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Abstract. A new construction of the pentagon starting from the side is presented.
Differently from other versions that are already described in the literature it uses
the internal, and not external, golden section. This is a point of strength from the
educational point of view, as it shows another possible pathway to create a regular
pentagon, helping the students to train their minds to consider many different
possibilities in the geometrical constructions. Its Geometrography complexity
and inexactness are within the ranges covered by the most famous constructions
from the circumscribed circle, and comparable to those of the most commonly
taught one from the side.
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1 Introduction

Regular polygons have been studied since ancient Greek times (if not before) and despite
nowadays Computer Aided Design (CAD) software makes their construction immediate for
an arbitrary number of sides, drawing them only with compass and straightedge still conserves
its appeal and theoretical interest.

Among the different polygons, the regular pentagon has always earned special attention,
due in a minor part to its being the first true “poly”-gon (after triangle and square) and in
a major part to its many peculiar properties (first of all its relation with the “divine” golden
section).

Many constructions for it can therefore be found in the literature, starting from the
works by Euclid [8] and Ptolemy [15] and arriving at our days. As a general classification,
such constructions can be grouped on the basis of the starting point (approximate versions,
e.g., the famous one by Diirer [7], will not be considered here):

« constructions from the circumscribed circle (e.g., [1-3, 6, 9, 14, 16, 17, 19, 20] or others

reported on Web sites, e.g., [22, 23]);
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« constructions from a segment having the same length of the side (e.g., [10]) or a length
related to that of the side (e.g., [4]);

e constructions from a side (e.g., [5, 6, 16, 18, 21] or others reported on Web sites, e.g.,
[24, 25, 27]).

Focusing the attention on the latter group, these constructions are usually based on
finding the external golden section point of the given segment. Then the majority of them
determine the top vertex of the “golden triangle” and from it the two “external” vertices of
the pentagon, while a minor number of constructions determine the “external” vertices first
and the top vertex as a final step.

On the contrary, a construction is presented here that is based on determining the internal
golden point in the given segment and from that constructing the “golden gnomons”, thus
locating the “external” pentagon vertices. The top vertex of the pentagon is finally identified
from the latter.

2 Educational purpose

As already said, the advent of CAD systems made geometrical constructions immediate, so
that it may seem that studying and teaching them “with compass, straightedge and square”
is obsolete and no longer of importance. On the contrary, it still conserves its value. First
of all, to form aware users of the software tools, able to check their output and if needed to
overcome possible limitations (e.g., but not only, during software development). In addition,
the study of the constructions thought by the different authors, the effort in finding new
ones or new ways for some steps, and their analysis in terms of underlying concepts, proof,
complexity, etc. are fundamental to keep geometrical knowledge and ability alive in the new
generations, without reducing geometrical drawing and design to a mere “click a button”
activity. More in general, analysing a process (in this case the construction) and searching
for the most straightforward way to reach the objective is a recommended approach in many
design activities (e.g., consider the “K.I.S.S.” principle [26]). This is also a very useful exercise
in reasoning — a “brain gym” — and as in other disciplines (e.g., fluid dynamics, with the
development of Computational Fluid Dynamics), the availability of powerful resources of
calculus should not make forget the primary role of the theoretical analysis in the continuation
and improvement of knowledge. Specifically for the proposed construction, in the authors’
opinion it is more straightforward than others available in the literature, and interesting as
it evidences the repeated occurrence of the golden section in the construction.

3 Construction of a pentagon from side using the internal golden
section.

The proposed construction requires only a straightedge and a compass (if the latter is modern,
noncollapsing, the construction requires less steps). It is graphically summarized in Fig. 1,
and its steps are as follows:
1. Draw a line segment AB, that will be the first side of the pentagon.
2. Find the midpoint of AB: e.g. by opening the compass with aperture AB and pointing
first in A and then in B draw the two circles C} = A(AB) — meaning with this notation
a circle with center in A and radius AB — and Cy = B(AB); their intersections are C
and D; the intersection of the line segment C'D with the pentagon side AB is E, the
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midpoint of AB.

3. Determine the internal golden section of AB (i.e., find the segment, smaller than AB,
whose length divided by the length of AB gives the golden ratio) with one of the usual
constructions, e.g.,

a) Draw a line segment perpendicular to AB and having length AB/2, e.g., by draw-
ing three circles C3 = B(AE), Cy = E(AE), Cs = F(AE) where F is the intersec-
tion between C; and C'D. The point of intersection G = C3 N Cj is on the vertical
of B and at a distance AB from B.

b) Draw the line segment AG and the circle Cs = G(GB = AB/2); their intersection
is point H. AH is congruent with the internal golden section of segment AB.

4. Draw the circle C7; = A(AH), whose intersection with CD is 1.

5. Extend the line segment passing through A and [ until it intersects Cy in J, that is
another vertex of the pentagon. The symmetric vertex K can be likewise found by
extending the line segment BI until it intersects Cf.

6. Draw the two circles Cs = J(AB) and Cy = K(AB); L = Cs N Cy is the top vertex of
the “golden triangle” and fifth vertex of the pentagon.

The proof of the proposed construction is immediate, given that the diagonal of the
pentagon is equal to the side plus its golden section. Triangles AIB and AB.J are both
isosceles and they share angle BAJ. Therefore they are similar triangles. AH is congruent
to the golden section ¢ of AB, so AB is congruent to the golden section of AJ and AJ =
AB(1+ ¢).

As additional notes, it can be observed that [ is one of the intersection points of the
pentagram inscribed in the pentagon itself, and the same holds for point M that is the
intersection between Cy and C7 within the pentagon. Thus triangle IAM is one of the five
triangles of the pentagram and IM is a side of the inner pentagon (so — as it is well known
— AM is the golden section of AB, IM is the golden section of AM, and so on).

4 A possible modification of the construction.

Another possible construction of the pentagon is to follow the previously described steps up
to step 3, then Cy intersects C7 in M. The intersection of Cjg = M(AH) and CY is vertex K.
The top vertex L can also be found drawing Cy; = K(AH) and Ci5 = J(AH) that intersect
C} and (s respectively in other two points of the pentagram. Two final circles centered in
the latter points and having radius AH intersect in vertex L.

5 Complexity and inexactness of the proposed construction.

In this section the proposed construction is analysed from the point of view of Geomet-
rography, calculating its complexity and inezactness — named according to Merikoski and
Tossavainen [13], and coinciding with the “simplicity” and “exactitude” in the original work
by Lemoine [11].

The complexity and inexactness are defined on the basis of the number of the elementary
operations for geometrical constructions, as follows [13]:

o DBasic operation L1: place the ruler through a given point.

o Basic operation L2: draw a line.

» Basic operation C1: place one leg of the compass on a given point.
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Figure 1: Sketch of the steps of the proposed construction.

« Basic operation C2: place one leg of the compass on an indeterminate point of a given
line.

o Basic operation C3: draw a circle.

o Complexity of the construction: sum of the total numbers of occurrences of all the basic
operations in the construction.

o Inexactness of the construction: sum of the numbers of occurrences of the L1, C1 and
C2 basic operations (those in which placing is involved) in the construction.

Therefore, if the numbers of occurrences of the single basic operations are indicated with
ly, ls, c1, c9, c3, the complexity is [y + Iy + ¢1 + ¢ + 3, the inexactness is [ + ¢; + ¢2, and a
construction can also be identified by the Lemoine’s 5-tuple (I3, ls, ¢1, ¢o, ¢3).

Table 1 details the basic operations needed for the proposed construction, with reference
to the steps enumerated in Sec. 3. No operation of type C2 is needed.

The resulting complexity is 34 with an inexactness of 21. The Lemoine’s 5-tuple is
(8,4,13,0,9). So the proposed construction has parameters of merit comparable with the
most famous constructions: as for those from the circle, their complexity is in range 15-45
and inexactness in the range 10-26 [13]; other constructions may reach values over 100 [12];
concerning the constructions from the side, the one that is likely the most commonly taught
([6]) has complexity of 33 (so one point lower), but inexactness of 24 (so three points higher).
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Step Operations Complexity | Inexactness

Ji — _ _

2 2L1,L2,3C1,2C3 8 5

3 211,12,5CL, 4 C3 12 7

4 2C1,C3 3 2

5 411,212 6 4

6 3C1,2C3 5 3
Total | 8 L1, 412, 13 C1, 9 C3 34 21

Table 1: Complexity and inexactness of the proposed construction.
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