fig. 1), previously introduced by the author [6]:

e the circle ®;, whose center is the y-intercept 7, (1.6) of the tangent (1.4); it passes
through the foci and the points £ (1.10) and I (1.11) (|6, Theorem 2.2]),

b\’ b’
x2+(y— . ) =+ ——; (1.12)
sine sin” e
e the circle ®,, whose center is the y-intercept N, (1.9) of the normal (1.7); it passes
through the foci,
c? ? c? ?
z* + (y—l—gsins) =+ (Esine) ; (1.13)

e the circle @3, whose center is the z-intercept T, (1.5) of the tangent (1.4) to H at P; it
passes through the points £ (1.10) and [ (1.11),

(1.14)

a \2 , a’sin’c+b’cos’e
T — +y = :

COS € cos? e

The circles ®;, ®; and ®3 taken pairwise are mutually orthogonal (|6, Theorem 2.1]), and the
point N, (1.8) is their radical center.
The circles ®, and ®3 share the points (the notation (achs) = a? cos? € + b? sin? ¢ is used)

" ((a—csine)&cose. (a—csins)bc)l (1.15)
! (acbs) ’ (acbs) ’ '

T ((a—l—csine)cQ(:ose. —(a—i—csins)bc)
2 (acbs) ’ (acbs)

(1.16)
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In the present paper, the vertices of the ellipse H (1.1) are denoted by Vi(a,0), V5(0,b),
V3(—a,0), and V,4(0,—=b), or simply Vi, ..., V. The points where the circle ®;(i = 1,3) meets
the tangent drawn at the ellipse vertex Vj, j = 1,4, are denoted by T, A =1,2.

2. Results

The tangent ¢ (1.4) (Figure 1) drawn to the ellipse H (1.1) at P meets:
(i) the tangents drawn to the ellipse H (1.1) at its vertices V3(—a,0) and Vj(a,0) in the
following points 7137 and 1319, respectively:

Tia (—a; w) (2.1) Ty (a; w); (2.2)

sin e sin e

(ii) the tangents drawn to the ellipse H (1.1) at its vertices V5(0,b) and V4(0,—b) in the
fOHOVViIlg pOiIltS T321 and T3422

Ty (w b), (2.3) Ty (M - ) (2.4)

cos e cos e

Replacing the coordinates of the points T13; and Ti19 [T321 and T34s] in the equation (1.12)
representing the circle ®; [in the equation (1.14) representing the circle @3], one can see that
such equations are fulfilled. Accordingly, we may state the following:

Theorem 1. [Figure 1| The tangent (1.4) drawn to the ellipse H (1.1) at P meets
e the tangents drawn to the ellipse at its vertices Vi(a,0) and V3(—a,0) in points belonging
to the circle ®1 (1.12) [such points are denoted by Ti15 (2.2) and Ty3; (2.1), respectively];

e the tangents drawn to the ellipse at its vertices V2(0,b) and V4(0, —b) in points belonging
to the circle ®3 (1.12) [such points are denoted by T391 (2.3) and T340 (2.4), respectively].

The present author has shown in [6, Theorem 2.2|, that the points £ (1.10) and [ (1.11)
— where the normal (1.7) to H at P meets the eccentric (1.2) and the symm-eccentric line
(1.2) of P, respectively — belong to the circle ®; (1.12). Accordingly, we may state:

Theorem 2. |Figure 1| The ellipse foci, the points E (1.10) and I (1.11) and the points T112
(2.2) and Ty31 (2.1) are concyclic about the y-intercept T, (1.6) of the tangent to the ellipse
H at P on the circle &, (1.12).

Also the circle ®3 (1.12) passes through E (1.10) and 7(1.11). Accordingly, we may state:

Theorem 3. |Figure 1|. The points E (1.10) and I (1.11), T35 (2.3) and T34 (2.4) are
concyclic about the x-intercept T, (1.5) of the tangent to the ellipse H at P on the circle @3
(1.14).

Of course, there exist points symmetrical to the afore mentioned ones about the ellipse
symmetry axes, I will not mention for the sake of brevity.

Remembering that any couple of points defines an elliptic and a hyperbolic pencil of circles
(]2], Chapter 7), we may regard the circles ®; and ®, as elements of the elliptic pencil of circles
defined by the ellipse foci. The general element of this set, denoted here by ® g, is represented
by the following equation,

24 (y =) =+, (2.5)
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Figure 1: Tllustrating the definition of circles ®;, ®5 and ®3 and the Theorems 2.1, 2.2
and 2.3. The points F} and F5 are the foci of the ellipse H; the ellipse vertices are
denoted by Vj through Vj; the tangents to H at such vertices are drawn [blue]. The
tangent to H at P meets the tangent at V3, the y-axis x, the tangent at V5, the tangent
at Vi, the z-axis and the tangent at Vj in the points T3, T}, T321, Thi2, T and Thyo,
respectively. Two circles [red| through the foci, denoted by ®; and ®,, are constructed
about T, and N,, respectively. The circle @3 [red| is constructed about T}; the circles
®, and P53 and the normal share the points £ and I; the circles ®5 and ®3 share the
points W, and W,. The circle ®5 meets the tangent to H at V) in Tho; the &5 diameter
through Ty» [magenta| touches the ellipse (Corollary 1) at Ps; the normal to H at P
|magenta| meets the minor axis at 7, (Theorem 8).

o

It

1
122
2

where the parameter y, is the y-coordinate of the center. The circle ®3 belongs to the
hyperbolic pencil of circles defined by the ellipse foci. The general element of this set, denoted
by @y, is represented by the following equation:

(x— o)’ +y* =) — &, (2.6)

where the parameter z, is the x-coordinate of the center. Any circle of the hyperbolic pencil
passes through the ellipse imaginary foci F} (0, ic), Fi (0, —ic). Any circle of either pencil is
orthogonal to each circle of the other pencil.

Theorem 1 implies the following:

Corollary 1. [Figure 1| Let g (2.5) be a circle through the ellipse foci which meets the line
x = a in real points. The ®g diameters through such points are tangent to the ellipse H.

Let the tangents drawn to the ellipse H at its minor axis vertices (namely, the lines y = b
and y = —b) meet the circle ®; (1.12) at the following points T2 and Ty4o (Figure 2):
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Figure 2: The circle ®; [red| meets the line y = b [blue| in Ti92. The tangent t122 to the
circle ®; at Tio5 touches the ellipse (Lemma 1) at P;. The tangent ¢ to the ellipse at P
meets the lines y = b and y = —b [blue] in the points T39; and T34e. The circles @4 and
5 [blue| symmetrically lie about the minor axis and touch the tangent ¢ at T3, and
T34, respectively; they pass through the foci (Lemma 2). The tangents ¢, and t5 [blue]
to the circles ®, and ®; at the focus F; form the angle § |[Theorem 5, item (¢)]. The
bisectors by and by [black, dashed lines| of the angle § and its supplementary meet the
minor axis in 7, and N,. The circle Ky, [green| passes through T, N,, P and the foci
[Theorem 5, item (ii)].

1 —si 1+ s
T2z (\/@2 + 252&; b) ) (2.7) T4z (\/Cl2 - 252&; —b> (28
sin e sin e

respectively. The tangent ¢;95 to the circle ®; at Tia2 (2.7) has the equation

V(2 —b?)sin? e + 2b2 sine _ Psine + 0
b(1 —sine) b(1 —sine)

y=u (2.9)

Simultaneously solving the equations of the tangent t122 (2.9) to the circle ®; at T2 and
the ellipse H (1.1), we get the following, single unknown equation (the notation (asbc) =

a?sin® e + b? cos? € is used):

2% (asbc) —2xa®(asbc) \/(02 — b?)sin’e + 20 sine+a* [(¢® — b*) sin® e + 2b° sine| = 0. (2.10)
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The vanishing of the discriminant of (2.10) shows that the tangent t129 (2.9) to the circle &,
at Tiao touches also the ellipse H. Moreover, observing that the circle ®; (1.12) shares such
property with the general circle through the foci, we may state the following:

Lemma 1. [Figure 2| Let @ (2.5) be a circle belonging to the elliptic pencil of circles defined
by the ellipse foci, which meets the line y = b in real points. The tangents drawn to Pg at
such points are tangent to the ellipse, too.

Now, let us consider a circle, denoted by ®, and represented by the following equation,
2+ (y—y0)" =y + 7 (2.11)

The center of the circle ®, (2.11) is a point belonging to the minor axis of the ellipse H (1.1),
|yo| apart from the major axis. The circle meets the major axis in points |z,| apart from the

minor axis. Let the line y = b meet the circle ®, in the real point 77, (ng + 2by, — b2, b).
The tangent drawn to ®, at such point is

VT 2o — 2 yob+ a2
Lo o — 7 YOt T, (2.12)

yo_b yo_b‘

y=x

Let us assume that the line (2.12) is tangent to the ellipse (1.1), too. This hypothesis
amounts to state that the following equation

2
2 1 < Va2 + 2by, — b2 yob+x§>
x — =1,

(2.13)

g—i_b_? Yo — b Yo — b

written by replacing the r.h.s. of (2.12) in the ellipse equation (1.1), has a vanishing discrim-
inant. Setting the discriminant of (2.13) to zero amounts, in turn, to write the following
equation for the unknown 22 (the conventional notation R = z2 + 2by, — b? is used):

a (yob + xi)Q R — [b2(yo —b)? + azR} X a? [(yob +22)? — b (y, — b)Z} =0,
which may be written, by means of trivial manipulations, as follows:
T + 2yobx — a’x? — bt + 20y, — 2a’by, + a’b* = 0

The unique acceptable solution is 2 = ¢?. This result means that the circle @, passes through
the foci. Accordingly, we may state:

Lemma 2. [Figure 2| Let ®, (2.11) be a circle about a point lying on the ellipse minor azis,
which meets the line y = b in real points. If the tangents drawn to the circle at such points
touch also the ellipse, then the circle ®, passes through the ellipse foct.

The Lemmas 1 and 2 amount to the following:

Theorem 4. |Figure 2| Let ®, (2.11) be a circle about a point lying on the ellipse minor
azxis, which meets the line y = b in real points. A necessary and sufficient condition for the
tangents to the circle at such points to touch also the ellipse is the membership of the circle
in the elliptic pencil of circles defined by the ellipse foci.

An obvious consequence of Theorem 4 is the following:
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Corollary 2. [Figure 2| Let the tangent t (1.4) to the ellipse H at P meet the lines y = b
and y = —b in the real points Ts9 (2.3) and Ts4e (2.4), respectively. Let ®, and ®5 be two
circles whose centers lie on the minor axis, which touch the line t in the points T3y and T340,
respectively. Under such hypothesis, the circles ®4 and ®5 pass through the ellipse foci.

The following equations (2.14) and (2.15) represent the circles &, and ®5, respectively
(the notation (asbc) = a?sin e + b? cos? € is used):

2 (y_ (asbe) —aZSmg)? _ (M)Z <b_ (asbe) —GQSim)?’ (2.1

bcos? e COS € bcos? e
asbe) + a%sine ) 2 a(l +sine)\? asbe) + a%sine\ 2
m2+<y+( b> i ) :(—( )) Wy b> ’ . (2.15)
cos? e cos € cos? e

The tangents to the circles &, (2.14) and &5 (2.15) at the focus Fi(—c,0) have the following
slopes my4 (2.16) and ms (2.17), respectively:

—bccos® e bc cos? €

my: , 2.16 : —. 2.17

Y (asbc) — a?sine (2.16) (asbc) + a%sine (2.17)
The tangents to the circles &, and @5 at the focus F; form an angle 9,
becos? e becos? e
my —m - —a2sine 2 2bc
§ = arctan ———— — arctan (asbe) —a bmi 5 (afbc) TOIME _ arctan .

14+ myms b?c? cost e 2 — b2

(asbc)? — atsin’ e

This unexpected result means that — in spite of the dependence of any detail on the eccentric
anomaly € of P (namely, on the point P location on the ellipse) — the measure of the angle
0 does not depend on such variable but on the ellipse semiazes only.

A further, unexpected result arises from the bisectors of the angle § and its supplementary.
Indeed, observing that tang = g, the slopes of such bisectors — here denoted by my, and
myp, — can be written as follows:

J . ‘ .
ms + tan ° bc? cos® e + a’bsin® e + b3 cos? e + a’bsine b
M, = b 2,002 b2 2 2cgine — b2 2. caine’
1—m5tanz a“csi’ € + b°ccos“ € + a“csin e CCcos” e csineg
1 csine
mb = — e
2 mpy, b

These slopes m;, and my, equal the slopes of the tangents drawn to the circles &, and ®; at
the focus F}, respectively. Because of the orthogonality of the circles ®; and ®,, this finding
means that the bisectors by and by of the angle § and of its supplementary pass through the
centers — T}, (1.6) and N, (1.9) — of the circles ®; and @, respectively. This result carries
with itself a further consequence: if a circle is constructed on the segment T, N, as diameter,
such circle passes through the foci.

We may summarize these results as follows:

Theorem 5. |[Figure 2| Drawn the tangent t to the ellipse H at P, let &4 (2.14) and ®5 (2.15)
be two circles whose centers lie on the minor axis, which touch the line t at the points Tzo
(2.3) and Ts42 (2.4), where such line meets the lines y = b and y = —b, respectively. Let these
circles [which pass through the foci by virtue of the Corollary 2| admit as tangent at the foci
two lines denoted by ty and ts. Then the following holds:
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(i) the lines ty and ts meet at constant angle 6 = arctan %;

(ii) the bisectors of the angles formed by the lines ty and ts are tangent to the circles ®,
(1.12) and @, (1.13), respectively;

(iii) the point P, the y-intercepts T, and N, of the tangent and normal to the ellipse at P
and the foci are concyclic on the circle constructed on the segment T,N, as diameter.

The following equation represents the circle — here denoted by Ky — whose existence is
stated by the last proposition of Theorem 5:

2y y_b2—0281n25 2: b2+ Zsin’ e 2‘ (2.18)
2bsine 2bsine

The circle (2.18) is well known since a long time. The new proof I have given here of its
existence adds to many others registered in the literature (e.g., see |7, p. 86|, [1, Chapter VI,
p. 215], and |6, subsect. 3.2, item 2]).

Remembering that the point 7’5 is common to (i) the circle @y, (i7) the tangent x = a
drawn to the ellipse at V}(a,0), and (4i7) the tangent ¢ (1.4) to the ellipse at P (Theorem 1), let
us assume that a circle denoted ®,, symmetrically lying about the focal axis, passes through
the point T112. Remembering that the line ¢ (1.4) is a diameter of ®y, it is obvious that, if
such line ¢ touches also the circle ®, at Tj;5, then the circle ®, is orthogonal to ®;. Since
®, belongs to the elliptic pencil of circles defined by the ellipse foci, we conclude that the
circle ®, belongs to the conjugated hyperbolic pencil of circles. On the other hand, if &,
orthogonally cuts the circle ®; at the point 7115 — namely: if &, belongs to the hyperbolic
pencil of circles defined by the ellipse foci — then the line ¢ is tangent to ®,, too. Accordingly,
we may state:

Theorem 6. [Figure 3| Let @, be a circle about a point lying on the ellipse focal axis, which
meets the line x = a in real points. A necessary and sufficient condition for the tangents to
the circle ®, at such points to touch also the ellipse is the membership of the circle in the
hyperbolic pencil of circles defined by the ellipse foci.

Of course, what has been said for the point 771> holds also for the point Ti3;, where the
tangent ¢ (1.4) drawn to the ellipse at P meets the line x = —a. Therefore, we may construct
two circles — let them be denoted by ®) and @7 — such that their centers lie on the focal
axis and they touch the tangent ¢ in the points 7115 and T}3;, respectively. The following
statement is an obvious consequence of the Theorem 6:

Corollary 3. |Figure 3| Let the tangent t (1.4) to the ellipse H at P meet the lines x = a
and x = —a in the real points Ti1o (2.2) and Tiz (2.1), respectively. Let @) and P be two
circles whose centers lie on the major axis, which touch the line t in the points T115 and T3,
respectively.

Under such hypothesis, the circles @) and ®% belong to the hyperbolic pencil of circles defined
by the ellipse foci.

A special circle belonging to the hyperbolic pencil defined by the foci is ®3 (1.14) (Fig-
ure 3). The line z = a meets the circle ®3 (1.14) in two points; one of them is the following

T3117
a?
T311 a, 2 - CL2 - C2 (219)
cos ¢
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112

Figure 3: The circle @3 [red]| meets the line x = a [blue| in T3;;; the tangent to ®3 at
T311 |blue] touches the ellipse (Theorem 6) at P,. The tangent ¢ to the ellipse at P
meets the lines © = @ and © = —a in the points 7112 and Ti31; the circles @) and ®f
[blue| touch the tangent ¢ in Ti15 and T}3;.

The following line ¢31; (2.20),

1 — 2 2
y =z a(l —cose) N a® — ¢ cose | (2.20)
V2a%cose — (a2 + ) cose  y/2a%cose — (a? + %) cos?e

is tangent to the circle ®3 at T31; (2.19) and to the ellipse H at the following point P,

P2 (_ a3 (1 — COS 5) ] b2\/2a2 Cos € — (a2 + 62) COS2 6) X (221)

a? — c2cose’ a? — c2cose

We have recognized some special points on the tangent to the ellipse at P, which can be
gathered into special quadruplets, as the following Theorem states:

Theorem 7. |Figure 1| The following quadruplets of points form harmonic ranges.
(1) Tz (2.1), Tz91 (2.3), Th12 (2.2) and T349 (2.4),

(11) T, (1.6), T321 (2.3), P and Ts4s (2.4),

(iii) Ths1 (2.1), P, Th12 (2.2) and T}, (1.5)

The orthogonality of the circles ®; and ®3 accounts for the harmonic range formed by the
first quadruplet. As regards the second and third quadruplet, replacing the points by their
x- and y-coordinates, respectively, we may write down the following quadruplets:

b . a
—— b, bsine, —b and (—a, acose, a, ),
sine cose
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and check that, for both of them, the product of the 1st and 3rd term equals — apart from
the sign — the product of the 2nd and 4th term.

In the paper [6], I have introduced the circle ®5 (1.13). It is constructed about the y-
intercept NV, (1.9) of the normal to H at P, passes through the foci and forms, together with
¢, (1.12) and @3 (1.14), a triplet of orthogonal circles (|6, Theorem 2.1]). The line x = a
meets the circle @, in the following points To1; and Ty (Figure 1):

C2ain e — 4oin2 -~ pa 2 4ain2 -~ _ pa
Tont (a; c“sine bc sin“ e b>’ (2'22) Ty (a; csine + bc sin® e b>. (2'23)

Let us restrict ourselves to consider the point Ty (2.23). Corollary 1 enables us to state that
the following ®5 diameter through 7515,

2sine ctsin?e — bt
= — 2.24

is tangent to the ellipse H. Indeed, the tangency point is the following Pj:

4dain2 o _ pa 3
Pg(a\/c sin” e b_ b >

2sine " 2sine

(2.25)

The circle @5 plays, w.r.t. the point Pj, the same role the circle ®; plays w.r.t. the point P.
Accordingly, as the normal to H at P is, by definition, a diameter of ®,, the normal to H at
Pj is a diameter of ®; (Figure 1). Such normal passes, therefore, through the center 7, (1.6)
of ®,, as the following Theorem states:

Theorem 8. [Figure 1| The normal to the ellipse H at the point Py (2.25) concurs with the
tangent (1.4) to H at P in the minor azis point T,(0, b/ sine).

If the procedure which has lead us from P to Pj is followed starting from Pj, the circles
®, and ®, exchange their role with each other, as well as the points 7715 and 7515, the points
T, and N, and, accordingly, the points P and Ps, too. This accounts for the following

Theorem 9. The correspondence associating the points P and Py (2.25) is involutory.

Observing that the y-intercepts of the normal and tangent to H at P; (2.25) coincide with
the y-intercepts T, (1.6) and N, (1.9) of the tangent and normal to H at P, respectively, we
conclude that a circle constructed on the segment 7, N, as diameter passes through P and
P;. But we know (Theorem 5)that the segment T, N, is a diameter of the circle Ky (2.18),
which passes through the point P and the foci. Moreover, also the following point Cy (2.26),
representing the midpoint between the points ¥y (1.15) and ¥, (1.16),

Co ( ac? cos e bc? sin e ) | (2.26)

a?cos?e + b2sin’e’ a2cos?e + b2sin’e

belongs to the circle Ky (2.18). Indeed, replacing the Cy (2.26) coordinates in the Lh.s. of
(2.18) and doing some simplifications, we get

: : . : 2
a’c® cos® e + b’ sin® e + (a” cos® e + b sin’ €) (b* — *sin®€) — (a® cos” e + b*sin®e)”.

Few, trivial manipulations allow us to conclude that this expression vanishes. Accordingly,
we may state the following



M. Ternullo: Common Tangents to Ellipse and Circles, and Other Theorems 5o

Lemma 3. The points P3 (2.25) and C'y (2.26) are concyclic with the point P, the foci and
the y-intercepts of the tangent [T, (1.6)] and normal [N, (1.9)] to the ellipse H at P in the
circle Ky, (2.18).

3. The normal to the ellipse at the point P

The normal (1.7) to H at P meets the circle 5 (1.13) (Figure 4) in points denoted by Nao
and Ny; (the farther and closer to P, respectively). Such points are

i cla —c)sine
Ny (—ccose; —w) . (3.1) Noy <ccos £; <+> . (3.2)

Six lines link the points Noj (3.2), Nog (3.1), T131 (2.1) and Tiq2 (2.2), two of them being the
normal and the tangent to H at P. The remaining four lines are involved in relationships of
collinearity and concyclicity with several other points.

Theorem 10. [Figure 4| The focus Fy(—c,0) is collinear
1. with the points Th31 (2.1) and Ny (3.1) on the line

b(1+ cose)

Ti31FiNyy: y= —————= 3.3
131F1 N2 1y (a—c)sins(x+c)’ (3.3)
2. with the points Ti1a (2.2) and Ny (3.2) on the line
(a —¢)sine
Ti1oNo Fy: vy = —>0—— . 3.4
112Vo1 F1 1y b(1 + cose) (z+c¢) (3.4)

The lines Ty31F1 Ny (3.3) and Ty1a N1 Fy (3.4) meet orthogonally at F;.
The focus Fy(c,0) is collinear
1. with the points Ty3; (2.1) and Noy (3.2) on the line

b(1 + cose)

Ti31NoyFy 0y = —m

(x —¢), (3.5)

2. with the points Ti12 (2.2) and Ny (3.1) on the line

b(1 — cose)

T112F5Noyy 0y = (a — c) sine

T —c). (3.6)

The lines Ti31No1 Fy (3.5) and T112F>Nag (3.6) meet orthogonally at F,.

The collinearity of the mentioned triplets of points is demonstrated by checking that,
for each of them, the points coordinates fulfill the equation of the corresponding line. A
glance at the slope of the lines T3 F1 Nog (3.3) and T112Noy Fy (3.4) reveals that such lines are
orthogonal, as well as the lines 1131 Noy Fy (3.5) and T112F5Noy (3.6) are.

In the light of these results, the following holds, too:



56 M. Ternullo: Common Tangents to Ellipse and Circles, and Other Theorems

5
=

S

N5

Figure 4: The normal to the ellipse at P meets the circle @5 [red| in Ny; and Nos.
The points forming the triplets Ti31F1Nog, T119No1 Fy, T131No1 Fy and Ti10F5Nog are
collinear [red lines| (Theorem 10). The points forming the quadruplets T3 Nog Fo P,
F1N22T112P, N21F2T112P and T131F1N21P are COIICYCHC on the circles KZ(Z = ]_,4) [blue]
(Theorem 11). The centers C;(i = 1,4) of the circles K; are the vertices of a rectangle,
whose sides [violet| parallel the tangent and normal to the ellipse H at P (Theorem 12).

Corollary 4. [Figure 4| The normal (1.7) to the ellipse H at P and the lines Ti31F; (3.3)
and Ty12Fy (3.6) concur in the point Noo (3.1), which belongs to the circle o (1.13).

The normal (1.7) to the ellipse H at P and the lines Tyz1 Fy (3.5) and Th12F) (3.4) concur in
the point Noy (3.2), which belongs to the circle o (1.13).

The tangents to the ellipse H at P (1.4) and at the vertex V3(—a,0) and the lines NogF (3.3)
and Ny Fy (3.5) concur in the point Ti31 (2.1), which belongs to the circle ®; (1.12).

The tangents to the ellipse H at P (1.4) and at the vertex Vi(a,0) and the lines Noy Fy (3.4)
and NogFy (3.6) concur in the point Th1o (2.2), which belongs to the circle 1 (1.12).

Since the lines T3 F1 Nog (3.3) and T112No Fy (3.4) meet at the focus Fy, both triangles
Fy Ny T31 and Fy NogT115 are right, the point Fi being the common vertex of their right angles
and the sides opposite to F; — namely, Ny1T131 and NosT112 — being their hypotenuses. By
similar reasoning, we may achieve the conclusion that the segments No;Ti12 and NooT'sy
are the hypotenuses of as many right triangles sharing the vertex F;. Moreover, the same
segments Noy 1131, NooT112, NoyTi1o and NogTi3; are the hypotenuses of a second set of four
right triangles sharing the point P as the common vertex of their right angles, whilst their
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catheti are segments of the tangent and normal to H at P. Accordingly, if four circles K;
(1 = 1,4) are constructed on the afore mentioned segments as diameters, each one of such
circles passes through P and the focus non collinear with the diameter. Here, for each segment
assumed as diameter, the center is given:

b2 1 . f 02
midpoint of Tray Nog: €, _a+ ccosg; (1+ cose) ‘c(a +¢)sin“e 7 (37)
2 2bsine
_ b2 1— _ i 02
midpoint of TioNay: Co a ccose; (1 —cose) ‘c(a +¢)sin‘e | (3.8)
2 2bsine
b2 1 — o 12
midpoint of TyaNor: s a+ ccosa; (1 —cose) —i-.c(a ¢)sin® e 7 (3.9)
2 2bsine
. —a+ccose b*(1+cose) +c(a—c)sin’e
mldelIlt of T131N212 C4 ) ; . (310)
2 2bsine

Which angles form the radii of the four circles K;(i = 1,4) at their common point P? Here I
give the respective slopes m¢, p and me,p of the radii through P of the circles K; and Kj:

20 sin? ¢ — b(1 + cose) + c(a + ¢)sin® e
m =
“@r (2acose + a+ ccose)bsine ’

20% sin?e — b?(1 — cose) — c(a — ¢) sin e

me,p = :
° (2acose —a — ccose)bsine

Few manipulations allow us to write the product of such slopes as

—b?cos? e + 2acose(c — acose) + a’sin’ e ]
me,pMmczp = : =—1
e —a?sin® e + 2acose(—c + acose) + b2 cos?

This means that the circles K; and K3 meet orthogonally. In the same way, we can see that
the circles Ky and K, orthogonally meet, too. We may summarize these findings as follows:

Theorem 11. [Figure 4| Let the circles K1, Ky, K3 and K4 be constructed on the segments
T131Noo, T112Noo, T119No1 and Ti31Noy as diameters, respectively. FEach circle passes through
the point P and through the focus non collinear with the segment taken as diameter. The
circles K1 and K3, as well as the circles Ko and Ky, are two couples of orthogonal circles.

Moreover, as it is easy to check with a bit of algebra, the four midpoints C; (3.7) through
Cy (3.10) possess the properties described by the next statement:

Theorem 12. |Figure 4] The midpoints Cy (3.7), Cy (3.8), C5 (3.9) and Cy (3.10) of the
segments T131Noo, T119Nao, T112No1 and Ti31Na1, respectively, are the vertices of a rectangle
whose sides C1Cy and C3Cy are parallel to the tangent to the ellipse at P whilst the sides
C1Cy and C3Cy are parallel to the normal.

The same points are concyclic on the circle Ky, (2.18), which is constructed on the segment
of the ellipse minor axis intercepted by the tangent and normal to the ellipse at P.

The center of the circle Ky (2.18) is the common midpoint of the segments C;C3 and
C5Cy. These segments are, therefore, diameters of Ky. This result implies, in turn, that the
triangles whose vertices are the points C;(i = 1,4) taken three at a time are right, because each
of them is inscribed in a semicircle. The lines C' P and C5P are orthogonal because they are
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inscribed in a semicircle, too. Since these lines are radii of the circles K7 and K>, respectively,
such circles are orthogonal to each other. In this way we find again the orthogonality of the
circles K1 and K3 and of Ky and Kj.

In 2007, the author introduced in [3] the following circle K (Figure 5), taking as diameter
the segment T, T, of tangent to the ellipse H at P intercepted by the axes,

a \2 b 2 a \2 b 2 11
(I_2COSE> +<y_2sm5> _(2COS€> +(281n6) ‘ (3.11)

The circle K (3.11) was shown to pass through many special points, two of them being the
intersections E (1.10) and I (1.11) of the normal (1.7) to the ellipse H at P with the eccentric
(1.2) and the symm-eccentric line (1.3) of P, respectively. A further paper [6] introduced the
concept of symbiotic conics: taken a point P on the ellipse H (1.1), the symbiotic ellipse Hy,
of the ellipse H about P is an ellipse having P as center and passing through the center O of
the ellipse H. The axes of Hy, are the tangent and normal to H at P; the tangent and normal
to Hy at O are the y- and z-axes of H, respectively. The equation of the ellipse Hy, follows:

o a? —b*cos’e b 2
17 —————— — 2oy —tane — 2%
a? cos? ¢ a

+y*=0. (3.12)
acose

The foci of the ellipse Hy, are the points F (1.10) and [ (1.11) (|6, Theorem 3.1]). We can
say that the point E, I and O are, for the ellipse Hy, objects homologous to the points F},
F5 and P. On the other hand, the symbiotic ellipse of Hy, about O is the ellipse H.

Remembering that the circle Ky (2.18) is, by definition, the circle constructed taking as
diameter the segment T, N, of the y-axis intercepted by the tangent and normal to H at P, the
introduction of the symbiotic ellipse Hy, allows to redefine such circle Ky, (2.18) as the circle
constructed taking as diameter the segment T, N, of the tangent to the ellipse Hy, intercepted
by the axes of Hy. Since this new definition faithfully traces the definition of the circle K,
we can conclude that the circle Ky is homologous to the circle K (3.11). In [6], it was shown
that the circles homologous to ®;, &5 and ®3 are the circles ®;, 3 and P,, respectively.
Objects which correspond to themselves, as the circle @4, are said auto homologous. Now, we
can determine objects homologous to the newly introduced points, lines and circles.

From Theorem 1, we know that the points 31 (2.1) and 7112 (2.2) are the intersections of
the tangent to H at P with the circle ®;, where they are diametrical opposite. More precisely,
T112 lies on the same side as P, with respect to the ellipse H minor axis, at variance with T}31;
the former will be said homolateral and the latter contralateral. Accordingly, as the circle @,
is auto homologous, we may conclude that the points homologous to Ti3; and Tj;, are the
intersections of the y-axis [namely, the tangent to Hy at O] with the circle ®;; such points
are the following ®14 (3.13) and @, (3.14), respectively:

D (0; b Vs e o B eos 5) (1) o, (0; b= Vatsine £ cos 5) . (3.14)
sine sine

The points @y, (3.13) and Py, (3.14) are the &, points lying at maximal and minimal distance

to the H center O. They will be referred to as the ®; distal and prozimal points, respectively.

Quite analogously, the points T73; and 1715 are the ®; points lying at maximal and minimal
distance to the Hy, center P.
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Figure 5: The circles ®;(i = 1,3) are represented by red, dashed lines; their points
lying at maximal and minimal distance to the origin are denoted by ®;; and ®;,, re-
spectively. The symbiotic ellipse Hy, (3.12) [magenta] is constructed about the points F
and [ as foci. The points forming the triplets @1,E P34, P1,P3, L, P14P3,1 and P11 P3,
are collinear |red lines| (Theorem 13). The points forming the quadruplets ®1,01P34,
D, D3,EO, ©1,1P5,0 and ©,,0P3,E are concyclic on the circles K[(i = 1,4) [blue]
(Theorem 14). The centers Cl(i = 1,4) of the circles K| are the vertices of a rectangle
whose sides (violet) parallel the x- and y-azxes; the same points C! are concyclic with
E and I, T, and T, and the midpoint C'y of the chord U1Vy in the circle K |green]

(Theorem 15).

The points Nog (3.1) and Ny; (3.2) are the intersections of the normal (1.7) to H at P
with the circle ®,. Accordingly, they correspond to the intersections of the normal to Hy
at O [namely, the z-axis| with the circle @3 [the circles &5 and ®3 are homologous to each
other|. Precisely, as Ny and Ny are the farther and closer to P, their homologous points are
the following ®34 and ®3,, namely the ®3 distal and prozimal points, respectively:

o, (a + Va2sin? e + b2 cos? 5; O) (3.15) By, (a —+Va2sin? e + b2 cos? 6; O) (3.16)
COs € COs €

We may conclude by saying that the points E (1.10), I (1.11), ®14 (3.13), 4, (3.14), Py
(3.15) and ®3, (3.16) are homologous to the H foci Fy and F3, the points Ti3; (2.1), Ti1o
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(2.2), Nas (3.1) and Ny (3.2) and viceversa, respectively. In other words, when dealing with
the ellipse H and its point P, we regard the points £ and [ as the intersections of the normal
to H at P with the eccentric and symm-eccentric line. If we change our perspective, dealing
with the ellipse Hy, and its point O, we regard the points £ and I as the foci of Hy.

The fruit of this approach is that, from a given statement involving a special set of
geometrical objects, we may generate a twin statement involving the set of the homologous
objects. In many cases, the new statement, far from being a trivial duplicate of the previous
statement, reveals new, worth mentioning facts.

The following Theorem 13 is an example of this approach; it is but the Theorem 10,
invoked for the objects homologous to those mentioned in the original statement.

Theorem 13. |Figure 5| The point E (1.10) is collinear
1. with the points P14 (3.13) and P34 (3.15) on the line

b a?sin’e + b2 cos? e b a?sin’e + b2 cos? e
O EDsy: y = v - * - v — - cote, (3.17)
sine a+Va2sin?e + b2 cos?e

2. with the points ®1, (3.14) and P3, (3.16) on the line

b—Va2sin?e + b2 cos?e b—Va2sin?e + b2cos? e
0,05, E: y= _ —x _ cote.  (3.18)
sine a—Va2sin?e + b2 cos?e

The lines ®14E P34 (3.17) and ®1,P3,E (3.18) meet orthogonally at E.
The point I (1.11) is collinear
1. with the points ®14 (3.13) and @3, (3.16) on the line

b+ vVa2sin?e + b2 cos? e b 2sin%e 4 b2 cos? e
010500 y = Va?sin co’e b+ Va SR E VS e, (3.19)
sin e a—Va2sin?e + b2cos? e

2. with the points @1, (3.14) and P34 (3.15) on the line

b—VaZsin?e + b2cos2 e b—Va2sin?e + b2cos? e
Dy, [ Dyy: y = - — — cote.  (3.20)
sin e a+ Va2sin®e + b2 cos? e

The lines ®14P3,1 (3.19) and P1,1 P34 (3.20) meet orthogonally at I.

Now, if we construct four circles K(i = 1,4) on the segments ®1,P34, ®1,P34, P1,P3, and
$,,P3, as diameters, it suffices that we invoke Theorem 11 to state the following:

Theorem 14. [Figure 5| Let the circles K| (i = 1,4) be constructed taking as diameters the
segments ©1qPsq, P1pP3q, P1,Ps, and $1qPsy, respectively.

1. The points ®14, O, I and $3q are concyclic on the following circle K about the midpoint
C1 between @14 and Psg,

(m . +<b>>+ <y_ b+ \/ashe) M)_ (+<b>>+ <b+ M) 1)

2cose 2sine 2cose 2sine
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2. The points ®1,, P34, E and O are concyclic on the following circle K about the midpoint
C between the points @1, and Psq:

2 2 2 2
a+ +/(asbc) b—+/(asbc)\  [a+/(asbc) b— +/(asbe)
(m— 2cose > + (y— 2sine ) N ( 2cose ) + < 2sine ) - (3.22)

3. The points ®1,, O, 3, and I are concyclic on the following circle Ki aboul the midpoint
C4 between @1, and Ps,:

a — +/(asbc) ? b — +/(asbc) ? a — +/(asbe) ? b — /(asbc) ?
T T Jcose v 2sine - 2cose * 2sine - (3.23)

4. The points 14, O, @3, and E are concyclic on the following circle K} about the midpoint
C between the points ®14 and Ps,:

(x_ —<b>>+ <y_ b+ /(asho) W): (a— W>+ <b+¢m> 524

2cose 2sine 2cose 2sine

The circles K/ (3.21) and K} (3.23) are orthogonal, as well as the circles K} (3.24) and K}
(3.22). The centers C! of the circles K| (i = 1,4) belong to the circle K (3.11).

Invoking Theorem 12 for the points homologous to C; (i = 1,4), we may state the follow-
ing:
Theorem 15. [Figure 5| The midpoints C1, C5, C%, and C of the segments ®14P34, D1, P34,
Dq,P3, and ©1,P3,, respectively, are the vertices of a rectangle whose sides C1CYy and C5C)

are parallel to the y-azis [that is the tangent to the ellipse Hy, at O] whilst the sides C;CYy and
CyC% are parallel to the x-azis [that is the normal to the ellipse Hy, at O).

The same points are concyclic on the circle K (3.11), which is constructed on the segment of
the tangent to the ellipse H intercepted by the x- and y-azes.

The points T, (1.6), N, (1.9), ®3, (3.16) and P34 (3.15) are linked by six lines, two of
which are the z- and y-axes; the remaining four lines are the following:

b b(a— Va?sin? e + b2 00825)

Ty®sa: y = sine c2sinecose T (3.25)
. . 2 2 2
2sine sms(a—l—x/a%m € + b2 cos g)
Ny @3, y = — ;T — T, (3.26)
Zsine c?sinecose
Ny®sy: y = — ) + x, (3.27)
b (a + Va2 sin® e + b2 cos? 5)
b b
T,®s,: y = ose x. (3.28)

SIME  gine <a —Va2sin? e + b2 cos? 5)

The lines T, @34 (3.25) and N, P3, (3.26) meet at the following point Py, (the notation (asbc) =
a?sin? ¢ + b? cos? € is used):

A A W

ay/(asbe) + 2sin®e — b2 ay/(asbc) + 2sin®e — b2
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The lines N, ®3, (3.27) and T;,P3, (3.28) meet at the following point P3,

¢ cos £1/(ashe) ' 2bsine (x/(asbc) — a)

ar/(asbc) — ¢2sin®e + b2 (1 + sin’€)y/(asbc) — 2asin® e

(3.30)

P13

The following holds:

Theorem 16. The lines T, P34 (3.25) and N,®s, (3.26) are orthogonal, and their common
point Ps (3.29) belongs to the circles ®3 (1.14) and Ky, (2.18).

The lines Ny ®@sq (3.27) and T, Ps, (3.28) are orthogonal, and their common point Pi3 (3.30)
belongs to the circles ®3 (1.14) and Ky, (2.18).

The orthogonality of the lines 7, ®34 (3.25) and N,®3, (3.26) clearly appears from the
product of their slopes,

bcose ?sinecose c?cos’e
M1, &3, TN, &3, = — =7 = —1,

sine (a + (asbc)> b <a — (asbc)> a? — a%sin*e — b2 cos? ¢

and the same holds for the lines N,®34 (3.27) and T, ®3, (3.28),

?sinecose bcos e c?cos?e

b (a + (asbc)) sine <a — (asbc)) @ —a’sin’e — PPoos?e

MN, @3, TNT, &3, = —

To demonstrate that the point Py (3.29) belongs to the circle Ky (2.18), we will replace the
coordinates (3.29) in the Lh.s. of (2.18). Making some obvious manipulations, we get

?(asbc) cos® e + 4b*c* sin® e — 2 (b? — ?sin’¢) (a (asbc) + c?sin?e — b2>
2

— (a (asbe) + 2 sin? e — b2> :

Afterwards, further manipulations lead us to conclude that such expression identically van-
ishes and that P belongs, therefore, to K.

Quite similarly, to demonstrate that the point Pjo (3.29) belongs to the circle @3 (1.14),
too, we will replace the coordinates (3.29) in the Lh.s. of (1.14), getting the following:

c*(asbc) cos? e — 2ac?y/(asbe) (a\/(asbc) + cZsin?e — b2) +4b?ctsin? e
2
+c? (a\/(asbc) + Zsin® e — b2> :

A bit of manipulations is enough to show that this expression vanishes, too. This proves that
Py2 belongs to the circle ®3, too. Analogously, one proves that the point Pj3 (3.30) belongs
to the circles Ky (2.18) and ®3 (1.14).

The new findings regarding the circle Ky, — namely, the Lemma 3, the Theorem 12 and
part of the Theorem 16 — may be summarized in the following statement:

Theorem 17. [The 13-Point Circle| Let the following points be considered:
(1) the point P3 (2.25) |where the ®; diameter through 7515 (2.23) touches the ellipse H|;

(ii) the point Cy (2.26) [the midpoint between the points ¥y (1.15) and Wy (1.16), where
the circles @5 and @, meet|;
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(11i) the midpoints Cy (3.7), C3 (3.9), Cy (3.10) and Cy (3.8) of the segments T131 Nag, T112Na1,
Ti31No1 and T119Noo, respectively;

() the point Pio (3.29) [where the lines T, ®34 (3.25) and N,P3, (3.26) meet|;

(v) the point P53 (3.30) [where the lines N, @3, (3.27) and T,,®3, (3.28) meet].
The afore mentioned eight points are concyclic with the ellipse foci, the point P and the
y-intercepts of the normal and tangent to H at P in the circle v (2.18).

Invoking Theorem 16 for the homologous objects, the following results:

Theorem 18. The lines TyNoy and T, Ny are orthogonal and their common point belongs
to the circles @4 (1.13) and K (3.11). The lines T, Noy and T,Nay are orthogonal and their
common point belongs to the circles 5 (1.13) and K (3.11).

In [3, 4] the author has introduced the symm-normal line, whose equation is

a

y:bsins—gtanem—acoss). (3.31)
The symm-normal passes through P and shares two points with Monge’s circle (22 + y* =
a®+b?). Each one of these points can be regarded as inverse of itself with respect to Monge’s
circle. Moreover, such points have been recognized [3] to belong to the circle K (3.11), too.
The inversion of P with respect to Monge’s circle yields the point

/ a® 4+ b? a® 4+ b? b
PM - @ CoS¢E; - sin e:
a2 cos?e + b2sin’ e a2 cos?e + b2sin’ e ’

which belongs (|4, Theorem 1]) to the circle K (3.11), too. Having found three points which
belong to the circle K and are inverse — w.r.t. Monge’s circle — of as many points belonging
to the symm-normal, we may state the following:

Theorem 19. The circle K (3.11) is the inverse curve of the symm-normal (3.31) with respect
to Monge’s circle.
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