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Abstract. This paper will extend a known relationship between the circumra-
dius and dihedral angles of a tetrahedron in three-dimensional Euclidean space
to three-dimensional affine space over a general field not of characteristic two or
three, using only the framework of rational trigonometry devised by Wildberger.
In this framework, a linear algebraic view of trigonometry is presented, which
allows the associated three-dimensional vector space of such a three-dimensional
affine space to be equipped with a non-degenerate symmetric bilinear form. This
will also generalise the results presented to arbitrary geometries parameterised by
such a non-degenerate symmetric bilinear form.
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1 Introduction

The following result, from [3], establishes a relationship between the dihedral angles of a
tetrahedron in three-dimensional Euclidean space over the real number field and its circum-
radius.

Theorem 1. Let Ay, A1, Ay and As be the points of a tetrahedron in three-dimensional
Fuclidean space over the real number field. Let R be its circumradius, and for distinct © and
g in the set {0,1,2,3}, let 0;; be the interior dihedral angle between A; and A;. Then, the

volume V' of the tetrahedron is
Vo 32 NoN1 N2 N3 R

3 M3
where, for l in the set {0,1,2,3},
1 cost;; cosb
N; = det | cosby; 1 cos 0y,
cos O;  cos Oy, 1
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and
0 SlIl2 901 Sll’l2 902 SlIl2 ‘903
sin2 910 0 Sin2 012 SiIl2 ‘913
M = — det ) 2 .9
sin® 0oy sin” By 0 sin® 053
sin? 05, sin®#s; sin? O3 0

In this paper, we aim to derive a similar result using only the framework of rational
trigonometry from [12]. In rational trigonometry, the classical metrical notions of distance and
angle are replaced respectively by quadrance and spread, which have purely linear algebraic
definitions. This allows us to define the metrical notions of rational trigonometry in three-
dimensional affine space; we can thus equip to its associated three-dimensional vector space a
non-degenerate symmetric bilinear form that can be represented by an invertible symmetric
3 x 3 matrix, for which we then have a generalised definition of perpendicularity. This gives
us a general metrical structure by which the results seen in this paper can be generalised
to arbitrary geometries. We should also note that these results can also be generalised to
arbitrary fields not of characteristic 2 or 3, so that the Zero denominator convention in [12,
p. 28] is adopted without constant reference.

We will extend a known result from [4] with regards to the circumradius of a tetrahedron
and its volume and side lengths to a general metrical framework, which allows us to obtain
a rational analog of the aforementioned result. Proving this result also allows us to obtain
a result pertaining to the ratio of the product of opposing dihedral angles to the product
of opposing side lengths, a result found in [9] but verified here in a different way, and to
express the circumradius explicitly in terms of the dihedral angles, volume and areas of the
tetrahedron. The notions of area, volume and dihedral angle from classical trigonometry will
be replaced by the rational trigonometric notions of quadrea, quadrume and dihedral spread
to suit the demands of the paper.

We will also adopt a novel approach to proving the results presented in this paper, based
on the framework of [7]. Here, we take an affine map from a general tetrahedron to a special
tetrahedron whose points are

XO = [0,0,0] s X1 = {1,0,0] s X2 = {0, 1,0] and Xg = [0,0, 1] .

This special tetrahedron will be named the Standard tetrahedron, and it allows us to analyse a
specific tetrahedron over a general symmetric bilinear form rather than a general tetrahedron
over a specific symmetric bilinear form. Using this tool, a key property of the affine map
implies that any result we prove for the Standard tetrahedron can be generalised to a general
tetrahedron, by way of the inverse affine map; thus, it is sufficient that any result presented
in this paper is proven for the Standard tetrahedron.

With the use of the Standard tetrahedron, we may be able to prove our desired results
using this powerful mechanism, which makes computationally-intensive problems more man-
ageable.

2 Preliminaries

We start with the three-dimensional affine space over a general field F not of characteristic 2
or 3, which we will denote by A3. The associated three-dimensional vector space V3, which
contains three-dimensional row vectors, is then equipped with a non-degenerate symmetric
bilinear form represented by an invertible symmetric 3 x 3 matrix B and defined by

w-gv=uBvT
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for vectors u and v in V3, which we will call the B-scalar product of u and v (see [8]). From
this, we also define the B-quadratic form by

Qp(v)=v-pv

for a vector v in V3. If u -5 v = 0 then u and v are said to be B-perpendicular. We also say
that a vector v is B-null if Qp (v) = 0; note that if B is positive definite, then v = 0 is the
only B-null vector.

The primary objects in A are called points and are denoted in this paper as a triple
enclosed in rectangular brackets, and the primary objects in V? are called vectors and are
typically denoted as a three-dimensional row matrix. The association mentioned above is
described by the operation

X+v=Y

for points X and Y in A3, and v a vector in V3, which then allows us to define a vector
between X and Y by

XY —v~Y — X,

Here, we denote Y — X to be the affine difference of two points in A2, which is equivalent to
the vector v.

2.1 Tetrahedron in three-dimensional affine space

A tetrahedron in A? is a set of four points in A® and typically denoted as AyA; Ay As. An edge
of a tetrahedron AgA;AsAs is then a subset containing any two distinct points of AgA; A As
and is denoted by A;A; for integers i and j satisfying 0 < i < j < 3. Furthermore, a
triangle of a tetrahedron AgA;A;Ajz is a subset of any three distinct points of AgA;A>Az and
is denoted by A;A;Aj for integers 4, 7 and k satisfying 0 < i < 7 < k < 3. Note that there
are six edges and four triangles associated to any tetrahedron in A%, and that there are three
edges associated to each triangle of such a tetrahedron. We will also define the midpoint of
the edge A;A; to be the point M;; satisfying

\ \ 1 \
AzMz] = MijAj = §AZAJ

Associated to each edge of a tetrahedron AgA; Ay Az is a B-quadrance, which is the number
Qb (AA;) = Qb (Aidy) = AiAj -5 AiA;

for integers ¢ and j satisfying 0 < i < j < 3. This will be denoted for the rest of this paper
by Qij-

Given a triangle A;A;A; of a tetrahedron AygA;AsAs, for integers ¢, j and k satisfying
0 <i<j <k <3, wehave the three edges A;A;, A;A; and A;A; associated to it, with
respective B-quadrances ();;, Qi and ;5. This allows to associate to A;A; Ay the number

Ap (A AAL) = A(Qy, Qi Qi)

where
A(a,b,c) = (a+b+c) —2(a2+b2—|—c2>

is Archimedes’s function (see [12, p. 64]). This quantity is called the B-quadrea and will be
denoted for the rest of this paper by A;jp.
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Associated to a tetrahedron AgA; Ay Az itself is the B-quadrume, which is the number

S 1
Vi (A0A1A2A3> = §E (Qa3, @13, Q12, Qo1, Qo2,Qo3)

where
2p P1+P2—qs pP1+P3s—q
E(q1,q2,q3,p1,p2,p3) = det | p1 +p2 — g3 2ps p2+p3—q
P1+D3—q P2+D3—q 2p3

is Euler’s four-point function (see [12, p. 191]). This function is essentially the Cayley-Menger
determinant (see [2], [5] and [11]) and it satisfies the properties

E(Q17q27q37p17p27p3) =F (p17p27p3aQ17Q27QS)

and
E(q17qQ7Q37p17p27p3> = E(qzquvqk7pzapj7pk)

for any permutation i, j and k of the integers 1, 2 and 3. For the rest of this paper, this
quantity is denoted by V.

For 0 <i < j < 3 and indices k and [ distinct from ¢ and j, we can associate to a pair of
triangles A;A; Ay, and A; A;A; of a tetrahedron AyA; A2 As the number

4Q;;V
AijiAiji '

Eij -

This quantity will be called the B-dihedral spread (see [9]) between the triangles A;A;A; and
A;A;A;, with the edge A;A; being common in these two triangles. Here, the result of the
Tetrahedron dihedral spread formula in [9] is used as a definition to simplify our discussion.

2.2 Standard tetrahedron

Consider an affine map which sends a general tetrahedron AgA;AsAs to the tetrahedron
X[)XlXQXg, where

Xo=1[0,0,0], X;=][1,0,0], X,=10,1,0] and X;3=10,0,1].

Such a tetrahedron will be called the Standard tetrahedron (see [7]). If we have a C-scalar
product on V3, the affine map induces a new scalar product given by

uw-ev = uCvl =u (LL_I) C (LL_l)T vl
~ (ul) [(L‘l) C (L‘l)T] (wL)T

where L is the matrix representing the linear component of the affine map. For M = L=, we
set the matrix MCM?7 to be the matrix B, so that

u-cv=(ul) g (vL).

With this tool we may prove a result for a general tetrahedron by verifying it for the Standard
tetrahedron without any loss of generality, due to the preservation of various geometric objects
under an affine map.
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2.2.1 Trigonometric quantities of the Standard tetrahedron

In what follows, let

aq bg b2
B = bg a9 b1
b2 b1 as
we define
T1:(I2+a3—2b1, 7’2:&1—1—&3—262, r3:a1+a2—2b3
and

A=detB = a1a2a3 + 2b1b2b3 — alb% — ngg — agbg.
We will also define

203 — b% biby — azbs  bibs — azby ar P3P
adj B = | biby — aghbs ajaz —b3 bobs—aiby | = [ B3 s i
bibs — asby bobs —aiby  ajas — b§ B B az

to be the adjoint matriz (see [1]) of B, so that we may define
D:Oé1+062+063+2ﬁ1+262+253.
The B-quadrances of XyX;X5X3 are by definition

aq bg bQ T
sz(l 0 0) by ay b (1 0 0) - a
b2 b1 as

and similarly
Qo2 = az, Qo3 =az, Quz=r11, Quz=r12 and (2 =r3.
The B-quadreas of XX, X, X5 are by definition
Aoz = A(Qor, Qo2, Qo) = (a1 + ap +13)° — 2 (a% + a3 + 7’32,)
= 4 (alag — bg) = 4as

and similarly
A013 = 4@2, ./4023 = 40&1 and A123 =4D

and, by definition, the B-quadrume of XyX;X5X3
2Q0 Qo1 + Qo2 — Q12 Qo1 + Qoz — Q13

V = ;det Qo1 + Qo2 — Q12 2Qo2 Qo2 + Qo3 — Q23
Qo1 + Qo3 — Q13 Qo2 + Qo3 — Q23 2Q03
1 2(11 2b3 2b2
= —det 2b3 2@2 2b1 = 4A.
2 2b2 2b1 2&3

Finally, the B-dihedral spreads of Xy.X;X5X3 are by definition

. 4@01V o 4&1 (4A) o alA
AoioAois  (das) (doe)  anog

Loy

and similarly

as A asA riA ro/A
Eoy = , Eoz = , Eoz=——, 13 = and K= ——1.
103 Q100 a1 D Q9 asD

211
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2.3 Circumquadrance of tetrahedron

One of the most important centres of a tetrahedron is its circumcentre (see [6, pp. 82-83]).
In a general metrical framework, the circumcentre will end up being dependent on the choice
of non-degenerate symmetric bilinear form. With this in mind, we proceed to find a suitable
generalisation.

We start by defining a plane through a point A and B-perpendicular to a vector v to be
the space of points X satisfying the equation

U'BB:O.

Then we may define a B-midplane associated to an edge 4;A; of a tetrahedron AgA; A3 A3 to
be a plane through the midpoint M;; and B-perpendicular to the vector m , for 0 < i <
j < 3. There are six B-midplanes in total for a general tetrahedron. The following result
establishes the concurrency of each of the six B-midplanes of a tetrahedron.

Theorem 2 (Tetrahedron B-circumcentre theorem). The siz B-midplanes associated to each
edge of a tetrahedron AqgAi1AsAs meet at a single point.

Proof. Without loss of generality, transform the tetrahedron AygA; A; Az to the Standard tetra-
hedron XyX;X5X3. Note that this will induce a new non-degenerate symmetric bilinear form,
but since we started with a general symmetric bilinear form we may use the same one without
any loss of generality. For 0 <1i < j < 3, let M;; be the midpoint of X;X;, so that any point
C = [z,y, z] on each B-midplane of X,X;X,X3 satisfies the equation

This yields six equations, namely

1
a1 + b3y + bz = ial’

1
bsx + asy + b1z = 5@2,

1
box + by + azz = §a3,

(bg—al)l'—l—(ag—bg)y+(b1—b2)22*(ag—al),

(by —ar)x+ (by — b3) y+ (ag — be) 2 = = (a3 — az)

[\D\H[\DH

and 1
(bz—b3)$+(bl—az)y+(a3—bl)2’=5(03—@)-

From the first three equations,

aqay + Psas + Peas Psar + awas + Prag Brar + fras + asas

¢= 2A 2A ’ 2A

Substitute the co-ordinates of this point into the last three equations to get the desired
result. O]
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The intersection point obtained from the proof of the Tetrahedron circumcentre theorem
will be called the B-circumcentre of the Standard tetrahedron XoX;X,.X3; to obtain the B-
circumcentre of a general tetrahedron, we merely perform the inverse affine map on such a
point.

The B-quadrance between the B-circumcentre of a tetrahedron and any point of a tetra-
hedron is called the B-circumquadrance, and will be denoted by R. The B-circumquadrance
of the Standard tetrahedron XyX;.X5X3 is then

R= QB (Xoa) _ A ((llbl, CLQbQ, a/3b3) + aleACL3 (_D —4 (bl + b2 4 bg))

The following result, which is an extension of Crelle’s result in [4] from the Euclidean
setting to a more general setting, links the B-circumquadrance of a tetrahedron with its
B-quadrume and B-quadrances.

Theorem 3 (Crelle’s circumquadrance formula). For a tetrahedron AygA;AsAs with B-quad-
rances Q;j, for 0 <i < j <3, B-quadrume V and B-circumquadrance R, the relation

4VR = A(Qu1Q23, Qu2Q13, Qo3Q12)
is satisfied.

Proof. Without loss of generality, transform the tetrahedron AgA; A; A3 to the Standard tetra-
hedron Xo.X7;X5X3; it is sufficient to prove the required result for this tetrahedron. So,

A (albl, a2b2, a3b3) —|— a10a20a3 (CLl —|— a9 —|— asg — 2b1 — 2b2 — 2b3>
4A

A(ayry, agra, asrs) - A(Qo1Q23, Qu2Q13, Qu3Q12)
16A B 4V

The required result follows. O

R =

Crelle’s circumquadrance formula allows us to conveniently write the B-circumquadrance
of XOX1X2X3 as
A(ayry, agry, asrs)

f= 16A

3 Main result

We now present the main result of this paper, which generalises Theorem 1 to the rational
trigonometric setting over an arbitrary symmetric bilinear form.

Theorem 4 (Circumquadrance dihedral spread theorem). For a tetrahedron AgA;AsAs in
A® let V be its B-quadrume, Ay be the B-quadrea of the triangle A;A; Ay, Ei; be the B-
dihedral spread between A;A; Ay and A;A;A;, and R be its B-circumquadrance. Then,

(-/4012«4013/\023«4123)2 M = 1024V°R,

where
0 EOI E02 E03
EOI 0 E12 E13
“NEw En 0 Ey (Eo1Eo3, Eoa Es, Eoz Ena)

Eos FEi3 Ly 0
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Proof. Perform an affine map on AgA; A5 A3 to the Standard tetrahedron Xy.X; X5 X3, so that
we only require to prove this result on XyX; X5 X35. We then have

A? A? A2
EgpEay= 12 BBy = —22=_ FyEyy = —2
OélOégOégD OélOéQOégD OélOégOégD
and
Ao12A013A23 A123 = 25601 ez D
so that
M = A(EynEs;, EypErs, EgsEr)
_ (A% (a1 + agra + agry) ’ _9 A' (afr? + a3ri + ajr3)
a1a2a3D (O{l()égOé3D)2
N i agrs)®  2A% (afr} + a3r} + adrd)
(OzlozgcygD)2 (alagagD)2
. A*A (CL17‘1, agT, CL37“3)
B (alag&gD)2
and thus
A*A
(Aora Aoz AgasAias)’ M = (arrs, azrs, agrs) (25601 a3 D)’

(&1&20&31))2
= 65536A4A (CLlT‘l, asra, CL3T3) .

By Crelle’s circumquadrance formula,
(A2 Aotz Agzs Arzs)” M = 1024R (1024A%) = 1024 (4A)° R = 1024V°R

as required. N

We can now provide an alternative expression for the Circumquadrance dihedral spread
theorem.

Corollary 5. If N = A(Qu1Q23, Qu2Q13, Qu3Q12), where, for 0 < i < j <3, Q;; denotes the
B-quadrances of a tetrahedron AyA,AsAs, then the Circumquadrance dihedral spread theorem
can alternatively be expressed as

(Aor2 A3 AgasAras)” M = 256VAN.

Proof. From Crelle’s circumquadrance formula, we have that

N

Substitute into the Circumquadrance dihedral spread theorem to obtain

N
(A012«4013A023¢4123)2 M = 1024V° (4)2) = 256V*N,

as required. O
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We can now derive a relationship between M and N, which originates from [9], we use
the tools presented in this paper to provide an alternate proof.

Theorem 6 (Dihedral spread ratio theorem). Given a tetrahedron AgA;AsAz in A3 with
B-dihedral spreads E;; and B-quadrances Q;j, where 0 <1 < j < 3, the relation

Eo1 Ea3 _ Ey B3 _ Eos Lo
QuQ2  Qu2@iz  Qu3@i2

is satisfied.
Proof. We start with the fact that
A (Xa, \b, \c) = N A(a, b, c)

which can be easily verified by the reader. Now, let V be the B-quadrume of AgA; A5 A3 and
let A;j, be their B-quadreas, for 0 <7 < j < k < 3. Then rearrange the equation of Corollary

o to get
25614 16)? 2
Y o ( 6V ) N
(Ao12.A013A023A123) Ap12Ao13A023A123

for
M = A(Eg FEas, EgeErs, EgsE12) and N = A(QuQ23, Qo2Q13, Qo3Q12) -

So,
M— A( 16V°Q01Q23 16V°Q02Q13 16V°Qo3Q12 )
Ao12 Aoz Aoz Arzs” Aoz Aoz AozsAras” Aor2Aoiz Aoz Aias
and thus by comparison
EopEas  EoeFrs  EgsEry 1612
Qs  Qu@iz  QusQiz  AnzAosAmsAizs
as required. O

From the proof of the Dihedral spread ratio theorem, we can define

B 1612
Aoi2Ao13Ao23A123
which in [9] is called the Richardson number of a tetrahedron; this quantity originates from

[10] and its geometric meaning is yet to be fully understood (though the author of the paper
uses it frequently). From the Circumquadrance dihedral spread theorem, we see that

(A012A013A023A123)2M _ % <A012A013A023A123)2 _ M
1024V° 4y 162 AVK?'

Crelle’s circumquadrance formula is immediate from this, as M = K2N from the proof of the
Dihedral spread ratio theorem.

K

R:
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