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Abstra
t. We prove the existen
e and uniqueness of a triangle with given lengths

of two angle bise
tors and the 
evian from the third angle vertex (bise
tor, altitude

and median). The results 
an be used in solving problems of 
omputer graphi
s,

ar
hite
ture and other �elds whi
h in
lude the 
onstru
tion of triangles with given

elements.
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1. Introdu
tion

In this note we will put some relation between side a and two other sides of a triangle with

given lengths of two angle bise
tors lb and lc, and from this we will get as a 
orollary the

famous result about the existen
e and uniqueness of a triangle with given internal angle

bise
tors lengths [3℄ (and also with given lengths of some other 
evians).

In the triangle ABC, we denote BC = a, AC = b, AB = c and the lengths of bise
tors

of angles B and C by lb and lc, respe
tively (see Figure 1).
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Figure 1: Find the triangle ABC with given lengths lb, lc and a.
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2. Main results

Lemma 1. Given b, lb, lc, there is a unique triangle ABC with AC = b and the lengths of

bise
tors of angles B and C are equal to lb, lc if and only if b < b, where

b :=



















lc



1 +
lc −

√

l2
b
− lblc + l2c

2(lb − lc)





if lb 6= lc ,

3

4
lb if lb = lc .

Proof. In [5℄ it was proven that for given b, lb, lc > 0 there is su
h a unique triangle if and

only if

lc ≤ b, (1)

or

b < lc < 2b (2)

and

lb >
4blc(lc − b)

(2b− lc)(3lc − 2b)
. (3)

Then, if lc > b, from (3) follows that

4b2(lb − lc) + 4blc(lc − 2lb) + 3l2
c
lb < 0. (4)

If lb = lc, we have b > 3

4
lb .

For both 
ases lb < lc and lb > lc, it is easy to 
he
k that from (2) and (3) we have

b > lc



1 +
lc −

√

l2
b
− lblc + l2c

2(lb − lc)



 .

So, for ea
h b ∈ (b,∞) there is su
h a unique triangle ABC with bise
tors lb, lc and

therefore there is a unique value a for the length of the side BC. From [4℄ follows that

a ∈





√

l2
b
+ l2c

2
,
lb + lc +

√

l2
b
− lblc + l2c

2



 =: (a, a).

Therefore, we 
an de�ne a fun
tion f : (b,∞) → (a, a) su
h that f(b) = a holds if and only

if there is a triangle ABC with given lengths of bise
tors lb, lc, BC = a, and AC = b.

Theorem 1. f is a 
ontinuous fun
tion.

Proof. Let b0 be any point of dis
ontinuity of the fun
tion f with b0 ∈ (b,∞). Let f(b0) = a0.

From the formulas in [4℄,

b = (a+ c)

√

1−
l
2

b

ac
and c = (a+ b)

√

1−
l
2
c

ab

(both being real), we have F (b, a) = 0, where

F (b, a) = b− (a+ c)

√

1−
l
2

b

ac
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or

F (b, a) = b−

(

a + (a+ b)

√

1−
l
2
c

ab

)
√

√

√

√1−
l
2

b

a(a+ b)
√

1−
l
2
c

ab

.

The fun
tion F (b, a) satis�es the 
onditions of the Impli
it Fun
tion Theorem (see, for ex-

ample, [2℄). A
tually, we have to 
he
k that F is a 
ontinuous fun
tion in a neighborhood of

(b0, a0), that F (b0, a0) = 0, the partial derivative Fa exists and is 
ontinuous at (b0, a0), and
Fa(b0, a0) 6= 0.
Let R = [b1, b2]× [a1, a2] with b1, b2 ∈ (b,∞) and a1, a2 ∈ (a, a), where b0 is an internal point

of R. Then it is obvious that F is 
ontinuous in R and F (b0, a0) = 0.

Fa = −



1 +

√

1−
l2
c

ab
+

(a+ b)l2
c

2a2b
√

1− l
2
c

ab





√

√

√

√
1−

l2
b

a(a + b)
√

1− l
2
c

ab

−

(

a+ (a+ b)

√

1−
l2
c

ab

)

· l2
b
·

(2a+ b)

√

1−
l
2
c

ab
+ a(a+ b)

l
2
c

2a2b
√

1−
l
2
c

ab

2

√

√

√

√
1−

l
2

b

a(a+ b)
√

1−
l
2
c

ab

6= 0 .

So Fa exists and is 
ontinuous at (b0, a0), and Fa(a0, b0) 6= 0.

Then, following the Impli
it Fun
tion Theorem, there is a neighborhood E ⊆ [b1, b2] of point
b0 that there exists a determined fun
tion a = g(b) that satis�es F (b, g(b)) = 0, a0 = g(b0),
and g(b) is 
ontinuous. For ea
h b ∈ E, there is a unique value a that satis�es F (b, a) = 0.
Then g(b) ≡ f(b) in E and so f is 
ontinuous in E (and in b0 in parti
ular).

For ea
h a ∈ (a, a) there is a unique b ∈ (b,∞) so that the triangle ABC with given

lb and lc and with BC = a, AC = b exists. Then we 
an de�ne the inverse fun
tion of f ,

f−1 : (a, a) → (b,∞) with f−1(a) = b. By the famous theorem about 
ontinuous fun
tions,

f−1
is a 
ontinuous monotoni
 fun
tion. It is easy to 
he
k that f−1

is a de
reasing fun
tion.

The analogous result may be re
eived for the side c.

Corollary 1. For given la, lb, lc > 0 there is a unique triangle ABC with internal angle

bise
tors that have lengths la, lb, and lc.

Proof. Let AL = la be the internal angle bise
tor in the triangle ABC. So for given lb, lc > 0,

la =

√

bc

(

1−
a2

(b+ c)2

)

=: l(a),

where l(a) is a 
ontinuous monotoni
 de
reasing fun
tion, a ∈ (a, a). Then,

la =

√

b c

(

1−
a 2

(b+ c)2

)

= 0

and lima→a l(a) = ∞. So l(a) : (a, a) → (∞, 0), and for given la > 0, there is a unique

triangle ABC with internal angle bise
tors that have the lengths la, lb, lc.

From this it follows that if two bise
tors of a triangle are equal, then the triangle is isos
eles

(the Steiner-Lehmus Theorem [1, p. 9℄).
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Corollary 2. For a given ha > 0, there is a unique triangle ABC with internal angle bise
tors

of lengths lb, lc and the altitude AH of length ha.

Proof. Let a AH = ha be the altitude in the triangle ABC. The area of the triangle ABC is

equal to

1

2
ha a =

1

2
ab sin∠ACB =

1

2
(a + b)lc sin

∠ACB

2
,

then

cos
∠ACB

2
=

lc(a + b)

2ab
and sin

∠ACB

2
=

√

1−
l2
c
(a + b)2

4a2b2
.

So for given lb, lc > 0,

ha = lc

(

1 +
b

a

)

√

1−
l2
c
(a+ b)2

4a2b2
=: h(a), (5)

and h(a) is a 
ontinous fun
tion for a ∈ (a, a).

Similarly,

ha = lb

(

1 +
c

a

)

√

1−
l2
b
(a+ c)2

4a2c2
. (6)

a = b cos∠ACB + c cos∠ABC = bF1(a, b) + cF2(a, c),

where

F1(a, b) =
l2
c
(a + b)2

2a2b2
− 1 and F2(a, c) =

l2
b
(a + c)2

2a2c2
− 1.

If a1 < a2, where a1, a2 ∈ (a, a) and

a1 = b1F1(a1, b1) + c1F2(a1, c1), a2 = b2F1(a2, b2) + c2F2(a2, c2),

then b1 > b2, c1 > c2, and at least one of the inequalities

F1(a1, b1) < F1(a2, b2) (7)

and

F2(a1, c1) < F2(a2, c2) (8)

is true. Then from (5) and (6) it is easy to 
on
lude that ha(a1) > ha(a2). So h(a) is 
ontinuous
monotoni
 de
reasing fun
tion. Then, h

a
:= h(a) = 0 and lima→a h(a) = ∞. Thus, for given

ha > 0, there is a unique triangle ABC with internal angle bise
tors of lengths lb, lc, and the

altitude of length ha.

Corollary 3. CB and BM : MC = k (k > 0 is 
onstant). Then for given lb, lc and

ta >
| b k − c |

k + 1
, there is a unique triangle ABC with internal angle bise
tors' lengths lb, lc, and


evian AM = ta .

Proof. A

ording to Figure 2 holds

cosC =
a2 + b2 − c2

2ab
, CM =

a

k + 1
,



V. Oxman: Triangles with Given Lengths of Two Angle Bise
tors and the Cevian 187

PSfrag repla
ements

A

BC a

b

c

lblc

ta

M

Figure 2: Illustration to Corollary 3.

and

AM2 = b2 +

(

a

k + 1

)2

−
a2 + b2 − c2

k + 1
=

b2(k2 + k) + c2(k + 1)− a2k

(k + 1)2
= t(a).

Then, while a 
ontinuously de
reases from a to a, AM 
ontinuously in
reases from

AM =

√

b2(k2 + k) + c2(k + 1)− a2k

(k + 1)2
=

√

b2k2 − 2b c k + c2

k + 1
=

|b k − c |

k + 1
to ∞.

Then, for given lb, lc and ta >
| b k − c |

k + 1
, there is a unique triangle ABC with internal angle

bise
tor lengths lb, lc, and 
evian AM = ta. In parti
ular for the median ma (k = 1) and
lb 6= lc, we get the inequality

m
a
=

1

2

∣

∣

∣

∣

∣

lc

(

1 +
lc −

√

l2
b
− lblc + l2

c

2(lb − lc)

)

− lb

(

1 +
lb −

√

l2
b
− lblc + l2

c

2(lc − lb)

)∣

∣

∣

∣

∣

< ma < ∞,

and for lb = lc (isos
eles triangle) 0 < ma < ∞.
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