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Abstract. In this study, we continue the classification of finite type Gauss map
surfaces in the 3-dimensional Euclidean space E3. To do this, we investigate
an important family of surfaces, namely, tubular surfaces in E3. We show that
the Gauss map of a tubular surface is of an infinite type regarding the second
fundamental form.
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1 Introduction

The theory of surfaces of finite Chen type was introduced by B.-Y. Chen in the late 1970s.
From that moment on, interest in this field became widespread by many differential geometers,
and it remains until this moment.

Let x be an isometric immersion of a surface S in the 3-dimensional Euclidean space E3.
We represent by A’ the Laplacian operator of S acting on the space of smooth functions
C>(S). Then S is said to be of finite I-type, if the position vector & of S can be decomposed
as a finite sum of eigenvectors of A of S, that is

$:C+$1+$2+"'+$k,

where
I .
AiEZ:fZIEz, 1217...,]{3,

c is a fixed vector and &1, &, ..., &, are eigenvalues of the operator Al.
In the framework of surfaces of finite type S. Stamatakis and H. Al-Zoubi in [22] defined
the notion of surfaces of finite type associated with the second or third fundamental form.
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For results concerning surfaces of finite type associated with the second or third fundamental
form (see [1, 3, 5, 6, 8, 9, 12]).

Another generalization can be made by studying surfaces in E? of coordinate finite type,
that is, their position vector x satisfying the relation

Na=Ax, J=1II1II, (1)

where A € R3*3,

H. Al-Zoubi and S. Stamatakis in [13] studied ruled and quadric surfaces of coordinate
finite type with respect to the third fundamental form satisfying

Ay = Ax. (2)

The same authors in [23] classified the class of surfaces of revolution satisfying condition
(2). Later in [14], the translation surfaces were studied, and it was proved that Sherk’s surface
is the only translation surface satisfying (2). B. Senoussi and M. Bekkar, in [21] classified the
Helicoidal surfaces with AJr = Ar, J =1, 11,111.

On the other hand, H. Al-Zoubi, T. Hamadneh in [11] classified the class of surfaces of
revolution satisfying

Ale = Azx.

where A € R¥*?,

Similarly, we can apply the notion of surfaces of finite type to a smooth map, for example,
the Gauss map of a surface. Here in this kind of research, many results can be found in
([2, 4, 7, 10, 15-18, 20]).

In this research, we will focus on surfaces of finite II-type. Firstly, we will define the
second differential parameter of Beltrami with respect to the second fundamental form of
M?. Further, we continue our study by proving infinite type Gauss map for an important
class of surfaces, namely, tubes in 3.

2 Preliminaries

Let £ = x(u',u?) be a regular parametric representation of a surface M? in the Euclidean
3-space [E? referred to any coordinate system, which does not contain parabolic points. We
denote by b;; the components of the second fundamental form I1 = b;;du‘du’ of S. Let
o(u', u?) be a sufficient differentiable function on M?. Then the second differential parameter
of Beltrami with respect to the second fundamental form of M? is defined by [20]

1 .
AII = b|b¥ i)/ 3
@ \/m(\/l 0¢i), (3)

where (b") denotes the inverse tensor of (b;;) and b := det(b;;).
Up to now, spheres are the only known surfaces of finite I/-type in E3. So one can ask:

Problem. Other than the spheres, which surfaces in B3 are of finite I1-type?

This paper provides the first attempt at the study of finite type Gauss map of surfaces
in E? corresponding to the second fundamental form. In general when the Gauss map of M?
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is of finite type k, then there exists a polynomial R(z) # 0, such that R(Af)(n — ¢) = 0. If
R(z) = 2% + pa*~1 + - - + pr_12 + p, then coefficients p; are given by

pr=— (& +&% 4+ &),
pr =&+ &G+ F &G+ 658+ &+ + &),
ps = — (£&1&& + - + E—2i—16k),

Pk :(_1)k51€2 ke

Hence the Gauss map n satisfies, (see [19])

(A™Yem 4 py (AT 4+ pr(n— ) = 0. (4)

Our main result is the following

Theorem 1. All tubes in E3 are of infinite type Gauss map corresponding to the second
fundamental form.

Our discussion is local, which means that we show in fact that any open part of the Gauss
map of a tube is of infinite Chen type.

3 Tubes in E3

Let ¢ : q = q(u), ue(a,b) be a regular unit speed curve of finite length. Suppose that ¢, h, b
is the Frenet frame and x > 0 the curvature of the unit speed curve q. Then a regular
parametric representation of a tubular surface § of radius r satisfies 0 < r < mmﬁ is given
by

S x(u,v) = q+rcosph + rsinyb.

One can find that fundamental forms / and I of § are given by
1= (52 + T272)du2 + 2r’rdudy) + r2dy?,
11 = ( — KO cos + TTQ)duz + 2rrdudiy) + rdi?,

where 0 := (1 — rrcost) and 7 is the torsion of the curve q. The Gauss curvature of § is
given by
K COS

rd

In the following we consider an open portion of the tube surface where K # 0(<= cos ) #
0). From (3) the Laplace operator A of § is (see [1], formula (9))

K=—

a1 * 0? ( 2 /ﬁécosw)GQ
AT = K0 cos lauQ 27—0u81/1 T r O?
(1-20)p 0 L TB(20-1) k(20 —1)sing) O
+ 2k0 cos 1) 8u+ T 2k0 cos 1 + 2r o |’ (5)

7 . s d
where 8 := K'cost) + KT sine and “:= J-.
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The Gauss map n(u,1)) of § has parametric representation
n(u, ) = — cosph — sinb.
Inserting n in (5), we obtain

in? 2cos (1 —46)siny
Allyy — Lt sin® ¢ cos Y B po L —40)sing,
LSy cos 1) + <27"(5 cos 1) * rd r + 2rd ’

(6)

We distinguish two cases
Case I. § # 0. Relation (6) can be written

B 1

Alln = t p
" 2K02 cos 1 +/~£500$@Z) !

(cos,sin), (7)

where P;(cos,sin) is a vector with components polynomials of the functions cosv and
sin 1) with coefficients functions of the variable w.
After long calculations, (Af)2n can be computed as follows

(B6-2(120-78, 1

2, _
(A7) n = 4K46° cost 9 (kd cos 1))

P2 (cos i, sin ), (8)

where Py(cos,sint) is a vector with components polynomials of the functions cost and
sin iy with coefficients functions of the variable u. For later use we put

(36 — 2)(126 — 7) = ha(6). 9)

From (7), one can see that hy(0) = 1.
We need the following lemma which can be proved directly by using (5).

Lemma 1. For any natural numbers m and n, we have

A”(W)_ Ba@™ 1
on(

reos)nl | 2073 (kcos )2 (Kd cos )t Q(cos ¥, sin ), (10)

where hy(0) is a polynomial in § of degree d, Q) is a polynomial in cos,sin of degree n +
3 with functions in u as coefficients, deg(hyy1(9)) = d +2 and

hiy1(0) = ((2n —1)0 — n)(4(n+ 1)d — (2n + 3))he(9). (11)
So, it is easily verified that

(35 — 2)(126 — 7)(95 — 5)(245 — 13)8° 1
8k78 cos N (kd cos )T

(A2 = Ps(cosip,siny),  (12)

where P3(cos,sin)) is a vector with components polynomials of the functions cosv and
sin 1) with coefficients functions of the variable w.
Moreover, by using Lemma 1, one can find

(ATYeg = hi(9) 5241 1

~ 2R§3h1 (15 cos 1) )R 2 + (K cos )32 Py (cos, sin 1), (13)
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and

(ATT)etlpy = iy (6) 5% 1

T QRGBT (g cos g )R HL (0 cos )3+ Pii1(cos i, sing), (14)

where Py(cos,sinv), Pjyq(cost,siney) are vectors with components polynomials of the
functions cos 1), sin 1) with coefficients functions of the variable u, and

ha(0) = []126(45 —5) #0, j=1,2,...,A—1 (15)

for any positive integer .
Now, we suppose that the tube § is of finite type, thus from (7)-(14), and (4) we find that

Pioy1(6) 321 p1hy(6) 3% P1

P P
2RI §3K+2 (15 cos 1) 3hH1 (K6 cos )31 k1t 2k §3F=1( 15 cos 1) )3k—2 (K6 cos 1))3k—2 k
pe-1(30 —2)(120 — 7)3° Ok—1 or3 P
cee t P t P, =0.
L 4K%5° cost 1) + (ko cos ) 2+ 2K02 cos 1 + kb cos

The above equation can be simply written as follows

hi1(9) 8%+

5 t = Q1(cos,sin)t + Qa(costh, sinh)h + Q3(cos 1, sin )b, (16)

where Q);(cos ), sin1)) are polynomials in cos and sin ).
Case I.  # 0. From (16), we have

hi1(0) 3%+

P = Qulcos ¢, sin ). (17)

This is impossible for any k > 1 since hy1(d) # 0.
Case II. 8 =0. Then £ = 0 and k7 = 0. Thus k = const. # 0 and 7 = 0, therefore the
curve q is a plane circle and so, § is an anchor ring. In this case, the first fundamental form

becomes
I = 6%du’® +r*dy?,

while the second is
II = —k6 cospdu® + rdiy?.

Hence, equation (5) reduces to

1 2 2 20 — 1) si
AT — 0% kdcosy O +/€( 6 —1)sing) 0 ' (18)
k0 cos 1 \ Ou? ro OY? 2r oY
Applying (18) for the position vector n, one finds
in? 2 cos 1 (1 —40)sine
Al — (S (0 costp h b
" (27"(5 cos 1) rd r + 2rd ’
which can be written as follows
sin? 1 .
Allp = %(mibh+5Fl(COS¢’SIH¢)' (19)
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Consequently, we get

3sin* 1) 1
— F
41243 cos3 ¢ * 02 cos? 9 2

(AT)2n = cos 1, sin ), (20)

where F(cos ), sinv), Fo(cos ), sin) are vectors with components polynomials of the func-
tions cos ), sinvy with coefficients functions of the variable w.
One can easily prove that

o sin™y 3sin™ 2 ) N 1
(Scosy)®  2r(Scosy)t2 (S cosep)ntl

Q(cos 1, sin 1)),

where QQ(cos ), sin ) is a polynomial in cos ), sin ) with coefficients functions of the variable
u. Therefore, we find that

31 sin?* ) 1 .
(2% (3 cos )21 h + P w—T— ka(cos 1, sin 1) (21)

(AH)kn — (_1>k71

and

3F sin?**2 ) 1 '
(2r)F+1(3 cos 1) 2+ h+ 52k+1 cog2k ¢) Fip1(cos ¢, siny), (22)
where Fy(cost),sinv), Fyyq(cost,siney) are vectors with components polynomials of the
functions cos ¢, sin ¢ with coefficients functions of the variable u.

On account of (19), (20), (21), (22) and (4), we conclude that

(All)k-i-ln — (_1)k

3k Sin2k+2 w 1
k .
(=1 (2r)F+1(5 cos )2+ h + S2hHT cog2k ¢Fk+1(cos¢, sin 1))
3+~ 1 sin?k ) 3sint 1)
k-1 .
=D (2r)k (6 cosp)2k—1 h+p 02k=1 cog2k—2 1) Fi(cos,sin) ++ - = prs 47253 cos3 1)
1 . sin? 1 .
+ pk_lsz(COS w, S11 1/1) + pkmh + pk;gFl(COS ¢, S 1/)) =0. (23)

For simplicity, equation (23) can be written as follows

3k: Sin2k+2 w

Wr—lmwh = @Q1(cos ), siny)h + Qa(cos ), sin))b, (24)

where Q;(cosv,sint), i = 1,2 are polynomials in cos,sinv with coefficients functions of

the variable u. Therefore, we find that

3k gin2k+2
M = Q1(cos 1, siny). (25)

This is impossible, since the right side hand @) is a polynomial in cos, sin ¢ while the left
side hand is not. Thus, our theorem is proved.
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