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Concurrent Segments in a Tetrahedron —
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Abstract. Ceva’s theorem is about concurrence of three segments on a triangle
with an affine ratio. Among the several theorems named after him, we are in-
terested in Carnot’s theorem that relates the concurrence of two segments in a
skew quadrilateral in space, again, with an affine ratio. First, we apply these the-
orems to obtain a theorem on the concurrence of seven segments in a tetrahedron.
Secondly, we show that the Steiner-Routh theorem implies Carnot’s theorem, and
obtain the volumes of the two parts of a tetrahedron separated by a planar quadri-
lateral. Thirdly, we consider a special case of Carnot’s theorem (or an extension
of Varignon’s theorem) to determine when four points on a skew quadrilateral are
to form a parallelogram. Finally, we give a new characterization of the centroid
of a tetrahedron.

MSC 2020: 51M04 (primary), 51M25

1 Introduction

Let us begin with definitions.

Definition 1. Four non-co-planar points A, B, C, D are the vertices of a tetrahedron ABC'D,
the six segments joining these points are the edges of the tetrahedron, the four triangles built
by any triple out of the vertices are the faces of the tetrahedron, and the tetrahedron carries
(up to orientation and cyclically rearranged labels) three skew quadrilaterals: DABC, DACB,
and DBAC'. The skew quadrilateral DABC' consists of edges DA, AB, BC, and CD.

Theorems 1 and 2 in Section 2 were inspired by Ceva’s theorem for a triangle and Carnot’s
theorem for a skew quadrilateral.

Theorem (Ceva’s Theorem; see Theorem 1.21 on Page 4 of [4], or Theorem 326 on Page 159
of [2].). Let ABC be a triangle. Let C", A", B" be points on the edges AB, BC, and CA,
respectively. Then AA”, BB”, and CC" concur if, and only if g% . i,’f‘; . gﬂ =1.
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There are several theorems named after Carnot, but the one we are interested in is the
following.

Theorem (Carnot’s Theorem; see Page 111, Theorem 329 in [1].). Let DABC' be a skew
quadrilateral. Let E, F, G, H be points on the edges DA, AB, BC, and CD, respectively.
Then, EFGH is a planar quadrilateral if, and only if, 2£. AP BG. % = 1. In other words, the

EA FB GC
segments EG and FH concur (or E, F, G, H are coplanar) if and only 1 gf ﬁg gg gg =1

Note. If a skew quadrilateral DABC is not planar, edges EF and GH of the planar quadri-
lateral EFGH in Carnot’s theorem do not intersect since the edges EF and GH are on the
two distinct triangles BAD and BCD, respectively, that share only the edge BD. Similarly,
the edges EH and F'G of the quadrilateral EFGH do not intersect.

There are several generalizations of Ceva’s theorem to a tetrahedron as in [9], and to
n-dimensional (n > 2) simplices as in [3, 6, 8]. Our Theorem 1 has a resemblance to the one
given by K. Witczynski [9], which states as follows:

Theorem (Witczynski’s Theorem; see [9] or [3].). Let E, F, G, H, I, J be points on the

edges DA, AB, BC, CD, AC, BD of a tetrahedron ABCD, respectively. Suppose that

DE  AF BJ AF  BG  CI Al 'CH DE DJ BG CH It o
Mmoo =LFs a a=Vic m ei=Lad3g g gp=1 Let A, B, (',

D' be the intersection of (BH, C'J, and DG), (AH, CE, and DI), (AJ, BE, and DF), and
(AG, BI, and CF), respectively. Then, the segments AA’, BB', CC’, and DD’ concur.

A

Figure 1: Explanation: The six thick black lines form the tetrahedron ABCD; the three red lines
EG, FH, and IJ connect opposing pairs of edges in the tetrahedron; the four green lines
AA’', BB', CC’, and DD’ connect vertices to the points A’, B/, C’, and D’ in the faces
of the tetrahedron; all the thin black lines lie in the faces of the tetrahedron connecting
(A,B,D,E, F,J) in the face ABD, (A, B,C,F,G,I) in the face ABC, (A,C,D,I,E, H)
in the face ACD, and (B,C,D,G, H,J) in the face BCD.

Theorem 1 and Theorem 2 in Section 2 are converse to each other, and should be treated
as one theorem. Using notations in Witczynski’s theorem, the essence of our Theorems 1 and
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2 will be to prove that the segments EG, FFH, and IJ are concurrent at P if, and only if, the
four segments AA", BB', CC’, and DD’ concur at P as shown in Figure 1.

In Section 3, we will show that Carnot’s theorem is a consequence of the Steiner-Routh
theorem, and we will obtain the volumes of two parts of a tetrahedron separated by a planar
quadrilateral in Theorem 3 using a similar idea used by Marko and Litvinov in [6] to prove
the Steiner-Routh theorem.

The natural special case is when F, F', (G, H are midpoints of the sides of a skew quadri-
lateral DABC'. In this case, the planar quadrilateral EFGH does not only divide the tetrahe-
dron ABC'D into two equal volumes (by Theorem 3), but it is also a parallelogram (a special
case of Carnot’s theorem or an extension of Varignon’s theorem). Motivated by this, we will
obtain a necessary and sufficient condition when FFGH on a skew quadrilateral DABC' is
to form a parallelogram (Theorem 4).

Further, the midpoints of a skew quadrilateral also remind us of the centroids of a tetra-
hedron. Suppose P is a point inside of the tetrahedron ABCD, and suppose A', B', D',
and C’ are intersections of (the line AP and the face BCD), (BP and ACD), (CP and
ABD), and (DP and ABC), respectively. If P is the centroid of the tetrahedron, then it is
known that Z‘g = 1;]15;/ = 1;%’ = %—[1)3/ = : (see Theorem 170 in [1]). In Theorem 5, we will
strengthen this result to prove that P is the centroid of a tetrahedron ABC'D if, and only if,

PA' PB  PC' PD _ 1 . :
iF " Bp  or pp = si- We will use Theorem 2 to prove this.

2 Concurrence Theorems

Theorems 1 and 2 below are converse to each other. Theorem 1 resembles to Witczynski’s
theorem, but we do not use any products of ratios in the statement nor in the proof.

Theorem 1. Suppose E, F, G, H are points on the edges DA, AB, BC, and C'D, respec-
tively, of a tetrahedron ABCD such that EG and F H intersect at a point P. Let A', B', (',
and D' be the intersections of the segments (BH and DG), (AH and CE), (BE and DF),
and (AG and CF ), respectively. Then, the following are true:

(1) The segments AA’, BB', CC’, and DD’ concur at P.

(2) The lines AC" and C'A’ intersect, say at J, on the edge BD. The lines BD' and DB’
intersect, say at I, on the edge AC.

(8) The lines (BC" and CB'), (DC" and CD'), (AD" and DA’), (AB' and BA’) intersect
at £, F,G, and H, respectively.

Proof of (1). The intersection of the triangles HAB and FCD is the segment F'H, and the
intersection of the triangles BC'D and ADG is the segment FG. Since the segments FG and
FH concur at P, the intersection of the four triangles HAB, FCD, EBC, and GAD is P.

Since the intersection of the triangles GAD and H AB is the segment AA’, AA’ intersects
the triangle EBC at P. Since the intersection of the triangles HAB and EFBC' is the segment
BB’, BB’ intersects the triangle FCD at P.

Since the intersection of the triangles FBC and FCD is the segment C'C’, C'C’ intersects
the triangle GAD at P. And finally, since the intersection of the triangles FC'D and GAD
is the segment DD', DD’ intersects the triangle HAB at P.

Therefore, we conclude that the segments AA’, BB', CC’, and DD’ concur at P. H

Proof of (2). The lines AC" and C'A’ lie on the plane ACP, and they are not parallel. So,
they intersect, say at J. Since C'J and AJ are on the tetrahedron ABC' D, J must be on BD.
Similarly, BD' and DB’ intersect, say at I. ]
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Proof of (3). We know that C” is on BE so that the intersection of BC” with AD is E. The
lines BC" and C'B’ are on the plane PBC, and they intersect. Since C' B’ intersects AD, the
three lines BC', C'B" and AD must intersect at E. Similarly, we can show that the segments
(DC" and CD'), (AD" and DA’), (AB" and BA') intersect at F', G, and H, respectively. [

Remark 1. The condition “EG and F'H intersect” in Theorem 1 can be replaced by the
equation gg % (B;—g Zg 1 by Carnot’s theorem. If we do this, the point P is not defined.

This was an incentive to write the theorem using “FG and F'H intersect”.

Theorem 2. Suppose P is a point inside a tetrahedron ABCD. Suppose A', B', C', D" are
intersections of (the line AP and the face BCD), (BP and ACD), (CP and ABD), and
(DP and ABC), respectively. Then the following are true:

(1) The lines (BC" and CB'), (DC' and CD'), (AD" and DA'), (AB' and BA’), (AC’
and CA’), and (BD' and DB'’) intersect, say at E, F,G,H, I, and J, respectively. The
points E, F,G,H, I, and J are points on the edges DA, AB, BC, CD, AC, and BD,
respectively.

(2) The segments EG, FH, and I.J intersect at P. Hence, EFGH, EIGJ, and FJHI are

planar quadrilaterals.

Proof of (1). The plane PBC contains the segments BC” and C'B’, so they intersect and the
intersection is on DA. We can prove the others similarly. O

Proof of (2). On the triangle ABD, since the intersection of AJ, BE, and DG is C’, we have
% . ?—g- fé 1 by Ceva’s theorem. Similarly, on the triangle BC'D, we have JD‘é gg gg = 1.
BJ ( g) L' Ba cH

JD JB ~— GC  HD-

Substituting this into the first equation, we have gf ?—g gg gg 1. Applying Carnot’s
theorem to the skew quadrilateral DABC, we know that FFGH is a planar quadrilateral
so that EG and F'H intersect, say at (). But by the part (1) of Theorem 1, we must have
that Q = P, and EG and F'H intersect at P. Similarly, we can show that FIGJ is a planar
quadrilateral since £G and I.J intersect at P. Therefore, the segments £FG, FH, and I.J

intersect at P. OJ

By this latter equation, we have

Corollary 1. Let I and J be the points defined in Theorem 1(2). Then, EG, FH, and 1.J
concur at P.

Proof. Since AA', BB', CC", and DD’ concur at P by Theorem 1(1), we know that £G, FH,
and [J concur at P by Theorem 2(2). O

Corollary 2. Let £, F, G, H, I, J be points on the edges DA, AB, BC, CD, AC, and
BD, respectively, of a tetrahedron ABCD. Then, the following statements are equivalent:

(1) EG,FH, and IJ concur.

4y DE AF BG CH | AF BJ DH CI_, . DE Al CG BJ_
EA FB GC HD "FB JD HC IA ’ EA IC GB JD
;5 AP BG CI | AL CH DE_ . DI BG CH
FB GC ITA "IC HD EA L JB GC HD '
DE AF BJ AF BG CI DJ BG CH
1 -— =1, and . . =1.

4 51 FB D"V FB CC A 7B GC HD
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Proof. (1) implies (2) by Carnot’s theorem. Conversely, by Carnot’s theorem, (2) implies
that (EG and FH), (FH and IJ) and (EG and I.J) intersect. Thus, three lines FG, FH,
and I.J intersect. Since these three lines are not in the same plane, EG, FFH, and I.J must
concur. Hence, (1) and (2) are equivalent.

By Theorem 1(2) and (3), and by Ceva’s theorem, (1) implies (4). Clearly, (4) implies (3).

Suppose (3) holds. Since % . g—g (%) = 1, we have ’% = ?—g . g—g. Substituting this

: Al CH DE __
into (ﬁ) "HD  EA — 1, we have

=1.

(AF BG) (C‘H DE)_DE AF BG CH
FB GC HD EA) EA FB GC HD

-1
From 2. B&G . (C—H) = 1, we have 8¢ = (M : C—H) = BJ . DH " Qubstituting this into

JB GC ' \HD GC JB ~HD JD ' HC
?g (%g) ?X =1, we have
AF (BJ DH) Cl AF BJ DH CI
FB \JD HC/) IA FB JD HC IA
From ?é gg (%) =1, we have gg = % . %. Substituting this into f—CI . (%) . % =1,
we have
Al <BJ OG) DE DE Al CG BJ
IC \UD GB) EA EA IC GB JD
Hence, (3) implies (2).
Therefore, we have shown the equivalence of (1)-(4). O

Remark 2. Theorem 1 and Corollary 2 imply Witczynski’s theorem.

Remark 3. Using the notations in Theorem 1 (or the ones in Theorem 2), it is interesting to
note that the intersection of the three planes EBC, FCD, and IDB is P. Hence, Theorem 2

in [5] implies that ;‘i’, - Ai + }46{ +

3 Steiner-Routh Theorem Related Results

Carnot’s theorem is proved using Ceva’s theorem and Menelaus’s theorem in [1]. However, it
is also implied by the Steiner-Routh theorem which reads as follows:

Theorem (Steiner-Routh Theorem; see [7]). Let ABCD be a tetrahedron. Let E, F', G, H

be points on the edges DA, AB, BC, and CD, respectively. Let % =z, ?—g Y, g—g =z,

% = w. Let the volumes of the two tetrahedra EFGH and ABCD be denoted by Vercy

and V', respectively. Then

v B 11— zyzw| v
PO 1+ 2)(1+ y) (1 + 2)(1 +w)
Proof of Carnot’s Theorem. Since % =z, ?g v, g— = 2, g[—H = w, the tetrahedron
EFGH has the volume zero if, and only if zyzw = %7 - ?—g : gc f]g = 1. However, the

tetrahedron FF'GH has volume zero if, and only if EFGH is a planar quadrilateral, i.e., the
segments G and F'H concur. (As we noted in the Introduction, two opposite edges of the
planar quadrilateral EFGH do not intersect.) O
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Carnot lived from 1753 to 1823, and Steiner lived from 1796 to 1863. It is not clear when
Carnot published his theorem. However, Steiner published his original paper in 1828 after
Carnot’s death, according to [7]. Hence, Carnot’s theorem seems older than the Steiner-Routh
theorem.

Next, we will find the two volumes of the divided tetrahedron by a quadrilateral.

Notation 1. Let the volumes of the tetrahedron EFF'GH be denoted by Vgpapy.

Theorem 3. Let ABCD be a tetrahedron. Let E, F, G, H be points on the edges DA, AB, BC,
and CD, respectively. Let % =z, ?}—g =, % =z, % = w. Suppose that ryzw = 1.
Then, there are two parts of the tetrahedron separated by the planar quadrilateral EFGH,
one contains the edge AC' (denote its volume by Vac) and the other contains BD (denote its

volume by Vgp ). Then, we have the following identities:

Vi = l+x+4+2z+ay+ 22+ 20+ 2Yy2 + 220
(14 2)(1+y) (1 + 2)(1 +w)

Vie = 14+ y+w+ 2w+ yz + yw + ryw + yzw
(1T +2) 1 +y)(1+2)(1 +w)

, and

Y

where V' is the volume of the tetrahedron ABCD.

Proof. We use similar ideas as used in [7] to prove the Steiner-Routh theorem. Let ﬁ—g =a,

% =0, g—g =c, g—g =d. Then, 0 < a,b,c,d < 1, and we have a = H%; b= ﬁ; ¢ = 177 and
d = 115 Note that Vpapy = (1 — d)V since the tetrahedra DABH and DABC' share the

base DAB, and since the height of DABH is shrunk by 1—d from DABC'. Similarly, we have
VDAFH = bVDABHa and VDEFH = (1 — a)VDAFH- Hence, we have VDEFH = (]_ — a)VDAFH =

(1 — a)bVDABH = (1 — (I)b(l — d)V = —(1+x)(1iyy)(1+w)v.

Similarly, we can see that Vprgy = (1 — b)Vpapy = (a —b)(a — d)V = mv, and
VBGHF = CVBCHF = CdVBCDF = Cd(]_ — b)V = m\/
Therefore, we have
Vb = Vperu + Vorea + Vearr
Ty 1 Zw
= V+ V+ \%4
AI+2)01+y)1+w)  (A+y)(I+w)  A+y)A+2)01+w)
4zt ztary+rz+ 2w+ xyz + xzw
N I+2)(1+y) 1+ 2)(1+w)
Also, since xyzw = 1, we have
Vi =V — Ve — Yyt+w+arw+yz + ryw + yrw + ryzw
T () + )1+ w)
B 1+y+w+xw+yz+yw+xyw+yzwv 0

(1+z2)1+y) (1 +2)(1 +w)
4 A Special Case of Carnot’s Theorem/An Extension of
Varignon’s Theorem

If £, I, G, H are the midpoints of the edges DA, AB, BC, and CD, respectively, of a
skew quadrilateral ABCD, the planar quadrilateral EFGH splits the tetrahedron ABC' D
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into two equal volumes by Theorem 3. However, it is known that the midpoints of a planar
quadrilateral are the vertices of a parallelogram (Varignon’s theorem, see Theorem 3.11 of [4]
or Theorem 249 of [2]). This is still true for a skew quadrilateral. That is, the midpoints of a
skew quadrilateral are the vertices of a parallelogram. We can generalize this to the following
as a special case of Carnot’s theorem or as an extension of Varignon’s theorem.

Theorem 4. Let DABC' be a skew quadrilateral. Let E, F, G, H be points on the edges
DA, AB, BC, and CD, respectively. Then EFGH is a parallelogram if, and only if,

DE AF 1 DH CG 1 p DE DH
i I an —_ = .
EFA FB " HC GB ’ EA HC
(Note that 22 . 46 — 1 DH. CCG — 1 gnd DB = DI 45 equivalent to 25 = DI = BE — BG,

Proof. We use vectors. Let DA = a, DB = DC

Suppose gf gg 1, gg % =1, and —ZJ = g—g Let % = z. Then ?g = i Hence,
EFA= @, AF = AB = b —a
r+1"" x+1 1+ x< @)
This shows that
EF =FEA+ AF = (b—a)+ a = :
z+1 r+1 r+1
Similarly, we can show that oG = l; Thus, EFGH is a parallelogram.

—

Conversely, suppose £ FFGH is a parallelogram For some 0 <5, <1, we have DE = s a,
AF—t(b—a),andDF—a+t(b—a) Hence, EF DF DE = (l—s—t)a+t?))
Similarly, for some 0 < z,y < 1, we have DH = K Z, G = y( b ), and DG = ¢ CHx( b 7).
Hence, HG = DG — DH = (1 —z—y)C+y b Slnoe EFGH is a parallelogram we must
have (1 — s—t)E’thZ): EF =HG = 1—z—y)¢ —|—yb. Since @ and ¢ are not parallel,
this shows that 1 —s—t=0,1—x—y =0,andt =y. Hence, s =1—-t=1—y = x.

DE _ DH . w DE _ DH _ _s AF _ CG i1
ﬁlso, % = s =z = F5. This implies T3 = 5 = 15 And =1 =y = 5p implies
F ¢

DE A AF _ DH CG =1 and DE _ DH N

— = . Therefore, we must have 54 PE = Ho ' CBb

FB GB ~ 1-t

Remark 4. Let E, ', G, H be points in Theorem 4 that form a parallelogram. Let A’, B’, C’,
and D’ be the intersections of (BH and DG), (AH and CFE), (BE and DF'), and (AG and
CF), respectively. We know that the segments AC” and C'A’ intersect, say at .J, on the edge
BD by Theorem 1. Further, the segments BD' and DB’ intersect, say at I, on the edge AC.

Since 2 CE = Zg, we have glE) gg 1. Since we have glE) gg % = 1 be Ceva’s theorem, we
have £ = 1. Similarly, we have 2 J = 1. Therefore, if EFGH is a parallelogram, the points

1 and J are always the midpoints of AC' and BD, respectively.

5 Centroids

We continue to investigate when E, F', G, H are the midpoints of the edges DA, AB, BC,
and CD of a tetrahedron ABC D, respectively. Let A’, B’, C’, and D’ be the intersections
of (BH and DG), (AH and CFE), (BE and DF), and (AG and CF), respectively, as in
Theorem 1. Then, A’, B, C’, and D’ are the centroids of the triangular faces BC'D, ACD,



296 H. Katsuura: Concurrent Segments in a Tetrahedron

ABD, and ABC, respectively (see Page 7, [4]). Moreover, the point of concurrency P of the
segments AA’, BB', CC’, and DD’ is the centroid of the tetrahedron ABC'D. And we also
have that PA = };’Z = PC/ = 1;117; = %. (See [1], Theorem 170 on page 51.)

On the other hand, let P be a pomt inside the tetrahedron ABCD. Let A’, B’, C’, and
D' be the points of intersections of (the line AP and the plane BCD), (BP and AC’D), (cp
and ABD), and (DP and ABC), respectively, as in Theorem 2. Now, we raise the following
question: If Z?; = 125; = ZC; = 1;11)3/ = %, is P the centroid of the tetrahedron ABC'D? The
answer is yes. However, since we could not find this converse statement in the literature,
we will prove this result for a tetrahedron in Lemma 1 using Theorem 2. Further, we will
give a weaker characterization that P is the centroid of a tetrahedron ABCD if, and only
if, i‘g . ];% . Izg . ];g = 8—1 in Theorem 5. We will obtain a similar result for a triangle in
Corollary 3.

Notation 2. Let A, pc denote the area of the triangle ABC.

Lemma 1. Let P be a point inside the tetrahedron ABCD. Let A", B', C', D" be the
intersection of (the line AP and the plane BCD), (BP and ACD), (CP and ABD), and

(DP and ABC'), respectively. Then P is the centroid of the tetrahedron ABCD if, and only
if, PA’ _ PB _PC' _ PD _ 1
’ BP — CP — DP 3'

Proof. 1f P is the centroid of the tetrahedron ABCD, then = = ?133/ = ig = FL))% = % by
Theorem 170 in [1].

Conversely, suppose Z’;‘; = ];g = Izg = Pl; = % By Theorem 2(1), we know that
BC" and C'B' intersect on the edge AD. Let E,F,G, H be the intersections of (BC’ and
CB' on AD), (CD" and DC' on AB), (DA’ and AD' on BC), and (AB’ and BA' on CD),
respectively. We first show that F i 1s the midpoint of AD. Since AA’, DD’, and EG intersect
by Theorem 2, we have Q/AG/ gg{ ED = 1 by Ceva’s theorem apphed to the triangle ADG.
Hence, we have

AE  GA AD ()
= : , *
ED AD DG
On the other hand, since fAA’ = AP and 3DD’ = DP from % = 1;% = %, we have
SAawp = Aapp = ZAADD’ so that Aaap = -AAD’D

But Asap = DG/‘AAGD and Aapp = AG,AAG/D‘ Thus, %—g = %. Since DG =
DA+ A'G and AG = AD' + D'G, we have g‘PG i,AG.

Substituting this into (x), we have 42 = j,‘% Z,’g = 1. Therefore, AE = ED, i.e., FE is
the midpoint of the edge AD.

Similarly, we can show that F', G, H are the midpoints of the edges AB, BC, and CD.
These show that A’, B, C', D' are the centroids of the triangles BCD, ACD, ABD, and
ABC, respectively. Since P is the intersection of the segments AA’, BB', CC’, and DD’, P
is the centroid of the tetrahedron ABCD. O

The proof of the next theorem uses the method of Lagrange multipliers.

Theorem 5. Let P be a point inside or on the face of a tetrahedron ABCD different from
the vertices A, B,C, and D. Let A', B',C", and D' be intersections of (the line AP and the
face BCD), (BP and ACD), (CP and ABD), and (DP and ABC'), respectively. Then,

(1) PA n PB’ n PC’ n PD
AA” BB CC" DD’

=1, and
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PA" PB PC'" PD
?) 45 Bp TP TP Sl
AP BP CP DP — 81

(8) The point P is the centroid of the tetrahedron ABCD if, and only if,
rPA" PB pPC" PD" 1
AP BP CP DP 81
Proof of (1). Let Ha, Hp, Ho, Hp be the feet of the altitudes from A, B, C', D to the planes

BCD, ACD, ABD, ABC, respectively. Then the volume V' = Vypcp of the tetrahedron
ABCD is given by V = %ABCD AH, = %ABCD - AA" - sin<<AA'H,. Similarly,

1 1 1
V= g»AACD -BB'-sin <IBB/HB = g.AABD‘CC/'SiIl <ICC/HC = gAABC'DD/'SiIl <IDD/HD.

From these, we have

L1 . V 1 : 4
(i) g-ABCD -sin<<AA'H, = a4 (ii) g-AACD -sin<BB'Hg = BB
o 1 . Vv N . 1%
(iii) g-AABD -sin<CC'Hey = co and (iv) g»AABC -sin<DD'Hp = DI

Since Vgepp = s Apep - PA' - sin <AA'Hy, Veapp = 5Aacp - PB' - sin<BB'Hp, Vappp =
%AABD . PC’ - sin QOC/Hc, VABCP = %AABC . PD’ - sin <IDD/HD, and since V = VBCDP +
Veapp + Vappp + Vapeop, we have

1 1
(V) V = g-ABCD . PA’-sin <IAA/HA + gAACD - PB’-sin QBB,HB

1 1
"‘g»AABD - PC'sin <ICCIHC + §AABC - PD' - sin <XDDIHD.

Substituting (1)7(113\;)/ inth(lv), we have V = Pj‘gY + PBBEY + Pccé,v + PZ%,V- Dividing both sides
BB T

by V', we obtain gg: + gg: =1. O

Proof of (2) and (3). If PA"-PB’-PC"-PD' = 0, then the inequality (2) holds since we always
have the inequality AP - BP-CP - DP > 0. So, we assume that PA' - PB’'- PC" - PD' # 0.
That is, we assume that P is inside the tetrahedron ABCD.

Let AP =a, BP=b, CP =c¢, DP =d, PA' =2, PB' =y, PC' = z, PD' = w. Then,
we want to

maximize  £-.Z.2. =
a d

subject to ﬁ—i—ﬁ—i—cfqucHLw:l, and a,b,c,d,x,y,z,w > 0.

(This constraint is from the equation (1) of this theorem expressed in terms of a, b, ¢, d, x,
. PA

y, z and w, as in 35 = Pt for example.)

Let s=%2t=14%

i y o _t
Similarly, we have ; T

_ oz _w r __ as __ _s
a’ b’ u = c? v = d’ Then at+x = atas = 1+s°
U w v

. B as .
o = Thu drw = 14u- Lhen we can restate our maximizing problem to

maximize f(s,t,u,v) = stuv

subject to I%S—F%H—FHLUqLIiv:L and s, t,u,v > 0.
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Let g(s,t,u,v) = 3 + %th + 142 T 135 — 1. Then critical points (s,t,u,v) are given by

Vf(s,t,u,v) = AVg(s,t,u,v) for some constant A, called a Lagrange multiplier. Here, V f is
the gradient of the function f. Hence, we have

1 1 1 1
(tuv, suv, stv, stu) = >\< , , , >
(1482 (14+t)? (14+u)? (14v)?

Thus, from the first two components of the above vector equation, we have A = (1 + s)*tuv =
(14 t)%suv. This implies (t — s)(st —1) = 0. Hence, t = s or t = 1.

: — 1 iag b _L/s 1 ; s _t u v
Since ¢ = ¢ implies 5 = /s = s and since 135 + 17 + 145 T 1 = 1o the
i — 1 i s 41 _u_ v : _ _ s
equatlor} t = | implies that (1+s + 1+s) + i T '—‘1, ie, u =wv = 0. This is a
contradiction to u,v > 0. Thus, we must have ¢t = s. Similarly, we have u = s and v = s.
s 4t u v ; 4s _ 1 — g — g — 1 Qg
So, s T ig T e T = 1 gives us that i4s = lors=g3. Hence,l=u=v=3. Since

f (%, %, %, %) = é, and since we can make one of s,t,u,v as close to 0 as we want, we see

that the maximum value of f is f (%, 35 %) = &. Hence, we have f(s,t,u,v) = stuv < g
X 4 w

or £.¥.2.48 < é. Therefore, we have shown that

PA” PB' PC' PD’< 1
AP BP CP DP — 81

T w _ PA" _ PB __

3 4 _ _ 1 _ _z
The equality holds only when s =t =wu =v = 3, or when £ =¥ =2 =%

37 —d~ AP — BP —
12(1/;/ = %—g = % In other words, the equality in (2) holds if, and only if, P is the centroid of
the tetrahedron ABC'D by Lemma 1. This proves the statement (3). O]

We can obtain a similar theorem for a triangle from Theorem 5.

Corollary 3. Let P be a point inside or on a triangle ABC' different from the vertices A, B,
and C. Let A", B", C" be the intersections of (AP and BC), (BP and AC), and (CP and
AB) respectively. Then, we have

PA// PB// PC//

W Jar* g T een Lo
PA” PB" PC" 1

(2) “o <o
AP "BP CP %

PA" PB’ PC" 1
(8) The point P is the centroid of the triangle ABC' if, and only if, 1P BP CP &

Proof of (1). Let P be an interior point or on the sides of the triangle ABC, different from A,
B, and C. Let ABCD be a tetrahedron having the triangle ABC' as the base. Let D' = P.
Then, PD' =0 and A” = A, B” = B’, " = (' in Theorem 5. Hence, we have
PA" n PB” n prC” B PA n PB n pPC’ n PD'
AA” © BB"  CC" AA' BB CC' DD
by Theorem 5(1). O

=1

Proof of (2) and (3). Unlike the proof of Theorem 5(2), we prove this without Lagrange
multipliers.
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Let AP =a, BP =b, CP =¢, PA" =2, PB" =y, PC" = z. Then, (1) becomes

x Y z

+ + =1
a+x b+y c+z

This can be rewritten as
r(b+y)c+2)+y(z+x)(c+2)+2(a+x)(b+y)=(a+2)(b+y)lc+ z.)

This simplifies to abc = 2xyz + ayz + bxrz + cxy.

By the Arithmetic-Geometric Mean Inequality applied to the right side of this equation,
we have abc = 2xyz + ayz + brz + cry > 4((2xy2)(ayz)(brz)(cxy))* = 4(2(xyz)3abe)/?.
Hence, (abc)* > 4*{2(xyz)3abc}. This simplifies to abc > 8zyz, or

PA" PB" PC” < 1
AP BP (CP — 8

The equality holds when 2zyz = ayz = bxz = cxy so that a = 2z, b = 2y, ¢ = 2z. The

: _ PA” _z _ 1 Qi PB” _ PC” _ 1
equation a = 2w shows that 5 = £ = 5. Similarly, 7% = 55 = 5. Thus,

PA PB pPC 2

PA" PB" PC" 1

Similar to Lemma 1, we have that if P be a point inside the triangle ABC, and if A”,
B, C" be the intersections of (AP and BC'), (BP and AC), and (C'P and AB), respectively,

then P is the centroid of the triangle ABC' if, and only if, ]1’;‘! = 1;1?3” = %C;, = % Therefore,

the equality in (2) holds if, and only if, P is the centroid of the triangle ABC. This proves
the statement (3). O
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